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Le contexte général

Dans le domaine de la réécriture de graphes, on a souvent besoin d’exprimer des contraintes
sur des graphes et des sous-graphes d'un graphe donné. Ces contraintes sont généralement for-
mulées par ce que 'on appelle des conditions d’application c’est-a-dire par des sous-graphes
imposés ou au contraire interdits. Par exemple le model checker GROOVE [5] fonctionne de cette
maniére ; il modélise le systeme par un graphe et son 1’évolution est décrite par de regles de
réécriture dont I'application est limitée par des conditions d’application.

Pour augmenter leur puissance expressive, les conditions d’application ont été généralisées
par Arend Rensink [6] & des arbres dont les nceuds sont étiquetés par des graphes et les arétes par
des morphismes de graphes. Ces conditions d’application généralisées (GACs) sont équivalents
a lalogique du premier ordre sur les graphes.

Bruno Courcelles a développé une autre logique pour les graphes : la logique monadique du
second ordre sur les graphes [3] qui a été généralisée ici a une logique purement catégorique :
la logique du second ordre sur les sous-objets [1]. Dans le cas des graphes, ces deux logiques du
second ordre sont équivalentes.

Le probleme étudié

L'équipe Informatique théorique de Duisbourg utilise a la fois des GACs sur des cospans’
et la logique sur les sous-objets a des fins différentes. Cependant ces deux logiques n’avaient
pas encore été comparées. Les formules de la logique sur les sous-objets sont faciles a lire et a
écrire. Les GACs se manipulent bien (ce sont des représentations sans variables) et sont mieux
connus donc on dispose de résultats théoriques [4]. L'équivalence entre les GACs et le fragment
du premier ordre de la logique sur les sous-objets nous permettrait de bénéficier des avantages
de ces deux représentations. Cette question n’avait pas encore été posée car la logique sur les
sous-objets est relativement récente.

La contribution proposée

J’ai commencé par travailler sur 'encodage des GACs dans la logique sur les sous-objets. La
premiére étape a consisté a simplifier les GACs en se plagant dans le cas o1 tous les morphismes
sont injectifs (de sorte que chaque nceud soit un sous-graphe de chacun de ses fils). Ces GACs
particuliers sont faciles a transformer en formules de la logique sur les sous-objets.

J’ai ensuite réduit les GACs normaux a ces GACs simples de maniere trés générale. Cette
étape a nécessité un résultat sophistiqué de théorie des catégories mais ¢a a bien fonctionné.

1. un cospan est une paire de morphismes qui ont le méme codomaine



Enfin nous avons trouvé une fagcon d’encoder les formules du premier ordre de la logique sur
les sous-objets dans les GACs ; ga a été la partie la plus difficile et ca nous a conduit a un résultat
surprenant.

Tout ce travail a été fait dans le cadre trés abstrait de la théorie des catégories; les graphes
n’intervenant que dans les exemples.

Les arguments en faveur de sa validité

La solution apportée au probleme est tres élégante. Dans les deux directions, I'encodage a
l'air naturel car il procede par une jolie construction par induction. Les preuves sont courtes sans
étre triviales.

Les hypotheses de travail (quelques propriétés que la catégorie doit satisfaire) sont raisonnables ;
elles correspondent au cadre généralement adopté dans le domaine de la transformation de
graphes et sont vérifiées pour presque toutes les structures qui ressemblent a des graphes et
pour lesquelles on peut avoir envie d’appliquer ces résultats.

Le bilan et les perspectives

La théorie des catégories nous fournit non seulement des théorémes puissants mais aussi
un cadre extrémement général qui permet de traiter certains problémes de maniére a ce que les
résultats puissent étre appliqués a toute catégorie vérifiant quelques axiomes.

Il serait intéressant d’encoder les GACs construits sur les cospans, strictement plus expressifs
que les GACs que j’ai étudié, en des formules du second ordre et de les comparer a la logique
monadique du second ordre.

Pour les applications concretes, il faudrait s'intéresser a 1’efficacité de ces différentes représentations.
Comment la taille des formules augmente-t-elle avec I'encodage ? Peut-on éviter 1’explosion com-
binatoire provoquée par la traduction en GACs?



1 Introduction and Scientific Context

1.1 Graph Transformations and (Negative) Application Conditions

Several logics on graphs have been developed to express constraints which limit the applica-
tion of rewriting rules.

Let us consider the following classical example ; we are specifying a file-system. Each file has
an owner (a user of the system) and a name (a string). We represent all identities (files, strings and
users) by labeled nodes and all relations between them by labeled edges. For instance figure 1 is
a possible state of our file-system.

FIGURE 1 - This graph represent a possible state of the file system

We are especially interested in file renaming. The rewriting rule for renaming a file named

"

a” into “b” is shown in Figure 2.

L R
< i Cuser
owner @ owner
-+ -
owner
name @ name

FIGURE 2 — Rewriting rule for file renaming

In this rule,

— Lis called the left-hand side of the rule; it is a graph we have to find in the representation
of the file-system.

— Ris called the right-hand side of the rule; it is the graph by which we want to replace the
matching of L.

— ILis called the interface of the rule; it links L and R by telling which part of R should corre-
spond to a part of L.

This is not satisfying because this could produce several files with the same name. We want

to restrict this rule by forbidding such a situation. For this purpose we add a so called Negative



Application Condition on the right-hand side of the rule (see Figure 3).

L R
<, i (o>
owner @ owner
- -
owner
name @ name

FIGURE 3 — Renaming rule with a right NAC

Now the rule can be applied only if its production is not a matching of the right NAC.

If we want to add a notion of write-protection for files, we will also need to express that
protected files cannot be renamed. We add an other NAC, on the left-hand side (see Figure 4).

The application of the rule is now restricted to the matchings of L which are not matchings of
the left NAC and which do not lead to a matching of the right NAC after the application of the
rule.

1.2 Category Theory

Category theory is a very abstract mathematical theory which focuses on the notion of mor-
phism. A category is given by a class of objects (in our case, objects are things which look like
graphs) and for each pair (A, B) of objects, a set Hom(A, B) called the set of morphisms with do-
main A and codomain B. Morphisms behave like functions (we have an associative composition 2
and for each object A we have a morphism id4 € Hom(A, A) which is neutral for composition)
but the definition does not require them to be functions.

We are particularly interested in the class of mono-morphisms (simply called monos) which
in case of graph categories correspond to injective graph morphisms :

Definition 1. A morphism m € Hom(A, B) is called a mono if for all object C and all morphisms
fyg € Hom(C, A) such that f ; m = g ; m, we have f = g.

2. f; g denotes the composition of g and f usually written g o f
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(e | Coner>
owner @ owner
- >
owner
name @ name
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left NAC right NAC
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FIGURE 4 — Renaming rule with both left and right NACs

In category theory a lot of general concepts from set theory, algebra and topology are unified
and generalized. For example we can build a concept of subobject which generalized the concepts
of subset, subgroup, subgraph ...

Definition 2. A subobject of a given object A is a couple (B, m) where B is an object and m is a mono
with domain B and codomain A. The subobject (B, m) of the object A will be denoted B A

Now we can define a partial order < on subobjects? :

Definition 3. Let By > Aand By s A be two subobjects of the same object A, we say that By 5 As
smaller than By ™2 A and we write my < mg if there is a mono m such that the diagram

Bir—" By

V.

commutes (this simply means my = m ; ma).
Analogously * to the definition of monos, we can define the notion of epis which in case of
graphs correspond to surjective morphisms.

Definition 4. A morphism e € Hom(A, B) is called an epi if for all object C and all morphisms f,g €
Hom(B, C) such thate ; f =e; g, wehave f = g.

3. In fact, m; < mo and m2 < mj only implies that m1 and ms are isomorphic, not necessarily equals. We can
however simply work up to isomorphism because isomorphic objects are not distinguishable in category theory
4. categorists name this kind of analogy ‘duality”’



1.3 Monadic Second Order Logic of Graphs

Monadic second-order logic over graphs is a logic developed and studied by Bruno Cour-
celle [2]. ‘Monadic second-order’ means that we can quantify over nodes and edges (first-order
quantification) and also over sets of nodes and edges (second-order quantification) but not over
relations between nodes nor relations between edges nor relations between nodes and edges (this
is the meaning of ‘monadic’). This logic represent an interesting compromise between expressive
power and complexity (it is decidable in linear time on graphs of bounded tree-width [3]).

We won’t describe this logic in details but only give an example : let us build a formula rep-
resenting the property “there is a path from z to y”.
— first, we define what it means to be a subgraph :
SG(N : Nodes, E : Edges) :=
(Va,b:node) (Ve:edge) e e E A Edge(e,a,b) >ae NAbeN
— then, we build a formula meaning “the set of nodes IV and the set of edges E represent a
subgraph closed under reachability” :
RC(N : Nodes, E : Edges) :=
SG(N,E) A (Ve :edge) (Va,b:node) Edge(e,a,b) Aae NAee P—>beN
— and finally the existence of a path :
Path(z : node, y : node) :=
(VN :Nodes) (VE : Edges) x€e N ARC(N,E) > ye N

2 The Two Logics

2.1 First Order Logic on Subobjects

Logic on subobjects is a transposition of Courcelle’s monadic second order logic of graphs to
the world of categories. Nodes and edges are replaced by subobjects of fixed structure, sets of
nodes and sets of edges are replaced by subobjects of arbitrary structure. Here is the first-order
fragment of the logic on subobjects.

2.1.1 Syntax

We fix a category C. The following grammar defines the syntax of first-order logic on subob-
jects :
— expressions :
ex=fsux

where z is a variable typed by an object A and f is a mono with codomain A. Expressions
represent subobjects restricted by a mono.
— formulae :
pu=eCel Noil~¢| (Vo:A) g
iel

where [ is a finite set, z is a variable and A is an object. We also use e; = e; as an abbrevia-
tion for (e; £ e2) A (e2 £ e1). The notations \/,.; i, 1 — 2 and (3 : A) ¢ are defined in
the usual way.



2.1.2 Semantics

Definition 5. For all object C and all mapping n of variables to monos with codomain C, we define a
modeling relation as follow :

ConkEfi s 21 E f2 § 2iff f15 n(z1) < f25 n(z2). 1)
ContEprApiff Con = 1 and Con = po. )
Conk —eiff Conk . ©)
CnE@3z:T) gpiﬁforallmonngOwehaveC’,n[xr—»m] Eop 4)

2.1.3 Examples

Let us reuse the example of file renaming.

A formula for checking that all files have different names is :
DN := (‘v’x,y O 2 Q) tgt § v =tgt § y — x = y where tgt is the mono which maps a
single node to the tail of the arrow labelled by ‘name’ i.e. the target, seen as a subobject, of this
edge.

A formula meaning that the given file f is write-protected :
WP(f: O <% O 25 Q) := (3p: O © write-protected) file 5 f = p where file is the
middle node seen as a subobject.

Let us add a superuser represented by the node )
Then a formula meaning that the given user w is allowed to rename the file f can be written as :

RAu: O, f: O <2025 0) =
((Elsu:) u=su) v (u=user § f A =WP(f))

22 GACs

G AGC:s are a generalization of application conditions (positive and negative). Instead of giving
only one morphism

2.2.1 Syntax

Definition 6 (GAC). A Generalized Application Condition (GAC for short) is a triple A = (A, Q, S)
where
— A s an object (called the root object of A or RO(A)),
— Qs a quantifier (either ¥ or 3) and
— S is a finite set of pairs (A', f) such that A" is a GAC and f is a morphism with domain A and
codomain RO(A’).

f n
A,

FIGURE 5 - a GAC is a tree of objects and morphisms

The pair (A’, f) will be denoted by A —L» A",



2.2.2 Semantics

Definition 7. For all GAC A, all object C and all morphism RO(A) — C we define a modeling
relation as follow :

C,c k= (A,Y,S) iff for every A S N eSand every morphism RO(A') - C

such that f' ; a = c we have C, o |= A’ 5)
C,c = (A,3,S) iff for some A s A€ Sthereisa morphism RO(A’) — C
with f'; a = csuch that C,a = A’ (6)

2.2.3 Examples

Here are some G ACs corresponding to the example formulae of logic on subobjects.
— all files have ;iifferent names_

— the file is tagged as write-protected
3 v

owner owner
@ > write-prntected
name name

— the file can be renamed by the user




:
/

v 3
owner owner

@ > write-pmtected
name name

2.2.4 Negation

Definition 8 (Negation of a GAC). Let us define the negation of a GAC as the result of switching
every quantifier :

—~(AY, ) = (A,a,{A—fmAwALA'es})

~(A,3,9): <A7V7{Ai>ﬁA’|Ai>A’eS})

It is clear that this function is interpreted as a logical negation; for all GAC A, all object C
and all morphism RO(A) - C, we have C, ¢ = = A if and only if C, c A.

3 Equivalence

3.1 From GAC to Logic on Subobjects
3.1.1 Case of monos

Let us first consider the following simple case : every arrow in the category is a mono.

In this context, encoding G ACs into formulae of logic on subobjects is quite easy :



Definition 9. We define a translation from GACs to formulae as follow :

[A,¥,8](x):= /\ (Ya':RO(A)) f 5 o' =2 — [A] (a) 7)
(f,ANeS

[4,3,8](z):= \/ (32':RO(A)) f 52’ ==z [A] () (8)
(f,A"eS

A GAC and its translation are equivalent in the following meaning :

Theorem 1. If Ais a GAC then for all object C and all mono RO(A) S C,Cek A iffC,(x—c) E
[A] (=)

3.2 General case

In this subsection, we don’t assume any more that all morphisms are monos and provide a
way to translate any GAC.

Definition 10. For all object A, we denote by Epi, the set of all epimorphisms with domain A (up to

isomorphism).

The translation of a GAC A by an epi RO(A) 5 BeEpi 4 is defined as follow :

(4,9,8) 1 e:= (B,Q7 U U {Bg(AITelﬂf;e’:e;m})
(f,A")eS e€Epigpar

Theorem 2. If the category C is (Epi, Mono)-structured then A and its translations are equivalent : for all

GAC A = (4,09,5),all object C, all epi A S Be Epi 4 and all mono B i C,wehave C,(e; m) = A
iffC,m =, A 1 e where =, is the GAC modeling relation defined in category C,,, which objects are
C-objects and arrows are C-monos.

3.3 From Subobject Logic to GACs

Formulae of first-order logic on subobjects can be encoded into mono-G ACs by the following
inductive construction :



(B,Y, &) if f; n(x) <g; nly)
[fsx=gsylh:=
(B,3,@) if f; n(z) £g; nly)

Il/g Wiﬂn = (B,v, {B el e I})

B

[=¢l% = —lel%

[[(VI : A) @H% = <B7V7 {B g [@HTII’ | 36 € EpiAvaMamSt'

I
AwB-—~—>»p commutes
B
x—
where ' {y - :;(y) ;m ify#a

i4 and ip are the canonical injections. })

Theorem 3. In an adhesive category C, for any formula o of the logic on subobjects, any object C and
any C-valuation o, the following assertions are equivalent :

-CokEyp

— for all object B, all mono B ~ C and all B-valuation ) such that o = 1 ; ¢ we have
C,c ':m [[%0]]7173

— there are an object B, a mono B + C and a B-valuation n such that o =n; cand
C,c ':m [[90]]7]73

This result really surprised us; here is the closed version :

Corollary 1. In an adhesive category C, for any closed formula o of the logic on subobjects and any object
C we have C = ¢ iff C Em, [[cp]]g.

4 Conclusion and Further Research

The very abstract setting of category theory, was really useful because all results are available
in almost all graph-like structures (the so called adhesive categories). This abstract level is not
too hard to understand because a lot of notions in category theory are generalizations of notions
in usual mathematical structure like sets.

Powerful results are also available and their corresponding theorems in specific categories are
not always well known. For example the (Epi, Mono)-diagonalization property (see Figure 6) in
the category of sets and functions is



Theorem 4. for all functions f and g, all injective function m and all surjective function e such that
goe=mo f,there exists a unique function d such that f = doeand g =mod.

~
AN
Q

FIGURE 6 — (Epi, Mono)-diagonalization property

It would be interesting to look at the more expressive cospan-G ACs and second-order logic
on subobjects; that is to compare their expressive power and try to encode GAC’s into second-
order formulae.

In case of cospan-G AC'’s, I encountered two difficulties :

— a minor difficulty : we have to encode cospan composition i.e. pushouts (see Figure 7) in
the logic of subobjects. This is not extremely hard at second-order level.

— a major difficulty : semantics have a major difference : for the logic on subobjects, we keep
the same model (the object C in the definition) in subformulae but in the semantics for
cospan-GAC (see Figure 8), the middle-objects of nested cospans may be different.

FIGURE 7 — An example of pushout for graphs and graph morphisms

For concrete applications, one would be interested in a comparison of the efficiency of the two
representations. It may be possible to find a more concise encoding of formulae into GAC'’s



Q
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FIGURE 8 - cospan-G AC semantics, C and C’ may be different
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