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Pierre-Alexandre Bliman and Tetsuya Iwasaki

Abstract— We study here robust stability of linear systems
with several uncertain incommensurate delays, more precisely
delay-dependent stability. The main result of this paper consists
in establishing that this property is equivalent to the feasibility
of some Linear Matrix Inequality (LMI), a convex optimization
problem.

The method is based on two main ideas:

o use of Padé approximation to transform the system into
some singularly perturbed finite-dimensional system, for
which robust dichotomy has to be checked;

« recursive applications of Generalized Kalman-Yakubovich-
Popov (KYP) lemma to characterize by an LMI the previous
property.

I. INTRODUCTION

The analysis of linear time-delay systems has attracted
much interest, and much work has been done on that subject,
see e.g. [9], [17], [7]. However, surprisingly simple questions
have not been totally solved so far (that is, by methods both
precise and numerically tractable), including ones related to
stability analysis, as testified by the large number of papers
on the subject published monthly in the journals.

Many delay-independent and delay-dependent stability
conditions have been formulated by frequency domain tech-
niques. The latter include polynomial criteria [14], [15],
matrix pencil techniques [4], [16], integral quadratic con-
straints [8], [13] and other, see references in [18]. Analysis
in the time domain uses in general Lyapunov-Krasovskii
functionals or Lyapunov-Razumikhin functions, see [17],
[7]. The latter results are usually expressed as solvability
condition of some LMI problems, a class of convex problems
solvable by efficient numerical methods. To date, a class
of LMIs has been proved to characterize delay-independent
stability [1], [2], based on the search for common Lyapunov-
Krasovskii functional.

To the best of our knowledge, no LMI characterisation
(that is both necessary and sufficient condition) of delay-
dependent stability has been given until now. This issue is
the subject of the present contribution. We treat here the fully
general multi-delay case. The results given here are primar-
ily intended to provide effective method of testing delay-
dependent stability for linear systems with several delays.
They also prepare for future systematic LMI treatment of
more difficult issues, namely performance analysis (synthesis
seems to need much more work). Last, from an abstract
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point of view, they enlarge the domain of application of the
LMIs and show the generality of this class of problems, and
specifically the powerfulness of the Generalized KYP lemma
[11], [12].

The paper is organised as follows. We first put some
notations and technical preliminaries (including adequate
statement of GKYP lemma) in Section II. We then state
and demonstrate in Section III an original, exact, LMI
characterisation of robust stability for singularly perturbed
systems (Theorem 1). This result is then used in Section IV,
together with an idea of Padé’s approximation borrowed from
[18], to obtain a necessary and sufficient condition for delay-
dependent stability (Theorem 4). The latter applies to the
linear systems with several incommensurate delays. Section
V concludes the paper.

II. NOTATIONS AND TECHNICAL
PRELIMINARIES

We gather in this section the notations used throughout
the paper, together with needed technical tools.

A. Matrices and Representation of Matrix-Valued Polynomi-
als

The sets of positive integers, resp. real numbers, resp.
complex numbers, are denoted as usual N, resp. R, resp. C.
Let 57" be the set of n x n Hermitian matrices. For square
matrices N, we let He{N} = N + N*. Kronecker product is
denoted ®, and: MY® =1, MP®? = MP-D® g M.

We now fix some definitions, related to the representation
of matrix-valued polynomials. Let us define, for all positive
k € N, the matrices Ji, J; € RF*(*k+1) py:

Jo=(I Ocr), Ji=(0ex1 L) - (1)
We also define, for all positive integers k, I,
Je=0der e = (I Op)
T =Tdier Ty = (O )
By convention, we let fl,O = Jvl,o = I;. With these definitions,
T i Tk € R*UFR) Notice that
jl,k I, = jln,kna jl‘,k I, = jlmkn .

In particular, Lol = ij ®1, = fkm,, and J, ®1, = Jvknn
For any positive integer k and any s € C, we define the
vector s € R¥ of monomials in s as follows:

(2a)
(2b)



The matrices Jy,J; defined in (1) are such that
ol = R gkl — g glH)
One shows directly that, for any matrix M € CP*¢, for any

ueC,
W¥ @ 1,)M = (oM u¥ o 1,) . 3)

Last, we have to define maps ®y , : Rx<kn _, Rrxkn gych
that, for any M € R"*" and any h € R, the following equality
on matrix-valued polynomials holds:

He{M(hM @ 1,)} = & ,(M)(WH ®1,) .

The matrix @, (M) is just obtained from M by block by
block symmetrisation (symmetrisation of the coefficients).

In other words, for any i = 1,...,k, it is given analytically
by:
0(i—1)n><n O(i_1)n><n
q)k,n (M) I, =He{ M I, . 4)
O(k—i)nxn O(k—i)nxn

In particular, ®; ,(M) = He{M} for M € R™". A useful
identity for the sequel is as follows: for any k,/,n € N, for
any M € RV for any h € R,

D M @ 1)) = q’kl,n(M)(hm ® i) - )

B. Generalized KYP Lemma and Consequences

We now recall the generalized KYP lemma, as found in
Theorem 2 of [11]. For G € C**" and IT € J#"™™  a function
o C™m o gpntm — ™ is defined by

o(G,1I) = <Z>H <Ii) . (6)

For given matrices ®,¥ € 77 2 define
A={1eC|o(A,®)=0, 6(1,¥)>0 }. @)

We assume oo € A if A is unbounded. Here, o has to be taken
as in the definition above, with m =n = 1. By an appropriate
choice of @ and W, the set A can be made to represent a
certain curve on the complex plane. Let

L (In —2ly) if A€eC,
F’L{ (O —In) if A=co. ®

Lemma 1 (Generalized KYP): Let matrices ®,¥ € 2,
F e C2m<(m+n) and T € 2™ be given and define A by (7).
Suppose A represents curves on the complex plane. Denote
by N,, the null space of I'y F where I', is defined in (8). The
following statements are equivalent.

(i) MIIN, >0 VAeA
(ii) There exist P,Q € 5" such that Q >0 and F*(®P QP+
Y Q)F <II. ]

In the sequel of the present section, we let p be a nonzero
real number (with no prescribed sign). The following result
is a polynomial version of the GKYP lemma obtained by
specializing Lemma 1.

Corollary 1 (Polynomial version of GKYP): Let II €
A% and m = (k—1)n. Then, (oM @1,)TI(pH @1,) > 0,

for all p € R such that p(p —p) > 0 if and only if there
exist P € C™" P+ P* =0, Q< ", Q> 0,, such that

(im,,,>T -0 P+80 <J)
K a ) <TT .
Imn) \P*+50 0, Jnn
O

Proof: The result follows from Lemma 1 by replacing
A by p, choosing

. Jnn . (0 j) (=1
F=|.:"], &= . , =1 5
(Jmm) <_J 0 %

and noting that N, = p[k] &I, TpFNy = (Jvmm fpfmﬂ)Np =
0. ]
We use in the sequel the following variant of Corollary 1.
Corollary 2: Let TT € R Then, He{l1(p¥ ©1,)} >0,
for all p € R such that p(p —p) > 0 if and only if there
exist M € REk=Dnx(k=Dn guych that the two LMIs ) (see
next page) are fulfilled. O
Proof: Apply Corollary 1 with Q=M+M*, P= %(M -

M*), and replacing I1 € 77" by He{ ( I > } ]
O(k—1)nxkn

S T

III. SINGULARLY PERTURBED SYSTEMS

Consider now, for h = (hy,...,hy,) € R™, the singularly
perturbed system

X0
X1

Epx=Ax, x= , Ep idiag{lno;hllnl;---hmlnm} .
Xm

(10)

Here, A and E; are square matrices of size n x n, where
n=ny+ny +---+ny,, for nonnegative integers n;. Our goal
in this section is to characterize robust dichotomy of (10),
for any (hy,...,hy) € [0,h1] X -+ X [0,},,], where the ; are
fixed nonnegative real numbers. Recall that, by definition,
dichotomy is the absence of purely imaginary roots to the
characteristic equation.

A. Lyapunov Dichotomy Condition

The following result converts dichotomy condition for
singularly perturbed system to a Lyapunov inequality, see
also [5], [10].

Lemma 2: Let AJE € R™" be given and define r =
rank(E). Statements (11) and (12) are equivalent.

lim det(4 ~ 1E)/2" #0, (11a)
det(A—AE) #0, V A€ jR. (11b)
ISeR™", ES=(ES)", AS+(AS)>0. (12)
0

Proof: If r = n, then the result follows from a slight
modification of the standard Lyapunov theory, so consider
the case r < n. Let U,V € R™" be nonsingular matrices



lP0,0(

M mp) =

He{M} > 01y, »

v

0 (M,11,p)

\n

‘PQ:;(M’H’h) = q)k",(kfl)n(M) )

1,i .
W (M, ILR) =

(9)
He {f(rkwn oM (T 1ynn =PI 1) + (0 1 )} > Oy - (9b)
’ (k—1)nxkn
(13a)
Dy o (J?kl)n_nM (L @ Te—1ymn = W= tyn)) + (0 T )) : (13b)
’ ’ (k—1)nxkitln

that transform E into a special diagonal form and let A;;
be defined accordingly:

|- 0 A1 An
UEV[O 0}’ UAV[A21 AZJ.

Then, condition (11a) holds if and only if det(Ay;) # 0. To Kii iJ’]f@(no+...+ni—l) ®jk®j;{®(’li+l+-..+nm) ®1I,, i>0.

see this, note that
det(A— AE
Jim Jet(A—AE)

B 1n—AlL Ap
A—o0 AT

A
= — et
e Ardet(UV) ¢ { Az Ax
which is also equal to
. det(Ay; — Al,) det(Ayp —Ax (A1 —AL) " 'Ap)
det(UV) ’

that is (—1)"det(A22)/det(UV). Hence, in the transformed
coordinates, the two statements can be rewritten respectively
as (14) and (15) below:

!
xl—m AT

det(A) # 0, (14a)
det(A, —AL) #0, VA € jR, A, =A11 —ApAy, As. (14b)

Al Al |Su 0
El S ,S ’S , S = ST s H > 0
11,921,922, S11 11, He [Am Azz] |:521 522] {15

Now, suppose (14) holds. Then there exists S, € R™"
satisfying

So =S, AuSy+SeAl +ApA], > 0.

It is straightforward to verify that the choice S11 = S,, S21 =
—A;zlAZIS(,, S2p = —AJ, satisfies the condition in (15). Thus
(14) = (15). To show the converse, suppose (15) holds. First
note that the (2,2) block of the inequality in (15) reads

A0Sy + (AnS»n)" >0,

implying that det(Ay;) # 0. Noting the symmetry of S}, we
see that

A —AL Ap||Sn O .
He >0, VAejR

{ Any Ax| [S21 S22 /
This implies

det {An — Al Ap

0, VAe R
Az Azz} 7 /

which in turn is equivalent to (14b). |

B. LMI Condition

For i =0,...,m, we let the matrices Kj ; € RK""(k+1)"n pe
defined by (powers of Kronecker products are used below):

(16a)
(16b)

Kio = J" @1,

In the previous formulas, the indication of n =ng+---+ny,
is voluntarily omitted, for simplicity. We also let, for any
i=1,....m—1 and € € {0,1}, the functions

1{,;,:'1 :R(kfl)nx(k—l)kin % Rnxkl’“n «R —s R(k+871)nx(k+871)kin

be defined in (13), where the functions ® have been defined
in (4). Notice that ‘Pi; (M,IL,h) is affine in (M,II), and that
(13) extends the definition of ‘P,fg given in (9).

Theorem 1: For all h € [0,71] X -+ x [0,},,] system (10)
is dichotomic, that is there exists S; such that

EpSp = (EpSy)", He{AS} >0, , (17

if and only if there exist a positive integer k, a matrix
S € Rk and 2™ — 1 matrices indexed by & € {0,1},
i=1,....m—1:

My € R(kfl)nx(kfl)kmfln

)

M, 6R(k—l)(k+61—l)n><(l<—1)(k+£1—l)k’"’zn
1

PR

Mg g c R(k*])(k‘l»&71)..,(k+8m_|71))1)((1{71)(1{4’8171).,.(k+€m_171)}’[

such that, for any r=1,...,(k+1)",

-

m O(rfl)nxn
Y diag{Ong sy 3D Onpyy ooty }SKi I,
0

=0 (k+1)"—r)nxn
is symmetric in R?*? (18a)
and, Ve; € {0,1}, i=1,...,m,
Hsm‘.‘el > O(k+8]71)...(k+€mfl)n ’ (18b)
where Ilg, ¢, is recursively defined by:
Iy =AS,
& m—i
HE;...E] :lPk’(r/:lJrél71)”_(k+8’_7171)n (MSi,l..‘El 7H£l-,1...81 7hi) )
i=1,....,m.
(18¢)
Moreover,



« if (18) is solvable for an integer £, it is also fulfilled for
any larger integer;
« if (18) is solvable, then (17) is fulfilled for

k]

Si=Shie-elfer) . (19)

(]
For any positive integer k, the system (18) is a system of
linear matrix inequalities in the 2™ unknowns. For given k,
system (18) is sufficient for robust stability of system (10).
The precision of each of these tests increases with k, as well
as the complexity of the associated semidefinite program.
Last, the inaccuracy vanishes asymptotically, when k goes to
infinity: this is the “only if” part of the result.

How to choose the integer k is a natural but difficult
question. Indeed, it may be shown that, if the parameter-
dependent LMI (17) is fulfilled, then one may replace the
right-hand side of the inequality therein by a sum of squares
of matrices depending polynomially upon 4. It turns out that
the integer k is linked to the degree and number of the terms
of this sum.

Proof of Theorem 1: Deﬁne S, as in (19). Letting for
simplicity n,; = Zl On,, n; = =yn. 1 i, ONE may write:

Ej, = diag{l,,,; hymln, i Lns } X -+

o x diag{1, 'hllnl;ln;f} .

*172

Now, for S;, defined by (19), E;S), is equal to

m
Z diag{On*i;In,- 5 On? }S
i=0

(ki

-h¥ @ mh @ h [’ﬂ1®~~~®h5"]®1n) :

or again:

" . (et 1]
Zdlag{On*[alni’On?}SKk,l hm ® ®h n .
i=0

It is then clear that (18a) expresses the symmetry of all the
coefficients of EjSj, that is the symmetry of ES), itself.

We now prove that (18b)-(18c) express the inequality
condition in (17). Writing

Si=S(hy @+ @R @1L,) =Sy @+ @ hy) @ ) () @1,)

and applying Corollary 2 for any value of (hy, ..., h,) yields:

Vh € [0,h1] % -+ x [0, ], He{AS;,} > 0, if and only if, for
any (ha,...,hy) € (0,712 X - -- X [0, 71y, there exist Myp . p, €
R*=Dmx(k=1)n such that, V(hy, . .., hy) € [0,h2] X - - X [0, Tiy],

‘Pg“ (Mh2 ..... I AS(h ;[n]® ®h[k]®lkn) hl)
> 0<k+8171)n7 & € {Oa 1} .

Now, invoking [3], one may assume without loss of
generality that My . p, is polynomial with respect to the
parameters (hy,...,hy) in [0,7] X --- x [0,4,]. Up to an
increase of k (which amounts to represent polynomials as
degenerate polynomials of higher degree), one may even
assume that the degree of the latter is equal to k. In other

words, there should exist My € R(k_l)"kafl(k_U” such that,
for any (hy,...,hy) in [0,7h2] X -+ X [0, 7],

k]

My, = My (hm Hg.. ®h[2]®lkn).

Now, one may check easily that the definition (13) of the
functions W is such that, for any M € R<k’1)”x(k’1)kl+1", ITe
R"Xk’“", h € R, the following fundamental identity holds,
whose proof is left to the reader (Hint: use (5) and (3)):

\Plfil (M(h[k] ®I(k—1)kfn)vn(h[k] ®Iki+ln)ah)

=W (ML) (WY @1y e 1) - (20)

Thus, concentrating on the dependence on A, uniquely,
Wi Mokl @+ @ 1Y @ 1) AS(hY @+ @ 1Y) @ 1) 1 )

is equal, for any & € {0,1}, to
el ( Myh @ @ @ 1,), 48l @ . @ H ®Ikzn),h1)

(h [k]®l(k+el ) -

Eliminating now &, € [0,7,] shows that the inequality part
in (17) is equivalent to the existence of k such that, for any
g €{0,1}, for any (hs,...,hy) € [0,73] X -+ x [0,A,], there
exists Mg, p,...p, such that, for any & € {0,1}, (21) holds
(see next page).

By the argument previously cited, Mg, j, .. 4,
turn written as a polynomial in (A3, ..., A, ). Proceeding, one
eliminates the variables s; one by one, to finally end up
with (18b)-(18¢). Thus, the existence, for any i € [0,/;] x

..[0,A], of Sy, fulfilling (17) is equivalent to the existence
of a positive integer k such that LMI (18) holds. Incidentally,
notice that the number of the unknowns of type M is indeed
2™ —1, being the result of 1 +2+--- 4 om=1

The proof of the two remarks at the end of the statement
is straightforward. The solvability of (18) for larger integers
is obtained by directly constructing new solution from the
basic one, corresponding to addition to zero higher degree
terms in the underlying polynomials. [ ]

, may be in

IV. APPLICATION TO TIME-DELAY SYSTEMS
ANALYSIS

A. Problem Formulation

The system studied in the sequel is:

X(1) = ox(t) + Y ix(t — h;), (22)
i=1
for fixed matrices «7; € R"™", i =0,...,m. Notice that more
involved configurations, where multiples or sums of delays
are present, may be treated by the same considerations. We
would like to determine whether the system is stable for all
hi € [0,%;], hi; > 0 fixed. We assume that the system is stable
when h=0,, ie.:
Assumption 1: The matrix Y2 o/ is Hurwitz. O
The following result, borrowed from [18] reduces the
delay-dependent stability problem to dichotomy.



S , k k k k
lPI‘iz(yl(c)qte]—l)n (Mglﬂhfﬁv“vhm’qli};ll (MW(hLl] ®- "®h[3] ®Ik2n)vAS(h£n] & ®h[3] ®Ik2n)vh1) 7h2) > I(k+£1—1)(/<+€2—1)” - 2h
o+ Y (I, @Dy) (L, ®Cy) h(l,RCy) G (I @ Cy)
(I ®By) (I, ®Ay) 0 0
A= (In ®Bq) 0 (In ®Aq) o 0 , (23)
(I, ®By) 0 0 e (Ih®Ay)
"Z{O"‘Zf?n:lfdi(ln ®Dg) @171(1n®cq) (1, ®Cy) G (I ® Cy)
5 (@ By) 3 (lh®Aq) 0 0
A aiq(z,, ®B,) 0 aiq(l,, ®Ag) ... 0 24)
6171(1,,@3,1) 0 0 5Lq(1n®A,,)

Theorem 2 (see [18, Lemma 2]): Under Assumption 1,
system (22) is asymptotically stable for any (hy,...,h,) €
[0,71] X -+ X [0,h] if and only if Yo € R, V(hy,... hy) €
[0,71] X « -+ X [0, Fipy],

m

det ( jol,— - Y, ijh-) £0 .
i=1
O
Under frequency domain form, the system can be written

m
sx = 2lpx + Z i,  w=e M.
i=1

B. Padé Approximation of e /®"

The method displayed in [18] consists in replacing the
delay transfer function e~ by a parametrized Padé approx-
imation p,(sh) of order ¢ (which can be any nonnegative
integer). The scalar transfer function p, is rational, proper
and stable, and constructed in such a way that, for a certain
0, > 1 and for all real ® and 71> 0,

{ p(jowh): 0<h<h}cC{e . 0<h<h}

C{ pg(jogoh): 0<h<h}. (25

Inclusions (25) express that, for any real ®, the arc of the unit
circle defined by { e /®": 0 <h<h } is jammed between
an inner and an outer approximation, two other arcs that are
defined by the Padé approximation p,. Note in particular that
P4(0) = 1. The parameter J, in (25) is chosen in such a way
as to be minimal, that is [18]:

1
0, = Emin{w >0 : py(jo)=1}.
We now reproduce a result given in [18].
Lemma 3: A possible choice for a stable transfer function
pq fulfilling (25) is

(26)

where d,; is a polynomial of degree g, given by:

& (g-'q
W= X gia—

Moreover, the corresponding sequence (J,),>1, defined by
(26), is decreasing and tends towards 1 when g — oo, [

Using the approximation defined in Lemma 3, the gap
between inner and outer approximations can be made arbi-
trarily small by choosing high enough order g. Numerically,
63 ~ 1.2329, 64 ~ 1.0315, &5 ~ 1.00363.

We call inner system, resp. outer system, the systems
obtained from (22) by replacing the delays with Padé approx-
imation py(sh;), resp. py(J,sh;). The interest of this specific
choice for approximation lies in the following result.

Theorem 3 ([18, Theorems I to 3]): Robust stability of
the outer system implies delay-dependent stability of (22),
which in turn implies robust stability of the inner system.

Moreover, if (fiy,...,h,) is maximal in the subset of
R™ for which the outer system is robustly stable on
[0,7i] X --- x [0,F,] (meaning that robust stability fails on
any [0,001] X --- x [0, 8y, for § > 1), then system (22) is
not delay-dependently stable on

[0, 84711] - -+ x [0, 84 -

]

As an example, for g = 5, the robustness margin associated

to the outer system provides a lower estimate of the delay

margin for the system of interest (22), with a relative error
smaller than 0.4%.

C. Reduction to Singular Perturbation Problem

Let a state space realization of the (scalar) Padé approxi-
mation p, of Lemma 3 be given by the system

hé = A& +Byx, u=C,E+Dyx,



where A, ¢ R¥*9, B, € Rx1, G, € R!xq, D, € R. Then the
inner, resp. outer, comparison system

sx = ahox+ Y diui, u; = (I, ® py(shi))x ,
i=1

resp.
sx = opx + Z i, i = (I, @ py(dyshi))x
i=1

can be realised by (10), where
ngo=n, nj=gqn, i=1,....m, 27

and the matrix A € R(ma+Dnx(mgthn s given in (23), resp.
(24).

One is now in position to deduce the main result of the
paper.

Theorem 4: Suppose Assumption 1 holds. System (22) is
delay-dependently stable if and only if there exist positive
integers ¢ and k such that LMI (18) is fulfilled, with (27)
and A given by (24). ]

Recall that (A4,B,,C,4,Dy) is a realisation of the transfer
Pq(s) defined in Lemma 3. The family of LMIs constructed
from the statement, which is indexed by the integers g
(corresponding to the degree of Padé approximation) and
k (see the comments after Theorem 1), provides more and
more precise LMI conditions which are sufficient for delay-
dependent stability of (22). They are also asymptotically
necessary, in the sense that they are fulfilled for large enough
q and k when the system is delay-dependently stable. In con-
sequence, Theorem 4 provides a semi-decidable necessary
and sufficient condition for delay-dependent stability.

The choice of ¢, the degree of Padé approximation, is
not a big deal, as the assorted precision may be estimated
quantitatively by &, (see Section IV-B). In practice, g =5 is
enough.

V. CONCLUSIONS

A family of more and more precise sufficient conditions
has been proposed in this paper, to check delay-dependent
stability of linear systems with multiple incommensurate de-
lays. It is shown that these conditions are also asymptotically
necessary, meaning that delay-dependent stability implies
their solvability from a certain rank and beyond. Moreover,

they may be checked exactly, being expressed as feasibility
problem for some LMIs.
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