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Abstract— In this paper it is shown that robust stability of multi-
parameter affinely-dependent LTI systems is equivalent to the
existence of a multi-parameter polynomially-dependent quadratic
Lyapunov function of known, bounded degree in terms of the system
parameters. Testing the stability of multi-parameter dependent LTI
systems over a compact, connected set can be cast in terms of two
linear matrix inequalities (LMI’s).

I. INTRODUCTION

The objective of this paper is to find computable, non-
conservative conditions for checking the asymptotic stability of
parameter-dependent LTI (PDLTI) systems that depend affinely
on a parameter vector ρ := (ρ1, . . . , ρm)T ∈ Ω ⊂ R

m, of the
form

ẋ = A(ρ)x, A(ρ) :=
m∑

i=0

ρiAi, ρ0 = 1, (1)

where Ai ∈ R
n×n, (i = 0, 1, 2, . . . , m). It is assumed that Ω is

a compact and connected subset of R
m. Stability criteria for LTI

parameter-dependent systems can be derived through the search
for a suitable Lyapunov function whose time derivative remains
negative along the trajectories of (1). In general, a quadratic
Lyapunov function xTPx is postulated. The Lyapunov matrix
P is either constant or parameter dependent. If P is constant,
quadratic stability for (1) is ensured. Quadratic stability is a
rather strong form of robust stability [1]. It leads to conservative
results, especially if it is known that ρ is constant. Stability
conditions closer to being necessary can be derived by using a
parameter-dependent Lyapunov matrix instead, i.e., P = P (ρ);
see, for example [2], [3], [4], [5], [6]. Nonetheless, sufficient
and necessary conditions result only if the correct parameter
dependence of the Lyapunov matrix is used. Till recently, this
“correct” form of the Lyapunov matrix P (ρ) leading to non-
conservative conditions have eluded the researchers in the field,
except some very special cases [7], [8]. In fact, it is well known
that robust stability analysis of multi-parameter dependent LTI
systems is, in general, an NP-hard problem [9], [10], [11].

A very important recent result by Bliman [12] states that
parameter-dependent LMI’s admit polynomial solutions, pro-
vided they are feasible for each parameter value. This result
paved the way to necessary Lyapunov-based conditions for
parameter-varying and PDLTI systems. In [13], in particular, the
author was able to show that the stability of (1) can be analyzed
without conservatism via the use of polynomial parameter-
dependent quadratic (PPQD) Lyapunov functions. However, the
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degree of the polynomial dependence in [13] is not known a
priori. A similar result was obtained independently around the
same time in [14] using a different approach. For the single-
parameter case (m = 1), in particular, Refs. [14], [15] provided
an upper bound for the polynomial dependence of the matrix
P (ρ). When the parameter is known to belong inside a compact
interval, the stability of the matrix A(ρ) = A0 + ρA1 can be
tested through a pair of linear matrix inequalities (LMI’s) without
conservatism. Moreover, in general, the LMI conditions in [15]
are computationally more efficient than the ones given in [13].

The problem of robust stability of PDLTI systems has also
been addressed in the recent work of Chesi et al [16]. Therein
the authors show that homogeneous polynomially parameter-
dependent quadratic Lyapunov functions can be used to char-
acterize robust stability of polytopic linear models. For systems
affected by polynomial time-invariant uncertainty Chesi [16] has
also provided computationally attractive LMI conditions, albeit
these conditions are not Lyapunov based.

This paper contains two contributions. First, we extend the
results of [15] to the case of multi-parameter dependent LTI
systems of the form (1). Specifically, we show that the polyno-
mial parameter-dependent Lyapunov function matrix of degree
M

P (ρ) =
M∑

|k|=0

ρk1
1 · · · ρkm

m Pk1,...,km , (2)

where M ≤ 1
2
n(n + 1) − 1 can be used to derive a non-

conservative (i.e., necessary and sufficient) stability condition
for (1). Second, we provide convex conditions for stability
when the parameter vector belongs to a compact and connected
set. Finally, the results of this paper can be considered as
an improvement over the results of [13] by providing upper
bounds on the polynomial degree of the Lyapunov function
that characterizes stability of LTI multi-parameter dependent
systems.

II. MATHEMATICAL PRELIMINARIES

Let a multi-variable polynomial π(ρ), given by

π(ρ) =
N∑

|k|=0

ρk1
1 · · · ρkm

m pk1,...,km ,

where ρ := (ρ1, ρ2, . . . , ρm)T ∈ R
m and |k| := k1 +k2 + · · ·+

km with ki ∈ N0.

Definition 1: The multi-parameter degree of π(ρ) with respect
to the vector ρ is defined as deg π(ρ) := max{k1 + . . . +
km, pk1,··· ,km �= 0}. Similarly, the single-parameter degree



of π(ρ) with respect to the scalar parameter ρi is defined as
degi π(ρ) := max{ki, p...,ki,... �= 0}. �
It is clear from Definition 1 that degi π(ρ) ≤ deg π(ρ) for all
i = 1, 2, . . . , m. In addition, deg π(ρ) ≤∑m

i=1 degi π(ρ).

For a matrix Π(ρ) ∈ R
n×n with polynomial elements we define

similarly the multi-parameter degree and the single-parameter
degree of Π(ρ) as deg Π(ρ) := max1≤q,�≤n deg Π(q,�)(ρ) and
degi Π(ρ) := max1≤q,�≤n degi Π(q,�)(ρ), respectively.

Note that in the definition of the single-parameter degree of the
multi-variable polynomial π(ρ) with respect to the parameter
ρi, all other parameters ρj , j �= i, are treated as constants. The
following result, adapted from the single-parameter case [15], is
therefore immediate. Note that in the following N (A) denotes
the null space of the matrix A.

Lemma 2.1 ([14]): Given matrices Ai ∈ R
n×n, (i =

0, 1, 2, . . . , m) and ρ = (ρ1, ρ2, . . . , ρm)T ∈ R
m, let π(ρ) :=

det
∑m

i=0 ρiAi. Then deg π(ρ) ≤ n. If dimN (Ai) = ri then
degi π(ρ) ≤ n−ri. Moreover, if dim[

⋂m
i=1 N (A=i)] = r, then

deg π(ρ) ≤ n − r. �

Proof: Since in the calculation of degi π(ρ) the parame-
ters ρj , j �= i are assumed to be constant, the fact that
degi

(
det

∑m
j=0 ρjAj

) ≤ n − ri where dimN (Ai) = ri

follows directly from the single-parameter case [15].

Recall next that the determinant of a matrix F ∈ R
n×n can be

computed from [17]

det F =
∑
a∈A

sign(a)
n∏

i=1

Fi,ai , (3)

where a := (a1, a2, . . . , an), A is the set of permutations of
{1, 2, . . . , n}, and sign(a) is the signature of the permutation
a taking the values of either +1 or −1. The determinant of
A(ρ) = A0 + ρ1A1 + · · · + ρmAm is thus a sum of n! terms,
each term being the product of n elements. Moreover, each
of these elements is chosen from a different row and column
of the matrix A(ρ). Therefore, for every possible permutation
(a1, a2, . . . , an) ∈ A,

deg
n∏

i=1

Fi,ai ≤ n,

which together with (3), yields that

deg π(ρ) = deg

(
det

m∑
i=0

ρiAi

)
≤ n (4)

Assume now that dim[
⋂m

i=1 N (Ai)] = r. Then there exist r of
linearly independent constant vectors v1, v2, . . . , vr ∈ R

n such
that

Aivj = 0, i = 1, 2, . . . , m, j = 1, 2, . . . , r.

Choose now n − r linearly independent constant vectors
u1, u2, . . . , un−r ∈ R

n such that the matrix

T = [u1, u2, . . . , un−r, v1, v2, . . . , vr] (5)

is invertible. Furthermore,

det

m∑
i=0

ρiAi = det

(
T−1( m∑

i=0

ρiAi

)
T

)

= det T−1 det
( m∑

i=0

ρiAiT
)

= det T−1 det [ū1, · · · , ūn−r, v̄1, · · · , v̄r]

where ūi =
∑m

j=0 ρjAjui, i = 1, 2, . . . , n − r and v̄i =
A0vi, i = 1, 2, . . . , r. Since v̄i is constant, together with the
determinant formula (3), one has

det [ū1, . . . , ūn−r, v̄1, . . . , v̄r]

=
∑

a1 �=a2 �=... �=an

±(ū1,a1 ū2,a2 . . . ū(n−r),a(n−r)
v̄1,a(n−r+1) . . . v̄r,an)

For every possible permutation (a1, a2, . . . , an) ∈ A, we have
that deg ū1,a1 ū2,a2 · · · ū(n−r)a(n−r)

v̄1,a(n−r+1) · · · v̄r,an =
deg ū1,a1 ū2,a2 · · · ū(n−r)a(n−r)

≤ n − r. It follows that
deg

(
det [ū1, ū2, . . . , ūn−r, v̄1, v̄2, . . . , v̄r]

) ≤ n− r and hence

deg

(
det

m∑
i=0

ρiAi

)
≤ n − r,

thus completing the proof.

The next result deals with the multi- and single-parameter
degrees of the adjoint of the matrix A(ρ) = A0 + ρ1A1 +
· · · + ρmAm.

Corollary 2.1: Let matrices Ai ∈ R
n×n, (i = 0, 1, 2, . . . , m)

and ρ = (ρ1, ρ2, . . . , ρm)T ∈ R
m. Assume that dimN (Ai) =

ri and dim[
⋂m

i=1 N (Ai)] = r. Then

deg Adj
( m∑

j=0

ρjAj

) ≤ min{n − 1, n − r} (6)

and

degi Adj
( m∑

j=0

ρjAj

) ≤ min{n − 1, n − ri}, (7)

for all i = 1, 2, . . . , m. �
Equation (6) implies, in particular, that

Adj
( m∑

j=0

ρjAj

)
=

min{n−1, n−r}∑
|k|=0

ρk1
1 . . . ρkm

m Nk1,··· ,km

for some constant matrices Nk1,··· ,km ∈ R
n×n.

Example 1: Consider the matrix A(ρ) = A0 + ρ1A1 + ρ2A2

where

A0 =

[
1 3
2 1

]
, A1 =

[
0 1
0 3

]
, A2 =

[
0 3
0 −2

]
.

Here n = 2 and dimN (A1) = dimN (A2) = 1. There-
fore, r1 = r2 = 1. Furthermore, dim

[N (A1) ∩ N (A2)
]

=

dim
(
span{

[
1
0

]
}) = 1, thus r = 1. One can compute the adjoint

of the matrix A(ρ) directly as follows

Adj
(
A(ρ)

)
=

[
1 + 3ρ1 − 2ρ2 −3 − ρ1 − 3ρ2

−2 1

]
.

For this example one verifies that deg Adj
(
A(ρ)

)
=

deg1 Adj
(
A(ρ)

)
= deg2 Adj

(
A(ρ)

)
= 1.



Given a square matrix P ∈ R
n×n, let vec (P ) ∈ R

n2
denote the

usual operation that stacks the columns of the matrix P on top
of each other [18]. In case the matrix P is symmetric, vec (P )
contains repeated entries. In order to remove any repetitions we
introduce the following alternative.

Definition 2 ([19]): Given a symmetric ma-
trix P = P T ∈ R

n×n, let svec(P ) :=

(P11, · · · , Pn1, P22, · · · , Pn2, · · · , Pnn)T ∈ R
1
2 n(n+1).

Note that svec(P ) consists of all the elements of vec(P ) without
repetitions.

For every symmetric matrix P = P T ∈ R
n×n, there exists a

unique full column rank matrix Dn ∈ R
n2× 1

2 n(n+1) called the
duplication matrix, such that vec(P ) = Dnsvec(P ). Moreover,
the pseudo-inverse of Dn satisfies svec(P ) = D+

n vec(P ),
D+

n Dn = I 1
2 n(n+1) and rank Dn = rank D+

n = 1
2
n(n + 1);

see, for instance, [20], [19]. Note, in particular, that Dn has
always full column rank. Subsequently, D+

n = (DT
nDn)−1DT

n.

Definition 3 ([19]): Given A ∈ R
n×n, let Â denote the matrix

of dimension 1
2
n(n + 1) × 1

2
n(n + 1), defined by

Â := D+
n (A ⊕ A)Dn, (8)

where A ⊕ A = A ⊗ In + In ⊗ A is the Kronecker sum of a
matrix with itself. �
Lemma 2.2 ([20], [19]): Let A ∈ R

n×n and Â as in Definition
3. The eigenvalues of Â are the 1

2
n(n+1) numbers λi+λj , (1 ≤

j ≤ i ≤ n) where λi, λj are the eigenvalues of A. �
The following is immediate from Lemma 2.2.

Corollary 2.2: Let a matrix A ∈ R
n×n be Hurwitz. Then the

following hold:

(i) Â is Hurwitz.
(ii) det Â �= 0. �

It is clear that if A(ρ) =
∑m

i=0 ρiAi then Â(ρ) =
∑m

i=0 ρiÂi.
Moreover, the following is true.

Lemma 2.3 ([15]): Let A ∈ R
n×n with dimN (A) = r. Then

r̂ := dimN (Â) ≥ 1
2
r(r + 1). �

III. MAIN RESULTS

A. A Class of Polynomial Parameter-Dependent Lyapunov Ma-
trices

In the following, Ω denotes any subset of R
m. The following

theorem shows that the existence of a parameter-dependent,
polynomial Lyapunov matrix of a given degree is equivalent to
the fact that A(ρ) is Hurwitz for each ρ ∈ Ω.

Theorem 3.1: Let matrices Ai ∈ R
n×n, (i = 0, 1, 2, . . . , m),

and ρ = (ρ1, ρ2, . . . , ρm)T ∈ Ω ⊂ R
m. Assume that

dim[
⋂m

i=1 N (Âi)] = r̂. Then the following two statements are
equivalent:
(i) A(ρ) =

∑m
i=0 ρiAi is Hurwitz for all ρ ∈ Ω .

(ii) There exist matrices Pk1,k2,...,km ∈ R
n×n, where ki ∈ N0,

(i = 1, . . . , m), such that for all ρ ∈ Ω,

A(ρ)P (ρ) + P (ρ)AT(ρ) < 0, P (ρ) > 0, (9)

where,

P (ρ) = σ(ρ)
M∑

|k|=0

ρk1
1 . . . ρkm

m Pk1,...,km (10)

and where M = min{ 1
2
n(n + 1) − 1, 1

2
n(n + 1) − r̂} and

σ(ρ) := −sign(det Â(ρ)). Equivalently,

deg P (ρ) ≤ min{1

2
n(n + 1) − 1,

1

2
n(n + 1) − r̂}.

Moreover, if dimN (Ai) = ri then

degi P (ρ) ≤ 1

2
(n− ri)(n + ri + 1). �

Proof: (ii) ⇒ (i): It is obvious.
(i) ⇒ (ii): Since A(ρ) is Hurwitz for all ρ ∈ Ω, it follows from
Corollary 2.2 that det Â(ρ) �= 0 for all ρ ∈ Ω. Consider the
parameter-dependent, positive definite matrix

Q(ρ) := | det Â(ρ)| In > 0. (11)

Since A(ρ) is Hurwitz for all ρ ∈ Ω, the following Lyapunov
equation has a unique, positive definite solution P (ρ) > 0 for
each ρ ∈ Ω [21]

A(ρ)P (ρ) + P (ρ)AT(ρ) + | det Â(ρ)| In = 0. (12)

The solution to this Lyapunov equation yields(
A(ρ) ⊕ A(ρ)

)
vec(P ) = −| det Â(ρ)| vec(In)

D+
n

(
A(ρ) ⊕ A(ρ)

)
Dnsvec(P ) = −| det Â(ρ)| svec(In)

svec(P ) = −| det Â(ρ)|Â−1(ρ) svec(In)

Therefore,

svec(P ) = −| det Â(ρ)| 1

det Â(ρ)
Adj

(
Â(ρ)

)
svec(In)

= σ(ρ)Adj
( m∑

i=0

ρiÂi

)
svec(In) (13)

From Corollary 2.1 one obtains that

deg Adj
( m∑

j=0

ρjÂj

) ≤ min{1

2
n(n + 1) − 1,

1

2
n(n + 1) − r̂}

If dimN (Ai) = ri, from Lemma 2.3 one has that
dimN (Âi) = r̂i ≥ 1

2
ri(ri + 1). Therefore, 1

2
n(n + 1) − r̂i ≤

1
2
(n − ri)(n + ri + 1). It follows from Corollary 2.1 that

degi Adj
( m∑

j=0

ρjÂj

) ≤ min{1

2
n(n+1)−1,

1

2
(n−ri)(n+ri+1)}

The result follows from the fact that the map svec(·) : R
n×n →

R
1
2 n(n+1) is one-to-one and thus invertible over the space of

symmetric matrices.

Remark 1: Note that when Ω is connected then σ(ρ) has the
same sign for all ρ ∈ Ω and (10) reduces to

P (ρ) =

M∑
|k|=0

ρk1
1 . . . ρkm

m Pk1,...,km , ∀ρ ∈ Ω. (14)

Example 2: This example is taken from [22]. Consider the
matrix A(ρ) = A0 + ρ1A1 + ρ2A2, where

A0 =

⎡⎣−2 0 −1
0 −3 0
−1 −1 −4

⎤⎦ , A1 =

⎡⎣1 0 1
0 0 0
1 0 1

⎤⎦
A3 =

⎡⎣0 0 0
0 1 0
0 1 0

⎤⎦ .

(15)

The exact robust stability region for this problem is
(−∞, 1.75) × (−∞, 3) (see [22]). Reference [23] suggests an



algorithm to calculate this stability domain exactly. Here we
compute the stability domain of (15) using Theorem 3.1.

The elements of the parameter-dependent Lyapunov matrix
P (ρ) ∈ R

3×3 can be computed as follows

P11 = − 16ρ2
2ρ3

1 − 8592ρ1 − 6720ρ2 − 96ρ3
2 + 56ρ3

2ρ1 − 8ρ3
2ρ2

1

+ 9792 − 1456ρ2ρ2
1 + 128ρ2ρ3

1 + 2496ρ2
1

+ 5456ρ2ρ1 − 240ρ3
1 + 1440ρ2

2 − 1032ρ2
2ρ1 + 232ρ2

2ρ2
1,

P21 = − 16ρ2
2ρ3

1 − 1008ρ1 − 936ρ2 − 24ρ3
2 + 32ρ3

2ρ1 − 8ρ3
2ρ2

1

+ 648 − 568ρ2ρ2
1 + 64ρ2ρ3

1 + 408ρ2
1 + 1440ρ2ρ1

− 48ρ3
1 + 312ρ2

2 − 464ρ2
2ρ1 + 168ρ2

2ρ2
1

P22 = − 16ρ2
2ρ3

1 − 7152ρ1 − 2592ρ2 − 48ρ3
2 + 40ρ3

2ρ1 − 8ρ3
2ρ2

1

− 936ρ2ρ2
1 + 96ρ2ρ3

1 + 2728ρ2
1 + 2808ρ2ρ1 − 336ρ3

1

+ 528ρ2
2 − 536ρ2

2ρ1 + 168ρ2
2ρ2

1 + 5976,

P31 =16ρ2
2ρ3

1 + 3984ρ1 + 1680ρ2 + 24ρ3
2 − 32ρ3

2ρ1 + 8ρ3
2ρ2

1

− 2448 + 1072ρ2ρ2
1 − 128ρ2ρ3

1 − 1776ρ2
1 − 2624ρ2ρ1

+ 240ρ3
1 − 360ρ2

2 + 528ρ2
2ρ1 − 184ρ2

2ρ2
1

P32 =16ρ2
2ρ3

1 + 912ρ1 + 1200ρ2 + 48ρ3
2 − 40ρ3

2ρ1 + 8ρ3
2ρ2

1

− 792 + 504ρ2ρ2
1 − 64ρ2ρ3

1 − 360ρ2
1 − 1336ρ2ρ1

+ 48ρ3
1 − 456ρ2

2 + 464ρ2
2ρ1 − 152ρ2

2ρ2
1,

P33 = − 16ρ2
2ρ3

1 − 5520ρ1 − 3360ρ2 − 48ρ3
2 + 40ρ3

2ρ1 − 8ρ3
2ρ2

1

+ 4896 − 1200ρ2ρ2
1 + 128ρ2ρ3

1 + 2016ρ2
1 + 3568ρ2ρ1

− 240ρ3
1 + 720ρ2

2 − 696ρ2
2ρ1 + 200ρ2

2ρ2
1.

The matrix inequalities (9) were checked over a fine grid in the
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Fig. 1. Stability region for Example 2.

parameter space ρ1-ρ2. The results are shown in Fig. 1. Region
I denotes the domain where both inequalities were satisfied. On
the other hand, in Region II at least one of the matrix inequalities
in (9) was violated. The results coincide with those of [22] and
[23].

In the next section we present LMI conditions for checking the
matrix inequalities (9). With the use of these LMI’s gridding of
the parameter space can be avoided.

IV. LMI CONDITIONS

A. An Alternative Expression for the Parameter-Dependent Lya-
punov Matrix

Theorem 3.1 provides Lyapunov-based conditions for checking
the stability of (1). Condition (9) represents a parameterized
family of matrix inequalities. It is of interest to develop finite-
dimensional counterparts to (9). In this section, and in prepa-
ration for the derivation of such conditions, we present a

more convenient form for expressing a polynomially-dependent
matrix. The notation and results below closely follow those of
[13].

To this end, let the vector z[q] := (1, z, z2, · · · , zq−1)T ∈ R
q . In

the sequel we will often use the shorthand notation ⊗1
i=mz

[ki]
i

to denote the product z
[km]
m ⊗ · · · ⊗ z

[k1]
1 . Next, notice that the

matrix P (ρ) in (10) can be written as follows,

P (ρ) =

k1=k̄1, ...,km=k̄m∑
|k|=0

ρk1
1 . . . ρkm

m Pk1,...,km , (16)

where degi P (ρ) = k̄i ≤ min{ 1
2
n(n + 1) − 1, 1

2
(n − ri)(n +

ri +1)} and where ri = dimN (Ai). Let ᾱi :=  k̄i
2
�+1. Then

the parameter-dependent matrix in (16) can be expressed as

P (ρ) =
(
⊗1

i=m ρ
[ᾱi]
i ⊗ In

)T

PΣ

(
⊗1

i=m ρ
[ᾱi]
i ⊗ In

)
(17)

where PΣ is a symmetric matrix of dimension (ᾱ1ᾱ2 · · · ᾱmn)×
(ᾱ1ᾱ2 · · · ᾱmn). The matrix PΣ can be divided into
(ᾱ1ᾱ2 · · · ᾱm)×(ᾱ1ᾱ2 · · · ᾱm) blocks, each of dimension n×n.
In fact, the nonzero blocks of the matrix PΣ are just the matrix
coefficients of the polynomial matrix P (ρ); see also Example 3
below.

Similarly, ρ
[ᾱm]
m ⊗ · · · ⊗ ρ

[ᾱ1]
1 ⊗ In is a matrix composed of

ᾱ1ᾱ2 · · · ᾱm blocks, each block having dimension n × n.

The matrix PΣ in (17) is not unique. One method for construct-
ing a possible PΣ is as follows.

Definition 4: Given ᾱ := (ᾱ1 ᾱ2 . . . ᾱm)T ∈ N
m the index

function fᾱ is defined as

fᾱ(α1, α2, . . . , αm) := ᾱ1ᾱ2 · · · ᾱm−1αm

+ ᾱ1ᾱ2 · · · ᾱm−2αm−1

+ · · · + ᾱ1α2 + α1 + 1.

Let the square matrix P̄Σ having the same dimension as PΣ and
let P̄Σ,(i,j) stand for the (i, j) block of P̄Σ. For every non-zero
term ρk1

1 ρk2
2 . . . ρkm

m Pk1,k2,...,km in (16), let αi =  ki
2
� and

βi = � ki
2
� for i = 1, 2, . . . , m and let

P̄Σ,(f1, f2) = Pk1,k2,...,km ,

where the indices f1 and f2 are given by f1 =
fᾱ(α1, α2, . . . , αm) and f2 = fᾱ(β1, β2, . . . , βm). Finally,
let

PΣ =
1

2
(P̄Σ + P̄ T

Σ).

Example 3: Consider the parameter-dependent matrix

P (ρ) =

k1+k2=2∑
k1+k2=0

ρk1
1 ρk2

2 Pk1,k2

= P0,0 + ρ1P1,0 + ρ2P0,1 + ρ2
1P2,0 + ρ1ρ2P1,1 + ρ2

2P0,2

The matrix P (ρ) can be written as

P (ρ) =
(
ρ
[2]
2 ⊗ ρ

[2]
1 ⊗ I

)T

PΣ

(
ρ
[2]
2 ⊗ ρ

[2]
1 ⊗ I

)
for some matrix PΣ. Using the previous approach one obtains
for example,

PΣ =
1

2

⎡⎢⎢⎣
2P0,0 P1,0 P0,1 P1,1

P1,0 2P2,0 0 0
P0,1 0 2P0,2 0
P1,1 0 0 0

⎤⎥⎥⎦ .



Nonetheless, it can be easily verified that the following matrix
will also work

PΣ =
1

2

⎡⎢⎢⎣
2P0,0 P1,0 P0,1 0
P1,0 2P2,0 P1,1 0
P0,1 P1,1 2P0,2 0
0 0 0 0

⎤⎥⎥⎦ .

We now turn our attention to finding a similarly convenient form
for the polynomial matrix

R(ρ) := A(ρ)P (ρ) + P (ρ)AT(ρ). (18)

It is desirable to express R(ρ) in a form similar to that of (17).
In order to achieve this we use the following results [13].

Let Ĵk := [Ik 0k×1] and J̌k := [0k×1 Ik]. It is clear that
Ĵkz[k+1] = z[k] and J̌kz[k+1] = zz[k]. Moreover, for any
matrices A ∈ R

n×n and M ∈ R
p×q , the following properties

can be easily verified [13]:

(i)
(
z[k] ⊗ Ip

)
M =

(
Ik ⊗ M

)(
z[k] ⊗ Iq

)
(ii)

(
z
[km]
m ⊗ · · · ⊗ z

[k1]
1 ⊗ In

)
A = z

[km]
m ⊗ · · · ⊗ z

[k1]
1 ⊗ A =(

Ik1k2···km ⊗ A
)(

z
[km]
m ⊗ · · · ⊗ z

[k1]
1 ⊗ In

)
.

(iii) z
[km]
m ⊗· · ·⊗z

[k1]
1 ⊗In =

(
Ĵkm⊗· · ·⊗Ĵk1⊗In

)(
z
[km+1]
m ⊗

· · · ⊗ z
[k1+1]
1 ⊗ In

)
.

(iv) z
[km]
m ⊗ · · · ⊗ zjz

[kj ] ⊗ · · · ⊗ z
[k1]
1 ⊗ In =

(
Ĵkm ⊗ · · · ⊗

J̌kj ⊗ . . . ⊗ Ĵk1 ⊗ In

)(
z
[km+1]
m ⊗ · · · ⊗ z

[k1+1]
1 ⊗ In

)
.

Lemma 4.1 ([13]): Given a matrix A(ρ) ∈ R
n×n as in (1) and

a symmetric matrix P (ρ) ∈ R
n×n as in (17), let R(ρ) =

AT(ρ)P (ρ) + P (ρ)A(ρ). Then

R(ρ) =
(
⊗1

i=m ρ
[ᾱi+1]
i ⊗In

)T

RΣ

(
⊗1

i=m ρ
[ᾱi+1]
i ⊗In

)
(19)

and

RΣ := HT
ΣPΣFΣ + F T

ΣPΣHΣ (20)

where,
HΣ := Ĵᾱm ⊗ . . . ⊗ Ĵᾱ1 ⊗ In,

and

FΣ := Ĵᾱm ⊗ . . . ⊗ Ĵᾱ1 ⊗ A0

+

m∑
i=1

Ĵᾱm ⊗ . . . Ĵᾱi+1 ⊗ J̌ᾱi ⊗ Ĵᾱi−1 ⊗ . . . ⊗ Ĵᾱ1 ⊗ Ai. �

The important observation here is that, for given Ai, i =
1, 2, . . . , m, the matrix RΣ depends linearly on PΣ.

B. Stability Conditions in Terms of LMI’s

In this section, we express the infinite-dimensional matrix in-
equalities P (ρ) > 0 and R(ρ) < 0 into a pair of finite-
dimensional, linear matrix inequalities. The following lemma
will be helpful in this context.

Lemma 4.2 ([5]): Let matrices Q = QT, F , and a compact
subset of real matrices H be given. The following statements
are equivalent:

(i) For each H ∈ H
ξTQξ < 0, ∀ ξ �= 0 such that HFξ = 0. (21)

(ii) There exist Θ = ΘT such that

Q + F TΘF < 0, N T
HΘNH ≥ 0, ∀H ∈ H,

where NH denotes a matrix whose columns form a basis
for the null space of H . �

Given an integer n ≥ 2 and the vector K = (k1, k2, . . . , km)T ∈
N

m, let the matrices

CK,i :=
ˇ̂
Jm ⊗ ˇ̂

Jm−1 ⊗ · · · ⊗ ˇ̂
Ji+1 ⊗ Ĵki−1

⊗ ˇ̂
Ji−1 ⊗ · · · ⊗ ˇ̂

J1 ⊗ In

(22)

JK,i :=
ˇ̂
Jm ⊗ ˇ̂

Jm−1 ⊗ · · · ⊗ ˇ̂
Ji+1 ⊗ J̌ki−1

⊗ ˇ̂
Ji−1 ⊗ · · · ⊗ ˇ̂

J1 ⊗ In

(23)

where ˇ̂
Ji, (i = 1, . . . , m) stands for either Ĵki−1 or J̌ki−1. Each

matrix CK,i and JK,i is of dimension q × � where q = (k1 −
1)(k2−1) . . . (km−1)n and � = k1k2 . . . kmn. Moreover, since
ˇ̂
Ji can be either Ĵki−1 or J̌ki−1, there are 2m−1 combinations
for CK,i and JK,i for each i. Enumerating these matrices by
Cj

K,i and Jj
K,i, (j = 1, 2, . . . , 2m−1) we introduce the matrices

CK , JK and ∆K(ρ) as follows

CK :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

C1
K,1

C2
K,1

...

C2m−1

K,1

C1
K,2

...
Cj

K,i

...

C2m−1

K,m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, JK :=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

J1
K,1

J2
K,1

...

J2m−1

K,1

J1
K,2

...
Jj

K,i

...

J2m−1

K,m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (24)

and
∆K(ρ) := diag

[
ρ1Iq2m−1 , . . . , ρmIq2m−1

]
(25)

It can be readily verified that the matrices CK and JK have
dimension 2m−1mq × � and ∆K(ρ) has dimension 2m−1mq ×
2m−1mq, respectively.

Example 4: Let K = (2, 2)T and n = 2. Then

CK =

⎡⎢⎢⎣
C1

K,1

C2
K,1

C1
K,2

C2
K,2

⎤⎥⎥⎦ =

⎡⎢⎢⎣
Ĵ1 ⊗ Ĵ1 ⊗ I2

J̌1 ⊗ Ĵ1 ⊗ I2

Ĵ1 ⊗ Ĵ1 ⊗ I2

Ĵ1 ⊗ J̌1 ⊗ I2

⎤⎥⎥⎦ ,

JK =

⎡⎢⎢⎣
J1

K,1

J2
K,1

J1
K,2

J2
K,2

⎤⎥⎥⎦ =

⎡⎢⎢⎣
Ĵ1 ⊗ J̌1 ⊗ I2

J̌1 ⊗ J̌1 ⊗ I2

J̌1 ⊗ Ĵ1 ⊗ I2

J̌1 ⊗ J̌1 ⊗ I2

⎤⎥⎥⎦ ,

and

∆K(ρ) =

[
ρ1I4

ρ2I4

]
.

Lemma 4.3: Let K = (k1, k2, . . . , km)T ∈ N
m and define the

matrices JK , CK and ∆K(ρ) as in (24) and (25). Let the sets

S1 := { ξ ∈ R
� :
(JK−∆K(ρ)CK

)
ξ = 0, ξ �= 0, some ρ ∈ R

m }
and

S2 := { ξ ∈ R
� : ξ =

( ⊗1
i=m ρ

[ki]
i ⊗ In

)
x, ξ �= 0,

some ρ ∈ R
m, and x ∈ R

n }.
Then S1 = S2. �

Proof: Assume that ξ ∈ S2. Then there exists ρ ∈ R
m and x ∈

R
n such that ξ =

(
ρ
[km]
m ⊗· · ·⊗ρ

[k1]
1 ⊗In

)
x. Use this particular

ρ and construct the matrices JK , CK and ∆K(ρ) as in (24) and



(25). It can be easily verified that
(JK − ∆K(ρ)CK

)(
ρ
[km]
m ⊗

· · · ⊗ ρ
[k1]
1 ⊗ In

)
= 0. It follows that ξ ∈ S1. Hence S2 ⊆ S1.

Assume now that ξ ∈ S1 and ξ �= 0. Rewrite ξ ∈ R
km···k1n in

the form ξ = ξm ⊗ ξm−1 ⊗ · · · ⊗ ξ1 ⊗ x where ξi ∈ R
ki and

x ∈ R
n. It is easy to show that such vectors ξ1, ξ2, . . . , ξm and

x always exist. From hypothesis, we have that

(JK − ∆K(ρ)CK) (ξm ⊗ ξm−1 ⊗ · · · ⊗ ξ1 ⊗ x) = 0, ρ ∈ R
m

(26)
The previous equation implies, in particular, that(

ˇ̂
Jm ⊗ ˇ̂

Jm−1 ⊗ · · · ⊗ ˇ̂
J2 ⊗ (J̌k1−1 − ρ1Ĵk1−1) ⊗ In

)
·(

ξm ⊗ ξm−1 ⊗ · · · ⊗ ξ2 ⊗ (ξ1 ⊗ x)
)

= 0,

or that (
(
ˇ̂
Jm ⊗ · · · ⊗ ˇ̂

J2)(ξm ⊗ · · · ⊗ ξ2)
)
⊗ (27)(

(J̌k1−1 − ρ1Ĵk1−1)ξ1

)
⊗ (In ⊗ x

)
= 0.

Assume now that (
ˇ̂
Jm⊗· · ·⊗ ˇ̂

J2)(ξm⊗· · ·⊗ξ2) = ⊗2
i=m

ˇ̂
Jiξi =

0. If ˇ̂
Jjξj = 0 for some j ∈ {2, . . . , m} then Ĵk−jξj =

J̌k−jξj = 0. It follows that ξj = 0 and thus ξ = 0, leading
to a contradiction. Similarly, if In ⊗ x = 0 we have that x = 0
and hence ξ = 0, also a contradiction. Therefore, from (27) we
have necessarily,

(J̌k1−1 − ρ1Ĵk1−1)ξ1 = 0.

Using now Lemma 4.3 of [15] the last equation implies that ξ1 =
ρ
[k1]
1 for some ρ1 ∈ R. Therefore, ξ = ξm⊗· · ·⊗ξ2⊗ρ

[k1]
1 ⊗x.

Repeating this process, one can show that (26) also implies that(
ˇ̂
Jm ⊗ · · · ⊗ ˇ̂

J3 ⊗ (J̌k2−1 − ρ2Ĵk2−1) ⊗ ˇ̂
J1 ⊗ In

)
·(

ξm ⊗ · · · ⊗ ξ2 ⊗ ρ
[k1]
1 ⊗ x

)
= 0,

or that,(
(
ˇ̂
Jm ⊗ · · · ⊗ ˇ̂

J3)(ξm ⊗ · · · ⊗ ξ3)
)
⊗ (28)(

(J̌k2−1 − ρ2Ĵk2−1)ξ2

)
⊗
(
(
ˇ̂
J1 ⊗ In)(ρ

[k1]
1 ⊗ x)

)
= 0,

from which we have that, necessarily,(
J̌k2−1 − ρ2Ĵk2−1

)
ξ2 = 0,

implying that ξ2 = ρ
[k2]
2 . It follows that ξ can be written as

ξ = ξm ⊗ · · · ⊗ ρ
[k2]
2 ⊗ ρ

[k1]
1 ⊗ x. Repeating this process, one

obtains that ξ can be written as ξ = ρ
[km]
m ⊗ · · · ⊗ ρ

[k1]
1 ⊗ x =( ⊗1

i=m ρ
[ki]
i ⊗ In

)
x, for some ρi ∈ R (i = 1, · · · , m) and

x ∈ R
n. Therefore ξ ∈ S2 and thus S1 ⊆ S2. This completes

the proof that S1 = S2.

Returning now to Theorem 3.1, recall that the condition P (ρ) >
0 is equivalent to the fact that for any x ∈ R

n, xTP (ρ)x > 0,
which via (17) can be written as

xT(⊗1
i=mρ

[ᾱi]
i ⊗ In)TPΣ(⊗1

i=mρ
[ᾱi]
i ⊗ In)x > 0.

Let ξ = (ρ
[ᾱm]
m ⊗ · · · ⊗ ρ

[ᾱ1]
1 ⊗ In)x. Using Lemma 4.3 the

condition P (ρ) > 0 is equivalent to the condition

ξTPΣξ > 0 such that
(JK − ∆K(ρ)CK

)
ξ = 0, ∀ξ �= 0.

For the following result we assume that Ω is a compact and
connected subsect of R

m. Without loss of generality we take
Ω = [−1, +1]m.

Theorem 4.1: Assume that there exist positive definite matrices
D1, D2, . . . , Dm ∈ R

q2m−1×q2m−1
where q = n(ᾱ1−1)(ᾱ2−

1) . . . (ᾱm−1) and skew-symmetric matrices G1, G2, . . . , Gn ∈
R

q2m−1×q2m−1
such that

−PΣ +

[JK

CK

]T [−D G
GT D

] [JK

CK

]
< 0, (29)

where D := diag[D1, . . . , Dm], G := diag[G1, . . . , Gm], JK

and CK as in (24) with K = (ᾱ1, ᾱ2, . . . , ᾱm). Then( ⊗1
i=m ρ

[ᾱi]
i ⊗ In

)T
PΣ

( ⊗1
i=m ρ

[ᾱi]
i ⊗ In

)
> 0

for all ρ = (ρ1, ρ2, · · · , ρm)T ∈ [−1, +1]m. �

Proof: The matrix inequality P (ρ) > 0 for all ρ ∈ [−1, +1]m

is equivalent to the scalar inequality xTP (ρ)x > 0 for all x ∈ R
n

and for all ρ ∈ [−1, +1]m. Let ξ =
( ⊗1

i=m ρ
[ᾱi]
i ⊗ In

)
x. It

follows from Lemma 4.3 that (JK − ∆K(ρ)CK)ξ = 0, where
JK , ∆K(ρ) and CK as in (24). Therefore, the condition P (ρ) >
0 for all ρ ∈ [−1, +1]m is equivalent to the condition

ξTPΣξ > 0, such that [I, −∆K(ρ)]

[JK

CK

]
ξ = 0, ∀ξ �= 0.

(30)
and for all ρ ∈ [−1, +1]m. According to Lemma 4.2, inequality
(30) is equivalent to the existence of a matrix Θ = ΘT, such that

−PΣ +

[JK

CK

]T

Θ

[JK

CK

]
< 0, (31)

and [
∆K(ρ)

I

]T

Θ

[
∆K(ρ)

I

]
≥ 0, ∀ρ ∈ [−1, +1]m. (32)

Now, the condition ρi ∈ [−1, +1] for all i = 1, 2, . . . , m
is equivalent to the existence of positive definite matrices
D1, D2, . . . , Dm ∈ R

q2m−1×q2m−1
and skew-symmetric ma-

trices G1, G2, . . . , Gm ∈ R
q2m−1×q2m−1

such that⎡⎢⎢⎢⎣
(1 − ρ2

1)D1

(1 − ρ2
2)D2

. . .
(1 − ρ2

m)Dm

⎤⎥⎥⎥⎦

+

⎡⎢⎢⎢⎣
ρ1(G1 + GT

1)
ρ2(G2 + GT

2)
. . .

ρm(Gm + GT
m)

⎤⎥⎥⎥⎦ ≥ 0,

Equivalently,[
∆K(ρ)

I

]T [−D G
GT D

] [
∆K(ρ)

I

]
≥ 0, (33)

where D = diag[D1, . . . , Dm] and G = diag[G1, . . . , Gm].

In summary, the condition P (ρ) > 0 is equivalent to the
feasibility of the inequalities (31) and (32), the latter being
implied by the feasibility of inequality (33).

Using the previous result we are now ready to use the main result
from Theorem 3.1 to cast the stability question of (1) over the
domain Ω = [−1, +1]m as a convex feasibility problem in terms
of LMI’s.

Theorem 4.2: Let Ai ∈ R
n×n, (i = 0, 1, 2, . . . , m) and

ρ = (ρ1, ρ2, . . . , ρm)T ∈ [−1, +1]m and assume that
dimN (Ai) = ri. Let k̄i = min{ 1

2
n(n + 1) − 1, 1

2
(n −



ri)(n + ri + 1)}, ᾱi =  k̄i
2
� + 1, q1 = n

∏m
i=1(ᾱi −

1), q2 = n
∏m

i=1 ᾱi, K1 = (ᾱ1, ᾱ2, . . . , ᾱm)T and K2 =
((ᾱ1 + 1), (ᾱ2 + 1), . . . , (ᾱm + 1))T. Assume that There ex-
ist symmetric matrix PΣ ∈ R

q2×q2 , positive definite ma-
trices D1, D2, . . . , Dm ∈ R

q12m−1×q12m−1
, skew-symmetric

matrices G1, G2, . . . , Gm ∈ R
q12m−1×q12m−1

positive defi-
nite matrices E1, E2, . . . , Em ∈ R

q22m−1×q22m−1
and skew-

symmetric matrices Γ1, Γ2, . . . , Γm ∈ R
q22m−1×q22m−1

such
that

− PΣ +

[JK1

CK1

]T [−D G
GT D

] [JK1

CK1

]
< 0,

HT
ΣPΣFΣ + F T

ΣPΣHΣ +

[JK2

CK2

]T [−E Γ
ΓT E

] [JK2

CK2

]
< 0,

where,

HΣ = Ĵᾱm ⊗ . . . ⊗ Ĵᾱ1 ⊗ In,

FΣ = Ĵᾱm ⊗ . . . ⊗ Ĵᾱ1 ⊗ A0

+

m∑
i=1

Ĵᾱm ⊗ . . . Ĵᾱi+1 ⊗ J̌ᾱi ⊗ Ĵᾱi−1 ⊗ . . . ⊗ Ĵᾱ1 ⊗ Ai

and where D = diag
[
D1, . . . , Dm

]
, G = diag

[
G1, . . . , Gm

]
,

E = diag
[
E1, . . . , Em

]
and Γ = diag

[
Γ1, . . . , Γm

]
. Then the

matrix A(ρ) =
∑m

i=0 ρiAi is Hurwitz for all ρ ∈ [−1, +1]m.�

V. NUMERICAL EXAMPLE

A numerical example is given below to demonstrate the appli-
cation of Theorem 4.2.

Example 5: Consider the two-parameter dependent matrix
A(ρ) = A0 + ρ1A1 + ρ2A2 where

A0 =

[−2 7
0 −1

]
, A1 =

[
1
2

3
0 − 1

3

]
, A2 =

[
1 −4
0 1

2

]
The eigenvalues of A(ρ) are given by λ1 = −2 + 1

2
ρ1 + ρ2

and λ2 = −1− 1
3

ρ1 + 1
2

ρ2. Therefore, A(ρ) is Hurwitz for all
(ρ1, ρ2) ∈ [−1, +1]2. For this problem n = 2, m = 2, k̄1 =
k̄2 = k̄ = 1

2
n(n + 1) − 1 = 2, ᾱ1 = ᾱ2 = ᾱ =  k̄

2
� + 1 = 2.

Moreover, q1 = (ᾱ − 1)mn = 2 and q2 = ᾱmn = 8. Thus,
K1 = (ᾱ, ᾱ)T = (2, 2)T, K2 =

(
(ᾱ + 1), (ᾱ + 1)

)T
= (3, 3)T.

Hence, PΣ ∈ R
8×8, D1, D2 ∈ R

4×4 and E1, E2 ∈ R
16×16.

The matrices CK1 , CK2 ,JK1 and JK2 are given by

CK1 =

⎡⎢⎢⎣
Ĵ1 ⊗ Ĵ1 ⊗ I2

J̌1 ⊗ Ĵ1 ⊗ I2

Ĵ1 ⊗ Ĵ1 ⊗ I2

Ĵ1 ⊗ J̌1 ⊗ I2

⎤⎥⎥⎦ , JK1 =

⎡⎢⎢⎣
Ĵ1 ⊗ J̌1 ⊗ I2

J̌1 ⊗ J̌1 ⊗ I2

J̌1 ⊗ Ĵ1 ⊗ I2

J̌1 ⊗ J̌1 ⊗ I2

⎤⎥⎥⎦ ,

CK2 =

⎡⎢⎢⎣
Ĵ2 ⊗ Ĵ2 ⊗ I2

J̌2 ⊗ Ĵ2 ⊗ I2

Ĵ2 ⊗ Ĵ2 ⊗ I2

Ĵ2 ⊗ J̌2 ⊗ I2

⎤⎥⎥⎦ , JK2 =

⎡⎢⎢⎣
Ĵ2 ⊗ J̌2 ⊗ I2

J̌2 ⊗ J̌2 ⊗ I2

J̌2 ⊗ Ĵ2 ⊗ I2

J̌2 ⊗ J̌2 ⊗ I2

⎤⎥⎥⎦ ,

and HΣ and FΣ are given by

HΣ = Ĵ2 ⊗ Ĵ2 ⊗ I2

FΣ = Ĵ2 ⊗ Ĵ2 ⊗ A0 + Ĵ2 ⊗ J̌2 ⊗ A1 + J̌2 ⊗ Ĵ2 ⊗ A2 .

Solving the LMI’s of Theorem 4.2 one obtains a possible

solution for PΣ and D1, D2 as follows

D1 =

⎡⎢⎢⎣
9.5250 6.9870 −1.0628 −2.8941
6.9870 65.6791 0.0831 −3.5221
−1.0628 0.0831 9.9204 3.9213
−2.8941 −3.5221 3.9213 69.1830

⎤⎥⎥⎦ ,

D2 =

⎡⎢⎢⎣
9.4393 9.0572 −1.0995 1.3359
9.0572 69.1088 2.2309 2.5806
−1.0995 2.2309 9.7363 6.1760
1.3359 2.5806 6.1760 71.0502

⎤⎥⎥⎦ .

and G1 = G2 = 0. Due to space limitations the numerical
values of E1, E2, Γ1 and Γ2 are omitted. Using the results of
Theorem 4.2 we conclude that A(ρ) is Hurwitz for all ρ ∈
[−1, +1]2.

VI. CONCLUSIONS

In this paper we generalize the results of [15] to multi-
parameter LTI systems. Specifically, we show that the stability
of a multi-parameter, affinely-dependent LTI systems of the
form ẋ(t) = A(ρ)x(t) is equivalent to the existence of a
polynomial, parameter-dependent Lyapunov matrix P (ρ) of a
known degree satisfying the matrix inequalities P (ρ) > 0 and
A(ρ)P (ρ) + P (ρ)AT(ρ) < 0. We also show that testing these
two inequalities over a compact, connected set can be cast
into a finite-dimensional convex feasibility problem in terms of
LMI’s. Of course, the dimension of the resulting LMI’s is still
high (recall that the problem is NP-hard). Comparisons of the
computational complexity of the proposed approach with other
methods investigating the stability of PDLTI systems will be
reported in the future.
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