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Model problem — setting

Poisson equation with (homogeneous) Dirichlet boundary conditions

For f € L*(Q), seek u € H}(Q)
(Vu, Vo) = (f,v) Yo € Hy ()
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Intro

Model problem — setting

Poisson equation with (homogeneous) Dirichlet boundary conditions

For f € L*(Q), seek u € H}(Q)
(Vu, Vv) = (f,v) Yo € Hy ()

Conforming hp—finite element method: (initialize ¢ := 0)

(Vug™, Vug) = (f,ve) Vo €V, Vi i=Pp(Te) N Hp(Q), V>0
Built up on the pair (7¢, ps), £ > 0:
* matching simplicial mesh 7, P2
* po = {prx}rem
® Pe K < Pmax, VK € 727 ¢ >0 P1
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Exact solver setting

Outline

An adaptive hp-refinement strategy with exact solver
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Exact solver setting

Module

FEM:

(VUEX’ V’Ug) = (f, ’Ug) Yvp € V4 <— AZUEX =T,

e Uy* corresponds to the exact FEM solution ug* = SN (U5) 47

V4
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Exact solver setting
Module
FEM:

(VUEX’ V’Ug) = (f7 ’Ug) Yvp € V4 <~ AZU?( =T,

e Uy* corresponds to the exact FEM solution ug* = SN (U5) 47

Galerkin orthogonality (exact setting)

IV = uG )| = 1V =) = ||V (g, — )|

V4
: informatics g mathematics
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Intro Exact solver setting Inexa

Module (ESTIMATE : Guaranteed upper bound on the energy error

1
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X X X hK
IV (u = wg) | <0 Te) := § Y mke g nx =11V + oelx+—=I1f = Vol
KeT,
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Module (ESTIMATE : Guaranteed upper bound on the energy error

ox hk
IV (w = ug)| < n(ug*, Te) = > mi ps nx =V +oelg+—f = V-oullx-
KeT;

Equilibrated flux reconstruction o, := "), o7 € H(div, ()

For each vertex a € Vy, we solve a small minimization problem

o2 = arg min YEVug" + vl
£ veEV?,V'WZHQ?(fIZ’?—VUEX'vW H ¢ H

with properly chosen local Raviart—-Thomas—Nédélec mixed finite element spaces
Vi x Q% of order p, := MaXk 72 PK -

@ D. BRAESS, J. SCHOBERL, Equilibrated residual error estimator for edge elements, Math. Comp. (2008)

@ V. DOLEJSI, A. ERN, AND M. VOHRALIK, hp-adaptation driven by polynomial-degree-robust a posteriori error estimates for elliptic problems,
SIAM J. Sci. Comput. (2016)

P.DANIEL, A. Ern, I. Smears, M. Vohralik Adaptive hp-refinement strategy with inexact solvers 6 /25



Exact solver setting

Module

A bulk chasing criterion for marking vertices

For a fixed threshold parameter 6 € (0, 1], the set of
marked vertices V{ C V, is selected in such a way

that
(W e ) > On, T

aevg

© — marked vertices V!
0 ._ ~ a
A — marked elements Mj := Uaevg T,

Set wy := Uaevgwf’ the open subdomain corresponding to MZ

@ P. DANIEL, A. ERN, |. SMEARS, AND M. VOHRALIK, An adaptive hp-refinement strategy with computable guaranteed bound on the error
reduction factor, Comput. Math. Appl., (2018)
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Exact solver setting

A bulk chasing criterion for marking vertices

For a fixed threshold parameter 6 € (0, 1], the set of
marked vertices V{ C V, is selected in such a way

that . N
W(Uex7 U 72 ) > 977(“( 7T)
~ N——

acVy bulk of the
estimated total error

B TV
estimated error
in marked region

© — marked vertices V!
0 ._ ~ a
A — marked elements Mj := Uaevg T,

Set wy := Uaef/g’w?’ the open subdomain corresponding to MZ
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Exact solver setting

(REFINE): residual liftings & local hp-decision criterion — (7711, pes1)

Two local FE problems on each patch 7, attached to a marked vertex a ¢ }73
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Exact solver setting

(REFINE) residual liftings & local hp-decision criterion — (7.1, pei1)

Two local FE problems on each patch 7, attached to a marked vertex a ¢ 173

(Vi Vodh) o= (f,03") 0 — (Vugs, Vorh),a Yo € {Wa’”:zpp?,h (T2 )NH] (w;)]
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Exact solver setting

(REFINE) residual liftings & local hp-decision criterion — (7.1, pei1)

Two local FE problems on each patch 7, attached to a marked vertex a ¢ ]75

(7", py")

(Vi Vodh) o= (f,03") 0 — (Vugs, Vorh),a Yo € {\/;”L::Pp?,h (T2 )NH] (w;)]

(Vr28, VoRP) e = (f,0™P) 0 — (VUg™, VooP) e VooP € [V;"p =Py (T) N HY (w;)]
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Exact solver setting

(REFINE) residual liftings & local hp-decision criterion — (7.1, pei1)

Two local FE problems on each patch 7, attached to a marked vertex a ¢ ]75

(728,1)7 p?”’)

(V?“a’h’, vva,h)w? — (f, ,Ua,h)w? _ (VUZX, VUa’h)w

a
4

Vol ¢ {Vf’h =P (T )N H} (w?)}

(Vr28, VoRP) e = (f,0™P) 0 — (VUg™, VooP) e VooP € [V;"p =Py (T) N HY (w;)]

Local ip-decision criterion is then based on || V" ., IVr7]|,a, Va € %
£
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Exact solver setting
Error reduction factor |.

'SOLVE}—>{ESTIMATE}—{ MARK > REFINE |

Purie
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Exact solver setting

Error reduction factor |I.

'SOLVE}—>{ESTIMATE}—{ MARK > REFINE |

Goal: |[V( u—ufl; )< Crrea [[V(u—ug)|

ParisTec
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Error reduction factor |I.
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computable
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Exact solver setting

Error reduction factor |I.

'SOLVE}—>{ESTIMATE}—{ MARK > REFINE |

Goal: |[V( u—ufl, )< Crrea [[V(u—ug)|
N——

N—_——
both unknown fully
computable
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Exact solver setting

Error reduction factor |I.

'SOLVE}—>{ESTIMATE}—{ MARK > REFINE |

Goal: |[V( u—ufl, )< Crrea [[V(u—ug)|
N———

o ;
both unknown fully only uy* is
computable known
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Exact solver setting

Residual liftings & guaranteed lower bound on ||V (uf¥; — uf¥)|

Wy

Recall: (7,41, pe+1) and space V., at our disposal!

One more local problem per marked vertex a € 175’ (residual lifting)

Define a local space V;"hp = Vigilog N H}(w?) and solve

(Vra,hp7 V’Ua’hp)w? — (f, va,hp)wzl - (VU?X, vva,hp)w? Vva,hp c Vea,hp.
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Residual liftings & guaranteed lower bound on ||V (uf¥; — uf¥)|

Wy

Recall: (7,41, pe+1) and space V., at our disposal!

One more local problem per marked vertex a € 175’ (residual lifting)

Define a local space V;"hp = Vigilog N H}(w?) and solve
(Vra,hp7 V’Ua’hp)w? — (f, va,hp)wzl - (VU?X, vva,hp)w? Vva,hp c Vea,hp.

Then, if Zaef;g r&hr -£ (0, we have the guaranteed lower bound:

2
e V7]
ex ex [ We .
||V( WUpypq — Uy )Hwe > HV( — QM?

~  nahp
Zaevg r )

We
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Exact solver setting

Residual liftings & guaranteed lower bound on ||V (uf¥; — uf¥)|

Wy

Recall: (7,41, pe+1) and space V., at our disposal!

One more local problem per marked vertex a € 175’ (residual lifting)

Define a local space V;"hp = Vigilog N H}(w?) and solve

(Vra,hp7 V’Ua’hp)w? — (f, va,hp)wzl - (VU?X, vva,hp)w? Vva,hp c Vea,hp.

Then, if Zaef;g r&hr -£ (0, we have the guaranteed lower bound:
2
Pac IV
IV( ugis — vy )w, = - : i — = UyVi
N——— ~ s 2
only ug* is known H (Zaevg " ) wp
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Exact solver setting

Guaranteed lower bound on ||V (uf*, — u¥)|| (proof)

Wy

Discrete lower bound n ,
UYVT,

We use crucially

2
Za@?e ”Vra’thw?

= —
|9 (Zaeng )

IV (uits = ug™)

V4
: informatics g mathematics

2l — 54

P Tech
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Guaranteed lower bound on ||V (uf*, — u¥)|| (proof)

Wy

Discrete lower bound n ,
UYVT,

We use crucially

2
Zaevf ”Vra’thw?

= —
|9 (Zaeng )

190 — ) — 0

We

Proof:

VUCX _uox VU
IV e = s VULt )
v[+1€V[+1(UJg) ||V'Ue+1||w£
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Exact solver setting

Guaranteed lower bound on ||V (uf*, — u¥)|| (proof)

Wy

Discrete lower bound n ,
UYVT,

We use crucially

2
Zaevf ”Vra’thw?

= —
|9 (Zaeng )

IV (uits = ug™)

We

Proof:

(VUi = ug™), Vorn)w,

IV (i = wg) = sup <
U[+1€V23’_1(wz) || U£+1||(JJZ
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Guaranteed lower bound on ||V (uf*, — u¥)|| (proof)

Wy

Discrete lower bound n ,
UYVT,

We use crucially

2
Za@?e ”Vra’thw?

= —
|9 (Zaeng )

IV (uits = ug™)

Proof:

v — (Vuy*, Vo
e A R
U@+1E‘/£~_1(Wg) || UZ+1||UJ[
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Exact solver setting

Guaranteed lower bound on ||V (uf*, — u¥)|| (proof)

Wy

Discrete lower bound n ,
UYVT,

We use crucially

2
Za@?e ”Vra’thw?

= —
|9 (Zaeng )

IV (uiis = )| 2V (uiy = ug)

Proof:
_ v ex V
V0 =)= sup Lo o (U Vo
Ve 1€V (we) HVW‘HHW
To finish take (Z S0 rhp> as test function v, -
yo'a +1 g —
ik ezia &

P Tech
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Exact solver setting
Error contraction property

Guaranteed bound on the error reduction factor

The new (unknown) numerical solution «7 | € V., satisfies:

2
. 77M0
[V ]| S Crnea IV =) Wit 0 < Cirea = 3|1 =02 ol <1
Proof (sketch)

puristecn
P.DANIEL, A. Ern, |. Smears, M. Vohralik Adaptive hp-refinement strategy with inexact solvers 12 /25



Exact solver setting

Error contraction property

Guaranteed bound on the error reduction factor
The new (unknown) numerical solution «7 | € V;, satisfies:

2
T]MH
Viu—ui)|| € Crred [V —ug®)|| with0 < Cpreq =41 — 02— <1
[V (w—uft))|| € Corea IV (w0 — ug?)|| ¢ red Pl M)
Proof (sketch) _
@ Garlerking orthogonality
IV (u = u IP = V(= ug)? = V(g — )l

i
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Exact solver setting

Error contraction property

Guaranteed bound on the error reduction factor
The new (unknown) numerical solution «7 | € V;, satisfies:

2
T]MH
Vu—uii)|| € Cpred ||V(u—ug®)|| with 0 < Cpreq := 4|1 — 62 - <1
[V (w—uft))|| € Corea IV (w0 — ug?)|| ¢ red Pl M)
Proof (sketch)
@ Garlerking orthogonality
IV —ug )I? =1V —u))? = V(g —u))?

-~

>ﬂ9
My

© Employ the discrete lower bound U
7 a4

ParicTec
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Exact solver setting

Error contraction property

Guaranteed bound on the error reduction factor

The new (unknown) numerical solution «7 | € V;, satisfies:

2

QMH

V(u—ugii)|| € Crrea |[V(u — ug®)|| With 0 < Cpreq :=4|1 - 02— —+—-<1
V= )] : R
Proof (sketch) _

@ Garlerking orthogonality

IV —ug )I? =1V —u))? = V(g —u))?
£y
210 = gy (M)

© Employ the discrete lower bound M e
7 a4

V4
: informatics g mathematics
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Exact solver setting

Error contraction property

Guaranteed bound on the error reduction factor
The new (unknown) numerical solution «7 | € V;, satisfies:

2
T]MH
Vu—uii)|| € Cpred ||V(u—ug®)|| with 0 < Cpreq := 4|1 — 62 - <1
[V (w—uft))|| € Corea IV (w0 — ug?)|| ¢ red Pl M)
Proof (sketch)
@ Garlerking orthogonality
IV —ug )I? =1V —u))? = V(g —u))?

NV

2

n
> 02 inz(ucx M9)
MY P ug M) T T

© Employ the discrete lower bound Mo
@ Use the Dorfler marking property n?(uj*, M9) > 622 (ug*, Tp)
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Exact solver setting

Error contraction property

Guaranteed bound on the error reduction factor
The new (unknown) numerical solution «7 | € V;, satisfies:

2
T]MH
Viu—ui)|| € Crred [V —ug®)|| with0 < Cpreq =41 — 02— <1
[V (w—uft))|| € Corea IV (w0 — ug?)|| ¢ red J Pl M)
Proof (sketch) _
@ Garlerking orthogonality
IV —ug )I? =1V —u))? = V(g —u))?

WV

2
. T
Z,MGZ 2 (4,EX M9)
My = (g My

© Employ the discrete lower bound M e
7 a4

@ Use the Dorfler marking property n?(uj*, M9) > 622 (ug*, Tp)
@ Employ the error estimate n?(uy*, 7¢) > ||V (u — uy™)||? .

2 (ug*,M9)

ParicTec
P.DANIEL, A. Ern, |. Smears, M. Vohralik Adaptive hp-refinement strategy with inexact solvers 12 /25



Exact solver setting

Error contraction property

Guaranteed bound on the error reduction factor
The new (unknown) numerical solution «7 | € V;, satisfies:

2
77M0
Viu—ui)|| € Crred [V —ug®)|| with0 < Cpreq =41 — 02— <1
[V (w—uft))|| € Corea IV (w0 — ug?)|| ¢ red J Pl M)
Proof (sketch) _
@ Garlerking orthogonality
IV —ug )I? =1V —u))? = V(g —u))?

VvV
2
n
“mY

>p2 = b4
_7A/1§ nz(uzx,MZ)

© Employ the discrete lower bound 7 e

UNVT:
@ Use the Dorfler marking property n?(uj*, M9) > 622 (ug*, Tp)
@ Employ the error estimate n?(uy*, 7¢) > ||V (u — uy™)||? B
@ Factorize & take square root

2 (ug*,M9)

ParicTec
P.DANIEL, A. Ern, |. Smears, M. Vohralik Adaptive hp-refinement strategy with inexact solvers  12/25



Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1) \ [0,1] x [~1,0], f =0

¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin 2e

(ﬂ’Pl)
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin 2e

(75’1)2)
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Exact solver setting
Numerics |.
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin 2e

(7:17 p4)
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin 2e

(E»pﬁ)
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin 2e

(7%7 pﬁ)
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin 33‘3
(7’—77p7) o
P5
P4
P3
P2
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin 33‘3
(E?pfi) -
P5
P4
P3
P2
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin %‘3
(7?)7p9) -
P5
P4
P3
P2
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin %‘3
(T, P10) -
P5
P4
P3
P2
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin 2e

(T1s, P15)

P5

P4

P3

P2
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin %‘3
(T20, P20) -
P5
P4
P3
P2
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin %‘3
(730,P30) -
P5
P4
P3
P2
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin %‘3
(Ta05 Pa0) -
P5
P4
P3
P2
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin %‘3
(730,P50) -
P5
P4
P3
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Exact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin %‘3
(%O,Pﬁo) -
P5
P4
P3
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Exact solver setting

Numerics — exponential convergence

10° T

101 P5

102 —
Zoom[-1075,10~°]" P4

=
S
S

relative error in energy norm
5
&

--s%--uniform h, p=1
E |-@-- h-adaptivity, p=1 ”
—0— hp-adaptivity
—p—a priori best
106 ‘ I | | . =
0 5 10 1520 25 30

DoF®

=
<
&

Obtained exponential convergence in comparison with classical approaches
and the final mesh with polynomial degree distribution (75, pes)-
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Exact solver setting

Numerics — exponential convergence

10 ¢ . P5

P4

-3 | J
10 Zoom|[—107%,10°]

£ |—®—hp version 1 —
—>— APRIORI
——LINEAR

£ |--®-PRIOR q P3
--#--PARAM ~ = 0.3
——PARAM y=0.6

10 —
0 5 10 15 20 25 30

DoFY3

i
<
S

relative errors in energy norm

=
S
&

Obtained exponential convergence in comparison with other hp-adaptive
approaches and the final mesh with polynomial degree distribution (7gs, pes)-
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Exact solver setting

Numerics |II.

Effectivity indices of the estimated error reduction factor C; ,..q and 7 VL
- 4

g
o 14 14 = 3
g % ; 1.2
E 1.2 'E 1.2 E
) > 2
2 > 2
S 3 3
= 1 % 1 % 1
0 10 20 0 10 20 0'90 10 20
DoF'® DoF'3 DoF ™3
Ieﬁ — Ce,red Ieﬁ o ||v(uzx+l - u;x)”we Ieff — T)(UZX,W)
red 7|V (u—ugy )|/ ||[V(u—ug)|] LB — [ U] |V (u—ug)||
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Inexact solver setting

Outline

An adaptive hp-refinement strategy with inexact solver
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Inexact solver setting

Extension to the inexact algebraic solver setting

Goal:
e avoid the unrealistic exact solution of A, US* = F,

(SOLVE—{ESTIMATE |—{ MARK |—{REFINE |
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Inexact solver setting

Extension to the inexact algebraic solver setting

Goal:

e avoid the unrealistic exact solution of A, US* = F, \/

(SOLVE —>{ESTIMATE }—>{ MARK | REFINE]

* only approximate solution A,U, ~ F, (corresponding u,; = u;")

[[ONE_SOLVER_STEPHESTIMATEJ}_'[M ARK~REFINE)

adaptive stopping criterion
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Inexact solver setting

Extension to the inexact algebraic solver setting

Goal:

e avoid the unrealistic exact solution of A, US* = F, \/

(SOLVE —>{ESTIMATE }—>{ MARK | REFINE]

* only approximate solution A,U, ~ F, (corresponding u,; = u;")

a—
[[ONE_SOLVER_STEPHESTIMATE]

adaptive stopping criterion

(MARK}>REFINE)

e recover the contraction property also in the inexact setting
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Inexact solver setting

Extension to the inexact algebraic solver setting

Goal:

e avoid the unrealistic exact solution of A, US* = F, \/

'SOLVE}—>{ESTIMATE }—>{ MARK }—{REFINE|
|V —ugi)]| < Corea IV = w9, 0< Crrea <1

* only approximate solution A,U, ~ F, (corresponding u; = u;")

a—
[[ONE_SOLVER_STEPHESTIMATE]

adaptive stopping criterion

(MARK}>REFINE)

e recover the contraction property also in the inexact setting
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Inexact solver setting

Extension to the inexact algebraic solver setting

Goal:

e avoid the unrealistic exact solution of A, US* = F, \/

'SOLVE}—>{ESTIMATE }—>{ MARK }—{REFINE|
[V —ugp)| < Corea V@ =)l 0= Crea <1
* only approximate solution A,U, ~ F, (corresponding u; = u;")

(MARK}>REFINE)

[[ONE_SOLVER_STEPHESTIMATE]

adaptive stopping criterion

* recover the contraction property also in the inexact setting \/
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Inexact solver setting

Extension to the inexact algebraic solver setting

Goal:

e avoid the unrealistic exact solution of A, US* = F, \/

'SOLVE}—>{ESTIMATE }—>{ MARK }—{REFINE|
|V —ugi)]| < Corea IV = w9, 0< Crrea <1

* only approximate solution A,U, ~ F, (corresponding u; = u;")

[[ONE_SOLVER_STEPHESTIMATE] (MARK) ~REFINE)
adaptive stopping criterion

* recover the contraction property also in the inexact setting \/
IV(u =)l € Cprea[V(u —ue)||, 0< Crrea <1
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Intro  Exact solver setting Inexact solver setting Convergence

Tools:
® a posteriori error bounds on the total and algebraic errors

Guaranteed total energy error upper bound

2
IV (u —we)l| < n(ue, Te) := Z ne (ug) ¢ with
KeT,
K (UZ) - ”VUZ‘HTZ d1s||K + ”f V- Oy tot”K Haé,alg”K ) VK € 72
—_— —_———
Nais, & (Ue) Tose, x (te) Nalg, & (we)

@ J. PAPEZ, U. RUDE, M. VOHRALIK, AND B. WOHLMUTH, Sharp algebraic and total a posteriori error bounds for h and p finite
elements via a multilevel approach. HAL preprint 01662944, Dec. 2017.
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Tools:
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Guaranteed total energy error upper bound

2

IV (u —we)l| < n(ue, Te) := Z ne (ug) ¢ with
h/_/
total error KeTe
K ('U,[) - ”VUZ‘HTZ d1s||K + ”f V- Oy tot”K Haé,alg”K ) VK € 72
—_— —_———
Nais, & (We) Tose, x (te) Nalg, i (We)
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Intro  Exact solver setting Inexact solver setting Convergence

Tools:
® a posteriori error bounds on the total and algebraic errors

Guaranteed total energy error upper bound

2

IV (u —we)l| < n(ue, Te) := Z ne (ug) ¢ with
h/_/
total error KeTe
algebraic error
= IV (ug™ —ue)ll i
—
K ('U,[) - ”VUZ‘HTZ d1s||K+ ”f VUZ tot”K Haé,alg”K ) VK € 72
—_— —_———
Nais, & (We) Tose, x (te) Nalg, i (We)

@ J. PAPEZ, U. RUDE, M. VOHRALIK, AND B. WOHLMUTH, Sharp algebraic and total a posteriori error bounds for h and p finite
elements via a multilevel approach. HAL preprint 01662944, Dec. 2017.
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Intro t solver setting Inexact solver setting Convergence

Tools:
® a posteriori error bounds on the total and algebraic errors

Guaranteed total energy error upper bound

2

IV (= ug)l| < nlue, Te) =14 > mic(u) p with
—_——
total error KeT
~ discretization error ||V (v — ug™)|| algebraic error
=V (ug™ = we)ll g
—
K (UJZ) - ”VUZ‘HTZ d1s||K+ ”f VUZ tot”K ”Ué,alg”K ) VK € 72
N———/™ ——
Tais, & (we) Tose, x (te) Nalg, i (ue)
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® a posteriori error bounds on the total and algebraic errors

Guaranteed total energy error upper bound
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total error KeT
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—
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Intro  Exact solver setting Inexact solver setting Convergence

Tools:
e a posteriori error bounds on the total and algebraic errors

Guaranteed total energy error upper bound

IV (u —up)|| < nlue, Te) : { Z % (g } with

total error KeT
~ discretization error ||V (v — ug™)|| algebraic error
=V (ug™ = wo)ll
hK P
TIK(W) = ”Vue_"o'f,diS”K"i'_ ”f - v"7'€,tot||K‘l' Haﬁ,alg”}( > VK €T,
N————— s R ,
Nais, k (we) Tose,  (te) Nalg, & (Ue)

e adaptive stopping criteria for the algebraic solver
Nalg (ue, Te) < e pu(ue), 0 <y <1 (typically yp ~ 0.1)

Ensuring the desired balance: ||V (u;* — uy)|| < v¢ ||V (v — uy)|

=
algebraic error total error
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Inexact solver setting

Error reduction factor in presence of inexact solver

« Galerkin orthogonality relation between u;’} ; and u,

IV = wgi)|* = 1V (= u)* = |V (g, — o)
¢ Intermediate result + uaw & D., Ern, Smears, Vohralik (2018)
e
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Inexact solver settin

Error reduction factor in presence of inexact solver

« Galerkin orthogonality relation between u;’} ; and u,

IV = wgi)|* = 1V (= u)* = |V (g, — o)
¢ Intermediate result + uaw & D., Ern, Smears, Vohralik (2018)
e

Computable guaranteed bound on the reduction factor

Using the adaptive stopping criterion at level / + 1 with0 < ~,,; < (1-C) ):

ﬂ/\/lg 2
a 77(1%7-2)
[V(u—wers )| € CorealV( w—ug )|,  0< Clrea = =1
(1 —ye+1)
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« Galerkin orthogonality relation between u;’} ; and u,

IV = wgi)|* = 1V (= u)* = |V (g, — o)
¢ Intermediate result + uaw & D., Ern, Smears, Vohralik (2018)
e

Computable guaranteed bound on the reduction factor

Using the adaptive stopping criterion at level / + 1 with0 < ~,,; < (1-C) ):

ﬂ/\/lg 2
a 77(1%7-2)

HV( U—Ugt1 )H < Cl,red”V( U — Uy )H7 0< Cl,red 3= <1
N——— N—— (1 = ’Y@—H)
both unknown only uy known
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Inexact solver setting
Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—=1,1)\ [0,1] x [-1,0], f =0

" - n R 2 .
* singular exact solution (in polar coordinates): u(r, ¢) = r3 sin 22
3
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Inexact solver setting

Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—=1,1) \ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = r3 sin %ae

Inexact setting: V-cycle multigrid with Gauss-Seidel as a smoother

P5
P
P1 P
P

P1

@ P. DANIEL, A. ERN, AND M. VOHRALIK, An adaptive hp-refinement strategy with inexact solvers and computable guaranteed bound on the
error reduction factor. HAL preprint 01931448, 2018.

s

W

N
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Inexact solver setting

Numerics |.

L-shaped domain in 2D: Q := (—1,1) x (—1,1)\ [0,1] x [-1,0], f =0

. . . . 2 .
¢ singular exact solution (in polar coordinates): u(r, ¢) = 73 sin %‘3

Inexact setting: V-cycle multigrid with Gauss-Seidel as a smoother

Total error on elements 2°  Estimated total error indicators Algebraic error on elements .o+ Estimated algebraic error indicators ..+
s

4
4
s
3
25
2
15
1
0s

=1.096 18 = 1.365

@ P. DANIEL, A. ERN, AND M. VOHRALIK, An adaptive hp-refinement strategy with inexact solvers and computable guaranteed bound on the
error reduction factor. HAL preprint 01931448, 2018.
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Inexact solver setting

Numerics |II.

Effectivity indices of the estimated error reduction factor C; ,..q and L
e

145 19 011
14 18 0.1
135 Si7 0.09 l
H =
% 13 E‘ve g\ious
5 125 S5 5 007
° £ ©
; 12 Z14 go.os
% 115 gta So0s
% 11 0)12 0.04
105 " 0.03
* 4 0.02
0.95
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
DoF!? DoF " DoF ™
Vuyt, —u i
off _ Co,red ot — || (ughy Z)“u[ parameter of the adaptive
red — [[V(u—ug1)[l / IV (u—ug)ll LB I stopping criterion ~,
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Inexact solver setting

Numerics lll. — adaptivity for algebraic solver

Adaptive stopping criterion [nalg(ug, Te) < e u(w)) in practice:

IFe—Agl
TEl

Recall: classical stopping criterion < e
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Inexact solver setting

Numerics lll. — adaptivity for algebraic solver

Adaptive stopping criterion [nalg(ug, Te) < e M(W)J in practice:

Recall: classical stopping criterion W < e

15

e

—p— classical stopping criterion, ¢ = 10710
—¥— classical stopping criterion, £ = 1078
—m— adaptive stoppping criterion

—»— classical stopping criterion, ¢ = 10710
—v— classical stopping criterion, & = 105
—m—global adapt. stop. criterion, 7, for Crea

10

S
IS

relative error in energy norm

number of iterations of algebraic solver

‘ ‘ ‘ ‘ ‘ ‘ s
0 10 20 30 40 50 60 70 0 5 10 15 20 25 30 35 40

adaptive loop iteration cumulative time spent on algebraic computations [s]
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Inexact solver setting

Numerics IV. — exponentail convergence retained

10°

,_.
<
N

,_\
o
Y

,_\
S
S

relative error in energy norm
15
&

=-#%--uniform h, p=1
| |-®-h-adaptivity, p=1
—0— hp-adaptivity (exact)
—— hp-adaptivity (inexact)
—»— a priori best

H
<
&

H
]
&

5 10 15 20 25 30
DoF '3

o

¢ Obtained exponential convergence in comparison with classical approaches.
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Convergence

Outline

Convergence of adaptive hp-refinement strategies
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Convergence

Convergence proofs — sneak peek

Goal:
¢ ensure error reduction on each step of the adaptive loop, i.e.:
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Convergence
Convergence proofs — sneak peek

Goal:
¢ ensure error reduction on each step of the adaptive loop, i.e.:
||V(u - UZX)H < Cé.,rod “v(u - uzx)“ and 0 < Cé,rod < C@,d,nT,pmax <1
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Convergence

Convergence proofs — sneak peek

Goal:
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Convergence
Convergence proofs — sneak peek

Goal:
¢ ensure error reduction on each step of the adaptive loop, i.e.:
190 = )| < Crrea [V = )| AN 0 < Ch g < Codnpne <1V
¢ convergence of the hp-adaptive algorithm

lim [[V(u—ug") =0
{—00
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Convergence

Convergence proofs — sneak peek

Goal:
¢ ensure error reduction on each step of the adaptive loop, i.e.:

IV (= )| € Crrea V(=) @0 0 < Crroi < Cotypmne <1V
e convergence of the hp-adaptive algorithm
lim [|V(u —u")|| =0
{—00
Changes:
e extension of the marked region by one extra layer of elements
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Convergence

Convergence proofs — sneak peek

Goal:
¢ ensure error reduction on each step of the adaptive loop, i.e.:

IV (= )| € Crrea V(=) @0 0 < Crroi < Cotypmne <1V
e convergence of the hp-adaptive algorithm
lim [|V(u —u")|| =0
{—00
Changes:
e extension of the marked region by one extra layer of elements

*(REFINE |: interior node property for hr-refinement and stronger p-refinement
(72, p7) (7—a " ;") (7", py"")
&
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Intro  Exact solver setting Inexact solver setting Convergence

Discrete stability (DS) of the local flux equilibration (exact setting)

Let:
e the hat function orthogonality: (f,¥{)we — (Vug™, Vibi)wa =0 Va € Vint
¢ the local equilibrated flux o3 be constructed by the local minimization
e the residual lifting "? be constructed by the local primal FE problem

Then there holds ~
[63Vuy +ofllp S || Vr7]| | vae V)
wf
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Discrete stability (DS) of the local flux equilibration (exact setting)
Let:

¢ the hat function orthogonality: (f, w;?)w? — (Vug, Vipi)ua =0 Va € Vint,
¢ the local equilibrated flux o3 be constructed by the local minimization

e the residual lifting "? be constructed by the local primal FE problem
Then there holds ~
eV + oflp S [V | vae
wit

Bubble function technique:

@ R. VERFURTH, A posteriori error estimation techniques for finite element methods, Num. Math. & Sc. Comp., Oxford, 2013.

@ L. DIENING, C. KREUZER, |. SMEARS, AND M. VOHRALIK, Equilibrated flux a posteriori estimates for the p-Laplace problem. In preparation
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Discrete stability (DS) of the local flux equilibration (exact setting)
Let:

¢ the hat function orthogonality: (f, wj‘)w? — (Vug, Vipi)ua =0 Va € Vint,
¢ the local equilibrated flux o3 be constructed by the local minimization

e the residual lifting "? be constructed by the local primal FE problem
Then there holds ~
eV + oflp S [V | vae
wit

Bubble function technique:

@ R. VERFURTH, A posteriori error estimation techniques for finite element methods, Num. Math. & Sc. Comp., Oxford, 2013.

* DS of element residuals: hx || f + Aug*||,, < ||Vra?||,, VK e TR Vae %

1 . ~
e DS of face residuals: 13 [|[Vug* np]|lp S [|[Vra|| . VF € Fat ya e V!

@ L. DIENING, C. KREUZER, |. SMEARS, AND M. VOHRALIK, Equilibrated flux a posteriori estimates for the p-Laplace problem. In preparation
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Convergence
Future perspectives

Convergence proofs
e p-robust version of the proofs
e less strict requirements on the refinement methods
e analysis of the computational (quasi-)optimality
Refinement strategy
e coarsening?
¢ hp-refinement decision taking into account the number of DOFs

ParisTec
P.DANIEL, A. Ern, |. Smears, M. Vohralik Adaptive hp-refinement strategy with inexact solvers  25/25




Convergence
Future perspectives

Convergence proofs
e p-robust version of the proofs
e less strict requirements on the refinement methods
¢ analysis of the computational (quasi-)optimality
Refinement strategy
e coarsening?
¢ hp-refinement decision taking into account the number of DOFs

Thank you for your attention!
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