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Laplace model problem

For f € L*(Q), find v € H} () such that
(Vu, Vo) = (f,v) Yo € H3 ()

h;/ ,,,,, ,,,,,,,,,,, [
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Setting

Laplace model problem
For f € L*(Q), find v € H} () such that

(Vu, Vv) = (f,v) Yo € H3 ()

Let {7:}/>0 be a sequence of matching simplicial meshes

hp-meshes
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Laplace model problem — FEM
Define the test space V; := Py, (7;) N HY (). Find u, € V; s.t.

(Vug, Vog) = (f,ve) Yo €V
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Setting

Laplace model problem — FEM
Define the test space V; := Py, (7;) N HY (). Find u, € V; s.t.

(Vug, Vog) = (f,ve) Yo €V

Due to the nestedness of the spaces V, C V41, ¢ > 0:

Galerkin orthogonality

IV (u =) [1? = [V (u = ue) |2 = |V (ugsr — ue)||?
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Setting

A posteriori error ESTIMATE

Guaranteed upper bound on the energy error ||V (u — uy) ||
@ for each ¢ > 0 and for each patch 7,, a € Ty, select
Pa = MaXKeT, PK

Equilibrated flux reconstruction o := 3.y, o}

For each vertex a € Vy, we solve a small minimization problem

o} = arg min |vaVue + Vel w-
veEVY, V'VZZHQ?(fdja*VUE'Vwa)

with properly chosen local Raviart—Thomas—Nédélec mixed
finite element spaces V7 x Q7 of order p,.
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Setting

IMATE

teed upper bound on the er

N =

IV (= u)ll < 0(Te) = § > ik

KeT,

hk
nk = ||[Vue + oyl x + 7Hf —V.ou|lk.
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Setting

The goal is to mark a set of elements M, C 7, to be refined

Classical bulk chasing (Dérfler's marking strategy)

For a fixed parameter 6 € (0, 1] choose (the smallest) set of
elements M, s.t.:
n(Me) > 01(Te)

1
@ Notation: n(M;) := {ZKEMg nf(}z
@ Remark: we select the elements
patch-wise, hence we define the set
of marked vertices V, (o),
and wy () — the domain of the
marked elements M,
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Reduction factors

Residual liftings |

Assumption: the next-level 7,1 and p, have been determined

Notation: for each marked vertex a € V, () and the associated
patch w, we define

@ the local submesh refinement 7.7 = To4 1o,
e the local polynomial degrees pi” = pr.1|7;.,

| ; ‘

CL)a 72 wa”TZ-ﬁ-l luma:/...a,.m, AvA

Ecoleds
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Reduction factors

Residual liftings I

Residual liftings’ local problems (¢ > 0)

For each marked vertex a )75, we define the local patch-based

space
Ve .= L (T!%") N HY (wa) .

We define the local residual lifting . as the solution of

(Vri?, Vo), = (f, 00P)we — (Vtag, VU )y VOIP € VP,

@ A. ERN AND M. VOHRALIK
Polynomial-degree-robust a posteriori estimates in a unified setting for conforming, nonconforming,
discontinuous Galerkin, and mixed discretizations, SIAM (2015) P
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Reduction factors

Guaranteed lower bound on ||V (ug1 — )|,

Discrete lower bound 7
M,

Let the meshes 7y, 7,41 and the associated residual liftings rhp
for each a € V,; be given. Then we have

h
Y acw, IVTall2,

|V (w1 — )|, > hp) | =1y,
we

1V (Zac,
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Reduction factors

Guaranteed lower bound on ||V (ug1 — )|,

Discrete lower bound 7
M,

Let the meshes 7y, 7,41 and the associated residual liftings rhp
for each a € V,; be given. Then we have
h
Dacy, 1Vra’ 2,

19 uesr = )| 219 uesr = ) o 2 =1
h M
1V (Cae e ) e
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Reduction factors

Guaranteed lower bound on ||V (ug1 — )|,

Discrete lower bound 7
M,

Let the meshes 7y, 7,41 and the associated residual liftings rhp
for each a € V,; be given. Then we have
h
Dacy, 1Vra’ 2,

19 uesr = )| 219 uesr = ) o 2 =1
h M
1V (Cae e ) e

Proof:
V(g1 — up), Vg
V(s — )y = sup et ) VOre )
v4+1€V2+1(UJZ) HVW-HHW
4 informatics, s S mathematics Y
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Reduction factors

Guaranteed lower bound on ||V (ug1 — )|,

Discrete lower bound M,

Let the meshes 7, 7,.1 and the associated residual liftings rﬁp
for each a € V, be given. Then we have

h,
ety IVPRP12,

Y
1V (Zaci o) e

IV (uera = uo)ll 2|V (werr = we)llwy >

Proof:

(V(ugg1 — ug), VUria)w,

IV (uet1 = ue)llw=  sup

U2+1€V2+1(WZ) ||VU€+1ng
7 AVA'
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Reduction factors

Guaranteed lower bound on ||V (ug1 — )|,
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1V (Zaci o) e
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Proof:

T A AL
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Reduction factors

Guaranteed lower bound on ||V (ug1 — )|,

Discrete lower bound M,

Let the meshes 7, 7,41 and the associated residual liftings rhp
for each a € V, be given. Then we have

h,
ety IVPRP12,

IV (uera = uo)ll 2|V (werr = we)llwy >

=7
h —“ Mg
IV (Cacr 87) e

Proof:

(f? /Uf+1)w€ - (vué7 Vvﬂ—i—l)wg
IVoetall,,

|V (w1 —ue)llo,>  sup
Vo1 e\/,g_l(wg)

To finish take (Zaev h") as test function vy
: m/; aaaaa ; #/mathematics [ mhbmm:m
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Reduction factors

Error reduction factor Ci.q € [0,1)

Guaranteed contraction property

For given:
@ Ty, Toyr (8t Te C Teya)
@ the associated residual liftings rﬁp for each a € %
® uy €V, be the FEM solution and {nx } yc7,
The new (unknown) numerical solution w4, € Vy; satisfies:

. T
[V (u —upp1)]| < Crea |V (u = up)|| With Creq :=4/1 — 92172(/\/ie)
:, mlg aaaaa . mathematics : rc
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Reduction factors

Guaranteed error reduction factor - proof sketch

Contraction property

2
IV~ gl < Crea [V (w — ) | With Creq := /1 — 627540
Proof
@ Galerkin orthogonality
IV (= w1 = [V (u = up) |2 = [V (uggr —up)|?
<n2(Te) Zﬂ?\q: ng(%ffp n2(M,)
© Employ the discrete lower bound M,
© Employ the error estimate 7(7;)
© Use the Dorfler marking property n(My) > 6 n(T;)
© Factorize & take square root .
h; ,,,,, . mathematics [ 7‘
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Reduction factors

Numerics: L-shape problem - solution with corner singularity

u(r, ¢) = r3 sin (2;’)

et _ Ched reff _ IV (uerr — wlly,
red — [V(u—uer1)[[/TTV(u—u)] low N,
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Effectivity index of the EffectIVIty index of n Mag,
reduction factor C..4 v
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hp-strategy

hp-strategy - the 1st attempt

Goal: to determine the next-level mesh 7,,; and degrees py.1

\
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hp-strategy

hp-strategy - the 1st attempt

Goal: to determine the next-level mesh 7,,; and degrees p/1

@ On each marked patch w,, a € V, calculate the 2 residual
liftings r! ¢ V! and rh e V& (ref € {h,p})
vrref eref _ ref VUZ eref w ref Vref'

’awa a

arisTech -
P.Daniel, A. Ern, |. Smears, M. Vohralik hp-strategy with guaranteed error reduction factors 14 /17



hp-strategy

hp-strategy - the 1st attempt

Goal: to determine the next-level mesh 7,,; and degrees p/1

@ On each marked patch wa, a € V; calculate the 2 residual
liftings r! ¢ V! and rh e V& (ref € {h,p})

vrref eref _ ref Vu eref w ref Vref
£

’awa a

rn

@ Idea: max ||V7~ref\|wa = maxn,, = min [V(u— )]

@ If |V7llw. > IV72lw., then a flagged for h-refinement
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hp-strategy

Numerics — hp-strategy

P5

P4

P3

e The initial mesh and the final polynomial degree distribution after 65
iterations of the proposed hp-strategy
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hp-strategy

Numerics — hp-strategy

P5
P4
Zoom:
[-1076,1076)?
P3

e The final polynomial degree distribution after 65 iterations of the
proposed hp-strategy and its detail near the corner (/eft).
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hp-strategy

ergence & Assessment of the strategy
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@ W. F. MITCHELL AND M. A. MCCLAIN
A comparison of hp-adaptive strategies for elliptic partial differential equations (2014).
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Conclusion
Conclusion

@ The effectivity indices of estimates of the reduction factor
Crea @nd 7, very close to ideal value of 1

@ the first attempt hp-strategy with exponential order of
convergence observed
Future work:
@ try to exploit the estimates of C..q inside the hp-strategy
@ try to prove the convergence of the hp-strategy

@ exploiting the multilevel structure in an inexact algebraic
solver (multigrid, ...)

Thank you for your attention!
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