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0 Motivations and problem setting
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Nuclear Waste Deep Storage

Widely varying coefficients (1 — 10~%), very long simulation times (108
years).

Example : CoupLEX (Comp. Geosc., 2004)

u ~ 1lm/year 4

A
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Nuclear Waste Deep Storage

Widely varying coefficients (1 — 10~%), very long simulation times (108
years).

Example : CoupLEX (Comp. Geosc., 2004)

u ~ 1lm/year 4

A

Method with different time steps in each layer ? B INRIA
Gander, Halpern, Kern

SWR for ADR Erlangen, june 2007 4/37



Mathematical Model

1D convection—diffusion—reaction equation, discontinuous

coefficients

{ @_£<D%—au>+bu:f, on R x [0, T]

u(x,0) = ug(x), xR

D Molecular diffusion 5 (o, a) x<o0

a Darcy velocity (D, a) = (D*, a*) x>0

b Radioactive decay |
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Mathematical Model

1D convection—diffusion—reaction equation, discontinuous

coefficients

{ @_3<D%_au>+bu:f, on R x [0, T]

u(x,0) = ug(x), xR

x<0

D Molecular diffusion (D-, a-)
(D, a)=
(D*, at) x>0

a Darcy velocity
b Radioactive decay

Weak solution u € L>(0, T; L2(R)) N L?(0, T; H'(R)) via standard
variational theory

Notation: u~ = ug-, Ut = Ujg+.
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9 Domain decomposition
@ First iterative algorithm
@ Improved transmission conditions
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Equivalent Transmission Problem

Subdomain problems

ou— 0 (~_0u- _ _ _
a_t_a_x<D S —au >+bu —f, onR™ x[0,T]
u(x,0) = up(x), x e R™

out 9 (pyout Ly 0 o
W_E(D W—au)—i—bu =f, onR" x [0, T]

ut(x,0) = up(x), x € RT
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Equivalent Transmission Problem

Subdomain problems

ou— 0 (~_0u- _ _ _
W_a_x@ S —au >+bu —f, onR™ x[0,T]
u(x,0) = up(x), x e R™

avt_ 0 o0

P +_ ¥
8x au)+bu f, onRT x [0, T]
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An iterative algorithm

Algorithm with Dirichlet TC

U 1 _i( _ U
ot ox ox

Upy1(0,1) = uf(0,1), te[0,T]

—a Ugyy) +bui =f, OonR™ X0, T]
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An iterative algorithm

Algorithm with Dirichlet TC

U 1 _i( _ U
ot ox ox

Upy1(0,1) = uf(0,1), te[0,T]

—a Ugyy) +bui =f, OonR™ X0, T]

Ougy 0 Uy +
o o (D gt —a Ul ) +buf, =, on R x[0,T]

Ui, 1(0,1) = U (0,1), tel0,T]
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An iterative algorithm

Algorithm with Dirichlet TC

U 1 _i( _ U
ot ox ox

Uy 1(0,8) = uf(0,1), tel0,T]

—a Ugyy) +bui =f, OonR™ X0, T]

Uiy 9 Uy, 4
Rt 2 (02 _gryp Y4 buf, =1, onRY x[0,7)

Ui, 1(0,1) = U (0,1), tel0,T]

Dirichlet TCs: Slow convergence
Acceleration possible by using better transmission conditions B inriA
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New transmission conditions

(a* _p-2_ /\*>u*(0, t) (a+ _prd /\*>u+(0, t)

ox ox
(a+ D+ aa + /\+) ut(0,1) = (a— - D—ai + /\+)u—(o, f).
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New transmission conditions

(a* _p-2_ /\*>u*(0, t) (a+ _prd /\*>u+(0, t)

ox ox
(a+ D+ aa + /\+) ut(0,1) = (a— - D—ai + /\+)u—(o, f).

At (pseudo—differential) operators in time, A* symbol of A* (g Fourier
transform of g)

vg € L3(R), A g(w) = A («)9(w)
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New transmission conditions

(a* _p-2_ /\*>u*(0, t) (a+ _prd /\*>u+(0, t)

ox ox
(a+ D+ 68 + /\+) ut(0,1) = (a— - D—ai + /\+)u—(o, f).

At (pseudo—differential) operators in time, A* symbol of A* (g Fourier
transform of g)

vg € L*(R), A*g(w) = N (w)g(w)
Still equivalent to original problem (if AT # A™)
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New iterative algorithm
Left subdomain

6”1:4-1 _ ﬁ( _aul:-m
ot ox ox
u~(x,0) = up(x), x e R~

— a‘u;+1) +bu, ;=1 onR” x[0,T]

(a‘ - D‘gix - A‘)u;H(O, t) = <a+ - D+<;ix - /\_)U;(O, t)
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New iterative algorithm

Left subdomain

Oy 9 (-l
ot _5<D dx

u~(x,0) = up(x), x e R~

— a‘u;+1) +bu, ;=1 onR” x[0,T]

(a‘ — D_(;ix - A‘)u;+1 (0,1t) = (a+ - D*% - /\_)U;(O, t)

Right subdomain

out ) ouy
# a 5<D+# B a+U;+1) +F butﬂ =1, onR" x[0,T]
ut(x,0) = up(x), x € R*

(a+ - D+aax + A+> uf 4(0,8) = (a‘ - D_aax - /\+) u, (0, t)

Gander, Halpern, Kern SWR for ADR Erlangen, june 2007 10/37
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Properties of iterative algorithm

@ Use outgoing BC on each subdomain
@ If convergence, limit is solution to original problem

£ _
k

Equation for error - =

8ef+1 0 iaeiH + 4 - +

5 —5< o 2 ek+1)+bek+1:0, on R* x [0, T]
e*(x,0) =0, x € R*

_ _0 o\ - 0 _
(a -D N )ek+1(0,t)= (a+—D+a—/\ )e;(“(o,t)
( 0
0

_ 0 _
at =D o + A% )€l (0,1) = (a7 — D™ + A¥) e (0,1)

y
Vad INRIA
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Optimal transmission conditions

Equation for error, Fourier transform in time:

et det
G T g T =0, xeR*

iwet — D*

Characteristic equation

Dr? —ar—(b+iw)=0

rt(a,D,w) (resp. r—(a, D,w)) is root with positive (resp. negative) real
part
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Optimal transmission conditions

Equation for error, Fourier transform in time:

L d2e* det
iwe™ — D* tat— +b&" =0, xcR*
dx? a.

Characteristic equation

Dr? —ar—(b+iw)=0

rt(a,D,w) (resp. r—(a, D,w)) is root with positive (resp. negative) real
part

e = a;(w)eﬁ(a_’o_’w)x, x<0
~ —(a+ D+
6 = af(w)e @DTex x50
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Convergence rate

Transmission conditions give

af (@ = Dtr(a",Dtw)+ A" =a, (@ =D rf(a",D",w)+ ")
ap(@ =D rf(a,D7,w)—A")=af ,(a" = D*r (a",D*,w) — A7).
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Convergence rate

Transmission conditions give

af (@ = Dtr(a",Dtw)+ A" =a, (@ =D rf(a",D",w)+ ")
ap(@ =D rf(a,D7,w)—A")=af ,(a" = D*r (a",D*,w) — A7).

Convergence rate

(@) = a —Drft(a,D,w)+At\ [a" —Dtr (a",D",w) — A~
POT=\aF = Dtr—(at,Dt,w)+ At /j\a —D-rt(a",D-,w) — A\~
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Convergence rate

Transmission conditions give

af (@ = Dtr(a",Dtw)+ A" =a, (@ =D rf(a",D",w)+ ")
ap(@ =D rf(a,D7,w)—A")=af ,(a" = D*r (a",D*,w) — A7).

Convergence rate

(@) = a —Drft(a,D,w)+At\ [a" —Dtr (a",D",w) — A~
POT=\aF = Dtr—(at,Dt,w)+ At /j\a —D-rt(a",D-,w) — A\~

Choose A*, A\~ to minimize convergence rate.
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Optimal and approximate transmission conditions

Optimal choice

/Nar. DY)+ at+
AM(w)= a"—-D'r(a",Dt w)= (2 ’2 ) +a

A(w)=—a +Drt(a,D,w) = Y A(a_’ZD_) —a

the algorithm converges in 2 iterations.
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Optimal and approximate transmission conditions

Optimal choice

JA(@ . DN + at
AM(w)= a"—-D'r(a",Dt w)= Ala ,2D)+a

A(w)=—a +Drt(a,D,w) = Y A(a_’ZD_) —a

the algorithm converges in 2 iterations.

Operators non—local in time : need approximations
Approximate \/A(a, D) = \/a2 + 4D(b + iw) by local operators.
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Optimal and approximate transmission conditions

Optimal choice

/Nar. DY)+ at+
AM(w)= a"—-D'r(a",Dt w)= (2 ’2 ) +a

M(w)=—a +Drt(a,D,w) = Y A(a_’g_) —a

the algorithm converges in 2 iterations.

Operators non—local in time : need approximations
Approximate \/A(a, D) = \/a2 + 4D(b + iw) by local operators.

Robin TC Take VAT ~ p* (constant)

First order TC Take VAT =~ p* + igtw (cf Absorbing Boundary

Conditions) I INRIA
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Robin transmission conditions

Gander, Halpern, Japhet, Martin, Nataf.

o _ 0
(D o8t A*) U 1(0,8) = <D+ax —at+ A*) ug(0,1),

(D+88x _at— /\—> u;H(O, t) = (D_ﬁi —a - A‘)u;(O, f)

_p++a+
N 2

—a
2

A_ p

LA =

I INRIA
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Robin transmission conditions

Gander, Halpern, Japhet, Martin, Nataf.

0 0
(Dax—a+>\+> Uy 1(0, 1) = <D+8 a++)\+> uy(0,t),
Dt 0 + “Jub, (0, = (D" 0 - ~u, (0

pr+at i _P

A= 2

@ Low frequency approximation : p* = \/a¥? 4+ 4b¥D¥
@ Optimized coefficients : take p* to minimize convergence rate
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lterative algorithm with Robin transmission conditions

lterative algorithm: given g5 on [0, T]

U, 4 0 Uy, 4
" 2o

(a= = D=2~ X) Uy (0. 1) = g5 (1)

ox
QU+ £<D + QU4
ot ox ox

(a+ - D* 88 + X ) uf4(0.) = g (1)

—atuf,,) +buf, =1, onR*x0,T]

- a‘u,:H) +bu, ;=1 onR” x[0,T]

v
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lterative algorithm with Robin transmission conditions

lterative algorithm: given g5 on [0, T]

Oy 9 AUy 1 - - _
—_8_(D —a uk+1)+buk+1:f, onR™ x [0, T]

(a= = D=2~ X) Uy (0. 1) = g5 (1)

0x
8L’;<F+1 9 auk+1 AE A o 4
oy —(Dr = —atufy, ) + buf,, = f, onRTx[0,T]

(a+ - D* 88 + X ) uf4(0.) = g (1)

_ _ 0 _
G (1) = (& = D7 + X*) U4 (0, 1)

o
G (D) = (a* = D* - = X7) Uy, (0,1)

v
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e Some theory
@ Subdomain problem
@ Convergence of the iterative algorithm
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Interlude : Anisotropic Sobolev spaces

Needed for boundary regularity (Lions—Magenes, vol. 2)

Definition

H"S(Q x (0, T)) = L3(0, T; H'(Q)) N H%(0, T; L3(R))

Forue H>'(Qx (0,T)),(j=0,1,2, k=0,1):
o oK opy )

I INRIA
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Interlude : Anisotropic Sobolev spaces

Needed for boundary regularity (Lions—Magenes, vol. 2)

Definition

H"S(Q x (0, T)) = L3(0, T; H'(Q)) N H%(0, T; L3(R))

Forue H>'(Qx (0,T)),(j=0,1,2, k=0,1):
o oK opy )

Theorem
Trace space For u € H>'(Q x (0, T))

j ,
u(x,0) € H'(@), 25(0,1) € H4IP(0,T), j=0,1

(+ compatibility conditions)

v
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Well-posedness of subdomain problem

Subdomain problem

ov. 0 /._0v _ _
E_a(Da—a v>-|-bv_f, onR™ x [0, T]
v(x,0) = up(x), onR™

(D‘C%—a + AT )v(o )=g (1), te[0,T]

Energy identity

1d
2dt

IvIE +DH

+b]v|? - (D‘% = %v) (0)v(0) = (f, v)

v

J INRIA
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Existence and uniqueness

Ifug € H'(R™), f € L2((0, T),L2(R7)), g~ € H'/4(0, T), \" +a >0
The subdomain problem has a unique solution u € H>'((0, T) x R™)

I INRIA
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Existence and uniqueness

Ifug € H'(R™), f € L2((0, T),L2(R7)), g~ € H'/4(0, T), \" +a >0
The subdomain problem has a unique solution u € H>'((0, T) x R™)

Proof (Bennequin, Gander, Halpern (04)).

@ Lifting, trace theorem : reduce to ug = 0,9 = 0;

@ Standard estimates : u € L>(0, T; L2(R™)) N L2(0, T; H'(R™));
2

© Non-standard estimates (multiply by %) give more smoothness.

Ol

v
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Algorithm with Robin TC is well-defined

Smoothness needed for transmissions conditions

Under same hypotheses as above, the algorithm is well defined : given
(99.95) € H'/4(0, T)2, the algorithm generates
(ug,up) € H*Y(R™ x (0, T)).
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Algorithm with Robin TC is well-defined

Smoothness needed for transmissions conditions

Under same hypotheses as above, the algorithm is well defined : given
(99.95) € H'/4(0, T)2, the algorithm generates
(ug,up) € H*Y(R™ x (0, T)).

a—)L(’(o, ) e H'40,T)

If initial guesses (g3, g) € H'/#(R™) x H'/4(R*), then still true for all
iterates : (94, 9% ), k> 1. O

By trace theorem, t — au(0,.) — D

v
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Convergence of iterative algorithm

@ Same assumptions as above

@ N T+ AT >0, A" — A +a >0,- AT+ A +a">0
The sequence (U}, u, ) converges to (u™,u~) in L>°(0, T; L2(R™)) N
L2(0, T; H'(R™)) x L=(0, T; L2(R+)) N L2(0, T; H' (R™)).

v

Proof.

By energy estimates (Despres (95), Lions (87), Bennequin, Gander,

Halpern (04))
Define £ = + & |l |7 + ﬁ 2+bueﬂ;2
2 dt '7k K

Also denote B*v = Di% —atv

Ol

y B
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Proof of convergence theorem (ctd).

Energy estimate with transmission conditions

1

&+ gy (B e~ ATe) 0 AT+ a) (o)
- 2(/\+1+ oy B e e
&+ goms (BTe — A e+ (AT a2 e O
— 2(>\+1+)\_)(Be;1 —ATep_4)?
Add over k : telescopic sum.
B iNRIA
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Proof of convergence theorem (ctd).

Energy estimate with transmission conditions

1

&+ gy (B o A Te) 0 - aT a0
- 2(/\+1+ oy B e e
&+ goms (BTe — A e+ (AT a2 e O
— 2(>\+1+)\—)(Be’:1 — e )?
Add over k : telescopic sum.
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Proof of convergence theorem (ctd).

Energy estimate with transmission conditions

1

R e (B ef —Ater)2+ (A — A +a) e (0)
- 2(/\+1+ oy B e e
& + 2()\+1+)\—) (BYef —A"&f )+ (-A* + A~ +a")|ef (0)]
— 2(>\+1+)\_)(Be;1 —ATep_4)?
Add over k : telescopic sum.
B iNRIA
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Optimisation of convergence rate

Choose A* to minimize Max, (0 wua [2(w)I-
Numerical scheme : wmax = m/At.

I INRIA
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Optimisation of convergence rate

Choose A* to minimize Max, (0 wua [2(w)I-

Numerical scheme : wmax = m/At.

Investigate how convergence rate depends on time step
Assume a*t,a- > 0, At “small”.

Theorem (Asymptotic convergence rate)
If pt = p~ = p, then solution of the min-max problem is

—

%

(237r(D+ D~)(a*—a~++/(a")+4D¥b++/(a)?+4D- b)z)
(VD +vD-)'/?

p =

Asymptotic bound on convergence rate

D+D—=

1
2 _ = —\2\ 4
o<1 (25(\/D++\/D—) (a*—a~++/(@)2+4D"b++/(a VE-+4D~b) ) Afh

v
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Theorem

If D = D~ = D, then the solution of the min-max problem is

Q

51 3
pr (297r3D3(a+—a*+\/(a+)2+4Db+\/(a—)2+4Db)2) SALTSB,
1

-~ (2*57rD(a+—a*+\/(a+)2+4Db+\/(a—)2+4Db)6)gAt_%,

2

Asymptotic bound on the convergence rate

D

1
o <1 - (213(a+a_+\/ (a")2+4Db++/ (a_)2+4Db)2> NS

— p+, asymplotic
-~ p+, numeric

p-, asymptotic
- - p-, numeric

10° > - = = g
107 107° 10° 107 107 107 10° 10° 107 107°

Gander, Halpern, Kern SWR for ADR Erlangen, june 2007
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Theoretical and numerical convergence rate

5 10 15 20 25 30

Experimental convergence rate

Theoretical convergence rate (blue cross: “optimal parameters”,
red cross: aymptotic parameters)

I INRIA
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0 Numerical method and results
@ Discretisation scheme
@ Examples
WINRIA
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A Space—Time Finite Volume scheme

@ Function constant on square;

@ space and time derivatives
defined by difference
quotient on staggered grids, ;

@ Implicit upwind scheme, finite
difference in interior

I INRIA
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A Space—Time Finite Volume scheme

@ Function constant on square;

@ space and time derivatives
defined by difference
quotient on staggered grids, ;

@ Implicit upwind scheme, finite
difference in interior

Greensformula: I, + g+ I+ + Ig = / f with

square

I —/ ou -(”’) ds
side side _(Daix_au) Ny

Gander, Halpern, Kern SWR for ADR Erlangen, june 2007 28 /37
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Interior scheme

u? 4+ ur=1
3 points difference formula (u/] /2 %
U]’-7+1 . an B DUF_:-11/2 ) jn+1/2 + Un+1/2 . aUFLUZ . ;1_4—11/2
At Ax? 2AXx
n+1/2 n+1/2 n+1/2
_ yAX a U™ — 2u + U Ly fn1/2
2 Ax2 J

I INRIA
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Interior scheme

u? 4+ ur=1
3 points difference formula (u] /2 %
U]’-7+1 . an B DUF_:-11/2 ) jn+1/2 + Un+1/2 . aUFLUZ an-|—11/2
At Ax? 2AX
n+1/2 n+1/2 n+1/2
_ yAx 2 Uiy~ =2y + U Ly g2
2 Ax2 J

~ controls upwinding (y = 0: centered, v = 1: upwind)
Implicit scheme, unconditionally stable, order 1 for v # 0, order 2 for
v=0

I INRIA
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Fourier analysis

Look for solution v = g(k)"elkax
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Fourier analysis

Look for solution v = g(k)"elkax

bAt 2D ylal\ . o kAx . At
g(k)—1_ 2 _At(Ax“Ax ST T A, Sinkax
., bat 2D ~la\ . o, kBAx . Al _
14+ - — At 5 + ) sin® =55 +jag— sinkA
T3 t(Ax2+Ax sin® =2= +iag  sinkAx
I INRIA
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Fourier analysis

Look for solution v = g(k)"elkax

bAt 2D ~la]\ . . kAx . At
g(k) = e (Ax”Ax ST Ty Sinkax
-, bat 2D ~ja]\ . . kAx . Af
1+ o - At (AXZ + A | Sin° 5 +iagLsin kAx
Can show that A
K))? =1 o .
l9(k)| (1+a)2+ 32
with
bAt 2D ylal\ .. o kAx At
= A >0, (=az—sinkAx.
« > + t(sz + Ax Sin 5 = O7 /j a2AX sin X

I INRIA
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Interior scheme : examples
V& 1 4bD)

Solution on half-line, with Dirichlet left BC (£ =

x —+Va2 +4bDt

)

up ax X
u(x,t) = ?exp (2D) {exp( 2D£> erfc( >v/Di
+ exp (i é‘) erfc w
2D 2v/Dt
\\:"-‘Il‘ \\\.."‘__‘:‘ :
\\ \.\. |
D — 002 2 | = "\:;. =3 \i‘;s
a=2 \ \\
"I‘. 1N
b = O :‘.I\ I.""\\'\
SWR for ADR Erlangen, june 2007
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Numerical transmission conditions

Integrate on ]0, x; ;»[x]t", t"*1[, use TC
to close system

On right subdomain (v = 1: upwind
scheme),

1

1
+7n+1/2:/ + t) dt
g at), 90
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Numerical transmission conditions

Integrate on ]0, x; ;»[x]t", t"*1[, use TC
to close system

On right subdomain (v = 1: upwind

scheme),
1 1
g+,n+1/2 _ Kt /tn g+(t) at
+,n+1 +,n +,n+1/2 +,n+1/2
AxUp™ " —Uy" | 5yl — Yo
2 At AX

12 | Ax 1/2 1/2
a*ua“'” 2 4 bug,nJr 2|2+ Ug,mr /2 _ g+,n+1/2

7 I INRIA
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Numerical transmission conditions (contd.)

ST —- /2 —n1)2
ghmH/2 = CBxugTT — Ut U —u_]
2 At Ax
_ Ax, _ _
vau R —-bug A F S

Consistent with interior scheme.

If different time steps, project g+ on left grid (recompute integral on
other grid)

Matlab code (M. Gander) HinriA
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Homogeneous example

Homogeneous medium, witha=2, D=1, b=0.1,
Uo(x) = e(=3(3/2=%)%) "0 < x < 6. Interface at x = 3.

Solutions apres 2 iterations Solutions au point de raccord, iteration 2
0.15 0.5
0.4
0.1 \
P \ =03
€ \ =]
= £
=
2 So02
0.05 |
\
| 0.1
| =
0 0
0 2 4 6 0 0.5 1 15 2
X t
Solutions apres 4 iterations Solutions au point de raccord, iteration 4
0.15 0.4
\ 0.3
0.1 \ =
e \ k)
x \ £02
1 =
5
0.05
0.1
|
\
0 0
0 2 4 6 0 05 1 15 2 B inRIA
X t
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Heterogeneous example

Left subdomain [0, 1] Right subdomain [1,1.8]
D~ =410"2, a =4, D~ =1210"2, a =2,
Ax~ =10"2 At- =4103 Ax~ =810"2, At- =102
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Heterogeneous example

Right subdomain [1,1.8]

Left subdomain [0, 1]

D~ =4102, a =4,
Ax~ =102, At~ =4103

D~ =1210"2, a =2,
Ax~ =810"2 At~ =102

Solution on the interface, iteration 3.
Solid line: left subdomain,
i line: right subd

u(1,t)

0.5

0 0.5

0.2 0.3 0.4

Time

Solutions on the interface

0.1

Gander, Halpern, Kern

Convergence history
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Heterogeneous example (ctd.)

Left subdomain [0, 1] Right subdomain [1,1.8]
D~ =410"2 a =4, D~ =1210"2, a =2,
Ax~=10"2, At~ =103 Ax~ =21072, At~ =21073
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Heterogeneous example (ctd.)

Left subdomain [0, 1] Right subdomain [1,1.8]
D-=410"2, a =4, D~ =121072, a =2,
Ax~ =10"2 At~ =103 Ax~ =210"2, At~ =210"3

Solution on the interface, iteration 3

— Left ¢
- - -Right

0 0.1 0.2 0.3 0.4 0.5 i -
1

Solutions on the interface

Sol. after 2 iterations Convergence history
Sol. at convergence HiNRIA
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Heterogeneous example (ctd.)

Left subdomain [0, 1] Right subdomain [1,1.8]
D~ =410"2, a =4, D~ =1210"2, a =2,
Ax~ =102, At~ =103 Ax~ =210"2, At- =210"3

Solution on the interface, iteration 7

0 0.1 0.2 0.3 0.4 0.5
t o

Solutions on the interface _
Sol. after 2 iterations Convergence history -
Sol. at convergence W INRIA
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Conclusions — perspectives

@ Method for CDR problems, discontinuous coefficients, different
grids

@ Optimized transmission conditions

@ Satisfactory behavior on simple examples

@ More challenging test cases
@ More subdomains, 2D
@ Substructuring

J INRIA
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