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Abstract

We consider the transient acoustic wave equation and we are interested in discretising
it using the spectral finite element method in space and the explicit leapfrog scheme in
time. We reconstruct a C'-in-time approximation from the leapfrog snapshots which sat-
isfies a suitable Galerkin orthogonality relation. Therefrom, we develop a posteriori error
estimators and prove their global reliability and local space-time efficiency, with constants
independent of the final time. This includes residual- and flux-based (averaged and equili-
brated) estimators. Numerical experiments confirm the theoretical results and show a tight
upper bound together with an excellent localisation of the error in space and in time. These
results are an application of a larger general framework that we develop, based on the inf-
sup stable weak formulation from [J. Math. Anal. Appl. 505 (2022), 125457|. The proof of
local space-time efficiency uses appropriately scaled space-time bubble functions and norms
on possibly anisotropic space-time meshes following [SIAM J. Numer. Anal. 51 (2013),
773-793].
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1 Introduction

We consider the acoustic wave equation with zero initial and boundary conditions: find u :
(0,7) — R such that

Opu—Au=f in (0,T) x Q, (
u=0 on (0,T) x 09, (1.1b
u=0 on {0} x Q, (

Oru=0 on {0} x Q, (

where (2 is an open, connected, bounded, and polytopal domain of R%, d > 1, with a Lipschitz
boundary, and 7" > 0 is the final simulation time. We denote as @) the space-time domain
Q x (0,T) and take f € L?(Q).

The acoustic wave equation (1.1) is a fundamental model in countless applications. In particular,
it governs the pressure field propagation of an ultrasonic non-destructive testing model [20, 23].
Numerical simulation is of paramount importance for reliable defect localization and material
characterization. It however, comes with constraints due to computing cost at higher frequencies
(time and memory). The objective is to allow for simulations that balance sufficient precision
with minimal cost. While a priori estimates enable to justify the order of convergence of the
scheme, they cannot be used to precisely predict the numerical error of the simulation, nor its
distribution in the space-time domain during the simulation. To achieve this, we derive reliable
and locally space-time efficient a posteriori error estimates, which enable both the certification
of the computed solution against required tolerances and the creation of a localised error map.
This identifies precisely which space-time regions contain the biggest part of the error, thereby
guiding the user towards a targeted and efficient revision of the simulation if needed.

The literature on a posteriori estimates for the wave equation already contains some results that
can be broadly categorised into those that are reliable (upper bound of the error) and those that
are also efficient (lower bound of the error). The authors in [16, 17] give reliability results in L>
in time norms, while [13] presents reliable and unknown-constant-free estimates in L>°(L?) norm.
[29] proposes reliable estimates using reconstructed solutions and [18, 19] use similar results to
implement space-time mesh adaptivity. These works, however, do not show any theoretical
efficiency result. In [3], the authors work with the acoustic wave equation discretised in space
by low order piecewise polynomials and by the backward Euler scheme in time. They show both
reliability and local efficiency, though the norm they use to evaluate the error differs between
the two results. Later, [6, 7] present both reliability and global (robust) efficiency results. The
authors use a specific exponentially-damped energy norm to evaluate the error. They devise
solution reconstructions to construct a global estimator (on the whole space-time domain) that
is globally both reliable and efficient under some assumptions on the smoothness of the source
term and up to higher order terms. These appear to be the first reliable and efficient results for
(1.1), whereas such results exist for parabolic-type partial differential equations like in [12] for
the non-linear advection-diffusion case and [15] for the heat equation.

Our purpose is to derive reliable (also guaranteed and constant-free) and locally space-time effi-
cient a posteriori estimates for the wave equation (1.1). To achieve this, we choose the variational
setting from the recent work [26] that gives a space-time inf —sup stable weak formulation of
(1.1). We focus on the spectral finite element method with an explicit leapfrog time stepping
scheme [9, 22]. In our procedure, we need to reconstruct the leapfrog iterates into a space-time



solution that conforms to the continuous setting. Such reconstructions are already discussed in
the literature as pairs of linked reconstructions (hybrid schemes) in [17, 29], or unique ones for
discretisations of the primal problem such as the one in [7]. [1, 2] also discusses such recon-
structions for other pointwise-in-time schemes for parabolic problems and ordinary differential
equations. To the best of our knowledge, none of the existing reconstructions fit exactly the
admissibility constraint our framework comes with. We are thus lead to introduce a suitable
novel reconstruction that is C! and piecewise cubic in time. Therefrom, we prove the reliability
using a Prager—Synge-type inequality [24]. We apply the methodologies from [12, 15, 27] to prove
our local space-time efficiency results, using an appropriate anisotropic, mesh-dependent norm
for the test space and well-chosen space-time bubbles as test functions.

This contribution is organised as follows. In Section 2, we introduce the spectral finite element
method with a leapfrog time-stepping scheme [9, 22|, simplified, for the moment, by using a
uniform space-time mesh. We show, in Section 3, how to reconstruct the leapfrog iterates into
an admissible discrete solution, as well as how to construct the fluxes used in our estimators. In
Section 4, we state our main result, the guaranteed and locally space-time efficient a posteriori
estimates, before numerically illustrating them in Section 5. This includes residual-based, aver-
aged flux-based and equilibrated flux-based estimators. Then, in Section 6, we generalise both
the setting and our main result into an abstract framework that allows for a broader range of
numerical methods (still H!(Q)-conforming) and non-uniform, possibly space-time anisotropic
space-time meshes. Section 7 contains proofs of some generic reliability and efficiency results
that are finally used in Section 8 to prove the results of the general framework.

2 Setting

This section introduces the setting and basic notation.

2.1 Basic notation

For any time subinterval I C (0,7) and space subdomain w C Q, we identify L?(w x I) with the
Bochner space L2(I; L?(w)) and use the following shortened notation for the L? inner products
and norms:

(u,v)y == / u(x)v(x)de, [Jullw == v/ (v, 1)y, u,v € L (w),
(Uy V) wxrs = /I(u(t),v(t))wdt, [Jullwsr ==V (U, w)wxr, u,v € L*(w x I).

Pp(w) denotes the space containing all real-valued polynomials on w of total degree less than or
equal to p € N. For V any vector space, we also denote P,(I; V') the set containing all V-valued
polynomials on I of degree less than or equal to p. We finally define

Q,([0,1]%) := span {a{' 25> - -- 25, s.t. Vi € [1,d], oy € [1,p]}

the space of polynomials of componentwise degrees at most p over the reference cube [0, 1]%.

2.2 Mesh and piecewise polynomial spaces

Let 75,(Q2) be a mesh of © composed of either simplices or of affine-mapped hypercubes such
that any face of an element is either the whole face of another one, or part of the boundary



0. Let Fr(Q) and Si(2) be the sets containing the faces and vertices of T, (£2), respectively.
We specifically denote by Si"*(Q) and Sg**(£2) the sets of interior and boundary vertices and
Fint(Q) and Fi¥¥(Q) the sets of interior and boundary faces of 75(€2). We use the notation K
for the reference element: either the reference simplex {x € [0,1]% s.t. 22:1 xp < 1} or the unit

hypercube [0,1]?. For any element K € T5(2), we assume that K is an affine map of K, and we
denote as:

e hx > 0 its diameter;

e Tk : K — K the affine mapping between the reference element K and K ;

o Ji: K — R¥d the constant Jacobian matrix of Ty taken such that det Jx > 0;
o Fi(K) and S (K) the sets containing respectively the faces and vertices of K.

Let N € N\ {0} and S.(0,7) := {0 =t* < t! < ... <tV=! <N = T} be a partition of
the time interval (0,T), and, for each n € [1, N], let I, := (t"~1,¢") be the n-th time interval
of size 7, := t" — t"~!. We denote the time mesh as 7,(0,7) := {I,, n € [1,N]}. Then
Tnr (Q) := Tr(Q) x T-(0,T) stands for the space-time mesh.

In Sections 2 to 5, we assume that all elements of the mesh 75,(€2) are of similar shape and
diameter h > 0. We also take a constant time step 7 := cgpr, X h with ccpr, > 0 close to 1. These
assumptions cover practically relevant cases and allow to present the developed theory in a simple
and accessible way. Later, starting from Section 6, we develop a more general abstract framework
allowing for arbitrary shape-regular spatial meshes and temporal meshes with a non-uniform time
step size.

Let p > 0 be the polynomial degree of the space approximation. Then, we define two piecewise
polynomial, finite-dimensional, conforming approximation spaces for L2(2) and H}(Q):

9 Pp(f() if K is a simplex
UP =< v, € L*(Q) s.t. VK € Tp(Q), vp|x 0Tk €

Qp(f() if K is a hypercube
and
VP = Ul N Hy(Q).

Here, V}” imposes the piecewise polynomials to be continuous on £ and zero on 9.

2.3 Finite element space-discretisation with explicit leapfrog time-
stepping
The leapfrog time-discretisation can be derived from the second-order weak formulation of the

wave equation [21]. We approximate the solution u by a sequence of pointwise-in-time snap-
shots

(up)nep-1,8+41] C Vi

representing the discrete approximation at each discrete time (also including the additional values
at t~! and tV*1). The first and second time derivatives in (1.1) are replaced by second order



finite-difference approximations, so (1.1c¢) and (1.1d) are approximated by

uy =0, (2.1a)

1 _
E(ui —uy ) = 0. (2.1b)

Then, the fully discrete version of (1.1a) consists, for all n € [0, N — 1], in finding u} ™" € V}
such that

1 - n n
ﬁ(u}iﬂ —2uf +uf " vp)a + (Vull, Vop)a = (F(t™),vn) Vo, € VP, (2.1c)

For this to work, we assume in Sections 2 to 5 that actually f € C°(0,T; L?(f2)).

2.4 Inf-sup stable weak formulation

In order to derive space-time a posteriori estimates, we use well-posedness results for the wave
equation from [25] and the inf-sup formulation developed in [26]. We introduce the solution space
Yy by imposing zero values on 99 x (0,7) and on 2 x {0} for functions of H!(Q):

Yo:={ve H'(Q)st. v=00n0Q\ ({T} xQ)}. (2.2)

Then, we introduce the test space Yr similarly by imposing zero values on 99 x (0,7") and on
Q x {T} for functions of H(Q):

Yrpi={veH(Q)st. v=00n0Q\ ({0} x Q)}. (2.3)

First, in the simplified setting of Sections 2 to 5, we equip Yy and Y7 with the H'(Q) semi-
norm

|1y =110 115+ 11V - 115 (2.4)
which is equivalent to the full H(Q) norm || - [ gy = || |5 + | [31(g)- We also introduce
the associated dual norm for Y.

[ lly; == sup S (2.5)

vevr\{o} [v[m1(@)

where (-,-)y; denotes the duality bracket for Y} x Yr. For f € L%*(Q), [25] shows the well-
posedness of the space-time weak formulation that consists in searching for u € Y{, such that:

—(Ou, Opv) g + (Vu, Vo)g = (f,v)o Yv € Yp. (2.6)
We introduce the associated residual r : Y, — Y7 such that for any u;,, € ¥}
(r(uns), V)vy == (f,v)g + (Orunr, Ov)g — (Vuns, V), Yo € Yr. (2.7)

Notably, the residual, when applied to the solution of (2.6), gives r(u) = 0. Then, [26] introduces
a Hilbert space Yy DY) (see (6.1) below for the definition) with the associated norm || - ||y, such
that for u € Yp solution of (2.6) and any uy, € Yo,

[lu = wnr|lyy = [l (uns)llv;.- (2.8)



We introduce the local version of both norms for I a subinterval of (0,7) and w a polytopal open
subdomain of Q:
<'7 U>YT
I Ivgpwxr = sup o= and |ju—unrllyywxr = |[r(uns)llypwoxr (2.9)

vevr\(oy [lmi(@)
supp(v)Cwx T

This equivalence between the norm of the error and the dual norm of the residual is the basis of
the a posteriori estimates derived in what follows. (2.8) is equivalent to [15, equation (2.7)] for
the wave equation instead of the heat equation. Furthermore, we point out that this somewhat
theoretical norm of the error ||u — up. ||y, can be bounded from above by

llw = unrllyy < |u—unrlm(@)- (2.10)

Indeed, to see this result, we use (2.4) to (2.8) with the Cauchy-Schwarz inequality as fol-
lows:

(2.8)
u—unrlly, =" lr(unc)llyy,
(25) to (2.7) sup — (0w —upr), 0v)g + (V(u — upr), Vo)g
veYr\{0} [vl#1(Q)
c o 00— wlellowlo + 1190~ unlelVella
vevr\{o} [vla @
(2.4)
< |u — Unr|F1(Q)-

This gives an idea of the relation between the theoretical norm ||u — up,||y, (or equivalently the
dual norm of the residual ||r(ups)||y;) and the classical and easily understandable semi-norm
|4 — uns |1 (@)- In the test cases in Section 5, replacing ||u — un- ||y, by |u — uns|m1 (@) does not
degrade much the effectivity indices of the estimators developed for ||u—wup.||y,. In other words,
for the test cases, |[u — unr |1 (@) S ||u — unr|y, also holds, in addition to (2.10). Details about
the functional setting and the weak formulation are postponed to Section 6.1.

3 Discrete reconstructions

This section prepares the temporal and spatial reconstructions the a posteriori analysis relies
on.

3.1 Temporal potential reconstruction

The leapfrog scheme (2.1) is based on pointwise-in-time values (u})ne[—1,~41] of the discrete
solution and does not give a representation of the discrete solution that can be used as up, in
the residual (2.7) of the weak formulation. This calls for a reconstruction up, of (u}})pe[—1,n+1]
lying in Yj.

For k,p € N\{0}, let’s introduce the space-time finite-dimensional functional spaces:
UP% .= {vp, € L*(0,T;UP) s.t. Yo € [1,N], vnrlr, € Pr(l,, UP)},

VPR = U N Y.

ht



We also need a time-reconstruction of the source term. For this purpose, we first introduce its
discrete pointwise-in-time and elementwise L? projections ( J7 Inego,n7 defined for all n € [0, N]
by:

fie U;: with  (f7,vn)a == (f(t"),vn)aq, Yoy, € Uﬁ (3.1)

From there, we employ a piecewise affine-in-time interpolation to reconstruct our discrete source
term.

Definition 3.1 (Source term interpolation). We define fr, € U,fi NCY0,T;UL) such that for
I, € T.(0,T) and t € I,,,

t—tn1 tn—t
Fur(t) = fir+ A
T T

To define the time-reconstruction of the discrete solution, we introduce some notation for the
discrete time derivatives. For n € [0, N], let

1 1
iy = 2—(u2+1 — uz_l), iy = —2(u2+1 —2uy + uz_l)7

17 1T (3.2)
ih= (it Ay, = (Tt -2y ap ).

Definition 3.2 (Reconstructed temporal potential). Let (u})ne[—1,n+1] be given by the leapfrog
scheme in (2.1), for f) = 0. We define up, € V}f_f NCY0,T;VP) such that, for all I,, € T,(0,T)
andt e l,,

— 11 11
UhT(t) = UZ_1+1:LZ 1(]571@71)+ uZ 17(t7tn71)2+ UZ 1 (titnfl)?:

2 6
+ T2 1 en—1 T (...nfl + T ....nfl) t— tn_l 2 + T (...nfl + ....n71> t— tn_l 3
— | =1 o — U _ - u TU _ .
2 |6 " 2\ h 2 h T 3\h h T
(3.3)
Remarks:

e The reconstruction uy, is built as a C!-in-time function such that for I,, € 7,(0,T),

1 1 n n— 1 1 .n wn—1
- /In upr (t)dt = 3 (up +up™')  and - . Opun-(t)dt = 3 (uh + iy, ) .
Then, as a by-product of the design, we also get the following pointwise values for t"™ €
S-(0,T):
2
T .n n .n
up (") = up + 13 n and  Opup, (t") = 1y. (3.4)

e Here, we accept a second-order consistency error on the value of uy,(t") in exchange for
keeping a reconstruction of polynomial order 3. It would be possible to also get up(t") =
up by using a reconstruction of polynomial order 4 with the additional constraint

1 1
- Opup-(t)dt = - (up —up™") VI, € T:(0,T).
I’VL

Lemma 3.3 (Properties of up, and fr,). The following properties hold for the reconstructions:



1. Regularity:
upr € CH0,T; V) or, equivalently, up. € H?*(0,T; vP).

2. Initial conditions:

Opup(0) =0 and, if f) =0, then up,(0) = 0.

3. Galerkin orthogonality:

/ (f}”—(t) — 6ttuh7—(t)7’0h)g — (V’U,h-,—(t)7 Vvh)th =0 VI, € 7:—(0,T), Yoy, € V}f
In

Proof. 1. Regularity: Since for I, € T:(0,T), upr € P3(ln, h) we only need to show the
continuity of up,, and d;up, at each t" to prove that up, € C*(0,T;V/}). Let n € [1, N — 1], then
for t € I,,, we derive from the definition of uj, that:

2

Drunr () =1t~ + <iz§i‘1 - - ’ii'Z‘l) X (t— ") 55)
wen—1 T .n—1 n—1\2 .
+(uh + 5 )x(tft 2.

y (3.3) and (3.5), we have:
=

12 h and atuhﬂ[nﬂ(t”):dz.

uh7—|]n+1 (tn) = uh +
To show the regularity result, we only need to show that up, |7, (t") and dsun,|z, (t") bear the

same values. We do this by manipulating the definitions of the finite-difference time derivative
formulas from (3.2):

2 2 2
—1 T wn—1 .n—1 T wn—1 T ..n—1 T wn—1
Unelr, (") = (UZ +ﬁu2‘ )*TUZ +2<UZ *5’“2 *ZUZ >

+76 2u
2 2 3 4
n n—1 T .n—1 T° .n—1 n—1 T wun—1
= (i G ) o (e s )
1
:5(2u271+u2—u2 Zbup —2u) T )
7—2 n—1 . 1 n—2
+ﬂ(2uh +uh_uh +Uh_2uh + h )
2
T .n
= i+ 5



2
() = i +T( 7 1;{52‘11&'2‘1>+72(a2‘1+;u'2‘1)
3

1 2 1, 7 1
.n— n— v TL— e N —
= Uy, +T7.Lh +?Uh +Zuh

=yt (aan T g — g g - 20 g )

.n—1 T .n T .n—1
=u + U+ -u
h o Uh T 5Un
1
_ n n+1 n n—1 n n—1 n—2
—;(uh —|—u —2uy +uy  Fuy — 2w,y )
1
_ n+1 nfl)
=—(u —u
27 ( h h
.1
- uh.

2. Initial conditions: These are a direct result of the scheme (2.1) and the previously computed
pointwise values of the reconstruction at ¢ = 0:

(2.1b)
)

1
Opup-(0) = 122 == (u,ll — u,:l =70,

0 T .0 (2.1a) T 0 (2.1a) and 21c) 7'

8. Galerkin orthogonality: Let I,, € T.(0,T). Recall that [, (t—t""1)™dt =
Then there holds that:

1
1 for m € N.

Far(B)dt = Z(f + J7 7).

I

" 3.4) .n .n—
Opup, (t)dt = [atu;”]in,l 34) Uy, — Uy, !

I’!L

1 n n— n— T
:?(“hH_“h l_uh+uh 2) 2(uh+uh ),

Then for v, € V}”, there holds that:

/1 (fur(t) = Opuns(t),vn)o — (Vunr(t), Vop )odt =

n

(! = a7 e = (Tuy ™!, Voo + (f7 = 7, on)a — (T, Vo

=0 by (2.1c) =0 by (2.1¢)

’
2

10
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Figure 1: Example of reconstruction from finite difference values of ¢ — cos(t) — 1.

Figure 1 shows an example of the reconstruction (blue lines) in time from pointwise values where
uf = cos(t") —1 (orange dots). As established, the reconstruction is C'-in-time, exactly takes the
finite difference first derivative values (Figure 1b) on the sample points, but only approximates
the function values (Figure la).

3.2 Vector-valued piecewise polynomial spaces and partition of unity

Recall that p > 0 is the polynomial order of the space discretisation and let £ > 0 be the
polynomial order in time. On the unit hypercube K = [0,1]%, we introduce, for i € [1,d],

d e
_ o . [L,p—1] ifi=j
Q,;(K) :=span { x — jl;[lxj], s.t. Vje[l,d], a; € [, 7] olse [ (3.6)
d e
. v Lp+1] ifi=
+ L « . II , P J
Q, ;(K) :=span { & — jl;[lxj], s.t. Vje[l,d], a; € L, 7] else (3.7

Then, the Raviart—-Thomas space on the reference cell K is defined by [4, Remark 2.3.1, equation
(2.4.1)] as

. Pp(K)? + 2P, (K) if K is a simplex,
RTP(K) = + > + > + > e T s
Q,1(K) x Qpo(K) x -~ x QF,(K) if K is a hypercube.
It is defined on any cell K € 7,(2) by [4, Remark 2.3.1] as

1 - _
RT,(K) := MJKRTP(K) o Tyt

The global H (div, Q)-conforming space and space-time approximation spaces are then

W]f = {wh € IJ—(CHV,Q)7 s.t. VK € E(Q), ’wh|[( € RTp(K)},
W}Il)f = {th S L2(O,T;H(div,ﬂ)), s.t. Vn € [1, N], wp,|1, € Pk(ImW;f)}-

11



Partition of unity and local subdomains

Let a € S,(Q2) be a mesh vertex. We introduce 1, € C°(€2), the hat function around a, such that
for K € Tn(Q),

Pi(K) if K is a simplex,

Tk € . .
Valx o Tix {Ql(K) if K is a hypercube,

and that for a’ € S,(Q?),
wa(a/) — {1 ifa:a”

0 else.

Remarks:
e For a € §,(Q), ¥, is in UL NC°(Q) and if a € SI"(Q), 1, is in V}].

e The family of hat functions forms a partition of unity in the sense that

Z ¢a=1~

a€Sy, (Q)

We define the local patch around a vertex a € S,(Q) as
wq = supp(t),) of diameter h,,, and Tp(wy) := {K € Th()), st. K C wg}-

We define the local patch around an element K € 7,(Q2) as

Wi = U we and Tp(wk) = {K € Th(Q) s.t. K' Cwg}.
a€SL(K)

An example of such patches is given by Figure 2.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

(a) Around a vertex a € S,(Q) (b) Around an element K € 75 ()

Figure 2: Examples of patches in a triangular mesh
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3.3 Spatial flux reconstruction

Now that we have reconstructed a discrete approximation uy, € Yy of u (actually in H2(0,T; V}F)),
we want to obtain an approximation of Vu in L?(0,7T; H(div,)). We propose two ways to re-
construct fluxes by local procedures. The first is created with an inexpensive procedure (we just
remove the non-conformity by local averaging like in [14, 28]), but does not give equilibrium. The
second one, while computationally more expensive, is patchwise optimal (in a sense employed in
Definition 3.5, similar to [5, 11, 15]), while also giving equilibrium.

Definition 3.4 (Averaged flux). Let uy, € V}f’f. We define the averaged fluz p}* € W}f’f such
that for any t € (0,T) and K € T,(2), there holds:

(PhE), zn) i = — (Vunr(t),zn) .  Vzn € Z}(K),
Pl ()| k- np = —(Vup, (t)np)r VE € Fr(K),

with Z} (K) a space that matches the local interior degrees of freedom of the Raviart-Thomas

space:
P,_1(K)? if K isa simpler,

zy) =3 {0 IR o Ty,

Q,1(K) x Q o(K)x - x Q. ,(K) if K isa hypercube.

and with the interior averaging operator on any face F':

(gnhr = gnlr irEe }—.ﬁm(m’
5 (9nlr [F + gnlrs|r) if F e FiM(Q) shared by Ky, Ky € Tn(Q).

The flux reconstruction procedure in Definition 3.4 is illustrated in Figure 3. It is inspired by
the one in [14, equations (5) and (6)] and [28, equation (4.1)] for simplices.

A A
\ T \
> \ N/ k4 - N ¥ » 4 > A f E AN P »
<4 = X N - - A~ o < ~ N f — \ PRV
- N —_— - ~— J— —
- -— - —_— - e - - N —_— —— - -
- -— - —_— - - - - -— - —_— ek — - -
> - —— i~
- - p /\ - \/ AN ~ - < P ~ - f AN ~ <
» , ‘\ - td k/ k » » , ~ - > \ >
' T ‘ T ' Al ‘
avg
—Vuh.r(t) Dy (t)

Figure 3: Construction of the averaged flux p} #(¢) from Definition 3.4

Definition 3.5 (Patchwise optimal equilibrated flux). Let up, € fo and frnr € Uﬁf be such
that:

/1 (frr(t) = Ot (1), %a)a — (Vups (t), Viba)odt =0 V(a,I,) € S™(Q) x T,(0,T). (3.8a)

n
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For (a,I,) € Sp(2) x T-(0,T), we define the patchwise optimal equilibrated local flux

. 1 1k
Phralr, = argmm{ > o llane + vaVunelliess,, anr € W w1,
Kelrh(wa) K

with gn-m =0 on (Ow, N {, =0}) x I, and

/ (div th(t) — wa(fh-,—(t) — Opupr () + Vibg - VuhT(t), Uh)wa dt=0 VYo, € U£+1|wu}.

In
(3.8b)

The global fluz p;™ € ijl’k is defined by

i, = > P, VI, € T(0,T). (3.8¢)
a€eSL(Q)

Remarks:

e Figure 4 shows an example of the local equilibration procedure of Definition 3.5. It consists
in approximating the gradient in the best possible way in H(div,w,) while keeping its
divergence constrained to fit (1.1a). This is reflected by the equilibration property which
follows from (3.8b):

/ (fur () = Oruns(t) — divpyr'(t), vp) o dt =0 VI, € T.(0,T), Y € U}’:'H. (3.9)

n

e The flux reconstruction procedure in Definition 3.5 is inspired by the one in [15, Definition
4.1]. The main difference is that while [15, Definition 4.1] equilibrates the flux in a strong
space-time manner, (3.8b) only does it strongly in space and in average in time due to the
weaker assumption on the discrete solution wup, in (3.8a).
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s \]
1S LY N/ - N ¢\ p »
- ~ AN \/ e \/\/ P’ -
- —_ -
—— - - — - - xwa - - P >
= — = R Sl
o - p /\ - /\/\ ~ - , N
» y ’\ - LN ~ 4
" A N
¥ v
—VUhT(t) / _wavuhT(t)
3
@‘%’6\
» 4 .
{ 14
<4 x L Vs
—_ ~ A v - N o
= > —— T
U — -— ~ b ———a e 4 ———]
- N — > ZaGSh(Q) — — - e — > v ———]
e \4 — _— 7 —— D
4 < N > 7 — y N —_ AN U NG
Ay A > - Vz ’ \ - - * AN -
| S
]
ph‘r,a(t> ph‘r(t)

Figure 4: Construction of the patchwise optimal equilibrated flux p;"(¢) from Definition 3.5

4 Guaranteed and locally space-time efficient a posterior:
estimates

In this section, we present our a posteriori error estimates.
Definition 4.1 (Estimators). Let (u})ne[—1,n41] e the discrete solution given by the leapfrog

scheme (2.1), for f = 0. Let up, be the reconstructed discrete solution from Definition 3.2,
fnr the approzimate source term from Definition 3.1, and (K, I,) € Trh:(Q) a space-time mesh
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element. We define the local residual-based estimator as

n;l'?;elsn = CR,reShKHfh'r — Opupr + Auh,,_Hlen,
J, )
(m57,)% = (772 > hic|[[Vunemp]|[Fo s, - (4.1)
FeFn(K)NFirt(Q)

For x € {avg,equ}, we define the local estimator based on pj,. respectively from Definitions 3.4
and 3.5 as

R« _ R s
Nk x1, = CK hi|| for — Ossuns — div oy, ||k x 1,
‘]7* P * v (4'2)
N&xr, = [1Phr + Vunr|[xx1,-
R R . ,
Here ¢ ;°" = L whereas the constants cz™®, ', and ¢’ can only depend on the space

CR,res

dimension d and the shape-regularity of the space mesh Tn(Q). and ¢’ can possibly also

depend on the polynomial orders p and k.

For * € {res, avg, equ}, we also denote the global estimators as:

(ney™)? = > (k) and ()= S k) (4.3)
(K, I.)€Th- (Q) (K, In)ETh-(Q)

and the local and global aggregate estimators as:
R, J, — R J,
Nk xr, = nK;In + WK*xzn and 77 1= 1ng ¥+ 77Q*- (4.4)

Theorem 4.2 (Reliable and locally space-time efficient a posteriori estimates). Let u be the weak
solution of (2.6) and let the hypotheses of Definition 4.1 be satisfied. Then for x € {res, avg, equ},
the estimators from above n* wverify the following properties:

e Global space-time reliability:

lu = unrlly, <IIf = frrllyy +n5- (4.5a)

e Local space-time efficiency: For (K, I,,) € Th(Q),

Micsct, S 1= tnr|[yo,wiexr, + 11 = farllvgwiext,- (4.5b)

e Global space-time efficiency:

g S lu—unrlly, +1f = furllvy- (4.5¢)

Here < means up to a constant that only depends on the space dimension d, the polynomial orders
p and k, the shape-regularity of the space mesh T,(S2), and the CFL constant .

Proof. This theorem is a direct application of the general Theorem 6.3 below, the hypotheses
of which are verified by Lemma 3.3. Here, we use the simplified assumptions of Sections 2 to 5
where for all elements (K, I,) of the space-time mesh 7y,,(Q), there holds that (hx,7,) = (h,T)
with 7 = ccpph. To get to Theorem 4.2, one only needs to multiply the result from Theorem 6.3
by h. O
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5 Numerical illustration

In this section, we illustrate the reliability and local space-time efficiency results from Theorem 4.2
using numerical experiments. We anticipate that the equilibrated flux-based estimator should
provide a better estimate of the error compared to the averaged flux-based estimator, though we
find that both deliver very close results. In turn, the residual-based estimator (not implemented)
would feature multiplicative factors the exact values of which are unknown.

5.1 Configuration
Let Q =1[0,1] x [0,2], T = 5, a source term f = (t,x) — fr(t)fx(x) with:
(xl — 0.5)2 + (372 — 1.5)2)

fr(t) = —sin(4n(t — 1)) x e~ (58)" and fx(x) =exp (—

0.12

0.75
0.50
0.25
§ 0.00 -
—0.25 -
2.0e+00
—0.50 - r
— 15
—0.75 - 1
. . . . . . . . . _ 05
0.00 025 050 0.75 1.00 125 150 175 2.00 l
t 5.3e-109

fr fx

Figure 5: Time and space components of the source term f for the numerical experiments

The numerical approximation is computed using fourth-order spectral finite elements (p = 4 on
quadrangles) with the leapfrog time stepping scheme (2.1). We use the finite element kernel of
the CIVA platform [8] for the simulations. The inner products (-, -)q and (V-, V+)q are represented
by the discrete operators My, and Kj. Here, the time stepping also includes mass lumping (the
influence of which is ignored here), which means that M, and K}, are approximated using well-
chosen quadrature formulae [9, 22| to ensure that M, is diagonal. Whenever a time step is not
specified, an approximation of the following CFL time step is used, ensuring numerical stability

of the leapfrog scheme:
2

TCFL = —F————,
\/ P, Kp)

where p is the spectral radius (numerically evaluated using the power iteration algorithm). [21,
Equation (51) and remarks below| shows that 7cpr, = O(h). Figure 6 shows a few snapshots of
the numerical approximation.
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-1 0&03 B 8e-04 -8. 9904 9 6e-04 -1 2&03 B 3e-04 7. 'IeO4 'I 2e-03

t~1.2 t~24 t~ 3.6 t~ 4.8

Figure 6: Discrete solution of the test case for different times ¢

We compare our estimators to an approximation of the error built by comparing wu, to a refined
discrete solution /- computed on a fine mesh 7Ty, (Q) with at least 7/ < %7’ and A’ < %h.
Moreover, we do not compute the )y dual norm which is difficult to evaluate. Instead, we use
the H'(Q) semi-norm as in [12]. By (2.10) we in particular have

lu = unrlly, < |u—uns|mr@) = |unr — unr|H1(Q)-

For any (K, I,,) € Thr(Q), the elementwise error is then approximated by

EKxI, ‘= |uh"r’ - uh‘rlHl(KxIn) = \/”at(uh"r’ - Uhr)”%(x]n + ||V(uh’7" - uhT)H%{xIn' (5‘1)
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5.2 Results

1 4(—}38 6 7e-05 1 2940 6 8e-05 5. 7940 B 9e-06 -1 0(—}03 8 8e-04

avg equ n
Nk xI, NKxI, EK xIp Up

Figure 7: Elementwise error, and approximate solution for A = 0.05 and 7 = 7¢py, at t =~ 1.2.

4, 2(—}07 5 3e-05 4, 1907 5 3e-05 2. 3&07 6 2e-06 -8. 9&04 9 6e-04

avg equ n
Nk xI, NKxI, CK xIp Uh

Figure 8: Elementwise error, and approximate solution for A = 0.05 and 7 = 7oy, at t = 2.4.

Figures 7 and 8 show snapshots of elementwise values of the flux estimators from Definition 4.1,
the approximate error (5.1), and the discrete solution. The error maps show the space-time
local estimators from (4.4). In particular, both flux estimators yield similar results in terms of
value and distribution. The theoretical result of local space-time efficiency (4.5b) implies that
where the estimators predict the existence of discretisation error, it effectively is present. The
result still holds despite the error not being computed for v and in the theoretically applied dual
norm.
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In what follows, we show figures presenting the global values of the estimators. To evaluate their
sharpness, we also present the effectivity indices, i.e., the estimators divided by the approximate
error. The closer the effectivity index is to 1, the closer the estimator is to the error.

Figure 9 shows both the values and the effectivity indices of the global estimates over the space-
time domain @, as a function of the space mesh cell size h (recall that T is O(h), allowing to use
h as the unique parameter). Figure 9a shows that the estimators have the same convergence as
the error. Figure 9b confirms this by showing that the effectivity indices stay bounded when h
decreases. In this particular example, the effectivity indices are in the range [2.3, 3], which we
find particularly precise.

Averaged flux / Averaged flux
1072 4 Equilibrated flux 291 Equilibrated flux
lune = Unelnio)
- slope = 0.888 28
g
> 27
M £
< 2|3
P | 26
e i El
/ I 25
1073 2.4
/
2x1072 3x1072 4x1072 6x1072 1071 2x1072 3x1072 4x1072 6x1072 107t
Mesh cell size (h) Mesh cell size (h)
(a) Global estimator value (b) Global estimator effectivity index

Figure 9: Global estimators and their effectivity indices depending on the mesh step size h
(T = TCFL, T = 5)

Figure 10 shows the effectivity index when changing the final time T for a given discretisation
step h. This illustrates the fact that the effectivity indices do not vary much when the final
time increases, as implied by the theory (the constant hidden in (4.5¢) does not depend on T').
We observe effectivity indices lower than 1, but this is not in contradiction with the theory.
Indeed, Theorem 4.2 states the reliability and efficiency results while quantifying the error using
||u —unr||y, and not |uprr —unr| g1 (@) like here. Despite that, the effectivity indices stay around
1 even for time windows longer by orders of magnitude.
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.:o T: 100 ',_9 T‘ 100
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0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Final time (T) Final time (T)
(a) Global estimator effectivity for h = 0.1 (b) Global estimator effectivity for h = 0.05

Figure 10: Effectivity indices of the global estimators depending on the final time T' (7 = 7cFr,)

Performance was not prioritised in our testing implementation, so a rigorous comparison of esti-
mator evaluation times cannot be conducted. Nevertheless, the equilibrated flux-based estimator
incurs a significant computational cost overhead when compared to the industrial-grade spectral
finite-element solver with explicit time stepping employed here. The averaged flux-based estima-
tor gives numerical results of similar quality with a milder overhead, on par with the simulation
time itself.

6 Abstract framework for guaranteed and locally space-time
efficient a posterior: estimates

In this section, we present an abstract framework which in particular covers the results of the
simplified setting in Sections 2 to 5.

6.1 Generalised space-time setting of Steinbach and Zank

We keep the functional setting from [26], where the authors derive an inf — sup stable formulation
of the acoustic wave equation (1.1). Let Q_ := (=T, T) x 2 be the extended space-time domain
and O : L%(Q) — C5°(Q-)’ the extended d’Alembert operator defined such that for u € L?(Q)

and ¢ € C3°(Q-),
(O, @) = (u, O — Ad), -

The authors in [26] introduce the Banach space
H(Q) = {ve L*(Q), st. Ove Hy(Q-)}  with ||+ [ =11 lI5 + IO |7 gy
Then by completion, they define

Vo = {v € H(Q), s:t. Ivi)ien € Yo, lv = villaig) — o} . (6.1)

The previous simplified weak formulation (2.6) is generalised for any source term f € Y7

as:
find u € Yo such that (Ou, Ev) iy = (f,v)y, VEYr (6.2)
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where £ : Yr — H}(Q_) is any continuous and injective extension operator. [26, equation
(3.11)] also shows that for f € L?(Q), there holds that u € Yy and

(Ou, Ev) g1y = — (9w, Ov)g + (Vu, Vv)g = (f,v)g Vv € Yr.

Therefore, if we assume that f € L?(Q), the weak formulation and the residual stay the same as
before, in (2.6) and (2.7). In this case, the well-posedness of (2.6) in this new setting comes from
[26, Theorem 3.9] which in turn is possible because [26, Lemma 3.4] shows that the generalised
bilinear form defines a norm for Yy (inf — sup stability) [26, Equation (3.10)]:

<D',(€'U>H1(Q )
My =10 lmqy = sup —F—.
’ @)= iy Il

6.2 Space-time anisotropic meshes and norms

Now that that the variationnal setting is set, we still need to address the issue that | - |g1 (@), as
a norm over Y7, does not have a coherent scaling of the time and space derivatives (there are in
different physical units). This lack of appropriate scaling would also cause problems later when
showing the efficiency (constants that depend on the anisotropy of the space-time mesh would
arise). We follow the methodology of [12] and we introduce the following equivalent norm on Yr:

-3 = > ks, (6.32)

(K, In)ETh-(Q)
with
- ke, = Tl - Gesr, + WxlIV - [exr, s YV 1) € Thr(Q). (6.3b)

We also update the dual norms for Y. and ) (in both local and global forms) such that for any
interval I C (0,7") and subdomain w C 2 either a mesh cell or a patch of mesh cells,

<'av>YT

1My wxr = sup and [ [[lyz = I vy (6.3c)

vevp{or vlllyz
supp(v)Cwx I

Then, the local and global norms of the error become

e = wnrlllygwoxr = [llr(une)lllvpoxr and llu = wne|llye = [llr(unc)llly;. (6.3)

6.3 Estimators

The residual-based a posteriori error estimator stays similar to (4.1), up to the scaling implied
by the one in (6.3).

Definition 6.1 (Residual-based a posteriori estimator). Let f,, € U,’l’f and up, € V}f’f The
local residual-based estimators for (K, I,) € Trp-(Q) are defined as

TIII?;C;W, i= |y — Opuns + Aupr || k51,
J,res\2
J, (cre) 6.4
(npesss ) = S Vunenellfr, (64)

hi .
FeFr(K)NFM ()

with ¢ and ¢ two positive constants that can only depend on the space dimension d, the
polynomial orders p and k, and the shape-regularity of Tr(£2).
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Let the averaged and equilibrated fluxes be respectively given by Definitions 3.4 and 3.5. We
again rescale (4.2) appropriately.

Definition 6.2 (Flux-based a posteriori estimators). Let fy, € U,ff, Upr € V,ff, * € {avg, equ},
and p}. from Definitions 3.4 and 3.5. Then the local estimators based on pj_ for (K,I,) €
T (Q) are defined as

1
R R . J
77K7>tln = " fur — Onuns — divpj, ||k xr, and 77K7t<ln = E”pzr + Vunr|| ks, (6.5)

Here, for a mesh vertex a € Sp(Q2), cp,q is the Poincaré constant on w, such that for all v €
Hy(Q),

o0 Dw,  ifae S™(Q),

v—17T < ¢ep.ohe, ||V with T, = { 1<l 6.6
H ana = CP.a wa” Hwa, a {0 ifac SCXt(Q)’ ( )
and
R C% L% R 1
,avg — ,a a d ,equ —
K KeTQ) 2 2 MMt ok -

aesp(K) K

6.4 Reliability and space-time local efficiency

Theorem 6.3 (Reliable and locally space-time efficient a posteriori estimates). Let the assump-
tions from Definitions 6.1 and 6.2 be satisfied and let u be the weak solution of (1.1) in the
sense of (2.6). Let additionally up, be in H*(0,T;VP) such that dyup,(0) = 0 and that for all
(a, 1) € S(Q) x T(0,T),

/ (fur(t) = Opuns(t),Ya)a — (Vunr(t), Viba)odt = 0, (6.7)

In

such as up, from Definition 3.2. Then, for x € {res,avg,equ}, n* given from (6.4) and (6.5) by
(4.3) and (4.4), verify the following properties:

e Global space-time reliability:

v = unrlllye < = Furlllvy + - (6.82)

e Local space-time efficiency: For (K, I,,) € Th(Q),

Micxr, S = nelllyowiexrn + 1 = Farlllyg o, (6.8b)

e Global space-time efficiency:

g S M= wunelllyy + 111 = Furlllvg- (6.8¢)

Here, < means up to a constant that only depends on the space dimension d, the polynomial

)~

orders p and k, and the shape-regularity of T, ().
Proof. This theorem is proven in Section 8. O
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7 Reliability and efficiency results

The goal of this section is to establish the building blocks for the proof of Theorem 6.3 in
Section 8. We first show reliability when using H (div) fluxes in Section 7.1, using Parger—Synge-
type inequalities. Then, we prove the space-time efficiency of residual-based terms in Sections 7.2
and 7.3, using well-chosen finite-dimensional bubble functions following the methodology in [12,
27]. To be able to show both the reliability of the residual-based estimator and the efficiency
of the flux-based estimators, we prove that the flux-based estimators are locally bounded from
above by the residual-based ones. We show in Section 7.4 that this is a direct application of
existing results (from [12]) for the averaged flux. For the patchwise optimal equilibrated flux, we
first introduce a space-time decoupling (similar to [15]) in Section 7.5 before recalling existing
results to show the boundedness of the estimator by residual terms in Section 7.6.

7.1 Reliability using H (div) fluxes

A key tool we use to show the reliability of flux-based estimators is the scaled local space-time
Poincaré inequality found in [12, Lemma 2.2]. We recall it here in the two specific cases we use
in this section.

Lemma 7.1 (Scaled local space-time Poincaré inequality).

e On elements: Let (K,I,) € Th-(Q) and v € HY (K x I,,). Let Uk x1, be the average of v
on K x I,,. Then, there holds

_ 1
v = Orcraiexr, < —llollyr rex, (7.1)

e On patches: Let I, € T.(0,T) and a € Sp(2). Let v € Yr and let cp o be defined in (6.6).
Then, with

i

) — m(’lh 1)Wa><1n ’Lf a € Sint(Q)
B if a € S™(Q)

there holds
||U - @UJD,XITLHZ)QXI” < cl%,a (TrQLHat’UHE;axI" + hiaHVUHiaxln) . (7'2)

Lemma 7.2 (Guaranteed upper bound for elementwise equilibration in space). Let f € L?*(Q),
frr € L2(Q), upr € Yo N H?(0,T;L*(Q)) such that Owun-(0) = 0, and a flur pn, €
L?(0,T; H(div,)) such that

/ (Fun(t) — Outins (£) — div pns (1), 1)t = 0 (K, ) € Ton(Q) (7.3)

In

be given. Then

1
llu = unelllye < I = furlllyy + 5 Phr + Vunr| %y g,
h
(K,1,)eThr (Q) K

1 .
Jr; E || far — Outtuns *lephTH%(x]n-
(K7I7L)ET"LT(Q)
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Proof. Denote &g = frr — Ogptns — divpn, € L2(Q) and &5 := pp, + Vup, € L2(Q)? and let
v € Yr. Recall from (6.3d) that |[|u — unr|[ly, = |||7(uns)[|ly;- Then we only need to bound
|7 (unr)l|lyy. Since dyup, € H'(0,T; L*()) with dyun,(0) = 0 and pp, € L*(0,T; H(div, ),
by integration by parts, there holds

(2:7) (f, U)Q —+ (8tu;”, at'U)Q - (vuhT7 VU)Q

= (f = far,v)Q + (far — Onttnr — div prr, v)Q — (Phr + Vunr, V).
IS 3
R J

(r(unr), v) vy

Using (6.3c), the first term is bounded by (f — fur,v)q < |[If = farlllyzlllvlllye. For (K,1I,) €
Trr(Q), let T« 1, be the average of v on K x I,. We decompose the term containing &g on the
space-time mesh and since for all (K, I,,) € T, (Q), we assume ({gr, 1)k x1, = 0, there holds that

(Ersv)Q = > (Erv)kxs, = > (Ryv = kxn)Kx1,-

(K, In)€Thr(Q) (K In)€Th (Q)

We first apply the Cauchy—Schwarz inequality on the local inner product and then bound it by
applying the scaled Poincaré inequality (7.1) on the space-time cell,

(€riv)g < Z IR x1, [[v — Vrexr, || <1,
(K.I)EThA(Q)
1
< > lrllrr, x ol rex1,.-

(K, In)E€Th- (Q)

The term with £; is also decomposed on the space-time mesh and bounded using the Cauchy-
Schwarz inequality:

1
(£3,Vv)q < Z THEJ”KXIH x h||Vollkxr,
(K, In)ETh- (Q)

1
< > 7 el olllye s, -
(K, L)ETh (Q) 5

Then, we conclude by applying the Cauchy—Schwarz inequality on both sums. O

Lemma 7.2 is be used to show the reliability of the patchwise optimal equilibrated flux from
Definition 3.5, which exhibits the required elementwise equilibration property (7.3). The averaged
flux from Definition 3.4 verifies a weaker property, for which the following lemma shows the
reliability.

Lemma 7.3 (Guaranteed upper bound for patchwise equilibration in space). Let f € L?(Q),
frr € L2(Q), up. € Yo N H?(0,T;L*(Q)) such that Owun-(0) = 0, and a flur pn, €
L?(0,T; H(div,Q)) such that

/ (fir () = Bpgtins () — div pps (£), ba)w,dt = 0 VI, € To(0,T), Ya € SI™(Q)
I
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be given. Then

1
|Hu_uh7||‘yoS|||f_fh7"”Y1'~+ Z hTthT_'_vuhTH%(XIn
(KI,)ETh (@) K
cP ah2 . 2
+ max. Z 5 X Z [ frr — Otunr — divpnr|[5esr, -
€T sy K (K1) €T (Q)

Proof. The beginning of the proof is the same as the one for Lemma 7.2. We only need to adapt
the part that deals with (g == frr — Opunr — divpp, € L2(Q). Let n € [1, N]. We decompose
(ér,v)ax1, using the family of hat functions as a partition of unity. Recall that for a € Si"*(Q),
Uw, x 1, 1S the average of v on w, x I,, and that we assume that fIn (&r (), Yq)w,dt = 0. Then

(rov)axr, = > (€rtav)axt,

a€SK(Q2)
= Z (gRa'(/)a( UwaXI,L))waXI,L + Z vawaU W XIp -
aeSirt(Q) a€S*H(Q)

By applying the Cauchy—Schwarz inequality, we obtain
Erv)axn, < D abrlloaxtallv = Touxralloaxre + D 1abrllwaxal10]lwax1,-

a€Sirt () a€S;*(Q)

To proceed, we use the scaled Poincaré inequality on patches from (7.2), which gives

Erov)axs, > Yalrllw,xr, X CP,a\/73||at”||f,axfn +h2 IVll2
aGSh(Q)

We reapply the Cauchy—Schwarz inequality to get
(Erv)axr, < [ D0 IatrlBr, % [ D0 B (RO, r, + 52, 1IV0I12, 1,

a€SK () a€SL ()

We finally estimate both terms by decomposing and reordering the sums:

S oAalrlZon = D>, Y. Werlliexr, = D>, Y. ltabrllix,

a€SL(Q) a€SL(Q) KETh(wa) KETHh(Q) a€Sy(K)
[ X [ )P 3 il
In KeTn(2) a€Sy, (K) KeTr(2)
<1
S ANV = D> D bl IV,
a€eSL(Q) a€8L(Q) KeTh (wa)

= Z Z b ah2 ||VUH§(x1n

KeTr(2) \a€SL(K)
CP hia
< max Z ];2 Z hi HVUHKxI

K Q
€7 )aESh(K) K KeTn(Q)
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We conclude by summing on all time steps. O

7.2 Volume residual efficiency using cell bubble functions

In this and the next section we use the methodology from [12, 27] to show the space-time
local efficiency of the residual-based estimator. We first work on the discrete volume residual
frr — Onupr — Aupr and use finite-dimensional cell bubble functions to localise it and then bound
it. This methodology allows us to show local and global efficiencies, but it uses finite-dimensional
arguments (inverse inequalities, equivalence of norms in finite dimension) that depend on the
dimension of the discrete approximation space, which in turn depends on the polynomial orders.
Therefore, our efficiency results are not robust with respect to the polynomial orders p and
k.

Definition 7.4 (Time hat function). For t" € S;(0,T) we define the time hat function Y™ €
CY(0,T) such that

¢";. € Pi(In;R) VI,, € T:(0,T),
(™) = 0 v € 8.(0,T) \ {t"}, (7.4)
() = 1.

Definition 7.5 (Space-time cell bubble function). For (K,I,) € Tr-(Q), let ¢} be the bubble
function such that for (z,t) € Q,

(@t =ckx  J[ 'O x ] va=), (7.5)

ke{n—1,n} a€SK(K)
with ¢} a scaling constant to ensure that

" (@, t) = 1.
i Vi (z, 1)

Properties: Let (K,1,) € Th-(Q) and ¢ € Uf:f. Then, there holds:

1. Positivity and local support:

0 < ¢% <1 on the interior of K x I, and % = 0 elsewhere. (7.6)

2. Space-time inverse inequality: (see [12, Equation (6.3)])

Vg yr xx1, S Uk @lKxr, - (7.7)

3. Equivalence of norms in finite dimension: (see [12, Equation (6.2)])

(et d)iexr, < ||Olexr, S (Wi d)kx1,- (7.8)

Lemma 7.6 (Volume residual efficiency). Let f € L*(Q), fur € U,ff, and up, € V}ff. Then,
there holds:

e Local efficiency: For (K,I,) € Th(Q),

[ far — Outunr + Aune||kexr, S = farlllvg moxr, + Hw—wnell|lyo, k<1, -
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e Global efficiency:

Y e = Owune + Dunrlercr, SIS = Farlllvg + [l — el
(K 1) €Thr (Q)

Proof. In this proof, let 0y and A, be the broken elementwise versions of the second time-
derivative and the Laplace operator in space. Let &R := frnr — Onptnr + Aupr € U ff Then, for
(K, 1)) € Thr(Q), (7.8) gives:

IerllFexr, S Wk&r: ER) kxt, = —(f = frrs V&R K x1, + (f — Outinr + Atipr, Y3 ER) K x1,, -

Using (7.6) and the fact that £r|xx 7, is both polynomial on K x I,, and in H*(K x I,,), we get
that (V-&r)|kx1, € Hy (K x I,,) thus having ¢¥%&r € Yr with supp(¢-&r) C K x I,,. Then, we
can extend the integrals from K x I, to Q and then integrate by parts to get

érllexr, S —(f = far Vi&R)Q + (f, V&R @ + (Bstinr, 0 (V3cEr)) @ — (Vunr, V(V5ER)) Q-

We recognise the residual from (2.7) and obtain

1Rl % wr, S —(F = furs ¥kER)Q + (r(uns), ViER) vr - (7.9)

Since supp(¥5-&r) C K X I,, by definition of the localised dual norm in (6.3c), there holds that

- (f - fh‘rvw?(é-R)Q + <T(uh‘r)a7/}?(§R>YT

< (f = farlllvz gz, + r(uae) vz g xz,) 10k ERIvr & <1,
which is simplified to get the local efficiency result using

n 2 (7<7) n 2 (7<b) 2 7.10
V&rllVr mxr, S IWESRIE s, < [ISrlI%x1,- (7.10)

Let Or 1= Z(K,IH)GT;,T(Q) YEr € Yp. To prove the global efficiency, we sum (7.9) over T, (Q):

S lllkar, S = = furBR)Q + (P(unr), TR)ve

(K, I,)ETh-(Q)

(6.3¢) ~
< (If = furlllyz + i Cune)lllyvz) Ry -

We conclude the proof of the global efficiency using the fact that all the 1}, £{r are separately
supported and by applying (6.3a) and (7.10). O

7.3 Face residual efficiency using face bubble functions

Now that we derived the efficiency result for the volume discrete residual, we do the same
for the jump residual on the internal faces of the mesh. This time, we use a discrete bubble
function defined on the patch around each internal face, with similar arguments as in Section 7.2.
We define Tp(wr) = {K € Tp(Q), s.t. F € Fr(K)} the local mesh around any internal face
F € Fi*t(Q) and wr C Q, the corresponding open subdomain of diameter hy,..
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Definition 7.7 (Space-time face bubble function). For I, € 7,(0,T) and F € Fi*'(), we
define Y, the bubble function around F X I,,, such that for (z,t) € Q,

vp(at)=cpx [ ¢*®x ] va=), (7.11)

ke{n—1,n} a€SL(F)
with ¢’ a scaling constant to ensure that

max e, t) =1.
(m,t)ewaInwF( ’ )

Properties: Let (F,1,) € Fi"(Q) x T,(0,T), and ¢ € UP*. There holds:

e Positivity and local support:

0 < ¥ <1 on the interior of wp x I, and ¥ = 0 elsewhere. (7.12)

e Space-time inverse inequality: (see [12, Equation (6.3)])

‘|‘w%¢‘”YT7wFXIH S H’(/J%QSHWFXITL' (713)

e Equivalence of norms in finite dimension: (see [12, Equation (6.2)])

W5, 0)rxt, < l6llExr, S (WEd; d)pxr,- (7.14)

Following the methodology in [12, 27] (referred to as extension by constants in [12]), we also
introduce for uy, € V}f’f, F € Fi*'(Q), and I, € T,(0,T) a function v} € U,ff NHY (wp x I,)
such that

roand (B2, 0, < hodVuenellg,. (7.15)

Lemma 7.8 (Face residual efficiency). Let f € L*(Q), fur € U}’L’f, and up, € th,)f' Then, there
holds:

(vE)|Fx1, = [Vun-nr]r

e Local efficiency: For (F,I,) € FinY(Q) x T,(0,T),

1
\/TH[[VUM'"F]]HFMH S = Frrlllvgwr s, + = wnelllvowe < 1, -
wr

e Global efficiency:

1
> VU e ][xr, SIS = furlllyg + [llw = unrllly,-
(F,1,)€Fm (Q)xT-(0,T) T

Proof. Let F € Fi*(Q), I, € 7,(0,T), and let v} verify (7.15). We know that there are exactly
two elements in 75 (wp) and (7.12) ensures that for K € Tp,(wp), ¥ = 0 on OK \ F. Then there
holds:

(7.14) and (7.15)

Rl Exr, S ([Vune-npl, ¢pvp) pxr, = Y. (Vinrnog, Opvp)pxr,. (7.16)
n KeﬂL(WF)
Vp
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For K € Tp(wr), we integrate by parts using that 2v% € H'(K x I,,) with ¢%v% = 0 on
O(K x I,)\ F x I,. Furthermore, uy, is polynomial on K x I,, (thus at least in H?(K x I,,)).
There holds

o (Vupr, VIWRvE))kxr, + (Aunr, YEvE)kxr, = (VunrNok, YEVE) Fxi,;
4 (atuhTa 315(#%“%))1&1" + (&ttuhrﬂ/}?"l}%)KxI" =0.

Then, by adding these equalities together, we obtain:

> (Vunrnog, Gpvi) s, = Y, (f = Outinr + Aune, VE0E) K1,
KeTh(wr) KeTh(wr)

- (f7 7/’??”71«5)wa1” - (6tuh7'7 6t(/l/}$vg))wl:‘><]n + (vuh7'7 V(Q/J?’U??))wlpxln
Using (2.7) and (7.16), we get
Hv?‘”%‘xln 5 Z (f - attuh‘r + Auhra w%v}l‘)len - <r(uh7), w%“?‘%m XIp - (7'17)
Keﬂl(wF)
The Cauchy—Schwarz inequality and Lemma 7.6 ensure that
Z (f - attuhT + Auh‘m w;U?)KXIn
KeTh(wr)
S (N = Furlllvgwrxr, + = tnelllyowexr,) 1WEVE lwpxr,,  (7.18)
while (6.3d) and (7.12) yield

(r(uns), VpvE)wrxt, S M= unelllyo.wrxr, |[0E0E e wr <, - (7.19)
We also bound |||¢%vE|||wyx1, as follows:

. (7.13) . (T12) (7.15) 5
mwFUF‘HYT,wFXI” s HwFUFHwaI” < ||UFHwa1,L < thH[[VUhT'nF]]HFxI,L' (7.20)

We conclude the proof for the local efficiency bound by using (7.17) to (7.20).

To show the global bound, we introduce
D 1 n,n
U= Z h FUF € H(% (Q)
(F,I,)EFIM (wi)x T7(0,T)

and sum (7.17) over Fi"(Q2) x 7,(0,T). We apply the Cauchy-Schwarz inequality and (6.3d), to
get

1
Z TIH[vuhT'nF]]H%XIn
(F.I,)eFr (Q)xT-(0,T) “F

S —(rune), Oy + Y (f = Outtnr + Aty D)k xr,
(K7IW)€77LT(Q)

<l =unelllyololllve + Y. I = Ostinr + At ||, |9 ¢,
(K.L)EThr (Q)
< lfw = une [l 119]llyz + 119/l > = Ouunr + Aune|[Fr s -

(K, I.)ETh-(Q)
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By applying the elementwise space-time inverse inequality [12, Equation (6.3)] we show that
N0y S ||9]lg- We also use the global efficiency result from Lemma 7.6 to obtain

1 .
> —IVunr e fr, S (1 = Furlllvg + I (unrllly) 18]l
(F,1,)€Fm (Q)xT-(0,T) T

We conclude by decomposing and bounding [[7][Z, as follows:

- 1 2
I S D D I
(K 1)€Th-(Q)  FEFIN (QNFu(K) 7 "
1
S Z Z hTHw?U?‘H%{xI,L
(K, 13)€Thr (Q) FEFIM (QNF (K)  “F
1
S Z hT|W?rU?7||ZFx1n
(F,I,)EFimt (Q)xT,(0,T) “F
(7.20) 1

IVun-ne]l|fxr,-

= >

(F,I,)€Fn (Q)x T, (0,T) T

7.4 Bounding the averaged flux by the residual-based estimator

Now that we have shown the efficiency of the different residual-based terms, we need to do the
same for the flux-based estimators. This result is useful in Section 8 for us to show both the
efficiency of the flux-based estimators and the reliability of the residual-based one. To achieve
this, we notice that for any flux py, € L?(0,T; H(div,)), by applying the triangle inequality,
there holds

h ||ph‘r + VuhT”KXIn S
K

||fh7’ - 8ttuh7' - dinh-r”KxIn +

. 1
|| for — Outinr + Aupr||gxr, + || div(Pnr + Vuns)|| g <1, + Eth‘r + Vunr ||k x1,-

Then, if the flux is finite-dimensional, we can apply an elementwise inverse inequality in space
to || div(prr + Vuns)||kx1,- Then, for x € {avg, equ}, there holds

1
Nicxr, S | fnr = Outine + Aupr ||k xr, + EHPZT + Vun ||k x1,- (7.21)

Therefore, to show the efficiency of the flux-based estimators, we only need to show that i ||py.+
Vupr||kx1, can be locally bounded by the different residual-based terms. To achieve this, we use
pre-existing results from the time-independent case. We start by recalling the boundedness result
for the time-independent averaged flux from [12, Lemma 7.5]. It specifically derives from the
characterisation of the Raviart—Thomas degrees of freedom that can be found for both simplices
and hypercubes in [4, Propositions 2.3.4 and 2.4.1].

Lemma 7.9 (Bound on the time-independent averaged flux). Let g € L%(Q)? such that for all
K € Th(), gnlk € RT}(K). Let p, € W} be the averaged flux such that for K € T,()

(Pn,zn)k = —(gn, 2n)x ~ Vzn € Z3(K),
prnr = —(gnmr)r VF € Fp(K).
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Then, for all K € Ty(2), there holds

lpn+anllc S Y. Vhrlllgnnellle

FeFn(K)

Then, by directly applying this time-independent result and integrating over time steps, we easily
prove the following space-time bound.

Lemma 7.10 (Bound on the space-time averaged flux). Let up, € V,f and p;"# be the space-
time averaged flux from Definition 3.4. Then, for all (K, 1I,) € T (Q), there holds:

i + Vunelliexr, § > VhelllVusrnrlllexi,.
FeFn(K)

7.5 Decoupling time and space components of the locally optimal equi-
librated flux

We now want to reproduce a result similar to Lemma 7.10 but for the locally optimal equilibrated
flux. The definition of p;"® is pointwise in time, which allows to directly use the time-independent
boundedness to prove the space-time one. In contrast, p;* is locally built from the solutions
of coupled space-time minimisation problems that we first need to decouple into sets of time-
independent problems before applying known bounds. To achieve this, we decouple each local
space-time problem into a set of independent space-only problems using a methodology similar
to [15, Lemma 4.3].

Let ®" := (¢n’l)le[[o,k]] be an orthogonal basis of P (I, R) based on the Legendre polynomials as
described in [15]. Let I,, € 7:(0,T) and a € Sp(€2). In Sections 7.5 and 7.6, we use the following
notations:

uprl1, = (x,t) r—>Zu gb”l Onunrlr, = (x,t) r—>Zu d)nl
I
furlr, = (z,1) HZf}Z z)o™ (1), Py Ir, = (1) l—)Zp (@)™ (t)
1=0
with
) .l
(up " iegor] € Vir s (i Nieqo.r) € VI,
)0 R +1
(f2" Nieto.x) € UR, (P o)ictor] € Wi lu,

To simplify notations, we introduce the same decomposition of Oy up,|r, up to degree k even if
it is only of degree k — 2 in time. Recall that we define p} ™" |;. in (3.8b) as

hT,a

. 1 1,k
Phralr, = afgmm{ > 7z llans + aVtnr|licxr,, qhr € WET 0o x1,
KeTh(wa) K

with gp-m =0 on (Ow, N{Y, = 0}) x I, and

/ (le th(t) — 1/Ja(fh7—(t) — 8ttuh7(t)) + V’lﬁa . Vuh-,-(t), Uh)w,,, dt = 0, Yy, € U}€+1|wa}~

I’!‘L
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Let (QZ’l)le[[o,k]] C W,f'H |, be the same decomposition as above but for any g, € ijl’kba X I -
Then, the minimised functional can be easily decoupled into a sum of independent terms:

k

1 n
Z hT||QhT+¢aVUhTH%<><1”=Z ™17, Z

v
KeTh(wa) K 1=0 KeTh(wa) K

1 n,l n,l
gy + baVuy[%

Using the unicity of decomposition in an orthogonal basis, the boundary condition becomes:
qZ"l-n =0 on dw, N {, =0} Vi € [0, k].

Since ®" is based on the Legendre polynomials, we remind that [, @™ (t)dt # 0 if and only if
I = 0. Therefore, the equilibration constraint can also be reformulated equivalently as

(div gy =l = 3") + Vo Vegi®on) =0 Vo € UF

Wa

Consequently, when decomposed in the basis ®”, there is no coupling between components of gy,

in both the minimised functional and constraints. Therefore we can reformulate it equivalently

as patchwise space-only problems the solutions of which are the components of p;™ |, :

1

0 . 0 0 0 1

Pyl = argmm{ Sl + eV, @’ € Wi,
KETh(wa) K

with q2’0~n =0 on dw, N{Y, =0} and

a

(div @ — (0 — i) + Vb, - VuZ’O,vh) =0 VYo, € U,{f+1|wa}, (7.22a)

and, for | € [1,k],

nl o _ ; 1 n,l n,l| 2 n,l p+1
Py, = argmln{ Z hTth +7/’avuh HK><Ina q, € Wh |wa
KeTh(wa) X

with gj"'n = 0 on dw, N {1 = O}} (7.22b)

For I,, € 7:(0,T), we introduce the components of the global flux p;™*|;, in ®":

pyt = pr.  1€[0,k]. (7.22¢)
a€SL ()

7.6 Bounding the patchwise optimal equilibrated flux by the residual-
based estimator

Now that we have characterised the components of p;™" |; in ®", we are able to use the pre-

existing stationary bounds. We first recall the following one for the space-only patchwise optimal
equilibrated flux from [10, Proof of Proposition 5.2].
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Lemma 7.11 (Stationary patchwise optimal equilibrated flux). Let u, € V¥ and f, € U} such
that for a € Sp(Q), (Vun, Vbo)a = (fr,Va)a. Then, for a € Sp(Q), there exists a unique

. 1
Pha = argmm{ S ol + vVl ae WL,
KeTh(wa) K

with gp-m =0 on dw, N {Y, = 0} and

(divgn — Yafn + Viba - Vup, o), =0 Vup, € U}I;+1|wa}-
The global flux py, = ZGES}L(Q) Dh.a verifies, for all K € Ty (),

1 1
hTHPthVUhH?Kﬁ St Ao+ > h*||[[vuh‘"F]]||%~
K K'eT(wk) FeFiM(wr) T

Lemma 7.11 gives a bound the first component of p}'|;,, previously denoted pZ’O in (7.22a).
We also show a similar result for the stationary patchwise optimal flux without equilibration, to
deal with the other components (p}' for I € [1,k]) from (7.22b).

Lemma 7.12 (Stationary patchwise optimal flux without constraint on the divergence). Let
gn € L*(Q)? such that for all K € Tr(2), gnlr, € RT}P(K). Then, for each a € Sy(R), there
exists a unique

. 1
ph,a = argmln{ Z hTth + 1/%1911”%(7 qh S Wp+1|wa
KEeTh(we) K

with gp-n =0 on dw, N {th, = O}}
The global flux py, = Zaesh(ﬂ) Ph,qo verifies for K € Tp(Q)

1 1
St ol Y o llgenell
K - F
FeFir* (wk)

Proof. Existence and unicity of the solution of the minimisation problem come from the strict

convexity of the quadratic form minimised on a non-empty vector space. Let K € T3, (£2). There
holds:

1 1 2 1
gl = || X Pratvagn)|| S D o lPha + vagnlli
K K aesu(k) aesy(K) K

Let a € Sp(K) and let p,, , € W}’L)+1 be the averaged flux built from 1,g;, as defined in Lemma 7.9.
Then, by definition, p,, , is zero outside of w,, and since ¥, = 0 on dwq, Pj ,Now, 1S zero on
Ow,. We first use the local optimality of pj_, to obtain:

1 _ _
72 1Pha + Gagnllie < D B Pha +tagnlli <D B IPha + Yagnlli
K K'€Th(wa) K'€Th(wa)
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Then, Lemma 7.9 ensures that:

_ 1
S hlbne ttamllio S > Y Enwaugh-wﬂn%

K'€Th(wa) K'€Th(wa) FEFR(K')

We conclude by gathering the contributions by faces, removing the terms on the exterior faces
of w, where 1), is zero and by using 0 < 9, < 1:

- 1
Yo hlpna +vagnllie £ Y0 o lWalennrll
K'€Th(wa) FEeF™(wa) r

1
S Z h7||[[gh'nF]]H%“'
FeFirt(w,) F

O

Lemmas 7.11 and 7.12 allow us bound the locally optimal equilibrated flux by residual-based
terms.
Lemma 7.13. Let fi, € Uy, and up, € Vir be such that for I, € T:(0,T) and a € Si* (%),

/ (i (£) — Outtans (£), ), — (Vtnr (£), Vi)t = 0. (7.23)

In

equ

Then, the patchwise optimal equilibrated flux p, - from Definition 3.5 uniquely exists and for
(K x I,) € Th(Q), there holds

1
hTHPZiu + Vunrl e xr,
K

1
< § | frr — Ortuns + Auh'f”%(/xln + § h H[[vuh'r'nF]]”%xIn'
, F
K'eTh(wk) FeFM(wk)

Proof. With the decomposition of the patchwise optimal equilibrated flux from Definition 3.5 in
(7.22), to prove existence and unicity of p;™, we only need to prove it for the components of
Py, in @7, for I, € T:(0,7).

Let I, € 7,(0,T). Given the notation introduced in Section 7.5, the constraint (7.23) can be
reformulated as: .
(7 = 57 a), = (VU Vo), = 0.

This, ensures that we can apply Lemma 7.11 with u;, = uZ’O and f, = f,?’o - ﬁﬁ’o to pZ’O
(obtained from (7.22a) by (7.22c)). For [ € [1, k], we also apply Lemma 7.12 with g5, = VuZ’l
onto pi! (obtained from (7.22b) by (7.22c)).

Lemmas 7.11 and 7.12 ensure the existence and unicity of all components of p; 2|7, in ®" which
in turn ensure the existence and unicity of p;|;, . There also holds that

k
1 1 n n,l n,l
hTHPZiu +vuhr||%(><1n = Zh7||¢ ’l||§n,\|l7h’ + Vuy’ ||§<- (7.24)
K 1=0 K
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Lemma 7.11 ensures that

1

0 .. 7,0 0 ;0

<D I = iy + Aup | + ) s IV, ][
K'€Th(wrk) FeFirt (wi) F

1 0 0
W [Py + Vuyy

(7.25)
Lemma 7.12 ensures that for [ € [1, k],

1 n,l n,l 1 n,l
Sl Ve S Y, —IIVey el (7.26)
Ik FEF (wy) e

We conclude by injecting (7.25) and (7.26) into (7.24). O

8 Proof of reliability and local space-time efficiency

We now finally apply the developments of the previous section to prove Theorem 6.3.

8.1 Proof of Theorem 6.3 for the averaged flux-based estimator
Efficiency: Let (K, I,,) € Tp,(Q). Then there holds

(7.21) Lemma 7.10
avg res

]‘ av,
Nk x1, S| fwr — Outns + Aupr||kx1,, +E||ph7_g+vuh7-||}(x[n < NKxI, - (8.1)
This shows the local and global efficiencies using Lemmas 7.6 and 7.8.

Reliability: Let a € Si™(€2). Since ¢, is in V', Vi), itself is in Z? elementwise. Then, by
Definition 3.4, we know that:

/ (Ve () + P25 (1), Viba o, dt = 0.
I
Then, using (6.7), we show that
/ (i (8) — Bugtuns () — div pEE(t), e, = 0.
I,

This verifies the hypothesis of Lemma 7.3 that we use to show the reliability result.

8.2 Proof of Theorem 6.3 for the residual-based estimator

Efficiency: Lemmas 7.6 and 7.8 immediately show both local and global efficiencies.

Reliability: We use (8.1) to show that 7,® < nf5®. The reliability then follows from that of
avg

Nq

8.3 Proof of Theorem 6.3 for the patchwise optimal equilibrated flux-
based estimator

Efficiency: Let (K, I,,) € Tp-(Q). Then (7.21) ensures that:

1
Nicxr, S e — Owuns + Aups|| <1, + EHPZ? + Vunr ||k x1,.
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and by applying Lemma 7.13, we obtain that:

1
&)’ S D fnr = Owtnr + Aune|[err, + > T”[[vuhan]]H%‘xIn'
K'e€Th(wk) FeFM (wk) r

We conclude using Lemmas 7.6 and 7.8 for both local and global efficiencies.

Reliability: Let I,, € 7:(0,T). (3.8c) defines p;1"|1, as - cs, () Phrall, With P |7, the
solution of (3.8b) for each a € S,(€2). (3.8b) ensures that for each a € S, (),

/ (diVPZi?a(t) = Ya(fur(t) = Ouuns () + Viba - Vup- (1), Uh) dt=0 Yo, e UMY,
I'n/

Wa

By summing this equality on Sy, (), since ZaeSh(Q) e = 1, we obtain

/ (div PE () — for (£) + Deetnr (£), vn)y dE = 0 Vo, € UPFL.
I,

This verifies the hypothesis of Lemma 7.2 that shows the reliability of ngqu_
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