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Robust energy a posteriori estimates for nonlinear elliptic
problems

André Harnist'™®!  Koondanibha Mitra*?>  Ari Rappaport®  Martin Vohralik'$

December 4, 2023

Abstract

In this paper, we design a posteriori estimates for finite element approximations of nonlinear elliptic
problems satisfying strong-monotonicity and Lipschitz-continuity properties. These estimates include,
and build on, any iterative linearization method that satisfies a few clearly identified assumptions; this
encompasses the Picard, Newton, and Zarantonello linearizations. The estimates give a guaranteed
upper bound on an augmented energy difference (reliability with constant one), as well as a lower
bound (efficiency up to a generic constant). We prove that for the Zarantonello linearization, this
generic constant only depends on the space dimension, the mesh shape regularity, and possibly the
approximation polynomial degree in four or more space dimensions, making the estimates robust with
respect to the strength of the nonlinearity. For the other linearizations, there is only a computable
dependence on the local variation of the linearization operators. We also derive similar estimates for
the energy difference. Numerical experiments illustrate and validate the theoretical results, for both
smooth and singular solutions.

Key words: nonlinear elliptic problem, finite elements, iterative linearization, energy difference, a pos-
teriori error estimate, robustness, equilibrated flux reconstruction
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1 Introduction

Nonlinear elliptic problems are of paramount importance in a broad range of domains such as physics,
mechanics, economics, biology, and medicine, see, e.g., [2, 22, 32, 41, 42]. Numerical discretization
methods then serve to deliver approximate solutions, upon employing iterative linearizations to resolve
the arising discrete nonlinear systems, see, e.g., [7, 16, 18, 29, 34, 45] and the references therein.

Given a numerical approximation, there arises the important question of the error with respect to the
exact solution. This is practically handled by the so-called a posteriori estimates. For nonlinear problems,
these have been proposed, amongst others, in [3, 4, 10, 11, 17, 20, 26, 28, 29, 33, 35, 37, 40, 41, 45]. In
particular, already in, e.g., [45], the concept of a fully computable upper bound on the energy difference
while relying on a duality gap has been discussed, see also [3, 4, 11, 26, 40, 41] and the references therein.
The crucial question in this context is how to locally construct a suitable equilibrated flux. This has been
a subject of research for several decades [36, 15, 38] and has only reached maturity recently [35, 8, 12, 20].
One step further, the estimates can be used to adaptively steer the numerical approximation, and recently,
convergence and optimality results have been obtained in [5, 9, 24, 25, 27, 30, 31], see also the references
therein.

Two crucial properties of an a posteriori estimate are the efficiency, assessing whether the estimate is
not only an upper bound on the error, but also, up to a generic constant, a lower bound, and its robustness,
assessing whether the quality of the estimate is independent of the parameters. In the present setting, we
specifically use the term robustness if the chosen error measure and the associated estimate are uniformly
equivalent, for any strength of the nonlinearity. Namely, the efficiency constant has to be indeed generic,
independent of the strength of the nonlinearity, leading to the same overestimation factor (effectivity
index) for linear, mildly nonlinear, and highly nonlinear problems. Unfortunately, robustness is typically
(theoretically) not achieved; we illustrate this in Figure 1. There, we present the effectivity indices for
three common error measures: the energy norm (L? norm of the difference of the weak gradients), the
(square root of the) difference of the energies, and the dual norm of the residual (cf., e.g., [23] for their
mutual comparisons). We employ guaranteed equilibrated flux estimates following [8, 20], for the problem
of Example 6.2 below. We can observe that the estimate in the energy norm setting is not robust with
respect to the strength of the nonlinearity (the effectivity index explodes as the ratio a./ay, from (2.1)
below grows). The dual norm of the residual leads to robustness, as proven in [17, 20]. Though the
dual norm of the residual is indeed localizable, cf. [6] and the references therein, it may be criticized
as it actually does not take into account the nonlinearity (an incorporation has recently been addressed
in [39]). The energy difference then numerically shows a robustness, though, to the best of our knowledge,
all known theoretical estimates, cf. the references above, depend unfavorably on the ratio a./am,. Our
main motivation in this context is to bring a theoretical insight to the robustness in the energy difference
setting.
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Figure 1: [Exponential nonlinearity (6.5), smooth solution (6.3), Newton solver, 25 DOFs] Comparison
of the effectivity index (given as the ratio of the estimate over the error) of different error measures and
associated a posteriori estimates.

We focus on nonlinear elliptic problems of the form: find u : @ — R such that

—V-(a(-,|Vu|)Vu) = f in Q, (1.1a)
u=0 on 9Q, (1.1b)

where a : Q X [0,00) — (0,00) is a nonlinear function satisfying assumptions of Lipschitz continuity
and strong monotonicity (cf. (2.1) below). We employ a finite element approximation of (1.1) and an
iterative linearization, yielding the approximation ui? on each mesh 7, and linearization step k. The
iterative linearization method needs to satisfy a few clearly identified assumptions. We will show that
this is satisfied for usual linearizations such as Picard, Newton, or Zarantonello.

We consider the energy difference £f , of the nonlinear problem (cf. (4.1a)) and its a posteriori
estimator nf , (cf. (4.1b)). We establish that £f , and 7 , are respectively equivalent to L? norms of
differences of the exact and approximate solutions with pointwise contributions of the nonlinearity (cf.
Lemma 4.1). We then obtain our first main result, Theorem 4.4, which can be summarized as follows.
For every iterative linearization index k, neglecting data oscillation, quadrature-type errors, and iterative

linearization error terms, we have
k k k ok
ENe SN S Crénes (1.2)

where the hidden constant depends only on the space dimension, the mesh shape-regularity, and possibly
on the polynomial degree p of the finite element approximation when the spatial dimension is greater
than or equal to 4. Here, Cf only has a local, through unfortunately not computable, dependence on the
nonlinearity; we prove that in any case, CF < (ac/am)/?.

In order to improve the above result and in particular the constant CF, we additionally consider
a linearized energy difference Sfyz (cf. (5.2a)) and the associated estimator Uf,z (cf. (5.2b)). We then
augment 51’\“1’ ¢, by 5115, , to form Ef and similarly for the estimators. We then obtain our second main result,
Theorem 5.5, which can be presented as follows. For every iterative linearization index k, neglecting
again data oscillation, quadrature-type errors, and iterative linearization error terms, we have

EF <nf S Crek, (1.3)

with the same dependence as in (1.2) for the hidden constant. Here éé“ only depends on local variations
of the linearization matrices and, crucially, is fully computable. Moreover, we show that C'\é“ =1 in the
case of the Zarantonello linearization, making the estimate (1.3) robust with respect to the strength of
the nonlinearity. For the other linearizations, the estimate (1.3) is robust if the computed constant CA’é“
is small, which is an a posteriori verification of robustness for each given setting (nonlinear function a,
domain Q, datum f, mesh 7y, linearization step k, polynomial degree p). We also discuss in Remark 5.7
why we can expect éé“ tend to 1 in the discretization limit (¢ large enough).

The rest of the paper is organized as follows. In Section 2, we detail the assumptions on the nonlinear
function a. We next give the continuous weak formulation with its equivalent energy minimization. Then,
we introduce the discrete weak formulation with its associated discrete energy minimization, and finally
the iterative linearization. In Section 3, we define the convex conjugate, the duality setting, and the
equilibrated flux necessary for our a posteriori estimates. In Section 4, we study the original energy
difference, which leads us to our first main result, Theorem 4.4, giving details of (1.2). In Section 5, we



define the augmented energy difference and estimator and state our second main result, Theorem 5.5,
giving details of (1.3). In Section 6, we present a series of numerical experiments in order to illustrate
our theoretical findings, for both settings (1.2) and (1.3) as well as smooth and singular solutions. In
Section 7, we give a proof of crucial technical result of Lemma 4.1, and then in Section 8, a proof of
Theorem 4.4. In Section 9, we give a proof of the boundedness of the weight Af from Lemma 5.1 and of
the augmented energy difference consistency summarized in Lemma 5.3, and then, in Section 10, a proof
of Theorem 5.5. Finally, we summarize, in Appendix A, some useful properties of the nonlinear functions
and the assumptions required, and, in Appendix B, we show some technical results to determine the local
eigenvalues of the Newton linearization.

2 Weak formulation, energy minimization, finite element dis-
cretization, and iterative linearization

Let Q ¢ R%, d > 1, be an open polytope with Lipschitz boundary 9. We consider problem (1.1), where

f € L*(Q) represents a volumetric force term, while a is the diffusion coefficient which depends on the

potential v : Q — R only through the Euclidean norm of its gradient |Vul.
We consider the following assumption for the nonlinear function a (see, e.g., [45] for more details).

Assumption 2.1 (Nonlinear function a). We assume that the function a : Q x [0,00) — (0,00) is
measurable and that there exist constants ay, < a. € (0,00) such that, a.e. in Q and for all x,y € R?,

la(-, |x2))x — a(- |y|)y| < acle — vy (Lipschitz continuity), (2.1a)
(a(- |z — al- |y)y) - (£ —y) > am|z — y|? (strong monotonicity). (2.1b)

2.1 Weak formulation and equivalent energy minimization
The weak formulation of problem (1.1) reads: find u € H}(Q) such that
(a(-, |Vu])Vu, Vo) = (f,v) Vv € H}(Q), (2.2a)

where (-, -) is the inner product of L?(€2).
Referring to [45], the weak formulation (2.2a) is equivalent to the following minimization problem:

u = arg 1)612(’%1(19) J(v), (2.2b)

with the energy functional 7 : H}(Q) — R defined as,

T(v) = /Q O |Vo) — (f0), v e HYQ), (2.3)

where the function ¢ : Q x [0,00) — [0, 00) is defined such that, a.e. in 2 and for all € [0, 00),

o(-,r) = /0’“ a(-, s)sds. (2.4)

It is shown in [45] that, under Assumption 2.1, there exists a unique solution to problem (2.2). We refer
to Appendix A for more details about equivalent assumptions on the nonlinear functions a and ¢.

2.2 Finite element discretization

Let £ > 0 be a mesh level index. We consider simplicial triangulations 7y of the domain 2 satisfying the
following shape-regularity property: there exists a constant k7 > 0 such that for all £ > 0 and all K € 7Ty,
hi/px < k7, where hi is the diameter of K and pg is the diameter of the largest ball inscribed in K.

For a polynomial degree p > 1, denoting P,(7¢) the space of piecewise polynomials on the mesh 7,
of total degree at most p, we define the discrete finite element space V' := P,(7;) N Hg(£2). The finite
element approximation of (2.2a) would be u; € V' such that

(a(, |Vue|)Vue, Vog) = (f,v)) Vo € V. (2.5a)

As in (2.2b), ug € V' solves the minimization problem
ug = arg min J(vy). (2.5b)

wEVf

Below, we never work with u, but rather with its approximations coming from iterative linearization.



2.3 Iterative linearization

We henceforth consider an iterative linearization of (2.5a), which is anyhow necessary for a practical
solution of (2.5a). Let uy € V/ be a given initial guess. For an iterative linearization index k > 1,
consider Alg_l 1 Q= R4 and bif 1. Q — RY, arising from a suitable linearization; details and examples
are given below. We define the linearized finite element approximation: u’Z € V' to be such that

(A;7'Vuy, Vog) = (fove) + (b1, Vo) Vo, € V7. (2.6a)
As in (2.5b), this is equivalent to the discrete minimization problem

uf = arg min  JF ! (vg) (2.6b)
veeVLf’

with the linearized energy functional ™! : H$ () — R defined for all v € H}(Q) by
1 2
TEHw) = 5 [[(AaEHEee| " = (o) - 0 ), (2.7)
where ||-|| is the L?(€) norm corresponding to the inner product (-,-) of L?(Q).

2.3.1 Assumptions on iterative linearization schemes

Let k£ > 1. We will suppose that A’Z_l 1 Q) — R4 and blg_l : Q0 — R? from (2.6) satisfy Assumption 2.2
below (for the sake of conciseness, we assume that they are well defined everywhere in ). We will
use the following notation of the derivatives in the second argument of the functions a, ¢, and others
(cf. (3.2)~(3.3)): for all r € [0,00), a'(-,7) == Za(x,r) and ¢'(-,7) = (7).

Assumption 2.2 (Iterative linearization). For all points € Q, we assume that Ay~ (z) € R¥*? js a
bounded symmetric positive definite matriz. Specifically, denoting by Afnfgl(w) and A’;El(w) respectively
its smallest and largest pointwise eigenvalues, we have, for all € € RY,

AL N w)e] < AN @)lgl  (boundedness) (2.82)
(A Y(z)g) - € > Aﬁ:}(wﬂﬂ? (positive definiteness). (2.8b)

Moreover, we suppose uniformity, i.e., that there exist Ay, < A. € (0,00) independent of k, £, and x such
that

A < Af7 () < AL () < A (2.8¢)
Finally, we explicitly define b’gil(:c) €R? for allz € Q by
b; (@) = AT (@) Vg (@) — ale, [ Vg™ (@)) Vg™ (@) (2.9)

In the following, we use the boldface font to denote the spaces of multi-dimensional functions, e.g.,
L3 ().

Remark 2.3 (Assumption 2.2). Fquality (2.9) implies that (2.6a) can be equivalently written as a problem
for the increment u’g — ulgfl on the left-hand side and the residual of uif*l on the right-hand side:

(ASIV (uf — ™), Vo) = (f,00) — (al, [Vl )Vl Vog) oy € VE (2.10)

which is the form used in, e.g., [39]. Therefore, equality (2.9) ensures that the discrete problem (2.6a) is
consistent with the discrete problem (2.5a) in that

ARyl — bt 5 g - [ Vue|) Vg in L2(Q when  uf — ug in H(Q). 2.11
) ‘ ¢ / 0

Indeed, (2.82) and (2.8¢) imply that AKXV (uf —ub™') — 0 in L*(Q), whereas a(-, |Vuf ') Vub~™ —
a(-, [Vug|) Vg in L*(Q) thanks to (2.1a). Finally, we recall that the positive definiteness of AF~" implies
that (A1)~ and (A’Zfl)% exist, which is used below.



2.3.2 Examples of iterative linearization schemes

We now present some examples of linearization methods satisfying Assumption 2.2.

Example 2.4 (Picard). The Picard (fized point) iteration, see, e.g., [16], is defined as
AFt = a( | VUi ) I with b7 =0 in Q. (2.12)

It satisfies Assumption 2.2 with Af[:; = Af’zl = af(, |Vulz_1|), which leads to Ay = am and Ae = ac
thanks to (A.3).

Example 2.5 (Zarantonello). The Zarantonello iteration, introduced in [{4], is defined as

Afl =0y with b7 = (y —a(, |[Vu ) Vup Tt in Q, (2.13)

2
where v € (0,00) is a constant parameter. To ensure contraction, one needs to assume that v > %  The

Qm
Zarantonello iteration maintains the same linearization matriz vI; during the iterations and converges

linearly, but the convergence is slow as v takes large values. It satisfies Assumption 2.2 with Afn_el =
Af,Zl =, which leads to Ay, = Ac = 7.

Example 2.6 ((Damped) Newton). The (damped) Newton iteration, see, e.g., [16], is defined as
Ua\v k—1
a (- | ku_el ‘)Vu’g*1®Vu§*1
|V, ™7 (2.14)
with by~ = 0d' (-, [Vuf )| Vub 7 Vup ™! in Q,

A’Zfl =af(, |Vu?*1|)Id +6

where 0 € [0,1] is the damping parameter. Observe that = 1 gives the Newton iteration, whereas 6 =0
corresponds to the Picard iteration. If 8 = 1, the Newton method converges quadratically. However, it
might not always converge. The (damped) Newton iteration satisfies Assumption 2.2 with, if the space
dimension d = 1,

A = A = a( [ Vug ) + 00 (L [V ) Vg

m,l

(2.15)
(A.8) - -
= (1= 0)a( [Vul ) + 60 (,[Vub ),
and, if d > 1,
Aﬁ;@l = (1 — Q)CL(U |VU?71|) + emin(a('a |Vulgill)7 ¢”('7 |Vu§71|))= (2'163’)
Alg,zl = (1 — 9)&(', |VU§_1|) + Gmax(a('a |VU’Z_1|), ¢”(" |VU§_1|)) (2'16b)

Indeed, denoting the spectrum of a matriz A € R4*? by Spec(A), we infer (2.16) by writing,

Spec(AE~1) (2

{a(" |Vu’12671|)7 a('7 |Vu?7l|) + Ha/(-, |VUIE€71|)‘V/“IZ?1‘}
{1 = 0)al, [Vug™ ) + a(-, [ Vuy 1),

(1= 0)al, Vg™ |) + 60" (-, [Vuy ')}

(A8)

Finally, we can set Ay = an, and Ac = ac thanks to (A.3) and (A.5).

3 Convex conjugate, dual energy, and flux equilibration

In this section, we define some common tools for the forthcoming developments.

3.1 Convex conjugate function and dual energy

Recalling the primal energy J of (2.3), the corresponding dual energy J* : H(div,Q) — R, cf. [2, 32,
41, 45], is defined by

T (w) = _/Q 6" (- Jw]), w e H(div,Q), (3.1)



where ¢* : 0 x [0,00) — [0,00) is the convex conjugate of ¢ (also known as the Legendre dual or the
Fenchel conjugate), which is defined such that, a.e. in  and for all s € [0, 00),

¢*('7 5) = Ssup (ST - ¢(7 T))? (323’)
r€[0,00)
or equivalently, for all s € [0, c0),
(-1 5) = /0 ¢ rydr = s¢' T (8) = B¢ (4 9). (3.2b)

We refer to [32] for more details and recall that the construction of ¢* yields

1

* -1 *
¢ - ¢/ and ¢ "_ W. (33)
Consequently, under Assumption 2.1, ¢* is convex thanks to Remark A.3 below.
Finally, we define the linearized dual energy functional \7;’]“_1 : H(div, Q) — R such that
*,k—1 1 k—1y—1 k—1 2 :
T w) = =5 A - w e Hdiv, ). (3.4)

3.2 Flux equilibration

Let V; be the set of all mesh vertices and, for each vertex a € Vy, define the patch 7,* as the collection
of the simplicies of 7, sharing the vertex a, as well as the patch subdomain wy corresponding to 7,*.
For all @ € V,, we define the space V* := RTN,(7,*) N Hy(div,w). Here RTN,(7,*) denotes the
broken space consisting of p-th order Raviart-Thomas-Nédélec space on each simplex, RTN,(K) =
[Py (K)|? 4+ P, (K). Moreover, Hy(div,w?) is the subspace of H(div,wg) of functions with vanishing
normal trace on Owg if @ € Vy is an interior vertex and of functions with vanishing normal trace on
Ow\{Yg > 0} if @ € Vy is a boundary vertex. Here, for all @ € Vy, the hat function ¢ is the continuous,
piecewise affine function equal to 1 in @ and 0 in V,\{a}. We recall the partition of unity

d v =1 vz eq. (3.5)

acVy

We denote by Il the L%-orthogonal projection from L?({2) to P,(7;) and by Hfﬁl\{ the L2-orthogonal
projection from L*(Q) to RTN,_1(7;); note that both are elementwise. Finally, we consider the equili-
brated flux locally reconstructed from u’Z as

ok = O'?’k, (3.6a)
acVy

where, for all vertices a € Vy, following [8, 11, 15, 20, 21],

& : 1
oy =arg  min (7)™ 2 (WPIIEN &5 + we) ||ue
4
Vow,=T, v 2" (3.6b)

with € = A7 Wuf — b1, A0k =gt f - Vel €f
and where the weight Y% will be chosen according to needs. Specifically, we will set
Y} = I, in Section 4, (3.7a)
Y§ = A}~ in Section 5. (3.7b)

We note that
a.k
(’Y@ s l)w; =0

for all interior vertices @ € Vy, which is an immediate consequence of (2.6a) with the test function
ve = € V. Consequently, problems (3.6b) are well posed.



Combining (3.6) and (3.5), we infer, as in, e.g., [19],
Vi =3 Vot = 3 M) = 3 Tep(VOE -£7)

acVy acV, acVy

=Ty > (W8 f) =Tppf.

acVy

(3.8)

In particular, of € RTN,(T;) N H(div,2) and we have with the Green theorem, since uf € VP =
P(T0) N H () o
—(oy, Vug) = (f,ug). (3.9)

4 A posteriori estimate of the energy difference

This section gives an a posteriori estimate of the energy difference.

4.1 Energy difference and the associated estimator

We define the (square root of twice the) energy difference corresponding to the nonlinear problem (2.2)
by

gk = (2T (k) — T (w)))* . (4.1a)

Note that E& ¢ is well defined from (2.2b) and the fact that uk € HE(Q). Actually7 &k ¢ >0and 0 if and

only if uf = u from the uniqueness of u in (2.2b). We then define the estimator nN , corresponding to the
nonlinear problem (2.2) as in, e.g., [3, 41, 45], employing the dual energy J* of (3.1) and the equilibrated
flux of of (3.6) with the choice (3.7a),

e = (2T (uf) = T*(a7)))* (4.1b)
Note that 7% , is well defined (the argument of the square root is nonnegative), which can be seen

from (6.7)~(6.8) below.

4.2 Locally-weighted bounds for the energy difference and the associated
estimator

Denoting, a.e. in 2,
af = a(-,|Vuk]) and a, =a(,|Vul), (4.2)
we define, for all (v, w) € L1(Q) x [L1(Q)]%, a.e. in Q,

k . " /—1 (A.3),(A.5)
Ay E(va) = min CL(',|V’U|), essinf ¢ (ad) (,’T)) [am7ac] ) (43&)
' re(lwl,laf Vuf])
k v a1 (A.3),(A.5)
ac (v, w) = max ( a(-,|Vv]), esssup  ¢"(-, ¢ "(-,7)) [am, ac], (4.3b)
re(lwl, \az Vuﬂ)
and, for the sake of brevity, we denote for both a € {m, c}, a.e. in £,
ag”?‘ = ai)@(uf,af), aZjZ’k = ai)@(uf,auVU), and a ]z =a¥ (U, 0, V). (4.3¢)

Observe that a;’fz and aZ’f are computable, in contrast to the other terms in (4.3c).

Lemma 4.1 (Locally-weighted bounds for the energy difference and estimator). Recalling (4.1)-(4.3),
we have

l(as)2 (Vuf = Vu)l* < (65,07 < ll(aly)? (Vuf = V)|, (4.42)
1(aZ) "2 (af Vuf +o)|” < (ne)” < (a7 )2 (af Vuf + of)]1%, (4.4b)
(O k) 2 (af Vuf — a, Vu)|* < (€5 < 2|( V“k) 2 (af Vuf — a,Vu)|*. (4.4¢)

The proof of this important technical result is postponed to Section 7.



4.3 Data oscillation, quadrature-type, and iterative linearization estimators

Following, e.g, [19], let

(Wfsc,e)g = Z [ hKl H(I_ HZ,P)f”K] ) (453’)

KeT TQin
a,k . a,k
(nssc,q,Z)Q = Z (nosgq,[)z and (nik‘:cer,@)Q = Z (niter,l)z? (45b)
aclVy acVy

where, for all vertices a € Vy, recalling the notation from (3.6b),

1 h 2
ke . 2 : K K a :
(ncc:sc,q,é)2 = . o,k ( |: T H(I - HZ;P)’YZ ||K:| + ||w€ (I - Hﬁg)éfli?>v (45C)
ess mfwzz Uy \KeTe
1
ke .
(nit:cr,Z)Q = o,k ||aifvu§ - 5?”3)? (45d)

essinfo Ny}
Remark 4.2 (Data oscillation and quadrature-type estimators). The estimator nc’fsc’e monitors the so-
called oscillation in the source datum f: it vanishes if f is piecewise polynomial and is of higher order
for piecewise smooth f. The quadrature-type estimators n(’fschl arise from piecewise polynomial approx-

imation of the (possibly) apolynomial data 'y;’k and & defined in (3.6b), which involve themselves the
nonlinear function a through A;f_l and b;f_l, cf. Section 2.3.2. These terms can completely disappear
(for the lowest polynomial degree p = 1 where a(-,|Vul ) and o' (-,|Vul~"|) are piecewise constant if
the spatial dependence in a is piecewise constant) or be of higher order if the nonlinear function a has the
necessary smoothness. One could actually force them to be megligible if a separate, sufficiently increased
polynomial degree was chosen for the equilibration in (3.6b).

Remark 4.3 (Iterative linearization estimator). Congruently with (2.11), if uk — wp in HL(SY), then we
can have 77ikter,l as small as we need since, also using the standard coloring bound (8.3),

L (4.32),(3.6),(2.9)

niter,f

IN

_1
am® (d + Dl|af Vuf — g™ Vug ™ = AFTIV (uf —uy )|

o (4.6)

&
=

(2.8)

IN

am? (d + 1)(ac + Ao)[|V (b — uE=1)]].

4.4 A posteriori estimate of the energy difference

We now present our first main result, giving an a posteriori estimate for the energy difference 51@’ , and
the estimator nfiw defined in (4.1).

Theorem 4.4 (A posteriori estimate of the energy difference). Suppose Assumption 2.1 and let u €
HE(Q) be the weak solution of (2.2). Let uf be its finite element approzimation given by (2.6) on mesh
Te, £ >0, and linearization step k > 1, for any iterative linearization satisfying Assumption 2.2. Let af
be the equilibrated flux defined by (3.6) with the choice (3.7a). Then

EI]fI,E < 771]31,2 + 277§SC,0 (4.7a)
771131,4 5 Cécgll\cf,f + ngsc,q,é + nikter,éﬂ (47b)

where the hidden constant only depends on the space dimension d, the mesh shape-reqularity k7, and
possibly, when d > 4, the polynomial degree p, with

1
Vu,k\ 2 1
€ssSsupga G ,’ 43) [ a 2
acVe \ ess mfw; ay'y am

Proof. See Section 8. O

Remark 4.5 (Structure of CJ and robustness). The constant Cy from (4.8) is composed of purely local

Vu,k o,k

contributions. Since the ratios of a; ;" to ay’, on each patch wi are smaller than the global ratio ac/am

and since the patches wg shrink with mesh refinement, Cf may converge to 1. For example, in the case



where the problem is smooth in that a € C1(Q x [0,00)), u € CH(Q), and Vul — Vu in [L>(Q)]%, then,
for £ and k large enough,

(4.3) _ "o %
CF < CFi=esssup (max | —, — ) (z, |Vuf(z)]) ] , (4.9)
xel) a (b”

which is small if the function ¢" /a is close to 1 over  x [0,00). Unfortunately, C} from (4.8) cannot be
computed and its value may possibly explode with the ratio (ae/am)"/?.

In the next section, by augmenting the energy difference, we will achieve a result similar to (4.7)
but with a computable constant C}f which moreover takes value 1 for the Zarantonello linearization of
Example 2.5.

5 A posteriori estimate of the augmented energy difference
This section gives an a posteriori estimate of the augmented energy difference defined below.

5.1 Energy difference and estimator of the linearized problem

In order to derive robust estimates, we now also crucially consider the linearized problem (2.6). We
introduce the abstract linearization on the continuous level: find u’fa € Hi () such that

(A} 7'Vufy, Vo) = (f,0) + (by~", Vo) Vv e Hy(Q), (5.1a)
which is a linear problem. Note that (5.1a) is equivalent to
uly =g min T () (5.1b)

employing the linearized energy (2.7). Analogously to the (nonlinear) energy difference 5{\“},@ (4.1a), we
define the energy difference Sﬁ , of the linearized problem (5.1) as
7 (10.1a) L
et = (2T wh) = T wly)) T Y IAE)EV (k- )] (5.2)
Here, there holds trivially 55713 >0 and Eﬁe = 0 if and only if u;? = u%. Finally, we define the estimator

n}ﬁj of the linearized problem (5.1), employing the linearized dual energy (3.4) and the equilibrated flux
ok of (3.6) with the choice (3.7b), by

it = (277 wh) - 775 eh))

(10£2a) ||(AIZ_1)7%(AIZ_1VU§ — bif_l + U?)”

(5.2b)

5.2 Augmented energy difference and the associated estimator
Recalling the notation in (3.6b), as in (4.5d) but with the weight (3.7b), we define the iterative lineariza-
tion estimator ﬁﬁer’z by

Thers = (A1) 72 (af Vuff — €5)]]. (5.3)

Observe that with the same reasoning as in Remark 4.3, if (u});>1 converges in Hg(Q), then we can have
ﬁikter’ , as small as needed. Then, we define a computable weight A\f > 0 from the estimators (4.1b) (using

ok of (3.6) with the choice (3.7b)), (5.2b), and (5.3) by

771]31 ¢
Moo= (5.4)
nﬁ,l + nikter,f
Finally, we define the augmented energy difference £ and estimator n by
1 1
& = 5 (ENe +NPEL,) and 7 = 5 (MR + AENELe) - (5.5)

10



Lemma 5.1 (Weight \}). There holds
11
M <an?Az. (5.6)

Proof. See Section 9. O

Remark 5.2 (Weight A} and uniform equivalence of 15 and n{fw). The weight \f from (5.4) ensures a
balance between the two components 771731,5 and )\fnﬁg in (5.5). In particular, )\i?nfve = 77113176 in the limit
Mier.e = 0, whereby simply ny =0 ,. Moreover, from (5.4)~(5.5), at any linearization iteration k > 1,

1
5?7%%,4 <nf <nk, (5.7)

so that the augmented estimator n}f of (5.5) is uniformly equivalent to the standard primal-dual gap
estimator 771]31,2 of (4.1b). This construction is well defined; in particular, the inclusion of the estimator

ﬁi]ier,f ensures that A} is uniformly bounded for every k > 1 as per (5.6). This is in turn used in the error
consistency of Lemma 5.3 and in Theorem 5.5 below.

Lemma 5.3 (Error consistency). Let the error £ be given by (5.5). Then there holds

1 1 11

5&@,@ <& < 3 (51151,4 +am® Ac 55,@) S 51]\61,4 + IV (uf - U'Z_l)H, (5.8)
where the last inequality holds up to constants depending on amy, ac, Am, Ac. In particular, 5f — 0 if and
only if uf — w in H} ().
Proof. See Section 9. O

Remark 5.4 (Augmented energy difference). From (5.7), the estimators nffw and 772“ are uniformly
equivalent. In that respect, Theorem 5.5 shows that the standard primal-dual gap estimator 771131,4 gives

a guaranteed and potentially robust bound for the augmented energy difference EF in place of the energy
difference 51]\61,5 of Theorem 4.4. As per (5.8), the modification of 81’\?*4 to EF is a bit more subtle in terms
of the equivalence constant. In practice, though, we expect the situation to be better in that the added
linearization component é']’fj multiplied by the weight )\f makes again Eé“ comparable in size to 5{37@.

5.3 Data oscillation and quadrature-type estimators

As in Section 4.3, let

2
e = 3 [}”(;n(f—ng,p)an] 7 (592)

minf g (AL ))

KeT,

~k . .k ~k . .k

(T}osc,q,f)2 = Z (ﬁgsc,q,E)Z and (nq,é)g = Z (,77\:;5 )25 (59b)
acV, acVy

where, for all vertices a € Vy, recalling the notation from (3.6b),

~a 1 hK ak 2
Aot = Y [(I—m,pw M : (5.9¢)
q infye A7) Kere 7r
—1\—-1, 4
7o = (AE D)5 (0@ (I — TIETN)ER) |- (5.9d)

5.4 A posteriori estimate of the augmented energy difference

We now present our main result giving an a posteriori estimate based on the augmented energy difference
and estimator defined in (5.5).

Theorem 5.5 (A posteriori estimate of the augmented energy difference). Suppose Assumption 2.1 and
let u be the weak solution of (2.2). Let uf be its finite element approzimation given by (2.6) on mesh Ty,
£ >0, and linearization step k > 1, for any iterative linearization satisfying Assumption 2.2. Let a}f be

11



the equilibrated flux defined by (3.6) with the choice (3.7b). Let u’{a be given by (5.1), and the augmented
error EF and estimator nf by (5.5). Then

)\k
(C/’éf S 77? + nc]fsc,f + ?zﬁcl)qsc,la (5103,)
775 5 ngllc + )‘?( l{cﬁg,é + ;\](]fsc,q,f + ﬁikter,é)7 (510b)

where the hidden constant only depends on the space dimension d, the mesh shape-reqularity k7, and
possibly, when d > 4, the polynomial degree p, with

< k-1 1 =1 for the Zarantonello linearization,
Nk pwg c, 1
C[ = max T -1 AC 2 (511)
aeVe \ infue A7, < (A > in general.
Proof. See Section 10. O

Remark 5.6 (Robustness for the Zarantonello linearization). In the Zarantonello linearization of Ex-
ample 2.5, since 6‘? =1, we obtain via (5.10) an estimation of the augmented energy difference Sf by the
estimator 774;C (under small oscillation, quadrature-type, and iterative linearization errors) whose quality is
independent of the nonlinear function a. As we will see in the proof of Theorem 5.5, this relies on the fact
that here A’Z_l = 14, the linearized problem (5.1) features a constant diffusion tensor, and consequently
the associated error (5.2a) and estimator (5.2b) simplify respectively to Eﬁé = 3 ||V (uf - u’&>)|| and

_1 k—
nf ="z (vVuf —b; " + of)|.

Remark 5.7 (Robustness in the general case). The constant 65 can be easily calculated in practice,
without knowing the continuous solution u of (2.2). It is in particular defined from merely patchwise
variations of the linearization matriz AF~" (recall (2.8)). For the Picard and damped Newton iteration
cases of Examples 2.4 and 2.6, in particular, the local ratio of the functions A’g;l and Afnfll is a lower

bound for that of the global constants A. and Ay, given in (2.8¢), typically bringing af close to 1 as in
the Zarantonello case. This is indeed observed in the numerical experiments of Section 6. Importantly,
Cf allows us to quantify the quality of the estimates in any situation: whenever it is small, we can affirm
robustness a posteriori.

Remark 5.8 (Theorem 5.5 at the convergence of iterative linearization / impact of the chosen iterative
linearization). Suppose that uf — u, in HE(Q), i.e., the solution uf of the iterative linearization (2.6)
converges to the solution ug of the discrete nonlinear problem (2.5a). In the limit, 7. , from (5.3)
vanishes and all the different iterative linearizations, cf. the examples of Section 2.5.2, yield the unique
finite element approrimation uy. Nevertheless, in Theorem 5.5, the augmented energy difference Eé‘“'
from (5.5) is still (possibly) influenced by the chosen iterative linearization, in particular by the (limit)
values of Aif*l and bif*l as per (5.2), cf. also Remarks 5.2 and 5.3.

6 Numerical results

In this section, we present numerical experiments that serve to illustrate Theorems 4.4 and 5.5. Thus,
we will primarily be interested in the effectivity indices

k k k
L\ A S/ /R S | W 6.1)
Ny — ok > LT ok Lt — ok .
gN,Z gf 5L,€

where the last one brings insight into the augmentation of Section 5.1. In particular, our numerical
experiments study the robustness of our estimates with respect to the ratio ac/an, from (2.1) where
we consider a./a, = 10°, i € {0,...,7}. We present results for the three linearization methods of
Examples 2.4, 2.5, and 2.6 after the convergence criterion

IV (uf~t —uf) <1076 (6.2)

has been reached.

12



In addition to V,/ as defined in Section 2.2, we also consider a richer discrete space V; obtained by
refining the mesh 7; and using higher-order polynomials, ¢ < ¢ and p < p. This space serves as an
approximation to Hg (), so that we can approximately compute u’g@ defined in (5.1b) at each iteration
k of the linearization method. This only serves here for the evaluation of the error 5]’1 ¢ it is not needed
to evaluate our estimators 77113170 Wf,ga and n}.

For all examples, we use the method of manufactured solutions, i.e. we choose a solution u and con-
struct f through (1.1). The boundary conditions are then enforced by the true solution. All experiments
were conducted using the Gridap.jl finite element software package [1, 43].

6.1 Smooth solution

We consider a unit square domain Q = (0,1)2. We set for all (z,y) € €,

u(z,y) =10z(x — 1)y(y — 1). (6.3)

For the space V}”, we use a polynomial degree p = 1 and a uniform triangular mesh consisting of 8192
elements for a total of 3969 DOFs. We consider three different nonlinear functions a : [0,00) — (0, 00)
(independent of the spatial coordinate & € ) satisfying Assumption 2.1. We first consider the following
example, in which the function a is monotone (decreasing).

Example 6.1 (Mean curvature nonlinearity). The mean curvature nonlinearity (cf. [14]) is defined such
that for all v € [0, 00),
Qe — Qm

V1?2

where am, a. € (0,00) with ay, < a.. Observe that Assumption 2.1 holds for the mean curvature nonlin-
earity. Indeed, we use Proposition A.2 observing that, for all r € [0, 00),

a(r) =am + (6.4)

d)”(’l“) = an + Q¢ — A

———5 € |Am, ac]|.
(14721 © Lol

The results for the effectivity indices (6.1) are presented in Figure 2, taking a,, = 1. We see that they
vary only very mildly with respect to the ratio an,/a. and that all values are below 1.2. This illustrates
the robustness for the Zarantonello linearization that has been proven in Theorem 5.5. For the Newton
and Picard linearizations, we also compute and display the constant 65 of (5.11). Since we see that
CF is uniformly close to 1 (bounded by 3), we are sure that the effectivity index I¥ will be small and
uniformly bounded even prior to computing it. This is the meaning of “affirm robustness a posteriori”
of Remark 5.7.

We now consider the following nonmonotone nonlinear function a similar to the example given in [31,
Section 5.3.2].

Example 6.2 (Exponential nonlinearity). The exponential nonlinearity is defined such that for all r €
[0, 00),

1—e 3
1422’
where again amy,a. € (0,00) with ay < a.. Observe that Assumption 2.1 holds for the exponential
nonlinearity. Indeed, we again use Proposition A.2 observing that, for all r € [0, 00),

a(r) == am + (ac — am) (6.5)

1+ (3r2 —1)e 87"
1423

&' (r) = am + (ac — an) € [am, ac)-

The results, again with a,, = 1, are presented in Figure 3. The Picard linearization is not included
because the solver does not converge for large values of the ratio a./a,. We observe that the results for
the Zarantonello iteration are similar to those of Figure 2. However, the effectivity indices of the Newton
iteration seem to start to deteriorate for large values of the ratio a./a,. We can see that the reason
is that the constant éé“ is becoming very large. This constant is thus here a good indicator that the
robustness may not be obtained; in this case, we cannot “affirm robustness a posteriori” and it indeed
seems not to hold. For this example, we also present, in Figure 4, the component errors £ , and A\fEF ,,

as well as the factor )\E, see (5.4)—(5.5). We observe that SE’ ¢, and AE&'E ; stay very close, independently of

the ratio a./am,, which was our design. Remark, though, that M~ 1 for Newton, whereas MF o~ (ac/ am)%
for Zarantonello.
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Figure 2: [Mean curvature nonlinearity (6.4), smooth solution (6.3), unit square domain, 3969 DOF's]
Effectivity indices from (6.1) and the computable constant C¥ from (5.11).
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Figure 3: [Exponential nonlinearity (6.5), smooth solution (6.3), unit square domain, 3969 DOFs| Effec-
tivity indices from (6.1) and the computable constant Cf from (5.11).
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Figure 4: LExponenEi:ﬂ nonlinearity (6.5), smooth solution (6.3), unit square domain, 3969 DOFs] Com-
ponents SI’\“I’@ and A’gé‘ﬁe from (5.5) together with the weight A% from (5.4).
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Figure 5: Uniformly (left) and adaptively (right) refined meshes for the L-shaped domain with the singular
solution (6.6). The adaptive mesh corresponds to the 28th iteration of Algorithm 6.3.
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Figure 6: [Exponential nonlinearity (6.5), singular solution (6.6), L-shaped domain| Effectivity indices
from (6.1) and the computable constant C§ from (5.11), for the uniform mesh (left) and the adaptive
mesh (right) shown in Figure 5.

6.2 Singular solution

We consider the L-shaped domain = (—1,1)2\ ([0,1) x(—1,0]) and the singular solution u in polar
coordinates (p,6) € [0,00) x [0,27)

u(p, ) = p® sin(ab) (6.6)

with a := £, sothat u € H 1+3-2(Q) for all ¢ > 0. We consider the exponential nonlinearity of Example 6.2
again with a,, = 1; this choice of solution ensures that the right-hand side f belongs to L?(£2) despite
the singularity in the norm of the gradient for the L-shaped solution (6.6).

We consider two different meshes to analyze the results, see Figure 5. One mesh is obtained by taking
an initial uniform triangulation of €2, while the other one is adaptive following Algorithm 6.3.

The results are presented in Figure 6. The Newton iteration showcases, for both meshes, effectivity
indices close to 1, which stabilize for large enough values of the ratio an,/a.. Moreover, the effectivity
indices corresponding to the adaptive meshes are closer to 1 than those corresponding to the uniform
meshes. Since 65 takes small values below 2, we can again claim robustness a posteriori, see Remark 5.7.

6.3 Convergence on a sequence of adaptively refined meshes

Due to the singularity in the solution of the previous section, it is of interest to consider a local adaptive
mesh refinement strategy. We thus need to compute the contribution of the estimator 771’31’ , to each mesh
element which is nonnegative. In order to do that, cf. the discussion in, e.g., [4, Proposition 4.9], we
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use (2.3), (3.1), and (3.9) to rewrite the estimator 77{31)( of (4.1b) as

= (2 / (¢*<-,|a§|>+¢<~,Vu’5|>+aéf-Vu§)>2 - (Z (n{z,K>2> , (6.72)

KeT,

(s =2 [ (@ (lot) + o0 Vull) + ot Va) . K< T (6.70)
Here, recalling the generalized Young inequality, cf. [32],
o, |z) +¢* (s ly) +x-y>0  Va,y R (6.8)

it follows that for all K € 7, indeed 17{31’ x = 0. We then use the standard newest vertex bisection
algorithm, see [9] and the references therein, as follows.

Algorithm 6.3 (Adaptive refinement). Let estop and 6 € (0,1) be parameters, and let Ty be a conform-
ing initial triangulation of Q. Let u) € V& be an initial linearization guess. For £ > 0:

1. Solve: Starting from ul, solve the linearized problems (2.6) until the convergence criterion (6.2) is
satisfied.

2. Estimate: Compute the elementwise estimators (ﬂE,K)KeTz of (6.7b).

If % , < estop, then stop.

8. Mark: Choose a set My C Ty with minimal cardinality such that

ST k) =02 > (kx> (6.9)

KeM, KeT

4. Refine: Perform the newest vertex bisection on the set My. Set £ =€+ 1, uf = U@p and go to
step 1.

The results of the refinement study are displayed in Figure 7, for the exponential nonlinearity (6.5)
and the singular solution (6.6). We consider two values of the parameter a./amy,, namely 102 and 10°.
We note that for both values of the ratio, the asymptotic rates for the estimator and error agree with
the theoretical optimal rate of (DOFS)_l/ 2 for the adaptive algorithm; we observe no distinguishable
difference in this graphic representation between a./am, = 10® and 10°.

We also made an analogous study on the augmented error £F and the estimator 7%, with the same
strategy of refinement, using the local version 7% = n{SI’K + )\fnf’K, for all K € Ty, of the estimator

775 . The results are displayed in Figure 8. We observe a similar behavior of the asymptotic rates as in
Figure 7.

In conclusion, the adaptive mesh refinement is more efficient than the uniform mesh refinement since
it requires a smaller number of DOF's for the same precision. The behavior seems to be independent of
the strength of the nonlinearity a./am.

7 Proof of Lemma 4.1

Proof of Lemma 4.1. Observing that by integration by parts (IBP), Z((|of| — r)¢*'(-,r)) = (|of| —
r)¢*"(-,r) — ¢*'(-,7), we obtain, a.e. in Q,

o |

6" (o)) — 6" (-, af| Vub]) = / %' (r) dr
af\Vuf
asp) (1% k o . » oz |
2 [T ot = o <~,r>dr—[<|ae|—r>¢ (7) (7.1)
ap| Vuj| ak|wuk|
(3-3) /afl oy —r — dr + (|of| — af|Vup|)| Vuf|
akjwus| @ (¢ (1) e e e e
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Figure 7: [Exponential nonlinearity (6.5), smgular solution (6.6), L-shaped domain, uniform vs adaptive
mesh refinement] Convergence rates of E& N.¢ and an , for uniform and adaptive mesh refinement for ac/am
equal to 103 (left) and 10° (right).
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Figure 8: [Exponential nonlinearity (6.5), singular solution (6.6), L-shaped domain, uniform vs adaptive
mesh refinement] Convergence rates of £F and 1} for uniform and adaptive mesh refinement for a./am,
equal to 103 (left) and 10° (right).

where we used the fact that ¢>’71(~,a’g|Vu£|) = ¢ (-, ¢/(-,|Vul|)) = |Vul| thanks to (A.2). Reusing
this relation together with the definitions (2.3) of J and (3.1) of J*, we obtain the right-hand side
of (4.4b) by writing

(771]51,5)2 2 / (67 Colot) + 6C, Vb)) — (£, )

"2 (o lof]) + o [ Vug]) + oy - Vuy)

(3.2b)

2 [ (¢*(: Jof]) — % (-, af [ Vug|) + af [ Vug|* + oy - VW)

@\b\

[\

‘0'1z| 1
/ l L/ L <a’éVu’Z>>]
Q @

Eiwab) @79 1( r)) (7.2)

|°’z‘

(4.3c) 2 1 :
<2 ([—2<|aéf|—r>2] +|aéf||a’zw’2|+oéf-<a’zw’z>>
Qa k| uk|

m,{

1
| =2 ok = a1V )? +-2( oVt + o - (af v )]

m, ¢
k k k|2
wlay Vuy + |7,

(A.4a) /
Qa

m,{

Q=

where, in using (3.2b), we have set s = af|Vu}|, and where we used (4.3c) noticing that |o}||af Vuk| +
o} - (afVuk) > 0 thanks to the Cauchy—Schwarz inequality, together with the fact that |of| — r is of the
same sign as |of| — af|Vuf| for all r € (af§|Vuf|,|oF]). The left-hand side of (4.4b) is obtained with the

same reasoning.
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Now, observing that £ ((|Vuf| — r)¢'(-,7)) = (|Vuf| — r)¢"(-,r) — ¢'(-,r) by integration by parts
(IBP), we get

(€ )7 (1L o / (60, |Vuk]) = 6 (-, [Vul)) — 2(f, ulf — u)
|Vuz|
// r)dr — 2(a, Vu, V(uf —u))
(IBP) |Vu[ | k 1 k / 9l (7.3)
2 [ ( /W (V| — )6 () dr — <Vue|—r>¢<-,r>]lw

- 2(auvu7 V(U? - u))
(A.2) [Vui] k " k k
= 2/ / (IVug| —m)¢" (-, r)dr + au(|Vug||Vu| — Vug - Vu) | .
o \J|

Vul

From there, with the same reasoning as for (4.4b), we obtain the right-hand side of (4.4a), by writing
(7.3),(4.3¢) .
E)? = /Qac,’f (([Vug] = [Vul)® + 2| Vg || Vul = Vug - Vu))

(7.4)
A2 /Qag”ﬂVu’Z — Vul?

The left-hand side of (4.4a) is obtained with the same reasoning. Moreover, since ¢’ is nondecreasing and
|Vuf| —r is of the same sign as |[Vuf| — |Vu| for all r € (|Vul,|Vuk|), using the mean value inequality,
we have a.e. in (),

|Vug| [Vugl 4. — &
/| (|VU?|*T’)¢”(,T) dTZ/ ¢( ’|VUIZ|) QS( 7T)¢N('7T)dr

Vu| [V ul €8S sup ¢//('78)
sE(r,|Vuk|)

(4.3¢) 1 | Vuf|
S /| (& IVaE]) = ¢ ()6 (1) dre

ac,@ Vul (75)
1 i 1 ) [Vug|
— | IV ) = 5
e’ |Vl
A2 1 1
( = ) aVu,k (2 (la?vu?‘g + ‘auvu|2) - a’zau|VU?|Vu|>,
c,l

where we used (4.3c) knowing that |a, Vu| = ¢/(+,|Vul) and |afVuf| = ¢/(-,|Vuk|). Thus, observing
that |Vuf||Vu| — Vuf - Vu > 0 thanks to the Cauchy-Schwarz inequality, we obtain the left-hand side
of (4.4c) by writing

Ly (7:3).(7:5),(43¢) 9 1, v i ) R
@t | o (5 (kP Ve - @V - (0, 90)
fort (7.6)

1
:/ Vuk\aéVué auVul?.
Q GCZ

Finally, since |[Vu}| — r is of the same sign as [Vuf| — |[Vul for all r € (|Vul,|Vuk]), we have

[Vuk| |Vub|
/ (Vb — )¢ () dr < (Vub| - |Va) / ¢, r)dr
(4:3¢) 1 vl " ’ (a2 1 '
< o (o enar) Y o (vl V)
A e [Vul am}e

Hence, observing again that |Vuf||Vu| — Vu¥ - Vu > 0 thanks to the Cauchy—Schwarz inequality, we
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obtain the right-hand side of (4.4c) by writing

Ly (T3).(1.7),(430) 9 R ) -
(€5 < / (lab k| — a,Vul)? + 2(|as Vb ||a, V]

Vu,k
X (7.8)
oo b (A.a) 2 e & ) '
—(agVug) - (a,Vu)) | = Va lag Vug — a,Vul®.
Qay’
O
8 Proof of Theorem 4.4
For all vertices a € V;, we introduce the space H}(wg) such that
{p € H (W) : (p,1)pa =0} if a € Vit
H ) = e f ;o it (s.1)
{‘p €H (wZ) : (p‘aw?m{w?>g} = 0} ifa ¢ VZ ’

where Vi is the set of the vertices of 7; lying inside 2. We will need:
Lemma 8.1 (Patchwise flux equilibration stability). Let @ € V; and let 7 € RTN,(T,*) and gf €
Pp(Ty*) be such that (g¢,1)ue = 0 if a € V;**. Then,

min [[of + 70 lwe S sup  [(97,@)we — (77, V@)us]
cEVE peH (W) (8.2)
Vvi=g; Vellua=1

where the hidden constant only depends on the space dimension d, the mesh shape-reqularity xkt, and
possibly, when d > 4, the polynomial degree p.

Proof. See [21, Corollary 3.3] or [19, Lemma 3.2]. O
We will use next the fact that, for all v € L?(Q2) and W € [L?(Q2)]4*¢4,

S lole = 30 Y olk =@+ 1) Y olk = @+ ol?, 53)
a€Vy KeTaeVk KeTe
since every simplex K € T; has (d + 1) vertices, collected in the set Vi . Also,

(3.5),(3.6a) aky||?
lo+Wotl2= > o+ Wopli “V2 3 || 3 wro+ woph)|
KeT KeT, a€Vk (8.4)

<@+ Y Y v+ Wolt k= @+ 1) Y Jufv + Wolt|2,.

KeT, aeVk a€Vy

In the following, for any z,y € [0,00), we use the notation x < y when x < Cy with C > 0 only

depending on the space dimension d, the mesh shape-regularity k7, and possibly, when d § 4, the
polynomial degree p.
Proof of Theorem 4.4. As in [2, 41, 45] but including data oscillations, we have
Eoy2 (A1 ko2 (| 2k
(xR0 =" ()™ —2 Q(qﬁ (loi D) + ¢(IVul) = fu)
(3.2a)
<0 =2 [ (otI9ul = fu) < (0 +2((F0) + (o V)
(3.9)
=" (me)* +2(f = Veoy,u—uj) (8.5)
1
(3.8) hye 2\ 2
< (771}31,@)2+2<Z 1 Tl ) 19 (= )|
KeTe
(9.3),(4.5a)

< (7I§1,2)2 + 277§SC,551]51,£-
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By the quadratic formula, this gives

1 . 1
gllff,f < 5 <2n§sc,f + (4(77§sc,€)2 + 4(771’%!)2) 2) < n§,€ + ansc,h (86)

hence (4.7a).

It remains to prove (4.7b). Let us temporarily denote ¢ := 1/(essinfye a;”’z)% the weight appearing
in (4.5¢)—(4.5d). We apply the triangle inequality, the definitions (4.5¢)—(4.5d), the fact that 0 < ¢ <1,
the definition (3.6b) with the choice (3.7a), and Lemma 8.1 with 72 = wfﬂfg\{ﬁf € RTN,(T7,) and
g% = Ty " € Pp(T) with (g8, Dws = 0if @ € V™. Also using the fact that ¢f¢ € Hj(w) and
V(@ge) =gV + Ve for all ¢ € HE (w), we get

(4.5)
iy k & Kk
§||1/f?alzcvu§ + 0-[? |w? S §||¢?Hf;?z\{§§ + O-Z ”UJ? + ngsc,q,l + nger,f
(3.6b2(8.2) a o RTN ok a a
~ N sup [(Hf,p’YZ 790)&1? - (Q/JZ Hl,pflﬁé ’ V(p)w‘?il + nosc,q,[ + nitcr,f

peH (W)
R

(3.6b),(4.5¢) a k a a.k a.k
S o osup [(fvfe)e — (60, VF0))wp ] +05icqe T Miere
PEH (w§)
Vellwg=1 (8.7)
(42(1) a kV k V(% a.k a.k
~ S sup [(fv ’l/)é @)wf - (ae Uy, (1/’15 @))w;] + Mosc,a,¢ + Titer, ¢
pEH ()
IVellwa=1
(2.2a) k k
=T sup (awVu— apVug, V(OFe))we + 0 g+ i
pEH (wf)
IVelluazt

k k a,k a,k
5 gHG‘Z VU‘Z - a’U«VUHW? + nosc,q,[ + nitcr,f’

where we have used ||V (¢¢¢)[lue < [Vollwe as in [8, 19]. In conclusion, we obtain

k (4.4b),(8.4) 1 a, kv, k a,k2 :
N,¢ S Z .70,}4”1% agVug + o0, Hw;
acy, €88 mfw;x ay
4 4 )
(8.7),(4.5) 1 b & ) 2 N N
N Z T ok lag Vuy — auVun? + Mosc,q,e T Miter,e
acy, essinfua a7y (8.8)
1
(4.8) 1 2
< Cf Z T WVuk ||a’lgvulﬁC - a’uvu”i? + nlgsc,q,l + nik':ccr,f
acy, €SSSUD a A
(8:3)(44c) i i
5 CZ gN,E + nosc,q,é + niter,b
where we have used the triangle inequality on fo(RIVe)). O
9 Proof of Lemmas 5.1 and 5.3
Proof of Lemma 5.1. We write with the triangle inequality
(7.2) (4.3),(2.8) _1 1 .
e < Moy 2 @fVuf +of)l < an® AZ|(AFT) 7 H(@f Vuf + o))
1 1
< an’ A2 (I(AF)HAFTIV (f — ) + af T Ve 1 o) o
(A4S (@ Tl — af T U ARl - uf))
(5.2b),(5.3)

1 1
-3 43k |~k
am® AZ (N o + Miter,e)s

where we have also employed the definitions (2.9) and (3.6b). Thus, by virtue of the definition (5.4), A}
is uniformly bounded as per (5.6). O
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Proof of Lemma 5.3. The first two inequalities in (5.8) are immediate from (5.5) and (5.6). As for the
last one, for all £ > 1,

(2.8
AV — b )P S (AEV (), oty — )
(2.9 _ —
(Ak 'vub >fb LV (uf (o —uf™h) = (af Vb 1,V(u’<C —up ™)
(5. la) _ _ _
(foulpy —ug™") = (af ' Vuf =, V(ufy —up ™)) (9.2)
(2.2a)

= (@uVu—a) ' Vb Y (u <>—u§ )

(2.1a)
< ao| V(u—u IV (uy —ug™HI-

Hence, dividing (9.2) by ||V(u}<C —uf Y|, we infer

Ama |V (ufyy —ug ™| < 1V (u—ug Y],
and consequently, by the triangle inequality,
Amag [V (ufyy —uf)| < 1V (w—uf) | + 1V (uf —up ™)+ Amag |V (wg —ug ™).

Thus, 5113,@ < 51’\“175 + |V (uf —up~)|| thanks to definition (5.2a) (employing the relation (10.1a) below)
and

an |V (uf —w)||* < (&8 )% < ac|| Y (ug —w)?, (9:3)

which is a consequence of inequality (4.4a) together with the bounds in (4.3).
The convergence statement is then easy. Assuming £ — 0 implies 51’\%,4 — 0 and then the HJ ()

convergence follows from (9.3). Reciprocally, when uf — u in H} (), the last term in (5.8) goes to 0, as
well as Effw thanks to (9.3), so that £F — 0. O

10 Proof of Theorem 5.5
Recalling the definition (2.7) of JF !, we can rewrite 5574 given by (5.2a) as

€ 0r 2 || - Jar vy |
=261,V (uf —ufy)) = 2(f,ui —uly)

(5.1a) ’(Ak sy H _ H (AF1) 2V“<€>H 2(Ak- 1Vu<g V(u kiu}&))) (10.1a)
ST ®3 1 b
= [(AF) 2V (uf —ufy)|? =" = D (&),
d+1
acVy
where, for all a € Vy, )
&y = I(AF )2V (uf — ufy)|we- (10.1b)
Similarly, using the definition (3.4) of j;’k*l, we can rewrite and upper-bound nfl of (5.2b),
(77Le H Ak ' QV“ H +H Ak ' 7%(‘7@ bk 1 H bk ' VU@)—2(f,W)
1
= ||(A]Z 1) Q(Alg 1VW —b;f ! Ue)||2— (a-@,Vu@)—Z(f,ug) (10.2a)
9) o1 - B (8.4) o
= AT (AT VU =BT )P < (d 1) Y ()
acVy
where, for all a € V,,
1 e ke _
iy = (AT 2 (R (AL Vuf = B + o p ) lug (10.2b)
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Proof of Theorem 5.5. Let k > 1. Since (5.1) is a linear problem, proceeding as in [19, 20], we obtain the
a posteriori error estimate

(10 la)
(&f 2= (Al 'V (ufyy — ug), V(ugy —uf))
(5. la) . .
(f uly —uf) — (A7 Vug — by ™", V(ulfy, — )
(3.8) _ _
=" (I -1, f, ul@ —uf) — (AFuf — bl o af, V(ul&) —uf)) (10.3)

(5.9a) 1 B B 1

< (osee + 1AFTH) 72 (AT VU = b1 + 0 DII(AF™) 2V (uf — ufy)
(10.1a),(10.2a) ,

= (77550 ¢TI e)gI]f,e-
Now, observing that (8.6) still holds with the version (3.7b) of the equilibrated flux, we obtain (5.10a)
by writing

(5.5) 1
g = (5N Wiy i 5L,4)

(8'6)’(10'3) Lo k ki, k ~k
< E(nN,E + 2770sc,€ + >‘€ (nL,E + nosc,f)) (104)

(5.5) PV
- 775 + nosc 14 + 777050 /A

It remains to prove (5.10b). For all vertices a € V,, denote by o7 " the minimizer of (3.6b) with the
choice (3.7a). Recall also the notations (10.2b) and (3.6b) together Wlth (5.9¢) and (5.9d). Then, using
the same reasoning as in (8.7), we infer

a.k (5.9d) kE—1\—1  ayTRTN ¢k a.k ~a.k
e < (AT ) 2P EE + o) llwe + 10
(2.8) 1
< “HRTEV k + a_u.,k e + ~a,k
7(infw; Aﬁl_zl)% [0 8 b T 1,0 [ Tg,e
(8.7),(5.11) 1 . . .
S T o ah—1.1 Sup [(fy ¥y 90):»;; - (Ez ) V(wz @))w;’] (10.5)
(infug A )2 per! (W)
Vellwg=1
+ (1 GO + Todd g
(5:12),(10.10)
5 O@ 5L:€ + C nq 14 + nosc ,q,0
Therefore, we obtain (5.10b) by writing

(5.5) (5.4)

2775 = 771]%,[ —+ )\?Uﬁ[ = )\5(27757[ + ﬁikter,ﬁ)

(10.2) a,k\2 %

< )\E < Z (nL:Z ) ) + )‘Z nlter N

acV,
(10.5) B 3 5
. -~ a,k ~ ~a.k ~ak
Y 05( > (&0 )2) + Cf( > (g )2) + ( > ("osc,q,e)2> ] (10.6)
acVy, acVy, acVy .
+ /\é nlter 14

(10-1),(5.9) k Ak ok Ak o~k ~k ~k
S Ay {202 e+ Crg e+ Mose,qe + ﬂiter,z]

(5.5)
< Oécglgc + )‘E (Cénqé + 770>Cq€ + nlter Z)

where we used the triangle inequality on /o (RM|). Finally, we get CF =1 for the Zarantonello iteration
since A’;;Zl = A(’f’zl = in Q in this case. O

A Equivalent assumptions on the nonlinear functions

In this section, we show some useful properties of the nonlinear functions a and ¢. In particular, we show
that inequalities (2.1) admit equivalent versions with the function ¢ defined in (2.4), preserving the same
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constants a. and ap,.

Proposition A.1 (Equivalent assumption on ¢'). Inequalities (2.1) are equivalent to the following ones:
a.e. in ), for allr,s € [0,00),

19" (-, 7) = ¢/ (-, 8)| < aclr — s, (A.1a)
(@'(7) = &' (-8))(r = 5) > am(r — 5)* (A.1b)

Proof. Differentiating (2.4) gives, a.e. in Q and for all r € [0, 0c0),
(ZS/("T) = Cl(',’f‘)’f‘. (A2)

Thus, assuming and using (2.1) (with & = (r,0,...,0)" and y = (s,0,...,0)") together with (A.2)
yields (A.1).

Reciprocally, assuming (A.1), we have in particular (with s = 0), using (A.2), a.e. in  and for all
r € [0, 00),

am < a(-,r) < ac. (A.3)
We conclude by using the fact that for all 2,y € R?, and all o, 3 € [0, 00), we have
z —yl* = (lz| - ly)* + 2(|2|ly| — = - y), (A.da)
(ax = py) - (¢ —y) = (alz| = Bly)(Jz] — y]) + (a + B)(|=|ly| — = - y), (A.4D)
to obtain, a.e. in Q and for all =,y € R?,
la(:, lzh)z — a(-, ly)y|*
"2 (ol @)l - al [y [y))? +2aC [2)al ly)(elly] - - 9)

(@' (. L) = &' (. 1yD)? + 2a( [xDa(:, [y (|zlly| — 2 - y)

(A1),(A3) ) ) )
< al(l=l = [y)” +2(zlly| — = - y)] = acle — y|

(A.2)

and
(a(- x|z —al- |y|)y) - (x —y)
A (af-, o)) 2] — al- D)y (] — [y]) + (aC-, [2]) + al-, [y) (2lly] — = - y)
B2 (@ J2l) = 8 Gy (2] — ) + (al-s @) + al-, [y) (2]ly] - - )
(A.1),(A.3) ) )
> anl(lz] = y))* +2(|zl|y| — x y)] = an|z - yI%,
hence (2.1). O

Proposition A.2 (Equivalent assumption on ¢”). Inequalities (A.1) are equivalent to the facts that ¢'
is weakly differentiable and, a.e. in Q and for a.e. v € [0,00),

am < ¢"(-,7) < a. (A.5)

Proof. Assuming (A.1), since ¢ is Lipschitz continuous thanks to (A.la), ¢’ is weakly differentiable.
Furthermore, defining the difference quotient, a.e. in  and for all r, s € [0,00), r # s, by

/ . —_— / .
o) OET) 008
r—s
inequalities (A.1) are equivalent to the fact that, a.e. in Q and for all r, s € [0,00), 7 # s,
am < 7(-,7,8) < ac. (A.6)

Hence, letting s tend to r in (A.6) gives (A.5).
On the other hand, assuming and integrating (A.5) gives, a.e. in Q and for a.e. 7,5 € [0,00) with
r>s,

am(r—8) < &' (1) — (-, 8) < ac(r —s), (A7)
and dividing (A.7) by r — s gives (A.6), which becomes also true for r < s by symmetry. O

Remark A.3 (Convexity). Under Assumption 2.1, inequality (A.1b) implies that ¢’ is nondecreasing,
i.e., ¢ is convex. Moreover, from (A.2), we have, a.e. in Q and for a.e. r € [0,00),

¢"(-r) =a(r)+a' () (A-8)
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B Spectral properties of the tensor product
Lemma B.1 (Spectral properties of the tensor product). The following holds:

Spec(aly; + BA) = {a} + B Spec(A) Vo, B € R, VA € R¥*4, (B.1a)
Spec(é @ €) = {0,[¢]’}  VEER?Y d>1. (B.1b)

Proof. We refer to [13] for details about the tools used in the following. Denoting P4 the characteristic
polynomial of A, we obtain (B.1a) by writing, for all A € R,

Paripala+ ) = det((a + SA)Ia — (ady + BA)) = 5% det(My — A) = B/Pa(N).

Moving to (B.1b), since (£ ® &)T = (& - )& for all 7 € R?, dim(Ker(¢ ® €)) = dim(Ker({(£,-))) > d — 1,
i.e. 0 € Spec(é ® €) with a multiplicity of at least d — 1. Thus, the sum of the eigenvalues of £ ® &,
being tr(¢ ® &) = |€|?, is in Spec(¢é ® &). Hence, 0 and |€|? are the only elements of Spec(€ ® £), and we
infer (B.1b). O
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