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Abstract

Convergence of iterative linearization methods for multiphase �ow in porous media simula-
tions is often hindered by strong nonlinearities in constitutive relations. Mitigation strategies,
such as trust-region methods and tailored �ux discretizations, exist but their implementation
for complex multiphysics coupling, for example in the strongly-coupled viscous, capillary, and
buoyancy regime, is not straightforward.

We employ the homotopy continuation method as a versatile and robust nonlinear solver
for immiscible, incompressible two-phase �ow simulations. The method �rst solves a simpli�ed
problem � with linear constitutive laws � and then iteratively traces a solution curve toward
the fully nonlinear target system. The predictor-corrector method for curve tracing couples an
outer continuation loop with an inner nonlinear solver loop. E�ciency depends on suitable
stopping criteria for both loops.

Our main contribution is the integration of homotopy continuation with a posteriori error
estimates. We derive a computable error estimator that distinguishes error contributions
from discretization, the outer continuation loop, and the inner nonlinear solver loop. Based
on this error decomposition, we formulate adaptive stopping criteria that terminate either
loop once its respective error contribution becomes negligible. This novel adaptive homotopy
continuation method converges robustly for large time steps while reducing the cumulative
number of nonlinear iterations. The method is validated through numerical simulations on the
SPE10 and SPE11 benchmark geometries.

1 Introduction
Accurate mathematical modeling and robust numerical simulation of multiphase �ow in porous
media are essential for e�ective management of subsurface resources. Applications include oil and
gas recovery, groundwater management, and increasingly, CO2 sequestration and storage as well as
intermittent energy storage in the form of hydrogen. Discretizing the model equations for immiscible,
incompressible two-phase �ow fully implicitly in time and with the �nite volume method (FVM) in
space yields a large system of nonlinear algebraic equations that needs to be solved at each time
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step. Existing nonlinear solvers lack unconditional convergence guarantees. A common remedy is
time step cutting, which is simple to implement and robust, but may result in wasted nonlinear
iterations and thereby suboptimal computational e�ciency [24, 51, 31].

For the incompressible, immiscible two-phase �ow model, a well-documented challenge for
nonlinear solvers stems, in particular, from nonlinearities present in the numerical fractional �ow
function, which governs the wetting phase fraction of the total �ow [24, 31, 50]. In regimes with
homogeneous capillary rock parameters, two types of critical nonlinearities occur: (1) in�ections
induced by nonlinear coupling of constitutive laws, and (2) non-di�erentiable kinks that occur
at transitions between co-current and counter-current �ow regimes. The kinks emerge from the
phase-potential upwinding (PPU) discretization of the combined viscous, capillary, and buoyancy
�ux contributions [31, 22].

Newton’s method, potentially enhanced with heuristics to improve robustness such as the
Appleyard chopping described below, and combined with adaptive time-step reduction, constitutes
the standard approach to nonlinear solvers for multiphase �ow porous-media simulations in both
research and industry. For example, in the recent SPE11 benchmark study, most participants
reported that they used Newton-type solvers [38].

To enhance the robustness of Newton’s method in the face of the nonlinear complexities,
various extensions have been developed. Damping methods limit cellwise saturation updates within
Newton iterations. Heuristic approaches to damping, such as the widely-known Appleyard chopping,
aim to prevent Newton updates from crossing regions of steep gradients in the fractional �ow
functions [51, 36, 33]. Trust-region solvers re�ne the damping concept by constraining saturation
updates from crossing in�ection curves or kinks of the fractional �ow functions [24, 31, 50]. In
addition, hybrid upwinding schemes have been developed that evaluate phase mobilities separately
for each �ow regime, viscous, buoyancy, and capillary, e�ectively smoothening the fractional �ow
function across transitions between co-current and counter-current �ow [31, 22]. Both trust-region
and hybrid upwinding methods require explicit knowledge and detailed analysis of the fractional �ow
function, thereby limiting their applicability in settings where constitutive laws are accessible only
in implicit or black-box form. This limitation is particularly restrictive in hybrid models that couple
machine learning components with physics-based models, which have been of increased interest
in recent years [32, 46]. A more comprehensive overview of machine learning models in reservoir
simulation is provided in [42, 43].

The homotopy continuation (HC) method o�ers a robust alternative for solving discretized
nonlinear PDEs. Conceptually, the method progressively deforms a simpler auxiliary problem
into the target problem. The deformation de�nes a solution curve between both problems that is
typically traced with a predictor-corrector (PC) algorithm. The PC algorithm iteratively solves
intermediate nonlinear problems along the curve. Provided that consecutive problems along the
curve are su�ciently close, the solution from the previous step, or a predictor constructed from it,
lies within Newton’s convergence radius of the succeeding problem. By tracing the HC curve toward
the target problem, HC acts as a globalizer to Newton’s method, providing a robust and �exible
nonlinear solution technique for problems that are inaccessible for standard methods.

The HC method has been successfully applied for instance in computational �uid dynamics [8,
10, 11], seismic wave �eld modeling [23], immiscible multiphase �ow in porous media [26, 41], and
multiphase multi-component �ow in discrete fracture models [25]. In the latter three studies, an
arti�cial di�usion term is used to stabilize the nonlinear systems initially. The arti�cial di�usion is
then gradually vanished via HC to recover the physically correct solution.

The computational e�ciency of the HC method depends on the e�ectiveness of the curve
tracing [49]. PC algorithms involve two nested loops: (1) an outer HC loop that decreases a
continuation parameter to move along the curve, and (2) an inner nonlinear loop, typically Newton’s
method, solving the subproblem on the curve corresponding to the current value of the continuation
parameter. Excessive iterations in either of the loops do not improve accuracy of the �nal result in
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the light of a �xed discretization error, but result in unnecessary high cumulative nonlinear iteration
counts and thus increased computational cost. While these shortcomings have been acknowledged,
stopping criteria for PC algorithms in HC have so far been heuristic [11, 26, 25].

The HC method exhibits strong conceptual parallels with adaptive regularization methods,
wherein a sti�/non-smooth problem is approximated with a sequence of smooth problems converging
to the original one. Recent studies have demonstrated the bene�ts of integrating adaptive regulariza-
tion with a posteriori error estimates based stopping criteria. This approach has been, for example,
applied to nonlinear elliptic PDEs and degenerate parabolic equations [15, 21, 20].

In this work, we introduce a novel adaptive homotopy continuation (AHC) method for incom-
pressible, immiscible two-phase �ow in porous media. Our HC construction directly targets the
reasons for nonconvergence of nonlinear solvers, in�ections and kinks in the numerical fractional
�ow function, by starting o� the HC with a simpli�ed problem featuring linear constitutive laws.
To improve computational e�ciency, the method combines HC with adaptive stopping criteria
informed by mathematically rigorous a posteriori error estimates. A computable upper bound on
the relative approximation error is obtained and decomposed into distinct error contributions arising
from the spatial and temporal discretizations, HC, and linearization processes. Balancing these error
components, we design stopping criteria governing the outer HC and the inner Newton corrector
loop. The resulting algorithm ensures computational e�ciency without sacri�cing accuracy. To
the authors’ knowledge, this is the �rst implementation of such an approach in the context of HC
methods for PDEs.

The derivation of adaptive stopping criteria builds upon the established a posteriori error
estimation framework for incompressible, immiscible two-phase �ow in porous media [48, 12]. This
framework has been successfully applied to both cell-centered �nite volume methods (CCFVM) [48]
and to vertex-centered �nite volume methods (VCFVM) [12]. We incorporate these results into the
AHC method, while also leveraging recent developments in adaptive regularization [21, 20].

We assess the performance of the AHC method on relevant problems inspired by the SPE10 [14]
and SPE11 [37] benchmarks. The latter serves to verify spatial and temporal convergence of the
estimator framework; on the former we study both heterogeneity-dominated, advection-driven �ow
and the interplay of viscous and capillary �ow. Special emphasis is placed on the degenerate regime
with near-zero phase mobilities. We compare AHC against HC without adaptivity, a standard
Newton solver, and a Newton solver with Appleyard chopping, both combined with adaptive time
stepping. Our numerical experiments demonstrate that the AHC method consistently achieves robust
convergence, even for large time steps and pronounced nonlinearities. By permitting signi�cantly
larger time steps without compromising robustness, AHC often achieves a computational speedup of
one to two orders of magnitude in comparison to the two established Newton solvers.

The paper is organized as follows. Section 2 presents the mathematical model, describes its
numerical approximation and characterizes the nonlinear solver challenges. Section 3 introduces the
AHC method. In Section 4, we derive the required a posteriori error estimators that decompose the
total error into contributions from discretization, HC curve tracing, and the Newton corrector loop.
Numerical results are presented and discussed in Section 5, after which we give concluding remarks
in Section 6.

2 Immiscible, incompressible two-phase �ow in porous me-
dia and its numerical approximation

We investigate the �ow of two immiscible, incompressible �uid phases in a porous medium. Let

 � Rd for d = 2 or 3, denote an open, bounded, and connected polygonal (when d = 2) or
polyhedral (when d = 3) domain with Lipschitz boundary @
. Denote by [0; T ], with T > 0, the
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time interval. We label the wetting and nonwetting phases by w and n, respectively. The behavior
of each phase � 2 fw; ng is characterized by its saturation s� and pressure p�, both de�ned over the
spatio-temporal domain 
� [0; T ] and governed by the mass conservation equation

�@ts� +r � u� = q�: (1a)

Here, 0 � � � 1 is the medium’s porosity and q� is a source or sink term for phase �, both assumed
to be prescribed functions in space and time. Neglecting gravity, the volumetric phase �uxes u� are
given by Darcy’s law generalized to multiphase �ow,

u� = �
kr;� (sw)
��

�rp�; (1b)

where � denotes the symmetric and positive de�nite permeability tensor. For simplicity, we assume
isotropy, � = �I, with I being the identity matrix and � a spatially varying scalar-valued permeability
�eld. The relative permeabilities kr;� : [0; 1] ! [0; 1] are given as functions of the wetting phase
saturation sw, while the phase viscosities �� > 0 are assumed to be positive constants. The system
is closed by the saturation constraint and the capillary pressure relation

sw + sn = 1; (1c)
pc(sw) = pn � pw; (1d)

where pc : [0; 1]! R+ is a monotone function of the wetting saturation sw. Considering a division of
the domain boundary into disjoint Dirichlet and Neumann parts as @
 = �N [�D with �N \�D = ;,
we consider no-�ux Neumann conditions for both phases, homogeneous Dirichlet conditions for the
pressure, and zero normal derivative for the capillary pressure. Together with initial saturation data
s0

w, these summarize as 8
>>>>><

>>>>>:

sw(�; 0) = s0
w in 
;

uw � n = un � n = 0 on �N � (0; T ];
pn = 0 on �D � (0; T ];
r (pc (sw)) � n = 0 on �D � (0; T ]:

(1e)

The no-�ow condition on the capillary pressure, and consequently on the wetting saturation, is
well-de�ned as it is consistent with the H1-regularity of the saturation, which is established through
the complementary pressure de�ned in Section 4.2. Equations (1a) and (1b) are solved on 
� (0; T ]
under these conditions.

We recast the system into the fractional �ow formulation, which is a common practice in reservoir
simulation. Respectively denote the total �ux, phase mobilities, total mobility, and total source
term by

ut := uw + un; �� (sw) :=
kr;� (sw)
��

; �t (sw) := �w (sw) + �n (sw) ; qt := qw + qn: (2)

By substituting these terms into equations (1a) and (1b), summing the mass conservation equations,
and making use of (1c), we obtain an elliptic �ow equation

r � ut = r � (��t (sw)�rpn + �w (sw)�rpc(sw)) = qt; (3a)

and a parabolic transport equation, which becomes hyperbolic in the degenerate limit,

�@tsw +r �
 
�w (sw)
�t (sw)

ut +
�w (sw)�n (sw)

�t (sw)
�rpc(sw)

!

= qw; (3b)

with pn and sw as primary variables. The governing equations are henceforth expressed in the
fractional �ow formulation (3), supplemented by the boundary and initial conditions (1e).
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2.1 Nonlinear constitutive laws
Physically consistent relative permeability and capillary pressure models are fundamental for accurate
multiphase �ow simulation. Simultaneously, these constitutive laws introduce strong nonlinearities
in the governing equations. A variety of models exist for di�erent rock types, �uids, and associated
�ow regimes. An overview is provided in [33]. For brevity, we restrict this work to the common
Corey and Brooks�Corey models, but emphasize that the AHC method is agnostic to the particular
model.

The models are formulated in terms of the normalized wetting saturation

ŝw(sw) =
sw � sres;w

1� sres;w � sres;n
2 [0; 1]; (4)

where sres;w and sres;n are the residual wetting and nonwetting saturations, respectively, prescribed
functions in space. The Brooks�Corey capillary pressure model [7] is given by

pc(sw) =

8
<

:
peŝ�1=nb

w ŝw < 1;
pe ŝw = 1;

(5)

where ŝw = ŝw(sw) for brevity, pe is the capillary entry pressure of the porous medium, a prescribed
function in space, and nb 2 [0:2; 5] is a model parameter related to the pore-size distribution of the
medium [33]. Relative permeability is modeled by the Corey power law [33] and the Brooks�Corey
model [7]:

kr;w(sw) = ŝnw
w ; kr;n(sw) = (1� ŝw)nn ; (Corey)

kr;w(sw) = ŝn1+n2�n3
w ; kr;n(sw) = (1� ŝw)n1

�
1� ŝn2

w

�n3
; (Brooks�Corey)

where nw; nn � 1, as well as n1; n2; n3 are �tting exponents.
To simplify notation, the dependence of the constitutive laws on sw is omitted when the meaning

is clear from the context, that is, �� := ��(sw) and pc := pc(sw).

2.2 Fully implicit cell-centered �nite volume discretization
We discretize the fractional �ow formulation (3) using a fully implicit Euler temporal scheme and
the cell-centered �nite volume method (CCFVM) in space. Phase �uxes are estimated by the
two-point �ux approximation (TPFA) using upwind weighting of phase mobilities [19]. Together
with Newton’s method and time step cutting to robustly solve the resulting nonlinear systems, this
combination of methods is widely adopted in research and industry [33, 39]. For instance, in the
recent SPE11 comparative solution project, 32 of the 34 submissions for the second case (SPE11B)
used a �nite volume discretization; the majority of these used fully implicit time stepping, TPFA,
and Newton-type nonlinear solvers [38].

Let T� = f0 =: t0; t1; : : : ; tN := Tg denote a set of discrete times on the interval [0; T ], which
induces subintervals In := [tn�1; tn] of length �n = jInj. Let Th = fKnKgnK be a conforming and
�nite partition of 
 into closed triangular or tetrahedral elements,

S
K2Th K = 
. We assume the

triangulation to be admissible for the TPFA �nite volume method, following classical speci�cations
for instance satis�ed for a Delaunay triangulation [19]. The sets of cell faces is denoted by Eh and
the set of Lagrange nodes of order 2 is denoted by N 2

h . For each cell K 2 Th, let EK and N 2
K denote

the sets of its faces and Lagrange nodes, respectively. For a face e 2 Eh and a node � 2 N 2
h , let Te

and T� denote the sets of cells sharing e and �, respectively.
For each cell K 2 Th and time step n, approximate cell-centered pressure values are abbreviated

by pn�;K � p�(xK ; tn); � 2 fn;wg, where xK denotes the centroid of K. In contrast, discrete
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saturations are interpreted as approximate cell averages

sn�;K �
1
jKj

�
K
s�(x; tn) dx; � 2 fw; ng: (7a)

The discretized source terms are then

qn�;K :=
1
jKj

�
K
q�(x; tn) dx; � 2 ft;wg: (7b)

Derived quantities inherit this notation when the dependency is clear from the context, for example,
pnc;K := pc(snw;K). For any variable � de�ned on each cell K 2 Th, we denote its canonical piecewise-
constant representation by

�h : 
! R; �hjK := �K ; K 2 Th:

Discretizing equation (3) in time and space results in the following problem at each discrete time
tn. Find the discrete wetting saturation snw;h and nonwetting pressure pnn;h such that

X

e2EK

F n
t;K;e = qnt;K ; 8K 2 Th; (8a)

jKj�
snw;K � s

n�1
w;K

�n
+
X

e2EK

F n
w;K;e = qnw;K ; 8K 2 Th: (8b)

Here, F n
�;K;e = F n

�;K;e

�
pnn;h; snw;h

�
; � 2 ft;wg, denotes the discrete total or wetting-phase �ux through

the interface e outward from the cell K at time step n. The discrete �uxes are computed from the
discrete pressure and saturation values at time step n using TPFA and phase-potential upwinding
(PPU) as follows. Let K;K 0 2 Th be two adjacent grid cells with centroids xK ;xK0 and shared
interface e = K \K 0 2 Eh. The discrete total and wetting phase �uxes through e then read

F n
t;K;e

�
pnn;h; s

n
w;h

�
= �n;up

t;e Te(pnn;K � p
n
n;K0)� �

n;up
w;e Te

�
pnc;K � p

n
c;K0

�
; (9a)

F n
w;K;e

�
pnn;h; s

n
w;h

�
=
�n;up

w;e

�n;up
t;e

F n
t;K;e �

�n;up
w;e �n;up

n;e

�n;up
t;e

Te
�
pnc;K � p

n
c;K0

�
: (9b)

For later use, we denote the capillary �ux

F n
c;K;e = �

�n;up
w;e �n;up

n;e

�n;up
t;e

Te
�
pnc;K � p

n
c;K0

�
: (9c)

As it is standard in CCFVM, the interface �uxes satisfy local mass conservation, that is, F n
�;K;e =

�F n
�;K0;e. The interface transmissibility Te is given by the harmonic average of the adjacent cell

transmissibilities

Te =
�
T�1
K;K0 + T�1

K0;K

��1
; TK;K0 =

�K jejcK;K0
jcK;K0j2

� nK;K0 ; cK;K0 = xeK;K0 � xK ; (9d)

where �K is the scalar cell permeability, jej the length/area of the interface e, cK;K0 denotes the
vector from the cell centroid xK to the interface centroid xeK;K0 , and nK;K0 the face unit normal
oriented outward from the cell K. Face-values for phase mobilities �up

� are evaluated in the upstream
cell, as determined by the sign of the phase potential,

�up
�;e =

8
>><

>>:

knr;�;K
��

; pn�;K � pn�;K0 > 0;

knr;�;K0
��

; otherwise:
(9e)

The upwinded total mobility is de�ned as the sum of the phase mobilities, with an additional term
� = 10�7 included to prevent zero values

�up
t;e = �up

w;e + �up
n;e + �: (9f)

Boundary conditions are treated appropriately [19].
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2.3 Newton’s method
The coupled and nonlinear system of discretized equations is denoted by

G(Pn
n;h;S

n
w;h) = 0; (10)

where Pn
n;h;Snw;h 2 RjThj are vectors containing the cellwise-constant pressure and saturation values

at time tn. As noted earlier, the nonlinear system is commonly solved with Newton’s method, which
attains a locally quadratic convergence rate in the vicinity of the solution. Given an initial guess
(Pn;0

n;h;S
n;0
w;h), at each nonlinear step k = 0; 1; 2; : : : the linearized system

JG(Pn;k
n;h;S

n;k
w;h)

 
�Pn;k

n;h
�Sn;kw;h

!

= �G(Pn;k
n;h;S

n;k
w;h) (11)

is solved, where JG is the Jacobian of G. The solution vector is iteratively updated as
 

Pn;k+1
n;h

Sn;k+1
w;h

!

=
 

Pn;k
n;h

Sn;kw;h

!

+
 

�Pn;k
n;h

�Sn;kw;h

!

(12)

until some convergence criterion is met. For instance, the Newton loop may terminate once the
relative norms of the update




(�Pn;k
n;h;�Sn;kw;h)




 or the residual



G(Pn;k

n;h;S
n;k
w;h)




 are smaller than a
predetermined tolerance.

2.4 Appleyard damping and time step cutting
The robustness of Newton’s method may be enhanced by employing damping or line search methods.
Newton’s method with Appleyard damping (hereafter referred to as NewtonAppleyard) is commonly
used in porous media simulations. In its simplest implementation, it limits the cellwise saturation
update per Newton iteration to a prescribed threshold

�Sn;kw;K  sgn
�
�Sn;kw;K

�
max

n����Sn;kw;K

��� ;�SAY

o
; 8K 2 Th; (13)

with �SAY = 0:2 in the numerical experiments in this work. Despite its heuristic nature, New-
tonAppleyard has been shown to improve robustness of Newton’s method in various regimes by
moderating saturation updates near regions of strong nonlinearity [51].

To ensure convergence and improve computational e�ciency, the nonlinear solver is often
combined with time step decrease or increase. If Newton’s method converges at a time step tn, the
next time step size �n+1 is increased or decreased according to the observed number of nonlinear
iterations. This adjustment seeks to maintain a roughly constant number of nonlinear iterations per
time step. If convergence is not achieved, the time step size �n is reduced and the step is retried.

2.5 Nonlinearities in the fractional �ow problem and challenges for
Newton’s method

Convergence of Newton’s method is often impeded by the strong nonlinearities of the discretized
problem (8). A primary source for these di�culties are nonlinearities in the numerical fractional
�ow function

fnw;K;e :=
F n

w;K;e

F n
t;K;e

=
�n;up

w;e

�n;up
t;e
�

1
F n

t;K;e

�n;up
w;e �n;up

n;e

�n;up
t;e

Te
�
pnc;K � p

n
c;K0

�
; (14)

which governs the ratio of wetting and total phase �ux and provides a strong coupling between �ow
and transport [24, 31, 50].
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This function exhibits strong nonlinearities arising from the nonlinear constitutive relations,
which can introduce in�ections, as well as the PPU scheme, which can introduce non-smooth kinks.
These nonlinearities have been extensively studied, and it has been shown that Newton updates
crossing these nonlinearities can cause failure to converge. This e�ectively limits the convergence
radius of Newton’s method [24, 31, 50].

Moreover, nonlinear relative permeabilities cause the o�-diagonal entries of the submatrix @Gtransp

@Sn;kw;h

of the Jacobian, which couples the transport equation to the saturation variable, to vanish in the
degenerate case where saturations approach their residual values. This restricts the propagation speed
of saturation fronts during a Newton loop and consequently leads to slow nonlinear convergence [26].

For a self-contained exposition of this article, we recall some results of [24, 31, 50, 26] on the
nonlinearities and their impact on Newton convergence in detail in Section A.

3 Homotopy continuation and adaptivity
We have discussed above in Section 2.5 the challenges for Newton’s method applied to problem (8).
In this section, we introduce the homotopy continuation method that iteratively approaches the
target problem from an auxiliary problem with a�ne constitutive laws to mitigate these challenges.

3.1 Homotopy continuation
Rather than solving the target problem

Gtarget(Pn
n;h;S

n
w;h) := G(Pn

n;h;S
n
w;h) = 0 (15)

directly, we construct a homotopy function by forming a convex combination with a simpler auxiliary
problem

Gaux(Pn
n;h;S

n
w;h) = 0 (16)

that poses fewer challenges to Newton’s method. The HC function is de�ned as

H(Pn
n;h;S

n
w;h; �) := �Gaux(Pn

n;h;S
n
w;h) + (1� �)Gtarget(Pn

n;h;S
n
w;h) = 0; � 2 [0; 1]: (17)

Here, the continuation parameter � serves as an interpolation weight in the convex combination
between Gaux and Gtarget, thereby continuously deforming the auxiliary problem into the target
problem as � decreases from 1 to 0. The HC method proceeds by �rst solving the auxiliary problem
at � = 1 and then iteratively tracing the homotopy curve H de�ned by

H :=
n�

Pn
n;h;S

n
w;h

�
j 9� 2 [0; 1] : H

�
Pn

n;h;S
n
w;h; �

�
= 0

o
� R2jThj (18)

as � decreases to 0, eventually approaching the approximate solution to the target problem.

3.2 Approximately tracing the homotopy curve
To approximately trace the homotopy curve, we employ an iterative predictor-corrector (PC)
algorithm. The interval [0; 1] is partitioned into a strictly decreasing sequence

1 = �0 > �1 > �2 > : : : ; �i ! 0: (19)

At each �i, the problem
H
�
Pn;i

n;h;S
n;i
w;h; �

i
�

= 0
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is solved with Newton’s method (corrector) to approximate the point
�
Pn;i

n;h;S
n;i
w;h

�
on the homotopy

curve. The previous solution
�
Pn;i�1

n;h ;Sn;i�1
w;h

�
serves as the initial guess (predictor). This speci�c PC

algorithm, utilizing a zeroth-order predictor, is known as an embedding algorithm.
Figure 1 sketches the homotopy curve and two steps of the embedding algorithm. The central

idea of the embedding algorithm is that, for a small step size �� = �i�1 � �i, the solution to
H
�
Pn;i�1

n;h ;Sn;i�1
w;h ; �i�1

�
= 0 can be expected to lie close to the solution to H

�
Pn;i

n;h;S
n;i
w;h; �i

�
= 0.

Speci�cally, the step size �� may be chosen such that the predictor lies within Newton’s convergence
region for solving H(�; �i) = 0, ensuring that the solution to the corrector can be found [4].

Theoretical convergence guarantees for the PC algorithm hold under certain assumptions. Namely,
if H is a smooth map, its Jacobian has full-rank everywhere along the homotopy curve, the initial
problem Gaux

�
Pn

n;h;Snw;h
�

= 0 is solved exactly; and an explicit Euler predictor is used [4]. These
assumptions are not satis�ed exactly in our setting, as H is a non-smooth map due to the PPU term
in Gtarget and obtaining an exact solution to Gaux

�
Pn

n;h;Snw;h
�

= 0 is, in general, not possible. In
practice, we assume that a well-chosen Gaux and suitable convergence criteria for the HC loop and
the Newton corrector loop yield a robust method to approximately solve Gtarget

�
Pn

n;h;Snw;h
�

= 0.
This relaxation of the theoretical assumptions is supported by the numerical results presented
in Section 5.

Various con�gurations of the PC algorithm have been explored for the numerical solution of PDE.
These include the use of higher-order predictors [9] and the use of single-step Newton correctors [26].

�

(Pn
n;h;S

n
w;h)

1 0

Figure 1: The solutions
�

Pn;in;h;S
n;i
w;h

�
vary along the homotopy curve as the continuation parameter � decreases from � = 1 (simpler

auxiliary problem) to � = 0 (target problem). Dotted circles represent local Newton convergence regions, which are expected to shrink as
the complex problem is approached. Directly solving the target problem with Newton’s method from the same initial guess as for the HC
method is here assumed to be unfeasible due to a too small convergence region. In contrast, the HC methods advances via intermediate
solutions located within the convergence regions of subsequent HC iterations. The �gure illustrates two predictor ( ) and two corrector
( ) steps of the PC algorithm.

3.3 Adaptive homotopy continuation

To e�ciently trace the homotopy curve, our goal is to minimize the cumulative number of Newton
iterations within each time step, that is, over all outer HC iterations. Using �xed and overly strict
stopping criteria, both the outer HC loop and the inner Newton corrector loop tend to oversolve
their respective subproblem. Speci�cally:

� For values of �i far from zero, it is unnecessary to let the Newton corrector loop converge
to very high/machine precision. Instead, it su�ces to approach the homotopy curve closely
enough such that the next predictor lies within the convergence region of the next Newton
corrector.
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� The numerical approximation obtained by solving the discrete problem (8) incurs an error
inherent to the spatial and temporal discretizations. Once the error originating from solving
the HC problem at �i instead of the target problem at � = 0 is negligible compared to this
discretization error, the HC loop can be stopped.

To guide a more sophisticated curve tracing we employ an adaptive homotopy continuation (AHC)
method. It is based on an a posteriori error estimate that distinguishes three sources of error: (1) the
discretization error from the spatial and temporal scheme, equations (8), (9), and (7b); (2) the HC
error from solving the intermediate problem at �i instead of the target problem; (3) the linearization
error from a not yet converged Newton corrector. We denote computable estimators of the error
components by �disc; �HC; �lin, respectively, such that the total error is bounded by the sum of the
components �tot � �disc + �HC + �lin. The construction of these estimators is detailed in Section 4.

At each HC step i, Newton’s method is performed until the ratio of the linearization to the
HC estimator �lin

�HC
falls below a prescribed threshold 
lin < 1. The HC loop itself terminates once

the ratio of the HC to the discretization estimator �HC
�disc

drops below another prescribed threshold

HC < 1. The error estimators and the adaptive criteria along the homotopy curve are sketched
in Figure 2.

The decay factor �i = �i�1

�i controls the step size along the homotopy curve. We employ a simple
heuristic, similar to adaptive time stepping methods, to determine � at each continuation step.
When the Newton corrector converges, � is adapted according to the number of Newton iterations.
Many iterations lead to an increased � (slower decay of �), while few iterations lead to a decreased
� (faster decay of �). The aim is to keep the number of Newton iterations per corrector step in a
prede�ned range. If the Newton corrector fails to converge, �i is recomputed with increased �i and
the corrector step is retried. As the new �i lies closer to �i�1, the predictor step returns an initial
guess closer to the solution and more likely within Newton’s convergence radius. More sophisticated
methods for adapting �, for example, based on the tangent or the curvature of the homotopy curve
have been developed [8, 4] and can be combined with the AHC method.

The AHC algorithm for approximating the solution to the target problem (15) at time step n,
incorporating adaptive stopping criteria for both the continuation and Newton corrector loops as
well as adaptive decay, is summarized in Algorithm 3.1.

Algorithm 3.1: HC algorithm with adaptive stopping criteria at time step n � 1

1 parameters �0; 
HC; 
lin; kmax

2 i n i t i a l i z e i = 0; �0 = 1; (Pn;�1
n;h ;Sn;�1

w;h ) = (Pn�1
n;h ;Sn�1

w;h )
3 while �HC > 
HC�disc :
4 i n i t i a l i z e k = 0; (Pn;i;0

n;h ;Sn;i;0
w;h ) = (Pn;i�1

n;h ;Sn;i�1
w;h )

5 while �lin > 
lin�HC and k < kmax :
6 s o l v e JH(Pn;i;k

n;h ;Sn;i;k
w;h ;�i)(�Pn;i;k

n;h ;�Sn;i;k
w;h ) = �H(Pn;i;k

n;h ;Sn;i;k
w;h ;�i)

7 update (Pn;i;k+1
n;h ;Sn;i;k+1

w;h ) = (Pn;i;k
n;h ;Sn;i;k

w;h ) + (�Pn;i;k
n;h ;�Sn;i;k

w;h )
8 update k = k + 1
9 i f k < kmax :

10 update decay �i+1 based on number o f Newton i t e r a t i o n s k
11 update �i+1 = �i+1�i

12 s e t (Pn;i
n;h;S

n;i
w;h) = (Pn;i;k

n;h ;Sn;i;k
w;h )

13 update i = i+ 1
14 else :
15 i n c r e a s e �i

16 repeat HC step i with �i = �i�i�1
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�

Analytical
solution space

(pnn ; snw)

1 0

Weak solution at
� = 0

�

Discrete
solution space

(Pn
n;h;S

n
w;h)

1 0

Approximate solution at
HC step i and Newton step k

�lin

�HC

�disc

Total error E

Figure 2: Illustration of the AHC algorithm. The AHC method traces the curve in the discrete solution space. The total error E
measures how far the numerical approximation is from being a weak solution to the target problem at � = 0. At each homotopy and
Newton iteration, the total error is bounded above by the sum of the linearization error estimator �lin, the continuation error estimator
�HC, and the discretization error estimator �disc. Once the error ratios cross the adaptive thresholds (marked with red dots ), the
inner and outer loop stop, respectively.

3.4 Design of the auxiliary problem Gaux with linear constitutive laws
As established in Section 2.5, in�ections and kinks in the numerical �ux function are primary
factors contributing to convergence challenges in Newton’s method. In Sections 3.1 to 3.3, we
have introduced AHC as a method for robust nonlinear convergence. We now describe how to
construct a homotopy function tailored to deal with the nonlinearities in the discretized fractional
�ow formulation.

Since these nonlinearities stem from the nonlinear constitutive laws and the upwinded phase
mobilities, we construct the auxiliary problem by adopting linear relative permeabilities and vanishing
capillary pressure. Recalling Section 2.5, de�ne the auxiliary relative permeabilities and capillary
pressure as

kr;w;aux(sw) = ŝw; kr;n;aux(sw) = 1� ŝw; pc;aux(sw) = 0: (20)

This results in the following �uxes

F n
t;aux;K;e;

�
pnn;h; s

n
w;h

�
= �n;up

t;aux;eTe
�
pnn;K � p

n
n;K0

�
; (21a)

F n
w;aux;K;e;

�
pnn;h; s

n
w;h

�
=
�n;up

w;aux;e

�n;up
t;aux;e

F n
t;K;e: (21b)

The numerical �uxes for the homotopy problem at step �i are convex combinations of the auxiliary
and target �uxes, understood as functions of

�
pnn;h; snw;h

�

F n;i
�;K;e = �iF n

�;aux;K;e + (1� �i)F n
�;K;e; � 2 ft;wg: (22)

At �0 = 1, the numerical fractional �ow function is strictly convex or strictly concave, cf. Figure 14b
in the appendix. This choice promises to facilitate Newton’s convergence for the initial HC problem
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i = 0 even at large time steps, as established by prior studies [24, 50]. The robustness of this design
of the HC method for the two-phase �ow problem then arises from the relative insensitivity of
mass distribution to the speci�c choice of constitutive relations, as con�rmed by numerical results,
cf. Figure 10. As a result, cellwise saturations vary only modestly between HC iterations and
cellwise saturation updates in the Newton corrector loop typically remain within regions bounded
by in�ections and kinks of the numerical �ux functions, promoting robust convergence [24, 31, 50].

Additionally, our HC design addresses slow convergence due to slow moving saturation fronts in
the degenerate case, as discussed in Section 2.5. This is analogous to the vanishing di�usion HC
method introduced in [26]. The initial linear relative permeabilities enable global mass distribution
within a few Newton iterations at �0 = 1. At subsequent HC iterations, fast Newton convergence
is ensured due to: (1) predominantly local mass changes that limit the distance saturation fronts
travel during each Newton corrector step; and (2) derivatives not vanishing, as saturations are away
from residual values.

Remark 3.1 (Homotopy continuation and adaptive regularization). We emphasize that HC closely
resembles adaptive regularization methods such as [15, 21, 20], see also the references therein.
However, it di�ers fundamentally in that adaptive regularization methods gradually approximate
sti�/non-di�erentiable regions with a sequence of smooth functions. In contrast, during HC, when �
drops below 1, the non-di�erentiable kinks of Gtarget render H itself non-di�erentiable. Consequently,
only the initial HC problem Gaux is fully tractable for Newton’s method in the sense that the problem
is smooth. In subsequent curve tracing iterations, the bene�t of HC for Newton’s method lies in the
proximity of the initial guess to the solution.

4 A posteriori error estimates and stopping criteria
In this section, we derive the error estimators used within the AHC Algorithm 3.1, which requires
the decomposition of the total error into contributions from discretization, HC, and linearization.
Our approach builds on established theory of a posteriori error estimators. Guaranteed and fully
computable a posteriori error estimators have been widely adopted to inform numerical methods for
a broad class of partial di�erential equations and discretizations [15, 21, 48, 47, 16, 17, 3, 1, 40, 34,
30, 28], and solvers [20, 18, 2, 35, 44].

First, we recall the general a posteriori error estimation framework for fully implicit CCFVM
discretizations of incompressible immiscible two-phase �ow [48]. The framework provides the
foundation for deriving a decomposed upper bound that distinguishes the di�erent error contributions.
To quantify the contribution from the HC method, we draw upon ideas from the recent adaptive
regularization frameworks for nonlinear elliptic equations [20], Stefan’s equation [15], and Richards’
equation [21].

4.1 Continuous and discrete function spaces
We brie�y introduce necessary notation. Let ! � 
 denote any open subset of 
 and let I � [0; T ]
denote any subinterval of the time domain. We de�ne by L2(!) the space of square-integrable
functions on !, equipped with the standard inner product (v; w)! :=

�
! vw dx and the corresponding

norm kvk! :=
q

(v; v)!. Next, we de�ne by H1(!) the Sobolev space of scalar-valued functions with
square-integrable weak gradients. For brevity, we omit the domain when ! = 
. The subspace of
functions in H1 with zero trace on the Dirichlet boundary �D is denoted by H1

�D and its dual space
is denoted by H�1, equipped with the duality pairing h�; �i. We de�ne the associated Bochner space
X(I) := L2

�
I;H1

�D

�
, equipped with the natural norm k’k2

X(I) :=
�
I kr’k

2dt. Its dual space X�(I)
consists of all continuous linear functionals on X(I), equipped with the operator norm induced by
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the natural norm. The duality pairing h�; �iX�(I);X(I) is abbreviated by h�; �iI . For brevity, we omit
the interval when I = [0; T ]. Furthermore, we de�ne the space of vector �elds with square-integrable
divergence H(div;
) and its subspace H�N (div;
), consisting of vector �elds whose normal trace
vanishes on the Neumann boundary �N in the appropriate weak sense. Lastly, we de�ne the product
space �Y := L2 (0; T ;L1(
))� L2

�
0; T ;L2(
)d

�2
. The general solution space is then de�ned as the

subset Y :=
n

(�;v;w) 2 �Y j @t� 2 L2 (0; T ;H�1(
)) ; �(�; 0) = s0
w

o
containing only scalar functions

with an existing weak temporal derivative and satisfying the prescribed initial saturation conditions.
Both the analytical solutions and the numerical approximations to (3) considered in this work lie in
Y .

Next, we introduce the discrete spaces for the numerical approximations. The broken Sobolev
space H1(Th) := fv 2 L2(
) j vjK 2 H1(K) 8K 2 Thg associated with the mesh Th consists of scalar-
valued functions that are cellwise in H1(K), but may be discontinuous across faces. The zeroth-order
Raviart�Thomas�NØdØlec �nite element space, consisting of speci�c cellwise-a�ne vector-valued
functions with a continuous normal component across faces, is denoted by RTN0 � H�N (div;
) [6].
The space of cellwise polynomials of j-th total degree is denoted by Pj(Th). Similarly, for any
functional vector space V , denote by Pj� (I; V ) the space of V -valued piecewise polynomials of degree
j in time. For piecewise-a�ne functions in time, v 2 P1

� ((0; T ]; V ), we de�ne the discrete temporal
derivative on the interval In as

@nt v := @t (vjIn) =
1
�n

�
vn � vn�1

�
: (23)

4.2 Weak formulation of the fractional �ow problem
The accuracy of a numerical approximation to the two-phase �ow problem (3) is quanti�ed by its
deviation from the weak formulation of (3). Commonly, the weak formulation is written in terms of
the global and complementary pressure [12, 13]:

P (pn; sw) = pn �
� sw

0

�w(�)
�t(�)

p0c(�) d�; (24a)

Q(sw) = �
� sw

0

�n(�)�w(�)
�t(�)

p0c(�) d�: (24b)

These variables possess higher regularity than the phase pressures and saturations, thereby enabling
de�nition of the weak solution. Since pc is monotone, Q is invertible, with its inverse denoted by

S (Q) = sw: (24c)

We adjust the weak formulation in a nonstandard way that expresses residuals directly in terms
of �uxes and saturation. The global and complementary pressures are used solely to de�ne these
quantities. This formulation is tailored to analyze CCFVM approximations, which are locally mass
conservative, but lack conforming pressure representations.

De�nition 4.1 (Residuals). Let (�;v;w) 2 Y . The local-in-time �ow residualR
ow (�;v;w) 2 X�(I)
and transport residual Rtransp (�;v;w) 2 X�(I) are de�ned by

hR
ow (�;v;w) ; ’iI :=
�
I
� (v;r’)� (qt; ’) dt; 8’ 2 X(I); (25a)

hRtransp (�;v;w) ; ’iI :=
�
I
h�@t�; ’i
 � (w;r’)� (qw; ’) dt; 8’ 2 X(I); (25b)

respectively.
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De�nition 4.2 (Weak solution). A weak solution to (3) is a triplet (sw;ut;uw) 2 Y satisfying the
following conditions:

1. There exists a global-complementary pressure pair (P;Q) 2 X2 such that

ut = ���t(S (Q))rP; (26a)
uw = �� (�w(S (Q))rP +rQ) ; (26b)
sw = S (Q); (26c)

interpreted in a weak sense;

2. The triplet (sw;ut;uw) satis�es the mass conservation equations (3) in a weak sense, that is,
for all test functions ’ 2 X,

hR
ow (sw;ut;uw) ; ’i[0;T ] = 0; (27a)

hRtransp (sw;ut;uw) ; ’i[0;T ] = 0: (27b)

We note that the complementary pressure Q satis�es a parabolic equation and thus admits
stronger temporal regularity than P , with Q 2 L1

�
I;H1

�D(
)
�
� X. In this work, this property is

not exploited. For further details on existence, uniqueness, and properties of the weak solution, we
refer the reader to [13]. For the purpose of this work, we assume su�ciently regular problem data to
guarantee existence of a weak solution in the sense of Theorem 4.2.

4.3 Canonical numerical representation
The implicit CCFVM, (8), (9a) and (9b), provides an approximation to a solution of equations (26)
and (27) at discrete spatial and temporal levels. To analyze deviations from the weak formulation,
we extend this approximation to a temporally continuous representation in the solution space Y.
Because CCFVM is locally mass-conservative, it is natural to interpret the solution as a triple of
cellwise-constant saturation and continuous �ux functions reconstructed from interface values.

Denote by
�
pn;i;kn;h ; s

n;i;k
w;h

�
2 P0 (Th) the approximation of (pn; sw) at time step n, HC iteration

i, and Newton iteration k. The target �ux functions un;i;k�;h 2 RTN0 (Th) ; � 2 ft;wg, are directly
obtained from the interface �uxes by prescribing the degrees of freedoms (one per cell face)

�
un;i;k�;h � nK ; 1

�

e
= F n

�;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
; 8e 2 Eh: (28)

Recall that F n
�;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
denotes the CCFVM �uxes, (9a) and (9b) with target constitutive

laws, evaluated at the approximation
�
pn;i;kn;h ; s

n;i;k
w;h

�
.

Approximations at previous time steps m < n are written as �m. From the saturations and
the �uxes, we de�ne the continuous piecewise-a�ne in time representation

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
2

P1 ([0; T ];P0 (Th))� P1 ([0; T ];RTN0 (Th))2 � Y by

�n;i;kh;� (�; tn) = �n;i;kh ; �n;i;kh;�

�
�; tn�1

�
= �n�1

h : (29)

For some speci�ed functions, the extension in time is piecewise-constant instead, that is

�n;i;kh;� jIn = �n;i;kh ; �n;i;kh;� jIn�1 = �n�1
h : (30)

Remark 4.3 (Piecewise polynomial approximation). Due to the inherent nonlinearity of the
problem, the piecewise polynomial nature of the approximation, and the upwind discretization of
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phase mobilities, the saturation and �uxes of the CCFVM solution cannot be simultaneously extended
in space and time consistently. This inconsisteny manifests itself as a deviation from the fractional
�ow relation

uw =
�w (sw)
�t (sw)

ut +
�w (sw)�n (sw)

�t (sw)
rpc (sw) : (31)

This discrepancy is acknowledged and incorporated into the error measure introduced in the next
section.

4.4 Error measure
Error estimators are introduced to quantify the discrepancy between the weak solution as in Theo-
rem 4.2 and the discrete solution obtained using the CCFVM, equations (8) to (9b), while aiming
at isolating di�erent sources of error. Following the methodology outlined in [48, 12], we assess
both the residual errors and the deviations originating from modeling assumptions inherent to the
CCFVM. In particular, this includes discrepancies associated with non-conforming representations
of global and complementary pressure.

De�nition 4.4 (Error measures). Given a discrete approximation (sn;i;kw;h;� ;u
n;i;k
t;h;� ;u

n;i;k
w;h;� ) 2 Y, the

local error measure on a time interval In comprises �ve components. The deviation from the weak
mass conservation equations (27) is quanti�ed by the dual norm of the residuals

�
ow;In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
:= jjjR
ow

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
jjjX�(In)

= sup
’2X(In);k’kX(In)=1

D
R
ow

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
; ’
E

In
; (32a)

�transp;In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
:= jjjRtransp

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
jjjX�(In)

= sup
’2X(In);k’kX(In)=1

D
Rtransp

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
; ’
E

In
; (32b)

Additionally, we quantify deviation from Darcy’s law for total and wetting �ux, (26a) and (26b),
and deviation from the saturation-pressure relation (24c). To compare volume-integrated �uxes
with accumulation terms, we introduce a characteristic length scale LK(x). For a given mesh Th,
LK is locally proportional to the diameter of the control volume K; in particular, in two dimensions
LK � jKj

1
2 , and we set

�Darcy+SP;In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
:=

8
<

: inf
(P̂ ;Q̂)2X2(In)

�
In




un;i;kt;h;� + ��t

�
S
�
Q̂
��
rP̂





2

dt

+
�
In




un;i;kw;h;� + �
�
�w

�
S
�
Q̂
��
rP̂ +rQ̂

�



2

dt

+
�
In




LK�@t
�
sn;i;kw;h;� �S

�
Q̂
��




2
dt
) 1

2

:

(32c)

The total error combines the residual, Darcy, and saturation-pressure components

�In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
:=

�
�
ow;In

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�2

+ �transp;In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�2
� 1

2

+ �Darcy+SP;In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
:

(32d)

For all error measures, we de�ne the corrensponding global-in-time error via �2�;(0;T ) =
P
n �2�;In .
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Remark 4.5 (Total error and weak solution). The total error (32d) on the full time interval is zero
if and only if the approximation (sw;h;� ;ut;h;� ;uw;h;� ) coincides with a weak solution of the two-phase
�ow problem in the sense of Theorem 4.2.

Remark 4.6 (Scaling and physical units). The Darcy’s law and saturation-pressure error measures
are scaled according to the related terms in the residuals. In addition, the saturation-pressure error
measure is scaled with the characteristic length scale LK. These scalings ensures that all error
measures have the same physical units.

4.5 Equilibrated �ux and pressure reconstruction
The next subsections focus on deriving a computable upper bound for the total error (32d) and its
decomposition into distinct error contributions. The analysis follows the construction and results
presented in [48, 12]. In addition to the assumption of homogeneous boundary conditions, we
impose the restriction that the source terms q�; � 2 ft;wg, are piecewise constant in time and
cellwise constant in space. These limitations are made for clarity of the exposition, as they eliminate
additional error estimator terms. Extensions to more general settings and any additional necessary
assumptions, for example, on the regularity of constitutive relations, are either discussed in the cited
references or pointers to relevant literature are provided therein.

We start by introducing the equilibrated �uxes and pressure reconstructions. These post-processed
functions of the numerical approximation enforce a local �ux equilibrium and conforming pressure
approximations, respectively. Thereby, they provide reasonably sharp estimates of the residual error
norm, and the Darcy’s law and saturation-pressure error measure.

De�nition 4.7 (Reconstructions). For any piecewise-a�ne in time and cellwise-constant in space
saturation function s�;h;� , an equilibrated phase �ux function is a piecewise-constant in time vector-
valued function ��;h;� 2 P0

� ((0; T ];H�N (div;
)) with �n�;h;� := ��;h;� j(tn�1;tn] such that

(�@nt s�;h;� +r � �n�;h;� � q
n
�; 1)K = 0; 8K 2 Th 81 � n � N: (33a)

An equilibrated total �ux function is a function �t;h;� 2 P0
� ((0; T ];H�N (div;
)) that satis�es

(r � �nt;h;� � q
n
t ; 1)K = 0; 8K 2 Th 81 � n � N: (33b)

A pressure reconstruction refers to any conforming function  2 X.

Remark 4.8 (Construction of an equilibrated total �ux function). If sw;h;� + sn;h;� = 1 , then an
equilibrated total �ux function can be obtained by summing the two equilibrated phase �ux functions

�t;h;� = �w;h;� + �n;h;� :

Equilibrated �uxes and pressure reconstructions are constructed from the numerical approximation�
pn;i;kn;h ; s

n;i;k
w;h

�
as follows. Recall from Section 3.4 that F n;i

�;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
denotes the numerical �uxes

at time step n and HC iteration i, evaluated at the numerical approximation
�
pn;i;kn;h ; s

n;i;k
w;h

�
. Since

CCFVM is locally mass-conservative, these �uxes are continuous across element interfaces and induce
�ux functions in H�N (div;
) by construction. To obtain equilibrated �ux functions in the sense
of (33), it su�ces to enforce the equilibrium condition. Following [48, 12], we construct linearized
face �uxes from the Newton update as follows:

F n;i;k�1
�;K;e := F n;i

�;K;e

�
pn;i;k�1

n;h ; sn;i;k�1
w;h

�

+
X

K02Te

@F n;i
�;K;e

@pn;K0

�
pn;i;k�1

n;h ; sn;i;k�1
w;h

�
�
�
pn;i;kn;K0 � p

n;i;k�1
n;K0

�

+
X

K02Te

@F n;i
�;K;e

@sw;K0

�
pn;i;k�1

n;h ; sn;i;k�1
w;h

�
�
�
sn;i;kw;K0 � s

n;i;k�1
w;K0

�
; 8e 2 Eh:

(34)
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From the linearized face �uxes, local-in-time equilibrated �ux functions �n;i;k�;h 2 RTN0, � 2 ft;wg,
are de�ned by directly prescribing the degrees of freedom (one per cell face) of the functions:

�
�n;i;k�;h � nK ; 1

�

e
= F n;i;k�1

�;K;e ; 8e 2 Eh: (35)

Piecewise-constant in time equilibrated �ux functions �n;i;k�;h;� are obtained via (30). In the a posteriori
error estimators, the �uxes �n;i;kt;h;� ;�

n;i;k
w;h;� will be compared to un;i;kt;h;� ;u

n;i;k
w;h;� from (28) to obtain an

upper bound on the residual norms in (32a) and (32b).
To obtain pressure reconstructions that provide good upper bounds in equation (32c), we follow

a two-step approach.
Step 1: We construct nonconforming pressures that approximately satisfy Darcy’s law (26). From

the numerical approximation
�
pn;i;kn;h ; s

n;i;k
w;h

�
, cellwise-constant global and complementary pressure

functions �P n;i;k
h := P (pn;i;kn;h ; s

n;i;k
w;h ), �Qn;i;k

h := Q(sn;i;kw;h ) 2 P0(Th) are evaluated via (24). The post-
processed pressures P n;i;k

h ; Qn;i;k
h 2 P2(Th) are then uniquely de�ned, at all discrete times tn, such

that their gradients, when scaled with permeability and mobility according to Darcy’s law, match
the target �ux functions un;i;k�;h :

�
���t

�
sn;i;kw;K

�
rP n;i;k

h jK �nK ; 1
�

e
= F n

t;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
; 8e 2 EK 8K 2 Th; (36a)

P n;i;k
h (xK) = �P n;i;k

K ; 8K 2 Th; (36b)
�
��rQn;i;k

h jK �nK ; 1
�

e
= F n

c;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
; 8e 2 EK 8K 2 Th; (37a)

Qn;i;k
h (xK) = �Qn;i;k

K ; 8K 2 Th: (37b)

Here, F n
c;K;e is the capillary interface �ux as de�ned in (9c). The above construction is consistent

with the TPFA scheme, which interprets cell pressures and faces �uxes as barycenter values and
transmissibility-scaled gradients, respectively [27]. It is well-known that reconstructing the pressures
such that the scaled gradients match the �ux gives a reasonably sharp estimate of the in�mum of
the �rst two terms in equation (32c).

Step 2: The globally conforming reconstructions of the global and complementary pressures,
denoted by

�
~P n;i;k
h ; ~Qn;i;k

h

�
2 P2(Th) \H1(
), are constructed using the Oswald averaging interpola-

tor [28]. For each quadratic Lagrange node � 2 N 2
h , the value of the reconstructed function at � is

computed by averaging the values from all grid cells sharing �, that is,

~P n;i;k
h (�) =

1
jT� j

X

K2T�

P n;i;k
h jK (�); 8� 2 N 2

h ; (38a)

~Qn;i;k
h (�) =

1
jT� j

X

K2T�

Qn;i;k
h jK (�); 8� 2 N 2

h ; (38b)

where jTvj denotes the number of grid cells sharing �.
Finally, the reconstructed pressures

�
~P n;i;k
h ; ~Qn;i;k

h

�
are extended to continuous piecewise-a�ne in

time functions
�

~P n;i;k
h;� ; ~Qn;i;k

h;�

�
via (29). The extended pressure reconstructions are conforming, that

is, ~P n;i;k
h;� ; ~Qn;i;k

h;� 2 X.

4.6 Computable a posteriori error estimate

With the above equilibrated �uxes and pressure reconstructions, we can de�ne error estimators and
prove a general upper bound for the error. For a given numerical approximation

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
,
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we de�ne the local-in-space �ux, Darcy, and saturation-pressure error estimators for each time step
1 � n � N , and each grid cell K 2 Th:

�n;i;kF;t;K(t) :=



un;i;kt;h;� (t)� �

n;i;k
t;h





K
; (39a)

�n;i;kF;w;K(t) :=



un;i;kw;h;� (t)� �

n;i;k
w;h





K
; (39b)

�n;i;kDarcy;t;K(t) :=



un;i;kt;h;� + ��t

�
S
�

~Qn;i;k
h;�

��
r ~P n;i;k

h;�





K

(t); (39c)

�n;i;kDarcy;w;K(t) :=



un;i;kw;h;� + �

h
�w

�
S
�

~Qn;i;k
h;�

��
r ~P n;i;k

h;� +r ~Qn;i;k
h;�

i



K

(t); (39d)

�n;i;kSP;K(t) :=



LK�@nt

�
sn;i;kw;h;� �S

�
~Qn;i;k
h;�

��



K

(t): (39e)

After addressing all prerequisites, we recall the result on the guaranteed upper bound on the error
from [48, 12].

Theorem 4.9 (Guaranteed a posteriori error estimate). On each discrete subinterval In; 1 � n � N ,
the local-in-time total error is bounded above by

�In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
�

8
<

:
X

�2ft;wg

�
In

X

K2Th

�n;i;kF;�;K(t)2 dt

9
=

;

1
2

+

8
<

:
X

�2ft;wg

�
In

X

K2Th

�
�n;i;kDarcy;�;K(t)

�2
dt+

�
In

X

K2Th

�
�n;i;kSP;�;K(t)

�2
dt

9
=

;

1
2

:

(40)

To make this article self-contained, we recall the proof in Section B.

4.7 Error decomposition
To obtain a numerical approximation of (3) using the AHC method, one discretizes the temporal
and spatial domains, traces the homotopy curve towards the target problem, and solves the Newton
corrector loop. Each of these contributes to the total error of the approximation at each AHC step.
To ensure robust stopping criteria within the AHC algorithm 3.1, the error estimator of Theorem 4.9
must be decomposed into components that accurately quantify the respective sources of error.

We now derive the corresponding estimators and discuss their implementation within the AHC
framework. Recalling the de�nition of the face �uxes w.r.t target constitutive laws (9a) and (9b),
face �uxes w.r.t HC constitutive laws (28), and the linearization of those (34), we de�ne the HC
and linearization error �ux functions cn;i;k�;h ; ‘

n;i;k
�;h 2 RTN0 � H�N (div;
) in the spirit of [21, 48, 18]

�
cn;i;k�;h � nK ; 1

�

e
= F n;i

�;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
� F n

�;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
; 8e 2 Eh; (41a)

�
‘n;i;k�;h � nK ; 1

�

e
= F n;i;k�1

�;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
� F n;i

�;K;e

�
pn;i;kn;h ; s

n;i;k
w;h

�
; 8e 2 Eh: (41b)

The local-in-time functions cn;i;k�;h ; ‘
n;i;k
�;h are extended to piecewise-constant in time functions cn;i;k�;h;� ; ‘

n;i;k
�;h;� ,

via (30).
The HC error �ux functions cn;i;k�;h correspond to the mass �uxes that would occur if the constitutive

laws at the current �i in the HC loop were switched out with the target constitutive laws at � = 0.
Importantly, cn;i;k�;h is equal to zero when the AHC method reaches the target problem at � = 0.

The linearization error �ux functions approximate the mass �uxes between two consecutive
Newton iterations. The linearization error �ux function ‘n;i;k�;h become identically zero when Newton’s
method converges and the local updates pn;i;kn;K � pn;i;k�1

n;K and sn;i;kw;K � sn;i;k�1
w;K approach zero. The
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behavior of the HC and linearization error �ux functions is veri�ed numerically in Sections 5.3.2
and 5.4.1.

Furthermore, we separate the discretization error estimator into components corresponding to
the error arising from temporal and spatial discretizations. This allows, for example, a more nuanced
approach to the SPE10 benchmark, where the spatial discretization error is of limited practical
importance as described in Section 5.4.

The local error estimators for HC, linearization, and temporal discretization are de�ned as

�n;i;kHC;�;K := kcn;i;k�;h;�kK ; (42a)

�n;i;klin;�;K := k‘n;i;k�;h kK ; (42b)

�n;i;ktemp;�;K(t) := kun;i;k�;h;� (t)� u
n;i;k
�;h kK : (42c)

We de�ne the global spatial discretization, temporal discretization, continuation, and linearization
error estimators

�n;i;kspat :=

8
<

:
X

�2ft;wg

�
In

X

K2Th

�
�n;i;kDarcy;�;K(t)

�2
dt+

�
In

X

K2Th

�
�n;i;kSP;K(t)

�2
dt

9
=

;

1
2

; (43a)

�n;i;ktemp :=

8
<

:
X

�2ft;wg

�
In

X

K2Th

�
�n;i;ktemp;�;K(t)

�2
dt

9
=

;

1
2

; (43b)

�n;i;kHC :=

8
<

:
X

�2ft;wg

�
In

X

K2Th

�
�n;i;kHC;�;K

�2
dt

9
=

;

1
2

=

8
<

:
X

�2ft;wg
jInj

X

K2Th

�
�n;i;kHC;�;K

�2
9
=

;

1
2

; (43c)

�n;i;klin :=

8
<

:
X

�2ft;wg

�
In

X

K2Th

�
�n;i;klin;�;K

�2
dt

9
=

;

1
2

=

8
<

:
X

�2ft;wg
jInj

X

K2Th

�
�n;i;klin;�;K

�2
9
=

;

1
2

: (43d)

The total discretization error estimator combines the spatial and temporal components

�n;i;kdisc := �n;i;kspat + �n;i;ktemp: (43e)

With the error component estimators in place, we can state the following result, whose proof follows
from a straight-forward application of the triangle inequality.

Corollary 4.9.1. (Error decomposition) It holds

�In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
� �n;i;kspat + �n;i;ktemp + �n;i;kHC + �n;i;klin = �n;i;kdisc + �n;i;kHC + �n;i;klin : (44)

Remark 4.10 (Implementation of the estimators). The temporal, HC, and linearization estimators
are either piecewise constant or piecewise a�ne per time interval, hence fully computable from
a numerical approximation (sw;h;� ;ut;h;� ;uw;h;� ). In contrast, the nonconformity and saturation-
pressure estimators involve integrals of terms that are nonlinear in both time and space due to the
nonlinearities in S and ��; � 2 ft;wg. Therefore, evaluation requires quadrature rules of su�cient
accuracy in time and space. We refer the reader to [48] for details of the implementation.

Additionally, we note that the error estimators and the AHC method can be extended to account
for additional sources of error. This allows, for example, to employ early stopping for iterative linear
solvers, cf. [48, 18].
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5 Numerical experiments
We verify the expected estimator behavior and evaluate computational e�ciency and robustness of
the AHC method under varying degrees of nonlinearity on numerical examples. The examples are
inspired by the SPE10 [14] and SPE11B [37] benchmarks. The geometry of the SPE11B benchmark
consists of distinct homogeneous facies and enables a spatial and temporal convergence study to
verify the expected behavior of the respective error estimators. The SPE10 benchmark features
layers with varying spatial heterogeneity. In the highly heterogeneous layers, �ow occurs primarily
through narrow channels. The resulting near-hyperbolic problems with a sharp saturation front pose
signi�cant convergence challenges to nonlinear solvers. For both benchmarks, multiple setups are
run, varying in choice of constitutive laws, initial conditions, and grid re�nement.

We compare the robustness and the convergence speed of AHC with that of HC without adaptivity,
Newton’s method, and NewtonAppleyard, see Table 1. To ensure a fair comparison, both Newton
solvers are equipped with adaptive stopping criteria as follows. We use the same estimators as
in AHC, setting � = 0 to eliminate the continuation estimator, whereas the nonlinear solver is
considered converged once �lin � 
lin�disc. In the non-adaptive HC, the outer HC loop is deemed
converged once the next HC step would yield � � 0:01 and the inner Newton corrector loop is
deemed converged once




(�Pn;i;k
n;h ;�Sn;i;kw;h )




 � 5� 10�5.

5.1 Relative error measure and relative estimators
The error measures (32) quantify deviation from the weak solution in terms of �uxes. Therefore,
they have physical values and depend on the choice of units. To obtain a dimensionless error metric,
we de�ne the following pseudo-energy of the system

JIn
�
un;i;kt;h;� ;u

n;i;k
w;h;�

�
:=

8
<

:
X

�2fw;ng

�
In




un;i;k�;h;�





2

dt

9
=

;

1
2

: (45)

The pseudo-energy represents the cumulative �ux magnitude over the time interval In. The relative
error measures and relative error estimators are obtained by dividing by the pseudo-energy:

�̂�;In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�
:=

��;In
�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�

JIn
�
un;i;kt;h;� ;u

n;i;k
w;h;�

� ; (46)

�̂n;i;k� :=
��

JIn
�
un;i;kt;h;� ;u

n;i;k
w;h;�

� : (47)

5.2 Temporal error estimator scaling
When combined with time step cutting, the contribution of the temporal discretization error
may become very small after several successive time step reductions. In particular in the SPE10
example where we disregard the spatial error component, cf. Section 5.4, the adaptive convergence
criterion may become very strict, even though the user deliberately accepted a relatively large
error by prescribing a large initial time step size. We account for this fact by scaling the temporal
error estimator. Suppose the time step intended to reach tn fails to converge. After time step
cutting, the original interval [tn�1; tn] is divided into subintervals [tn�1; tnnew]; : : : ; [tn+m�1

new ; tn+m
new ] with

tn+m�1
new < tn � tn+m

new . For each k � m, we then rescale the temporal error estimator such that its size
re�ects the originally intended time step size and therefore the originally admitted error. Speci�cally,

�n;i;ktemp;adj :=
 
�n

� knew

!r
�n;i;ktemp; (48)
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where �n denotes the original step size, � knew the reduced step size, and r is the expected temporal
convergence rate. In the numerical examples in this work, we assume a sublinear rate r = 0:75. The
discretization estimator used in Algorithm 3.1 is then �n;i;kdisc = �spat + �temp;adj.

Solver Description Adaptive stopping
criteria

Convergence behavior

AHC Homotopy continuation
from a problem with linear
constitutive laws to the
target problem


HC 2 f0:1; 0:01g,

lin = 0:1

Robust for highly nonlinear
�ux functions and degener-
ate problems at low phase
mobilities

HC �"� No �"�
Newton Classical Newton lineariza-

tion

lin = 0:1 Locally quadratic

NewtonAppleyard Newton method with Apple-
yard damping (cellwise sat-
uration updates limited to
�SAY = 0:2


lin = 0:1 Robust for highly nonlin-
ear �ux functions, converges
more slowly than classical
Newton

Table 1: Overview of nonlinear solvers used in the numerical experiments.

5.3 Example 1: SPE11B

First, we consider a simpli�ed version of the SPE11B benchmark [37]. The comparatively homoge-
neous geometry of this benchmark �ts nicely for a convergence study of the error estimators. We
study viscous-dominated �ow regimes, where the primary nonlinear solver challenge arises from
in�ections in the numerical �ow function.

5.3.1 Setup

In contrast to the full SPE11B benchmark, which includes gravity, heterogeneous capillarity, and
miscible phases, we omit these complexities and run the incompressible immiscible two-phase �ow
model (1) on the SPE11B geometry. The domain consists of multiple strati�ed layers of di�erent
permeability and porosity, with a fault connecting the two most permeable regions. CO2 (� = n)
is injected simultaneously at two wells into a water-saturated (� = w) domain. No-�ow boundary
conditions are imposed at the top and bottom boundaries, while homogeneous Dirichlet boundary
conditions are prescribed at the lateral boundaries. The full model parameters are speci�ed in Table 2.
Because the error estimator framework necessitates a parabolic transport equation, capillary pressure
can not be entirely disregarded in viscous-dominated �ow regimes. To alleviate the nonlinear solver
challenges associated with the coupling of viscous and capillary �ow, we set the capillary entry
pressure to a low value.

The benchmark geometry is shown in Figure 3. Figure 4 presents the evolution of the pressure
and saturation �elds over 3000 d for an exemplary simulation computed on a �ne temporal grid.
The injected CO2 phase propagates from the injection wells towards the Dirichlet boundaries in
relatively even �ow patterns.

5.3.2 Behavior of the error estimators

We �rst examine the validity of the decomposed error estimators in quantifying error contributions
from spatial and temporal discretization, the HC loop, and the Newton corrector loop. The spatial
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Parameter Value
Domain size 8400 m� 1200 m
No. grid cells from 822 to 10 737
Porosity (�) Heterogeneous; range: 0:1 to 0:35

Permeability (�) Heterogeneous & isotropic;
range: 1� 10�16 m2 to 2� 10�12 m2

Phase viscosities (�w; �n) �w = 1:002� 10�3 Pa s, �n = 7:772� 10�5 Pa s
Residual saturations sres;w = 0:15; sres;n = 0:1

Relative permeability Corey model with nw = nn 2 f2; 3g
& Brooks�Corey model with n1 = 1; n2 2 f1:25; 1:5g; n3 = 2

Capillary pressure Brooks�Corey model with pe = 30 Pa; nb = 4
Initial time step (�) 3000 d (= total simulation time)
Total simulation time (T ) 3000 d
Injection rate (qw) 0:035 kg=s (both wells)
Initial conditions s0

w = 0:8 to 0:9

Boundary conditions Top and bottom boundaries: no-�ow bc
lateral boundaries: Dirichlet bc with p = 3� 107 Pa

Table 2: Simpli�ed SPE11B benchmark: Model parameters.

(a) Permeability �eld (m2) (b) Porosity �eld (-)

Figure 3: Simpli�ed SPE11B benchmark: permeability and porosity. In comparison to the original benchmark, all facies feature the
same entry pressure. The Dirichlet boundary �D is marked in red, and cells with zero permeability and porosity are masked in black. The
y-axis is exaggerated by a factor of three, so the y-tick values must be divided by three.
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(a) CO2 saturation at t = 1000 d (-) (b) CO2 pressure at t = 1000 d (Pa)

(c) CO2 saturation at t = 3000 d (-) (d) CO2 pressure at t = 3000 d (Pa)

Figure 4: Simpli�ed SPE11B benchmark: Saturation and pressure �eld for an exemplary simulation over time. Saturation and pressure
�elds for an exemplary simulation over time. The simulation is run with the Brooks�Corey capillary pressure model with pe = 30 Pa; nb = 4,
the Brooks�Corey relative permeability model with n1 = 2; n2 = 1 + 1

nb
= 1:25; n3 = 2, initial saturation of s0

w = 0:8, and a uniform time
step size of �n = 10 d. Each time step is solved with NewtonAppleyard with 
lin = 10�5.

and the temporal error estimator decrease with convergence rates � 1 and � 0:5 as the spatial and
temporal grids are re�ned, respectively, cf. Figures 5a and 5b.

Next, we �x the grid and time step size and study the behavior of the estimators of error
components during one HC loop, cf. Figure 5c. On a comparatively simple viscous-dominated case,
AHC converges robustly within a single time step covering the entire simulation interval, that is,
� 1 = T . The estimator evolution con�rms that the discretization, HC, and Newton estimators
isolate their designated error component. The discretization estimator remains constant after the
fourth cumulative nonlinear iteration, indicating that this value represents the upper error bound
imposed by spatial and temporal discretization. Meanwhile, the continuation estimator decreases
progressively as the continuation parameter � is decayed, but remains approximately constant
within each corrector step. Finally, the linearization estimator decreases rapidly as the Newton loop
converges smoothly in each corrector step. This demonstrates that for convergent inner and outer
loops, the derived estimators ful�ll their designated role in practice.

In contrast, for a viscous-capillary �ow regime with degenerate initial phase mobilities, AHC
fails to converge at the largest time step � 1 = T , cf. Figure 5d. The nonlinearities lead to divergence
of the Newton corrector loop once � is decayed to 0:1. The HC step is then retried with larger
values of �, but ultimately, the method can not trace the homotopy curve further than � � 0:25.
We highlight that in the case of Newton divergence, all three estimators, discretization, continuation,
and linearization, behave erratically and lose their interpretability. In particular, when some or
all of the estimator components grow large (� 1020) the adaptive convergence criterion for the
Newton corrector and the HC loop may be satis�ed purely by coincidence rather than indicating
true convergence. This necessitates an additional check before the adaptive criterion is applied: The
Newton corrector loop terminates once �lin � 
lin � �HC and




H
�
P n;i;k

n;h ; Sn;i;kw;h ; �i
�


 � �:

The appropriate value for � depends on the simulation and its physical units and must be set by the
user.
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(a) Convergence of the spatial error estimator �spat for a setup with the Brooks�
Corey capillary pressure model with nb = 4 and pe = 30 Pa, the Brooks�Corey
relative permeability model with n1 = 2; n2 = 1 + 1

nb
= 1:25; n3 = 2, and

s0
w = 0:8.

(b) Convergence of the temporal error estimator �temp for a setup with the
Brooks�Corey capillary pressure model with nb = 4 and pe = 30 Pa, the
Brooks�Corey relative permeability model with n1 = 2; n2 = 1 + 1

nb
=

1:25; n3 = 2, and s0
w = 0:8.

(c) Estimator evolution during one AHC solve for a setup with the Brooks�
Corey capillary pressure model with nb = 4 and pe = 30 Pa, the Brooks�Corey
relative permeability model with n1 = 2; n2 = 1 + 1

nb
= 1:25; n3 = 2, and

s0
w = 0:8. �HC and �lin decrease as AHC and Newton converge, respectively.

(d) Estimator evolution for a setup with the Brooks�Corey capillary pressure
model with nb = 4 and pe = 200 Pa, the Brooks�Corey relative permeability
model with n1 = 2; n2 = 1 + 1

nb
= 1:25; n3 = 2, and s0

w = 0:9. The

nonlinearities prevent convergence of AHC at the initial time step �1 = T .
For �i / 0:25; the Newton corrector step diverges.

Figure 5: Simpli�ed SPE11B benchmark: Convergence study of the distinct error estimators.
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The total relative error estimator after convergence of AHC with 
HC = 0:01 on a single time
step varies between �̂n;i;ktot � 1:51 and �̂n;i;ktot � 1:7 for the di�erent �ow regimes at 10737 grid cells,
as reported in the labels of Figures 6a to 6d. The total error is dominated by the temporal and
spatial discretization errors. We emphasize that for the initial time step, the relative temporal error
estimator will always be � 0:8 due to how the time integrals in the estimator and the pseudo-energy
terms are numerically approximated.

5.3.3 Nonlinear solver performance comparison

Next, we compare the computational e�ciency of AHC, HC, Newton, and NewtonAppleyard on
viscous-dominated �ow regimes for di�erent relative permeability models and initial saturations.

Initially, all solvers attempt to solve the entire simulation within a single time step. If they fail
to converge, time step cutting is applied. Although the temporal error may be signi�cant, assessing
convergence at large time steps is essential to the solver performance study. Successful nonlinear
convergence at large steps removes the need for time step cutting due to convergence constraints and
allows the time step size to be determined solely based on the temporal discretization error. The
number of time steps and nonlinear iterations required by each solver to simulate the entire time
interval is reported in Figure 6. The default Newton solver reaches the minimal admissible time
step in all cases before convergence, demonstrating the challenge of this comparatively simple �ow
regime. In comparison, AHC and HC consistently converge in a single time step. Furthermore, they
substantially reduce the number of cumulative nonlinear iterations compared NewtonAppleyard,
which requires severe time step reductions both in the degenerate and nondegenerate cases for all
relative permeability models, cf. Figures 6a and 6b. On coarser grids, the advantage of AHC and
HC over NewtonAppleyard diminishes.

AHC requires roughly half as many cumulative nonlinear iterations as HC. When run with

HC = 0:1, AHC converges between one and three outer iterations earlier than with 
HC = 0:01.
The latter converges at approximately the same � value as HC. This shows that the computational
e�ciency gain of AHC over HC arises from reductions in both the number of outer HC iterations
and the number of inner steps within each Newton corrector loop.

5.4 Example 2: SPE10

Next, we consider numerical examples based on the SPE10 benchmark [14]. This benchmark is
widely used to evaluate numerical methods for multiphase �ow in porous media. It features 85 layers
with di�erent problem characteristics. The lower 50 layers exhibit strong heterogeneities, whereas the
upper 35 layers are more homogeneous. We �rst study both viscous-dominated and viscous-capillary
�ow regimes in detail on the highly heterogeneous layer 55 of the benchmark. Afterward, we
conduct a performance study for all 85 layers of the benchmark for a viscous-dominated �ow regime.
This allows to assess the solver performance independent of biases associated with individual layer
geometries, such as well placement in near-impermeable regions.

In the SPE10 benchmark, the spatial discretization error estimator is of limited informative value
because the permeability represents an upscaled grid property rather than the �ne-scale permeability
of the formation. Consequently, the discretization error estimator presumably overestimates the
true discretization error signi�cantly. To avoid any bias favoring the adaptive nonlinear solvers,
we disregard the spatial error (43a) and consider only the temporal error (43b) for the adaptive
convergence criterion.
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(a) Convergence for di�erent relative permeability models for s0
w = 0:9. For

all setups, the Brooks�Corey capillary pressure model with nb = 4 is used. For
the runs with the Brooks�Corey relative permeability model, the parameters
n1 = 2; n2 = 1 + 1

nb
; n3 = 2 are used with the value of nb shown in the

�gure. The total relative errors after convergence of AHC with 
HC = 1:74
are �̂tot � 1:7, �̂tot � 1:6, and �̂tot � 1:57, respectively.

(b) Convergence for di�erent relative permeability models for s0
w = 0:8. For

all setups, the Brooks�Corey capillary pressure model with nb = 4 is used. For
the runs with the Brooks�Corey relative permeability model, the parameters
n1 = 2; n2 = 1 + 1

nb
; n3 = 2 are used with the value of nb shown in the

�gure. The total relative errors after convergence of AHC with 
HC = 0:01
are �̂tot � 1:68, �̂tot � 1:7, �̂tot � 1:52, and �̂tot � 1:51, respectively.

(c) Convergence at di�erent grid re�nements for s0
w = 0:9. For all setups,

the Brooks�Corey capillary pressure and relative permeability model with
nb = 4; n1 = 2; n2 = 1:25; n3 = 2 are used. The total relative errors after
convergence of AHC with 
HC = 0:01 are �̂tot � 4:81, �̂tot � 4:34, and
�̂tot � 1:7, respectively.

(d) Convergence at di�erent grid re�nements for s0
w = 0:8. For all setups,

the Brooks�Corey capillary pressure and relative permeability model with
nb = 4; n1 = 2; n2 = 1:25; n3 = 2 are used. The total relative errors after
convergence of AHC with 
HC = 0:01 are �̂tot � 5:0, �̂tot � 4:42, and
�̂tot � 1:68, respectively.

Figure 6: Simpli�ed SPE11B benchmark: Comparison of cumulative nonlinear iterations and time stepping behavior for di�erent relative
permeability models and di�erent grid re�nements.
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5.4.1 Example 2a: SPE10 layer 55

Layer 55 lies within the Upper-Ness region of the SPE10 geometry and is characterized by strong
heterogeneity. Several of the viscous-dominated setups we study exhibit strong hyperbolic behavior
along the evolving sharp saturation front. This presents signi�cant challenges for the nonlinear solver.
In addition, we consider cases with coupled viscous-capillary �ow, where an additional nonlinear
di�culty arises from the kinks in the numerical �ux function introduced by PPU.

Setup We run a �ve-spot setup where water (� = w) is injected at a constant rate at the center of
the domain. A mixture of water and oil (� = n) is produced from four wells located at the domain
corners, each operating at constant bottom hole pressure. The production wells are simulated by
prescribing homogeneous Dirichlet boundary conditions in the vicinity of the domain corners. The
physical and numerical parameters for the simulation are summarized in Table 3. To alleviate the
nonlinear solver challenges associated with the coupling of viscous and capillary �ow we adopt
two simpli�cations in the viscous-dominated regimes. We apply a linear capillary pressure model
pc = pe + c(1� ŝw) and set the entry pressure to a low value.

Parameter Value
Domain Rectangular of size 365:8 m� 670:56 m (single layer)
No. grid cells 7934
Porosity (�) Heterogeneous, range: 1� 10�5 to 0:5

Permeability (�) Heterogeneous & isotropic
range: 1:57� 10�18 m2 to 1:974� 10�11 m2

Phase viscosities (�w; �n) �w = 1:002� 10�3 Pa s, �n = 3:0� 10�3 Pa s
Residual saturations sres;w = 0:2 = sres;n

Relative permeability linear & Corey model with nw = nn = 2 and nw = nn = 3
& Brooks�Corey model with n1 = 1; n2 2 f1:25; 1:5g; n3 = 2

Capillary pressure linear with c = 5 & Brooks�Corey model with
pe = 50 Pa to 300 Pa; nb 2 f2; 4g

Initial time step (�) 30 d (= total simulation time)
Total simulation time (T ) 30 d
Injection rate (qw) 87:5 m3=d (center well)
Production pressure (pn) 2:758� 107 Pa (at each corner well)
Initial conditions s0

w = 0:2 to 0:3

Boundary conditions Homogeneous pressure and saturation values along Dirichlet
boundary �D; no �ow across Neumann boundary �N

Table 3: SPE10 benchmark: Model parameters.

The layer 55 geometry is shown in Figure 7. Figure 8 presents the evolution of the pressure and
saturation �elds over time for an exemplary simulation computed on a �ne temporal grid. The
injected water phase propagates along narrow channels of high permeability from the injection well
toward the corner production wells on the right-hand side.

Behavior of the error estimators To gain a better understanding of the estimators, we examine
the spatial distribution of the local HC estimators �n;i;kHC;�;K , the di�erence in saturation and pressure
between the solutions obtained at � = 1 and � = 0, and the temporal discretization estimators
�n;i;ktemp;�;K , cf. Figure 9. The quantities are not fully comparable, as one measures di�erence in
saturation and the other measures magnitude of mass �ux. Nevertheless, the general distributions of
the dominating parts of both measures align visually, as shown in Figures 9b to 9d. This indicates
that the HC estimators are reliable indicators for determining the di�erences in saturation caused by

27



(a) Permeability �eld � (m2) (b) Porosity �eld � (-)

Figure 7: SPE10 benchmark layer 55: permeability and porosity. The Dirichlet boundary �D is marked in red.

(a) Water saturation sw at t = 15 d (-) (b) Oil pressure at pnt = 15 d (Pa)

(c) Water saturation at sw t = 30 d (-) (d) Oil pressure pn at t = 30 d (Pa)

Figure 8: SPE10 benchmark layer 55: Saturation and pressure �elds for an exemplary simulation over time. The simulation is run with
the linear capillary pressure model with pe = 50 Pa, the Brooks�Corey relative permeability model with n1 = 2; n2 = 1:25; n3 = 2, initial
saturation of s0

w = 0:3, and a uniform time step size of �n = 1 d. Each time step is solved with NewtonAppleyard with a non-adaptive
stopping criterion.
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di�ering constitutive laws. In contrast, the pressure di�erence is not captured by either estimator.
This is expected, as the estimator framework does not control pressures.

The main contribution to the total error estimate are the temporal discretization estimators
�n;i;ktemp;t and �

n;i;k
temp;w. The largest local error estimators are located in saturated regions along the �ow

channels, where �uxes are large, cf. Figures 9e and 9f.

(a) Relative di�erence in nonwetting pressure
jp n;aux �p n;target j

pn;aux
at t = 30 d (-).

(b) Relative di�erence in wetting saturation��sw;aux �s w;target

��
sw;aux

at t = 30 d plotted in log-

scale (-).

(c) �n;i;k
HC;t;K after convergence of the inner Newton

loop (k = 6) at i = 0; �0 = 1 at t = 30 d.

(d) �n;i;k
HC;w;K after convergence of the inner New-

ton loop (k = 6) at i = 0; �0 = 1 at t = 30 d.

(e) �n;i;k
temp;t;K (T ) after convergence of the inner

Newton loop (k = 6) at i = 0; �0 = 1 at t = 30 d.

(f) �n;i;k
temp;w;K (T ) after convergence of the inner

Newton loop (k = 6) at i = 0; �0 = 1 at t = 30 d.

Figure 9: SPE10 benchmark: Di�erence in �nal saturation and pressure distributions between the auxiliary problem and the viscous-
dominated target problem. Both problems have initial data s0

w = 0:3. The target problem is run with the linear capillary pressure model
with pe = 50 Pa and the Brooks�Corey relative permeability model with n1 = 2; n2 = 1:25; n3 = 2. Distributions of the local HC and
temporal discretization error estimators are plotted for comparison.

We next analyze the convergence behavior of the AHC method and both Newton solvers for the
viscous-dominated �ow regime.

First, we consider the fully degenerate case where the initial wetting saturation is set to
s0

w = sw;res = 0:2. In this regime of vanishing wetting mobility and nonlinear relative permeabilities,
the saturation front advances by only one grid cell per nonlinear iteration [26]. This signi�cantly
slows down convergence of both the standard Newton method and NewtonAppleyard. Moreover, the
saturation �eld at intermediate Newton steps exhibits nonphysical behavior, which manifests as a
checkerboard saturation pattern around the source term, cf. Figures 10d and 10e. This is presumably
a consequence of the in�ections and kinks in the �ow function, as discussed in Section 2.5. Run at
the maximum time step size � = T , for both Newton and NewtonAppleyard, these issues cause the
residual norm to increase and the solver eventually diverges.

In comparison, in the nondegenerate case s0
w = 0:5 with high initial phase mobilities, NewtonAp-

pleyard redistributes mass to the correct region within a few iterations and converges reliably as
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illustrated in Figures 10f and 10g.

Our choice of the initial AHC problem exploits Newton’s stable behavior away from degeneracies.
Recall that at � = 1, a problem with linear relative permeabilities is solved. The di�usivity of the
linear relative permeabilities facilitates e�cient mass transport toward the intermediate solution
during the Newton corrector loop as proved in [26] and seen in Figure 10a. After the �rst HC
step, phase mobilities are no longer zero in most areas, cf. Figure 10b. Now, mass can move freely
across multiple cells per Newton step. Furthermore, as � is gradually decayed, only minor mass
redistribution occurs, so that nonlinearities in the �ow function pose fewer challenges to the Newton
corrector, cf. Figure 10c. Each Newton corrector step converges therefore quickly and reliably.

Nonlinear solver performance comparison Next, we compare the performance of the various
solvers. First, we consider an elliptic-hyperbolic scenario with degeneracies due to vanishing initial
wetting mobility (s0

w = 0:2), cf. Figure 11a. HC and AHC converge robustly in a single time step,
regardless of the chosen relative permeability models. In contrast, Newton requires severe time step
cuts for all relative permeability models and NewtonAppleyard requires time step cuts for three out
of four relative permeability models. Studying higher initial wetting mobilities s0

w = 0:225 to 0:3,
cf. Figures 11b and 11c, both Newton and NewtonAppleyard show a trend to more robust convergence
and fewer time step cuts as the degeneracies vanish with increasing initial mobility. Nevertheless,
time step cutting is still required for most relative permeability models. This indicates that the
inferior performance of Newton and NewtonAppleyard stems from both the nonlinearities in the
numerical �ow functions induced by the nonlinear relative permeabilities and the lack of di�usion
during Newton updates at low initial wetting saturations. HC and AHC can handle both challenges,
cf. Figures 11b and 11c. As in the SPE11B benchmark, AHC requires fewer cumulative nonlinear
iterations than HC for both adaptive stopping ratios 
HC = 0:1 and 
HC = 0:01. The former
converges to a higher and the latter to a lower � than HC for all �ow regimes. This shows that the
improved e�ciency of the adaptive method comes from the stopping criteria in both the outer and
the inner loop.

Increasing capillary forces shift the problem toward a viscous-capillary �ow regime that results
in an elliptic-parabolic behavior. Results are shown in Figures 11d to 11f. AHC converges in
one time step for most combinations of capillary pressure and relative permeability models, entry
pressures, and initial saturations. However, time step cutting is required in two cases, namely for
the Brooks�Corey capillary pressure and relative permeability model with nb = 2, pe = 100 Pa, and
s0

w = 0:3, and with nb = 4, pe = 100 Pa, and s0
w = 0:225. In the latter case, AHC converges in

one time step for the less strict adaptive criterion 
HC = 0:1, which converges at � = 0:017. This
indicates that the nonlinear problems along the homotopy curve of this speci�c case are traceable
with Newton’s method, except toward the end of the curve. This showcases the advantage of using
an adaptive criterion to determine convergence of HC, as the solver obtains an accurate solution
without having to trace the homotopy curve all the way.

In all viscous-capillary �ow regimes, AHC and HC require between four to ten times fewer
cumulative nonlinear iterations than Newton’s method. Whenever AHC and HC converge in
one time step, they require between two to �ve times fewer cumulative nonlinear iterations than
NewtonAppleyard. Only in two and three cases where AHC and HC require time step cutting,
respectively, NewtonAppleyard has a computational advantage. However, even in those cases AHC
requires less severe time step cutting than NewtonAppleyard, indicating that the method is slightly
more robust. The better e�ciency of NewtonAppleyard in these cases comes from tackling the target
problem directly instead of having to solve multiple nonlinear problems along the homotopy curve.
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(a) AHC: Water saturation at i = 0; �0 = 1 after 2
Newton iterations (k = 2).

(b) AHC: Water saturation at i = 0; �0 = 1 after
convergence of Newton (k = 6).

(c) AHC: Water saturation at i = 6; �6 = 0:14 after
convergence of Newton (k = 5).

(d) NewtonAppleyard: Water saturation after 10
Newton iterations (k = 10).

(e) NewtonAppleyard: Water saturation after 19
Newton iterations (k = 19).

(f) NewtonAppleyard: Water saturation after 2 New-
ton iterations (k = 2).

(g) NewtonAppleyard: Water saturation after con-
vergence (k = 9).

Figure 10: SPE10 benchmark: Figures 10a to 10e display intermediate solver states on a simulation in the hyperbolic & degenerate limit
with s0

w = 0:2, the linear capillary pressure with pe = 50 Pa, and Brooks�Corey relative permeabilities with n1 = 2; n2 = 1:25; n3 = 2.
All solvers attempt to simulate the full interval �1 = T without time step subdivision. Figures 10f to 10g display intermediate states of
NewtonAppleyard for a scenario with s0

w = 0:5 and therefore high initial mobility.
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(a) Viscous-dominated case with degeneracies at s0
w = sw;res = 0:2. For

all setups, the linear capillary pressure model with pe = 50 Pa is used. For
the runs with the Brooks�Corey relative permeability model, the parameters
n1 = 2; n2 = 1 + 1

nb
; n3 = 2 are used with the value of nb shown in the �gure.

(b) Viscous-dominated case with fewer degeneracies at s0
w = 0:3 > sw;res. For

all setups, the linear capillary pressure model with pe = 50 Pa is used. For
the runs with the Brooks�Corey relative permeability model, the parameters
n1 = 2; n2 = 1 + 1

nb
; n3 = 2 are used with the value of nb shown in the �gure.

(c) Viscous-dominated case with varying initial wetting saturation s0
w 2

0:2 to 0:3. For all setups, the linear capillary pressure model with pe = 50 Pa
and the Brooks�Corey relative permeability model with n1 = 2; n2 = 1:5; n3 =
2 are used.

(d) Combined viscous-capillary case with varying relative permeability models.
For all setups, the Brooks�Corey capillary pressure model with pe = 100 Pa
is used. If the Brooks�Corey relative permeability model is used, the �tting
parameters n1 = 2; n2 = 1 + 1

nb
; n3 = 2 are adjusted to the �tting parameter

nb of the capillary pressure model (this is also known as the Brooks�Corey�
Mualem relative permeability model). The initial saturation is s0

w = 0:3.

(e) Combined viscous-capillary case with varying capillary strengths pe 2
100 Pa to 300 Pa. For all setups, the Brooks�Corey capillary pressure model
with nb = 4 and the Brooks�Corey relative permeability model with n1 =
2; n2 = 1 + 1

nb
= 1:25; n3 = 2 are used. The initial saturation is s0

w = 0:3.

(f) Combined viscous-capillary case with varying initial wetting saturation
s0

w 2 0:2 to 0:3. For all setups, the Brooks�Corey capillary pressure model
with nb = 4; pe = 100 Pa and the Brooks�Corey relative permeability model
with n1 = 2; n2 = 1 + 1

nb
= 1:25; n3 = 2 are used.

Figure 11: SPE10 benchmark: Comparison of cumulative nonlinear iterations and time stepping behavior under di�erent scenarios: a
viscous-dominated �ow regime with di�ering strength of degeneracies and a coupled viscous-capillary �ow regime with di�ering strength of
capillary �ow and degeneracies.
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5.4.2 Example 2b: SPE10 all layers

To assess solver robustness for a broader range of physical parameters, we perform independent 2D
simulations for each of the 85 individual layers of the SPE10 benchmark. The highly heterogeneous
lower 50 layers exhibit similar �ow patterns to those of layer 55. In contrast, the reduced heterogeneity
in the upper 35 layers results in more homogeneous water saturation spread around the injection
point instead of �ow primarily occurring through narrow channels. As a result, the saturation fronts
in the upper layers are less steep and are therefore expected to pose fewer nonlinear di�culties. For
each layer and solver, we run a viscous-dominated case with initial saturation s0

w = 0:3 > sw;res,
away from the degenerate case. An example of the geometry and �nal solution �elds is shown for
layer 10 in Figure 12. We emphasize that some of the lower layers do not have valid �ow paths, that
is, the injection and productions wells are separated by nearly impermeable rock facies. This results
in nonphysical solutions where �uid is forced into these facies.

(a) Permeability �eld � (m2) (b) Porosity �eld � (-)

(c) Water saturation at sw t = 30 d (-) (d) Oil pressure pn at t = 30 d (Pa)

Figure 12: SPE10 benchmark: Permeability, porosity, and �nal saturation and pressure �elds for an exemplary simulation on layer 10. The
Dirichlet boundary �D is marked in red. The simulation is run with the Brooks�Corey capillary pressure model with pe = 50 Pa; nb = 4,
the Brooks�Corey relative permeability model with n1 = 2; n2 = 1 + 1

nb
= 1:25; n3 = 2, initial saturation of s0

w = 0:3, and a uniform time
step size of �n = 1 d. Each time step is solved with NewtonAppleyard with a non-adaptive stopping criterion.

Figure 13 shows the total number of nonlinear iterations and time steps required by all nonlinear
solvers for each layer. On the more homogeneous upper layers, AHC and HC consistently achieve
convergence within one time step. The adaptive stopping criteria enable faster convergence compared
to �xed stopping criteria in HC. Newton and NewtonAppleyard show little variance in convergence
performance across the upper layers. The former requires about one order of magnitude more
cumulative nonlinear iterations, while the latter requires about twice as many as AHC and HC,
except for two layers where it converges at the largest admissible time step size. The higher
cumulative iteration counts relative to AHC and HC stem from repeated nonconvergence at large
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time steps, necessitating time step reduction.
On the more heterogeneous lower layers, convergence behavior of all solvers is similar to the

results of layer 55. While AHC converges in a single time step for all layers, HC fails to do so in some
instances. Speci�cally, on layers 50 and 72, Newton’s method stagnates at a nonlinear increment
of � 10�2 at some along the homotopy curve even for small time step sizes. On layers 78 and 79
similar stagnation occurs at the initial time step, but the method eventually converges after time
step reduction. Despite the limited sample size, this again demonstrates that adaptive stopping
criteria can improve robustness of the HC method in some edge cases. For all remaining layers
where both methods converge for the initial time step size, AHC demonstrates a slight reduction in
total nonlinear iterations compared to HC. NewtonAppleyard achieves nonlinear iteration and time
step counts similar to those observed in the upper layers. It converges at the maximum admissible
time step size on two layers, despite the expected di�culties due to the strong heterogeneities. In
these cases, NewtonAppleyard converges in roughly half as many cumulative nonlinear iterations as
AHC and HC. This is because the continuation methods require multiple nonlinear solves along the
homotopy curve. Although the individual Newton solves in the corrector steps may converge faster
than a direct NewtonAppleyard solve, the cumulative number of nonlinear iterations is higher.

6 Conclusion
In this work, we introduce an adaptive homotopy continuation (AHC) method for robust and e�cient
simulation of incompressible, immiscible two-phase �ow in porous media. The method directly
addresses the primary challenges encountered by nonlinear solvers, strong nonlinearities in the
numerical �ow function and degeneracies at near-residual saturation. To overcome these di�culties,
we employ a homotopy continuation (HC) method, which gradually transitions a simpli�ed auxiliary
problem into the complex problem of interest. This approach results in a nested iterative structure,
consisting of an outer HC loop that iteratively transitions between the problems and an inner Newton
corrector loop that solves each intermediate nonlinear problem.

The main contribution of this work lies in combining HC with a posteriori error estimation.
The total error bound is decomposed into distinct error contributions from discretization, HC, and
linearization. This enables adaptive termination of the respective loops balancing the contributions
of the individual error terms. In this way, the AHC method minimizes the cumulative number of
Newton iterations and therefore the computational cost while maintaining accuracy of the �nal
result.

Numerical experiments on benchmark problems on the SPE10 and SPE11B geometries demon-
strate the e�ectiveness of the proposed method. The AHC method achieves robust convergence and
computational speedup up to 20 times compared to conventional solvers including Newton’s method
with performance-dependent time step cutting or Appleyard damping. The use adaptive stopping
criteria improves computational performance compared to classical HC. The results are consistent
across a variety of �ow regimes, including near-hyperbolic �ow in heterogeneous media, degeneracies
at low mobilities, and interplay of viscous and capillary forces. Only in two of the considered �ow
regimes on the SPE10 geometry AHC does not converge in one time step.

While the focus of this study is on the incompressible, immiscible two-phase �ow model and a
speci�c constitutive-law-based homotopy formulation, the framework is �exible and can be extended
to more complex �ow scenarios. Leveraging advances in the a posteriori error estimator framework
for two-phase �ow, these include compressible and miscible �ow with disappearing phases [5], systems
with explicit well representations [1], and alternative discretization methods [12].

The initial numerical results are encouraging, but further work is required to improve the
homotopy design and the curve-tracing strategy, in particular in the degenerate viscous-capillary
�ow regimes where AHC does not converge at the largest time step. Other possible directions
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(a)

(b)

Figure 13: SPE10 benchmark: cumulative number of nonlinear iterations and time steps for all layers. All simulations are run with
the Brooks�Corey capillary pressure model with pe = 50 Pa; nb = 4, the Brooks�Corey relative permeability model with n1 = 2; n2 =
1 + 1

nb
= 1:25; n3 = 2, and an initial saturation of s0

w = 0:3. The gaps in the line for HC, highlighted by circles, indicate layers where the
minimum admissible time step size is reached without convergence.
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for future research that may improve e�ciency and robustness are the integration of AHC with
enhanced updating strategies for the continuation parameter and higher-order predictors [11, 9]. In
addition, a detailed comparison of constitutive-law-based HC with vanishing-di�usion HC [26, 41, 25]
is of interest. Initial work in this direction has been carried out by some of the authors for the
Buckley�Leverett equation [49].

Availability of data and code
The numerical experiments were run on a fork of PorePy [29] facilitating HC and custom code
to implement a posteriori error estimates and AHC. For the pressure reconstructions, we reused
code from [45]. Instructions for reproducing the results and the custom code are publicly accessible
at https://doi.org/10.5281/zenodo.19421278.
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Appendix

A Nonlinearities in the fractional �ow problem and chal-
lenges for Newton’s method

Consider the numerical fractional �ow function fnw;K;e (14). Fixing the total �ux F n
t;K;e > 0 through an

interface e = K \K 0 to a positive value, fnw;K;e is a function of the upstream and downstream wetting
saturations sU := snw;K and sL := snw;K0 only. The relative permeability and capillary pressure models
induce in�ection curves in the numerical �ow function, while the upwinding discretization induces
non-di�erentiable kinks at transitions between co-current and counter-current �ow [31]. Figure 14
illustrates the shape of the numerical �ow function for di�erent constitutive laws and capillary �ow
strengths. The latter is characterized by the dimensionless PØclet number, which quanti�es the
relative strength of viscous to capillary forces, and for immiscible incompressible one-dimensional
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�ow reads
Pe =

ut�nL
��pc

: (49)

Here, L is the characteristic length scale and �pc the characteristic capillary pressure. In the absence
of capillary forces and with linear relative permeabilities, the numerical �ux function depends solely
on the upstream wetting saturation sU (Figure 14a). In the presence of capillary forces, the phase
�uxes transition from co-current to counter-current once the capillary pressure di�erential exceeds
the viscous �ow. The numerical fractional �ow function exhibits kinks corresponding to the onset of
counter-current �ow (Figure 14b). Nonlinear relative permeability models, such as the Brooks�Corey
model, produce in�ections in the �ow function, regardless of the PØclet number (Figure 14c). The
combination of nonlinear constitutive laws and strong capillary forces results in highly nonlinear
and non-smooth behavior (Figure 14d).

(a) Linear rel. perm., zero capillary pressure. (b) Linear rel. perm., linear cap. press.
pe = 500 Pa, Pe = 3:0

(c) Brooks�Corey rel. perm., Brooks�Corey cap. press.
pe = 100 Pa, Pe = 15:0

(d) Brooks�Corey rel. perm., Brooks�Corey cap. press.
pe = 500 Pa, Pe = 3:0

Figure 14: Numerical fractional �ow function fnw;K;e for selected constitutive laws and capillary entry pressures, cf. (14).

If a Newton update shifts a cell’s saturation too far across an in�ection curve or kink, the
Newton loop can fail to converge [31]. Consequently, the convergence region of Newton’s method
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is e�ectively limited by the distribution of in�ections and kinks in the numerical fractional �ow
function. Within a multidimensional grid, each cell’s saturation impacts multiple neighboring �uxes,
amplifying the constraints on the maximum cellwise saturation update per iteration. Thus, for
two-phase �ow problems involving pronounced nonlinearities in the relative permeability models
and strong capillarity forces, successful Newton convergence typically requires an initial guess close
to the solution and subsequently short time steps.

Convergence is also impeded by slow moving saturation fronts in �ooding scenarios, wherein one
phase invades a porous medium fully saturated by the other phase. In such degenerate �ow regimes,
models employing linear relative permeabilities have been shown to exhibit accelerated Newton
convergence compared to models with nonlinear relative permeabilities, owing to the introduction
of di�usive e�ects in the Newton updates [26]. We brie�y recall the theoretical basis to explain
how our choice of the auxiliary problem leverages this to improve the convergence rate. Fixing the
discrete pressure potentials Terepnn := Te(pnn;K�pnn;K0) and neglecting capillary forces, the discretized
transport equation (8b) for a cell K 2 Th takes the form

Gtransp;K(pnn;h; s
n
w;h) = jKj�

snw;K � s
n�1
w;K

�n
+
X

e2EK

knr;w;e
�w

Terepnn: (50a)

We partition the set of cell faces EK into upstream EK;U and downstream EK;D faces with respect to
the total �ux direction viewed from cell K. The partial derivatives of the residual with respect to
the cellwise saturation values are then given by

@Gtransp;K

@snw;K
=
jKj�
�n

+
X

e2EK;D

k0R;w(snw;K)
�w

Terepnn; (50b)

@Gtransp;K

@snw;K0
=
k0R;w(snw;K0)

�w
Terepnn 8K 0 2 fK 0 2 Te j e 2 EK;Ug: (50c)

For linear relative permeabilities, (20), these derivatives simplify to

@Gtransp;K

@snw;K
=
jKj�
�n

+
X

e2EK;D

Terepnn
(1� sw;res � sn;res)�w

; (50d)

@Gtransp;K

@snw;K0
=

Terepnn
(1� sw;res � sn;res)�w

8K 0 2 fK 0 2 Te j e 2 EK;Ug: (50e)

Notably, both the diagonal entries @Gtransp;K
@snw;K

and the o�-diagonal entries @Gtransp;K
@sn

w;K0
of the Newton

Jacobian are constant and nonzero. This facilitates mass dispersal over multiple cells along pressure
gradients within a single Newton step, independent of initial saturation distributions. By contrast, the
nonlinear relative permeability Corey and Brooks�Corey models with parameters nb > 1; n1 +n2n3 >
1, exhibit vanishing �rst derivatives k0R;w(snw;K0) at the residual saturation snw;K0 = sw;res, respectively.
All o�-diagonal entries of the submatrix of the Jacobian corresponding to the transport equation,
@Gtransp
@Snw;h

becomes zero. The residual vector Gtransp

�
Pn

n;h;Snw;h
�
is nonzero only for cells that are

already invaded and their immediate neighbors. Consequently, saturation changes can only occur in
these cells and propagation of the saturation front is restricted to one cell per Newton step.

B Proof of the general error estimate
Proof of Theorem 4.9. The proof is identical to the ones in [48, 12]. Since the reconstructed pressures
are conforming, ~Ph;� ; ~Qh;� 2 X, it follows directly from the de�nitions of the Darcy and pressure-
saturation estimators �Darcy;t; �Darcy;w and �SP in equations (39c) to (39e), that they form an upper
bound for the Darcy and pressure-saturation error (32c).
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To estimate �
ow, �x ’ 2 X(In) such that k’kX(In) = 1. By Green’s �rst identity and the fact
that �n;i;kt;h;� (t) 2 H�N (div;
), it holds (�n;i;kt;h;� ;r’) + (r� �n;i;kt;h;� ; ’) = 0 for all times t 2 In (omitting the
dependence on time �(t) in the notation). Adding this term to the inner products in the integrand
of �
ow and splitting cellwise, we obtain for all t 2 In

�
un;i;kt;h;� ;r’

�
� (qnt ; ’) =

�
un;i;kt;h;� � �

n;i;k
t;h;� ;r’

�
�
�
qnt �r � �

n;i;k
t;h;� ; ’

�

=
X

K2Th

�
un;i;kt;h;� � �

n;i;k
t;h;� ;r’

�

K
�
�
qnt �r � �

n;i;k
t ; ’

�

K
:

Due to the assumption of piecewise-constant in time and cellwise-constant source terms and by (33b),
the second term vanishes. The remaining term is bounded by applying the Cauchy�Schwarz inequality,
yielding

�
X

K2Th

kun;i;kt;h;� � �
n;i;k
t;h;�kKkr’kK

=
X

K2Th

�n;i;kF;t;Kkr’kK :

Applying the same arguments to the transport equation, we obtain for all t 2 In

D
�@tsn;i;kw;h;� ; ’

E



+ (un;i;kw;h;� ;r’)� (qw; ’) �

X

K2Th

�n;i;kF;w;Kkr’kK :

Integrating over In, applying Cauchy-Schwarz and k’kX(In) = 1, and combining the errors from the
pressure and transport equations leads to the stated upper bound

�
�
ow;In

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�2
+ �transp;In

�
sn;i;kw;h;� ;u

n;i;k
t;h;� ;u

n;i;k
w;h;�

�2
� 1

2

�

8
<

:
X

�2fw;tg

�
In

X

K2Th

�
�n;i;kF;�;K(t)

�2
dt

9
=

;

1
2

:
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