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DISCRETE POINCARE INEQUALITIES: A REVIEW ON PROOFS,
EQUIVALENT FORMULATIONS, AND BEHAVIOR OF CONSTANTS

ALEXANDRE ERN, JOHNNY GUZMAN, PRATYUSH POTU, AND MARTIN VOHRALIK

ABSTRACT. We investigate discrete Poincaré inequalities on piecewise polynomial subspaces of
the Sobolev spaces H(curl,w) and H(div,w) in three space dimensions. We characterize the
dependence of the constants on the continuous-level constants, the shape regularity and cardi-
nality of the underlying tetrahedral mesh, and the polynomial degree. One important focus is
on meshes being local patches (stars) of tetrahedra from a larger tetrahedral mesh. We also
review various equivalent results to the discrete Poincaré inequalities, namely stability of discrete
constrained minimization problems, discrete inf-sup conditions, bounds on operator norms of
piecewise polynomial vector potential operators (Poincaré maps), and existence of graph-stable
commuting projections.

1. INTRODUCTION

Let w be a three-dimensional, open, bounded, connected, Lipschitz polyhedral domain with
diameter h,,. The L2-inner product in w is denoted as <~7~>w and the corresponding norm as
|l - [lz2(w) or [|-llz2() (notation is set in details in Section 2 below). Let 7., be a tetrahedral mesh
of w. Our main motivation is the case where 7, is some local collection (patch, star) of tetrahedra
from a mesh of some larger fixed three-dimensional domain, say €.

1.1. Poincaré and discrete Poincaré inequalities on H(grad,w) = H'(w). The Poincaré
inequality

(1.1) [ull2(w) < Cphy|lgradul|zz(.), Vu € H(grad,w) such that (u, 1>w =0

is well known and omnipresent in the analysis of partial differential equations. Crucially, C3 is
a generic constant that only depends on the shape of w. For convex w, in particular, C3 <
1/m following Payne and Weinberger [44] and Bebendorf [5]. The discrete version of (1.1) for
H(grad, w)-conforming piecewise polynomials of degree (p+ 1), p > 0, on the tetrahedral mesh 7,
of w writes
(1.2)

lur|lzw) < Cg’othgrad T L2 (w)s Yur € Ppy1(7) N H(grad,w) such that (ur,1) =0.

As the functions considered in (1.2) form a subset of the functions considered in (1.1), (1.2) trivially
holds with C’g’o < C8. Moreover, similar results hold with (homogeneous) boundary condition on
the boundary dw.
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1.2. Poincaré and discrete Poincaré inequalities on H (curl,w) and H(div,w). The Poincaré
inequalities

| r2(w) < Cphollcurlul|z(,), Vu € H(curl,w) such that <u,'v>w =0

(1.3a) Vv € H(curl,w) with curlv = 0,
ull2(w) < Cphel|divul|r2(,), Vu € H(div,w) such that (u,v) =0
(1.3b) Vv € H(div,w) with dive =0

arise when the differential operators employ the curl or the divergence in place of the gradient. They
are also well known, though a bit more complicated to establish. When w is simply connected, the
orthogonality in (1.3a) means that w is orthogonal to gradients of H(grad,w) functions and thus
belongs to H(div,w), is divergence-free, and has zero normal component on the boundary dw.
Thus, (1.3a) is the so-called Poincaré—Friedrichs—Weber inequality, see Fernandes and Gilardi [33,
Proposition 7.4] or Chaumont-Frelet et al. [10, Theorem A.1]. Similarly, when dw is connected,
the orthogonality in (1.3b) means that w is orthogonal to curls of H(curl,w) functions and thus
belongs to H (curl,w), is curl-free, and has zero tangential component on the boundary dw.

In this paper, we are interested in the following discrete Poincaré inequalities for H (curl,w)-
and H (div, w)-conforming piecewise polynomials in the Nédélec and Raviart—Thomas finite element
spaces of order p, p > 0, on the tetrahedral mesh 7, of w:

lwr|lL2w) < C’g’lhw||curluT||Lz(w)7 Vur € N,(T,) N H(curl,w) such that <u7-,v7->w =0

(1.4a) Vor € N,(T,) N H(curl,w) with curlvr =0,
gLz ) < Cp2holldivur||z2 ), Yur € RT,(T.) N H(div,w) such that {(ur,vr) =0
(1.4b) Yvr € RT,(7,) N H(div,w) with dives = 0.

We will also consider the counterparts with homogeneous boundary condition on the boundary dw.
Here, unfortunately, the inequalities (1.4) do not follow from (1.3) and C’g’l, C’S’Q cannot be trivially
bounded by Cp, CE. Indeed, the kernel of the curl operator restricted to N, (7,) N H(curl,w) is
different from its kernel on H(curl,w), and similarly, the kernel of the div operator restricted to
RT,(T.,) N H(div,w) is different from its kernel on H (div,w) (the former being nontrivial and the
latter being infinite-dimensional in both cases). In contrast, the kernel of the gradient operator is
trivial (composed of constant functions) and is the same on P,41(7,)NH (grad,w) and H(grad,w),
which leads to the trivial passage from (1.1) to (1.2).

Remark 1.1 (Orthogonality constraint). When w is simply connected, a vector-valued piecewise
polynomial v+ € N,(7.,) N H(curl,w) with curlvy = 0 is a gradient of a scalar-valued piecewise
polynomial vy € Ppy1(T,)NH(grad, w); the orthogonality constraint in (1.4a) is often stated in the
literature using gradients. We prefer the writing (1.4), where the orthogonality constraints in (1.4)
are valid for a general topology.

1.3. Focus of the paper. In the literature, one often finds assertions that the discrete Poincaré
inequalities (1.4) are “known”. The purpose of this paper is to recall several equivalent reformula-
tions of (1.4), discuss the available references, formulate some possible proofs of (1.4) in an abstract
way with generic assumptions, and to establish some new results on (1.4). Our main focus is on the
characterization of the behavior of the constants Cg’l, 05’2 with respect to the constants Cy, C3,
the shape-reqularity parameter of the mesh 7T, the number of elements in T, and the polynomial
degree p. The motivation for writing explicitly the scaling with h,, in (1.2) and (1.4) is twofold: (i)
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it is important when w corresponds to a local collection of tetrahedra from a larger mesh; (ii) it
makes the constants C3 and C’g’o dimensionless.

1.4. Available results. As discussed below in more detail, the discrete Poincaré inequalities (1.4)
are equivalent to: (i) stability of discrete constrained minimization problems; (ii) discrete inf-sup
conditions; (iii) bounds on operator norms of piecewise polynomial vector potential operators (that
is, piecewise polynomial right-inverses for the curl and divergence operators, also called Poincaré
maps); and (iv) existence of graph-stable commuting projections. There are also links to lower
bounds on eigenvalues of vector Laplacians. Numerous results are available in the literature in one
of these settings.

The discrete Poincaré inequality (1.4a), with a generic constant C' in place of C’g’lhw, is presented
in Girault and Raviart [36, Chapter 3, Proposition 5.1] and Monk and Demkowicz [41, Corollary 4.2]
in three space dimensions and in Arnold et al. [3, Theorem 5.11] and Arnold et al. [4, Theorem 3.6]
more abstractly in the finite element exterior calculus setting, covering both bounds in (1.4). The
discrete Poincaré inequality in the precise form (1.4a) is established in Ern and Guermond [26,
Theorem 44.6], with C’g’l at worst depending on the continuous-level constant Cp from (1.3a),
the shape-regularity parameter of 7, and the polynomial degree p, see also [26, Remark 44.7] for
further bibliographical ressources.

Discrete inf-sup conditions are extensively discussed in the mixed finite element literature. For
instance, (1.4b) as a discrete inf-sup condition is established, with a generic constant C' in place of
C5%h,,, in Raviart and Thomas [45, Theorem 4], see also Fortin [34], Boffi et al. [7, Theorem 4.2.3
and Propositions 5.4.3 and 7.1.1], or Gatica [35, Lemmas 2.6 and 4.4.]. The form leading precisely
to (1.4b) can be found in [26, Remark 51.12], with C’S’Q at worst depending on the continuous-level
constant C3 from (1.3b), the shape-regularity parameter of 7, and the polynomial degree p.

Considering the operator norm of a piecewise polynomial vector potential operator, Demkowicz
and Babuska [18, Theorem 1], Gopalakrishnan and Demkowicz [38, Theorems 4.1, 5.1, and 6.1}, and
Demkowicz and Buffa [19, Lemmas 6 and 8] establish (1.4) with a generic constant C' independent
of the polynomial degree p (p-robustness) on a single triangle or tetrahedron. Similar results hold
on a cube and more generally on starlike domains with respect to a ball, see Costabel et al. [16] and
Costabel and McIntosh [17]. Unfortunately, none of these results addresses piecewise polynomials
with respect to a mesh 7. This issue is discussed in Boffi et al. [8, Lemma 2.5] for the p-version
finite element method on a fixed mesh.

Piecewise polynomials on patches of tetrahedra sharing a given subsimplex (vertex, edge, or
face) seem to have been addressed only more recently. Corresponding proofs employ the above-
discussed results for polynomials on one element together with polynomial extension operators from
the boundary of a tetrahedron (Demkowicz et al. [20, 21] for, respectively, the tangential or normal
trace lifting in the H (curl, w) or H (div,w) context; cf. also the recent work of Falk and Winther [32]
for a d-simplex). Following some early contributions like Gopalakrishnan et al. [39, Lemma 3.1 and
Appendix], Braess et al. [9] address vertex stars in 2D and Ern and Vohralik [29, Corollaries 3.3
and 3.8] consider vertex stars in 3D in the H(div,w) context, whereas the H (curl,w) context
is developed in Chaumont-Frelet et al. [10, Theorem 3.1] and Chaumont-Frelet and Vohralik [12,
Theorem 3.3 and Corollary 4.3] (respectively edge and vertex stars in 3D). As we shall see, these
results imply (1.4) with C’S’l, C’S’Q being p-robust, but possibly depending on the number of elements
in the mesh 7. Finally, simultaneous independence of the number of elements in the mesh 7, and
of the polynomial degree p follows from the recent result of Demkowicz and Vohralik [22] under a
shellability assumption (this notion is further discussed in Section 5.1).
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1.5. Main results and organization of the paper. We introduce some basic necessary notation
in Section 2 in order to recall in Section 3 that discrete Poincaré inequalities are equivalent with
stability of discrete constrained minimization problems, discrete inf-sup conditions, and bounds on
operator norms of piecewise polynomial vector potential operators. Section 4 then wraps up known
results on the continuous Poincaré inequalities (1.1) and (1.3) and their variants with boundary
conditions on dw. Turning next to the discrete Poincaré inqualities in Section 5, our main result is
Theorem 5.1, establishing (1.4) and its variants with boundary conditions on dw. In particular, we
thoroughly discuss the dependencies of C’g’l, C’S’Q on the constants C}, C3, the shape-regularity
parameter of 7T, the number of elements in 7., and the polynomial degree p. Three different
proofs, leading to various dependencies, are presented in Section 6, relying either on available
results from the literature (invoking equivalences between discrete and continuous minimizers or
stable commuting projections) or on a self-standing proof invoking piecewise Piola transformations.
In Section 6, we also recall the equivalence of discrete Poincaré inequalities with the existence of
graph-stable commuting projections.

2. BASIC NOTATION

Let w be a three-dimensional, open, bounded, connected, Lipschitz polyhedral domain with
boundary dw and unit outward normal n,. Let h, denote the diameter of w. We use boldface
font for vector-valued quantities, vector-valued fields, and functional spaces composed of such fields.
For simplicity, the inner product in L?(w) and L?(w) is abbreviated as <~, ~>w, whereas the norms
are written as |-||z2(w), |I|z2(w). Let H(grad,w) := H'(w) be the standard Sobolev space of
scalar-valued functions from L?(w) with weak gradient in L?(w), H(curl,w) the Sobolev space of
vector-valued functions from L?(w) with weak curl in L?(w), and H (div,w) the Sobolev space of
vector-valued functions from L?(w) with weak divergence in L?(w), cf., e.g., [36, 25]. These spaces
are Hilbert spaces when equipped with the graph norms

(2.1a) [l grad.w) = lullizw) + b llgradulzs ).
(2.1b) 1l (eurt ) = [l L2 () + B lleurlullzz ),
(21C) ||u||%-I(diV,w) = ||u||2L2(w) + hi||dlvu||i2(w)

The length scale h, is used for dimensional consistency (in terms of physical units) and corresponds
to the scaling in the Poincaré inequalities (1.3) and (1.4). We denote by H(grad,w) := H(w),
H (curl,w), and H (div,w) the subspaces with homogeneous boundary conditions imposed along
Ow with the usual trace maps associated with the trace, the trace of the tangential component, and
the trace of the normal component on dw. Specifically, for a smooth function or field, the trace
maps are 75, (u) = ulow, V3, (U) = U|aw XNy, and 73, (u) = ulow 1.

Let 7., be a triangulation of w consisting of a finite number of tetrahedra. The shape-regularity
parameter of 7, is defined as
(2.2) pr, = max h,/ir,

T€TL
where h, is the diameter of 7 and ¢, the diameter of the largest ball inscribed in 7. We also
denote by |7, the cardinal number of 7, i.e., the number of elements in 7. Let p > 0 be a fixed
polynomial degree. For a tetrahedron 7 € 7, let P,(7) denote the space of polynomials of total
degree at most p on 7, Py, (7; R3) its vector-valued counterpart,

(2.3) Ny(7) = {u(x) + = x v(z) : u,v € P,(1;R?)}



DISCRETE POINCARE INEQUALITIES 5

the p-th order Nédélec space [42], and
(2.4) RT,(7) = {u(x) + v(x)z : u € Pp(;R%),v € Py(7)}

the p-th order Raviart—-Thomas space [45]. We denote the broken spaces (that is, piecewise poly-
nomial, i.e., without any continuity requirement across the mesh interfaces) as

(2.5a) Ppr1(To) = {ur € L*(W) : ur|, € Ppy1(7),V7 € To 1},
(2.5b) No(To) = {ur € L*(w) : ur|, € Np(7),¥7 € T},
(2.5¢) RT,(T.,) := {ur € L*(w) : ur|, € RT,H(7),V1 € T, }.

The usual subspaces with continuous trace, tangential trace, and normal trace are Ppy1(7,) N
H(grad,w), N,(7.,) N H(curl,w), and RT,(7.,) N H(div,w). We proceed similarly for the homo-
geneous-trace subspaces. Here and in what follows, the subscript 7 generically refers to functions
and fields that sit in the above finite-dimensional spaces.

3. EQUIVALENT STATEMENTS FOR DISCRETE POINCARE INEQUALITIES

In this section, we recall that the discrete Poincaré inequalities (1.4) are equivalent to: (i) stability
of discrete constrained minimization problems; (ii) discrete inf-sup conditions; and (iii) bounds on
operator norms of piecewise polynomial vector potential operators. All these equivalences are
known from the literature, but possibly not that well known, and definitely seldom presented
together. We find it instructive to briefly recall them, including proofs. Similar equivalences hold
when homogeneous boundary conditions are imposed on the boundary dw and are not detailed for
brevity. These equivalences only consider finite-dimensional spaces and are rather easy to expose. A
further equivalence with the existence of graph-stable commuting projections includes the infinite-
dimensional spaces H(curl,w) and H(div,w) and requires a bit more setup; we postpone it to
Lemma 6.6 below.

To proceed, it is convenient to define the subspaces

(3.1a) Cp(Ts) = curl(N,(7,) N H(curl,w)) C {vr € RT,(T,) N H(div,w) with div vy = 0},
(3.1b) Dp(Tw) := div(RT,(7o) N H(div,w)) = P,(To).

When the boundary of w is connected, we have C,,(7.,) = {vr € RT,(7,)NH (div,w) with diver =
0}.

3.1. Equivalence with stability of discrete constrained minimization problems. Let r+ €
Cp(7.) and consider the constrained quadratic minimization problem

(3.2) ur = arg min HUT||2L2(M)-
v €N, (T )NH (curl,w)
curlvyr=rs

Since the minimization set is closed, convex, and nonempty by definition of C,(7,) and the mini-
mized functional is continuous and strongly convex, the above problem has a unique solution.

Lemma 3.1 (Equivalence of (1.4a) with stability of discrete constrained minimization in H (curl, w)).
The discrete Poincaré inequality (1.4a) is equivalent to the stability of (3.2) in the sense that

(3.3) [wi | L2y < Cphollrr |l 22 w)-
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Proof. The Euler optimality conditions for (3.2) allow for the following equivalent rewriting:
” Find u% € N,(7,) N H(curl,w) with curlu} = rr such that
(34) (ur,vr), =0 Yoy e Ny(T,) N H(curl,w) with curlvy = 0.

Thus, (1.4a) readily implies (3.3). Conversely, if (3.3) holds, given any wy satisfying the orthog-
onality constraints in (1.4a), one considers the constrained minimization problem (3.2) with data
r7 = curlus. Since w} = w7, this proves (1.4a). |
Similarly, let r+ € D,(7,) and consider the constrained quadratic minimization problem
(3.5) uy = argmin o7 (|72 ()
v €RT, (T, )NH (div,w)

divvr=rr

Lemma 3.2 (Equivalence of (1.4b) with stability of discrete constrained minimization in H (div,w)).
The discrete Poincaré inequality (1.4b) is equivalent to the stability of (3.5) in the sense that

(3.6) luF ez ) < Cp2hallrr |2 w)-

Proof. The equivalent rewriting of (3.5) using the Euler optimality conditions is

. Find w3 € RT,(7,) N H(div,w) with divus = r7 such that

3.

3.7) (ur,vr), =0 Yore RT,(T,)N H(div,w) with diver = 0.

The rest of the proof proceeds as above. O

3.2. Equivalence with discrete inf-sup conditions. Let 7 € C,(7,,) and consider the follow-
ing problem:

Find u¥ € N,(7,) N H(curl,w) and s% € C,(7,) such that
(3.8) (uy,vr), — (s, curlvr) =0 Vor € N,(T,) N H(curl,w),
(curl u*T,t7—>w = <r7—,t7—>w Vitr € Cp(To),

which is called a mixed formulation of (3.4). As the curl operator is surjective from N,(7) N
H (curl,w) onto C,(7,,) by definition (see (3.1a)), the Euler conditions (3.4) are equivalent to the
mixed formulation (3.8). We now recall that the stability property (3.3) is equivalent to the discrete
inf-sup condition

tr,curlv 1
(3.9 inf sup {er 7). > —
t1T€CH(Ts) v7ENL(To)NH (curl,w) HtT||L2(w)H'UTHL2(w) C'p7 R

)

leading via Lemma 3.1 to the following equivalence.

Lemma 3.3 (Equivalence of (1.4a) with the discrete inf-sup condition (3.9) in H(curl,w)). The
discrete Poincaré inequality (1.4a) is equivalent to the discrete inf-sup condition (3.9).

Proof. Since (1.4a) is equivalent to the stability property (3.3) as per Lemma 3.1, we prove the
equivalence between (3.3) and (3.9).

(1) Assume the stability property (3.3). Let t7 € C,(7.,). Consider, as in (3.4), the following
well-posed problem:

Find v € N,(7.,) N H(curl,w) with curlvy = t7 such that
<v7-, w7>w =0 Vwr € N,y(7,) N H(curl,w) with curlwy = 0.
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The stability property (3.3) gives ||v7|L2() < Cg’lthtTHLz(w). Now, since curl v = t7, we infer
from this bound that

o7l L2 @) IE7 1 L2 (w)
coth,,

)

(tr,curlor) = [lt7]72() >

which gives the discrete inf-sup condition (3.9).
(2) Conversely, we now suppose (3.9) and show that this implies (3.3). Let r1 € C,(7,) and let
u¥-solve (3.2). Since (3.2) is equivalent to (3.4) which is in turn equivalent to (3.8), we can consider

sk € Cp(T,,) so that the pair (w3, s%) solves (3.8). Using in (3.8) the test functions v = w3 and
t7 = s and summing the two equations, we infer that

1w lz2 ) = (P 87),, < llr7llze STz ),

where we used the Cauchy—Schwarz inequality. Now, the discrete inf-sup condition (3.9) gives the
existence of v € N,(7,,) N H(curl,w) such that

<s$—, curl v7->w

851 L2(w) < Cphe
Lt v ”vTHL2(w)

From the first equation in (3.8) and the Cauchy—Schwarz inequality, we obtain

<sj;_7 curl UT>w <u'>;—”UT>w *
= < uFllzz(w)-
o7 llL2(w) o7l L2 (w)

Combining the three above inequalities, (3.3) follows. O

Similarly, let r7 € Dp(7T.,) = Pp(Ts) and consider the following mixed formulation of (3.7):
Find uF € RT,(7,) N H(div,w) and s € P,(7,,) such that
(3.10) (ur,vr), — (s, diveor) =0 Yoy € RT,(7T,) N H(div,w),
<diV u?—,t7—>w = <7‘7’,t7’>w Vi € Pp(To).

The associated discrete inf-sup condition reads as follows:

tr,dive 1
(3.11) inf s U7, diver), >
t7€P(Te) wreRT,(To)nH (div.w) [T 22 o7 ll2w) — Cphy,

Lemma 3.4 (Equivalence of (1.4b) with the discrete inf-sup condition (3.11) in H(div,w)). The
discrete Poincaré inequality (1.4b) is equivalent to the discrete inf-sup condition (3.11).

Proof. Proceed as in the proof of Lemma 3.3. O

Remark 3.5 (Norms). We stress that we do not use here the norms for which the spaces are
Hilbert spaces, but merely L?(w)- or L?(w)-norms, in contrast to the usual practice, see, e.g., [7,
Theorem 4.2.3] or [26, Theorem 49.13], but similarly to, e.g., [46, Theorem 5.9] or [26, Remark
51.12].



8 ALEXANDRE ERN, JOHNNY GUZMAN, PRATYUSH POTU, AND MARTIN VOHRALIK

3.3. Equivalence with bounds on operator norms of piecewise polynomial vector po-
tential operators. Let 7 € C,(7,). Then a piecewise polynomial vector potential is any field
@ (rr) € Np(To) N H(curl,w) such that curl @34 (ry) = r7, and we say that

(3.12) oM ¢, (7o) — No(To,) N H(curl,w)

is a piecewise polynomial vector potential operator (piecewise polynomial right-inverse of the curl
operator). We are particularly interested in the L?(w)-norm minimizing operator

1% :
(3.13) T (ry) = arg min HUTHi?(w)a
v €N, (T )NH (curl,w)
curlvyr=rs+

with operator norm

|25 (curl vr) |12 (w)

curl,x ||| .__
(3.14) o5 = oreN, (T H(eurlw)  |[curlor]|zz ()

Lemma 3.6 (Equivalence of the best constant in (1.4a) with the operator norm of the minimal
discrete vector potential operator in H (curl,w)). The operator norm H|<I>$”l’* H| from (3.14) equals
the best discrete Poincaré inequality constant Cg’lhw from (1.4a).

Proof. Observe that (3.13) matches exactly the form of the constrained minimization (3.2). O

Again, the situation in the RT,(7.,) N H (div,w) setting is identical. Let 77 € Dp(Ts,) = Pp(Tw).
Then a piecewise polynomial vector potential is any field @4V (rr) € RT,(T.) N H(div,w) such
that div CD‘%—”(TT) = r7, and we say that

(3.15) OHY : Py(To) — RTH(To,) N H(div,w)

is a piecewise polynomial vector potential operator (piecewise polynomial right inverse of the di-
vergence operator). We are particularly interested in the L?(w)-norm minimizing operator

div, .
(3.16) I (rr) = argmin [or|de,
v €RT,(T,)NH (div,w)
divvyr=ry
with operator norm
div,x /7.
H(I)TW (le vT)||L2(w)
m :
v €RT,(To,)NH (div,w) |div v || L2 ()

317 o) =

Lemma 3.7 (Equivalence of the best constant in (1.4b) with the operator norm of the minimal

discrete vector potential operator in H(div,w)). The operator norm |||<I>$V*|| from (3.17) equals

the best discrete Poincaré inequality constant C’g’2hw from (1.4Db).

Proof. Identical to the above proof. |

4. CONTINUOUS POINCARE INEQUALITIES

In this section, we state the continuous Poincaré inequalities and give some pointers to the
literature for bounds on the continuous Poincaré constants. This will pave the way to our main
topic, the discrete Poincaré inequalities.
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Proposition 4.1 (Continuous Poincaré inequalities). (i) Continuous Poincaré inequalities without
boundary conditions: There exist constants C’%,, [ € {0:2}, only depending on the shape of w, such
that

(4.1a) ul| 2wy < Chh | grad ull L2 (w), Vu € H(grad,w) such that (u, 1>w =0,
||| £2(w) < Cphollcurlul|gz(), Vu € H(curl,w) such that (u,v) =0

(4.1b) Vv € H(curl,w) with curlv = 0,
|l £2(w) < CEhol|/divulr2(), Vu € H(div,w) such that <u,v>w =0

(4.1¢) Vv € H(div,w) with dive = 0.

(ii) Continuous Poincaré inequalities with boundary conditions: There exist constants Ch, | € {0:2},
only depending on the shape of w, such that

(4.2a) Jull 2wy < Chhollgrad ul| g2y, — Vu € H(grad,w),
lullz2) < Co'Fl,thcurluHLz(w), Vu € H(curl,w) such that (u,v) =0
(4.2b) Vv € H(curl,w) with curlv = 0,
)l 2wy < Coholldivaul 12 (), Yu € H(div,w) such that (u,v)_ =0
(4.2¢) Vv € H(div,w) with dive = 0.

Remark 4.2 (Proofs without explicit bounds on constants). (i) One known route from the liter-
ature to establish the inequalities (4.1)—(4.2) is to invoke a compactness argument, which can be
formalized in the following Peetre—Tartar lemma [25, Lemma A.20]: Let X,Y, Z be three Banach
spaces, let A € L(X;Y) be an injective operator, and let T € L(X;Z) be a compact operator.
Assume that there is v > 0 such that v||ul|x < ||[A(u)|ly + |[|T(v)]z for all w € X. Then there is
a > 0 such that

(4.3) aflullx <[[A(w)lly,  VueX.

To briefly illustrate the application of the Peetre-Tartar lemma to prove the continuous Poincaré
inequalities, let us prove (4.1a). We set X := {u € H(grad,w) | (u,1) = 0}, Y := L*(w),
Z = L*(w), A(u) := hygradu, and T(u) := u. The operator A is injective since any u € X such
that A(u) = 0 is L?-orthogonal to itself and thus vanishes identically. Moreover, T is compact since
the embedding H'(w) < L?*(w) is compact. Finally, we have ||ul|% = ||u||§{(grad)w) = Hu||%2(w) +
h? | grad u||ig(w) = |T(w)||% + ||A(u)||3-. Thus, by the Peetre-Tartar Lemma, (4.1a) holds true.
The proof for the other Poincaré inequalities is similar. In particular, for the curl and divergence
operators, one invokes the compactness of the embeddings H (curl,w) N H (div,w) — L?*(w) and
H(curl,w) N H(div,w) < L2(w), see [15, Theorem 2], [6, Theorem 3.1], [1, Proposition 3.7] and
[48]. (ii) Another, somewhat related, route to prove the Poincaré inequalities hinges on Helmholtz
decompositions which show that the following operators are isomorphisms (see, e.g., [27, Lemma 2.8
& Remark 2.11] and the references therein):

grad : {u € H(grad,w) | (u,1) =0} —

(4.4a) {w € L*(w) | <w,v>w = 0,Yv € H(div,w)s.t. dive = 0},
curl : {u € H(curl,w) | (u,v) =0,Yv € H(curl,w)s.t.curlv = 0} —

(4.4b) {w € L*(w) | (w,v) =0,Yve H (curl,w)s.t. curlv = 0},
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(44c)  div:{u € H(div,w) | (u,v) =0,Yv € H(div,w)s.t.dive =0} — {w € L*(w)},

with similar isomorphisms in the case of prescribed boundary conditions. Then, the range of all
these operators is closed, and Banach’s Closed Range theorem (see, e.g., [26, Lemma C.39]) implies
the Poincaré inequalities (4.1)—(4.2). (iii) If w is star-shaped with respect to a ball, upper bounds on
the continuous Poincaré constants CL, Co'f,, I € {0:2} can be derived from estimates on suitable right
inverses (Bogovskii/Poincaré integral operators) of the adjoint differential operator (see, e.g.,[23]).
A generalization of the results in [23] to other differential operators can be found in [40].

Remark 4.3 (Proofs with explicit bounds on constants). (i) Inequalities (4.1a) and (4.2a) are
the well-known Poincaré inequalities. They can be shown constructively, as, e.g., in [44, 5] or [25,
Exercise 22.3], from where it follows that C3 = 1/ if w is convex and CD’E, < 1. For general nonconvex
domains with a finite convex cover, upper bounds on CP can be found in, e.g. [30, Lemma 3.7].
(ii) Computable upper bounds on the continuous Poincaré constants C}, Cc’llj, [ € {1:2} can be
derived by considering a shape-regular mesh 7, of w and determining these bounds in terms of the
shape-regularity parameter py, and the number of elements |7,|. This approach is detailed in [11],
see also the references therein.

Remark 4.4 (Comparison of the continuous Poincaré constants). One has C2 = C9, C2 = CU,
and Cp = C’Pl, We refer the reader to [43] and the references therein for further insight into the
relations between, and values of, the constants in (4.1) and (4.2), including the case where boundary
conditions are enforced only on part of the boundary of w.

5. DISCRETE POINCARE INEQUALITIES

In this section, we present our main result on the discrete Poincaré inequalities. We focus on the
dependency of the discrete Poincaré constants on the continuous-level constants Cﬁ,, é’fn I € {0:2},
and the shape-regularity parameter p7,, the number of elements |7,|, and the polynomial degree p.
We shall consider in Section 6 three routes to prove these inequalities, each one leading to different
dependencies of the constants.

5.1. Shellable triangulations and finite element stars. Some specific tetrahedral meshes 7T,
will be of particular interest. We either look at 7, as a triangulation of some computational domain
w, or we consider T, as some local (vertex, edge, face) star of a shape-regular simplicial mesh T,
of some larger three-dimensional computational domain  (open, bounded, connected, Lipschitz
polyhedral set).

One relevant case is when the pure 3-dimensional simplicial complex represented by 7, is shellable
in the sense of [49, Section 8.1]. This means that there exists an enumeration K7,..., K7, of the
tetrahedra from 7, such that, for all 1 < ¢ < |7, the intersection of the tetrahedron K; with the
union of the previously enumerated tetrahedra Uj;l K is a non-empty collection of faces of K; (in
particular does not contain an isolated vertex or edge of K;). A specific example of a shellable
triangulation is the one where 7, is a so-called vertex (edge, face) star, where all the tetrahedra in
T, share a given vertex (edge, face), see [29, Lemma B.1]. This example is of particular interest
in what follows. We refer the reader to [50, 37, 47, 11] for further insight into shellability and
enumeration procedures for general simplicial complexes.

Let K be a tetrahedron from 7,. We will call a “twice-extended element star” a collection of
such tetrahedra K’ from 7, which either share a vertex with K, K N K’ # (), or such that there
exists a tetrahedron K" from 7, such that K’ shares a vertex with K and K" shares a vertex with
K. We will also consider triangulations 7, where the twice-extended element stars are shellable.
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5.2. Main result. Our main result is as follows.

Theorem 5.1 (Discrete Poincaré inequalities). (i) Discrete Poincaré inequalities without boundary
conditions: There exist constants C’g’l, [ € {0:2}, such that
(5.1a)

lurlr2@w) < Cg’othgrad ur|| L2y, Yur € Ppy1(Tw) N H(grad,w) such that (ur, 1>w =0,

lurllee(w) < Cg’lthcurluTHLz(w), Vur € Nyp(T,) N H(curl,w) such that (ur,vr) =0

(5.1b) Vor € N,(T,) N H(curl,w) with curlvr = 0,
lurllze) < CpPholldivur]iae),  Yur € RT,(T) N H(div,w) such that (ur,vr), =0
(5.1¢) Yoy € RT,(7T,) N H(div,w) with divvr = 0.

(ii) Discrete Poincaré inequalities with boundary conditions: There exist constants é’g’l, 1 €{0:2},
such that

(5.2a)
lur iz < CphullgradurlLa(), Vur € Ppra(To) ﬂH(grad w),

lur|lre(w) < C’g’lhw||curlu7-||Lz(w)7 Vur € N, (T,) N H(curl,w) such that (ur,vr), =0

(5.2b) Yor € N,(T.) N H(curl,w) with curlvy = 0,
lur|lz2(w) < Cc'g’zthdiv wrl| 22w, Yur € RT,(T,) N H(dlv w) such that <UT7’UT>w =0
(5.2¢) Yo € RT,(T.) N H(div,w) with divvs = 0.

Here, the constants C’P , C’dl have the following properties:

(1) Cg 0 < C’g and C’go < Cg. Thus, Cg’o < 1/7 if w is convezx, and é’g’o <1 for any w, see
the discussion in Remark 4.5.
(2) If the triangulation T, is shellable, then there exist constants C' ;. , | € {1:2}, only depending

on the shape-reqularity parameter p., and the number of elements |T,|, such that C’S,’l <

CLiCL. If T., is a vertex or edge star, then there exist constants Cl, 1 € {1:2}, only
depending on the shape-reqularity parameter pr,, such that Cdl < CL..CL and Cg’l <
Cfl]’llncl

(3) There exist constants CL, | € {1:2}, only depending on the shape-regularity parameter pr.,
and the polynomial degree p, such that C’d‘l < CLCYL and Co'd’l < Cété’l Moreover, if
all twice-extended element stars in T, are shellable then C2 only depends on the shape-
regularity parameter pr.,.

(4) The constants C’g’l, Ce’g’l, I € {1:2}, admit upper bounds that only depend on the shape-
reqularity parameter pr,, the number of elements |T,|, and the polynomial degree p, but
that do not need to invoke the constants CL, C}l)

5.3. Discussion. Let us discuss items (2) to (4) of Theorem 5.1:

e Discussion of (2). This result is established in Section 6.2 below and relies on piecewise
polynomial extension operators. The constants here are systematically p-robust, but can
unfavorably depend on the number of elements in 7. In stars or extended stars or any local
patches, |7,| is bounded as a function of the shape-regularity parameter pr,, leading to
discrete Poincaré constants only depending on p7; and the continuous Poincaré constants
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Cf, or Co'f), 1 € {1:2} (for which upper bounds only depending on the shape-regularity
parameter pr, can be derived as discussed in Remark 4.3). Since vertex and edge stars
are shellable (see [29, Lemma B.1]), the assumption that 7, is shellable is automatically
granted in this case.

e Discussion of (3). This result is proven in Section 6.3 below upon relying on stable
commuting projections. This is probably the most common way of proving the discrete
Poincaré inequalities. In this case, the constants C’g’l, é’g’l, [ € {1:2}, are independent of the
number of elements in 7, (i.e., this number can be arbitrarily high), but may (unfavorably)
depend on the polynomial degree p. In the H (div,w) setting (I = 2), the p-robust projector
from [22, Definition 3.5] gives a constant 03’2 independent of both the number of elements
in 7, and the polynomial degree p if all twice-extended element stars in 7, are shellable,
which is, to our knowledge, the best result available so far. Once again, upper bounds on
the continuous Poincaré constants only depending on the shape-regularity parameter pr,
can be derived as discussed in Remark 4.3.

e Discussion of (4). This result is established in Section 6.4 below. The technique of proof
does not rely on the continuous Poincaré inequalities. Therefore, the upper bounds on the
discrete Poincaré constants do not involve the constants C, Co'llj, l € {1:2}. There are no
requirements on the triangulation T, either (shellable or not, local star or not). The direct
proof argument leads to discrete Poincaré constants depending on the shape-regularity
parameter p,, the number of elements |7,|, and the polynomial degree p.

6. PROOFS OF DISCRETE POINCARE INEQUALITIES

In this section, we describe the three routes mentioned above to prove the discrete Poincaré
inequalities (5.1b)—(5.1c) and (5.2b)—(5.2¢c), leading to Theorem 5.1. Recall that these three routes
respectively consist in:

e Invoking equivalence between discrete and continuous minimizers (piecewise polynomial
extension operators);

e Invoking stable commuting projections with stability in L? (we also comment on stability
in graph spaces and fractional-order Sobolev spaces);

e Invoking piecewise Piola transformations.

We observe that the first two routes hinge on the continuous Poincaré inequalities (4.1b)—(4.1¢) and
(4.2b)—(4.2c), whereas the third route employs only a finite-dimensional argument. The different
routes give the different dependencies of the discrete Poincaré constant on the parameters pr.,, |7.|,
and p, as summarized in items 2-4 of Theorem 5.1. For routes 1 and 2, we give pointers to the
literature providing tools to realize the proofs, whereas we present a stand-alone proof for route 3.

6.1. Unified presentation. To avoid the proliferation of cases, we henceforth write the continuous
and discrete Poincaré inequalities in a unified setting.
We consider the well-known de Rham sequences

grad 1 curl div

(6.1a) R— VOw) 5 viw) 25 v2w) =5 V3 (w) — 0,

grad curl div

(6.1b) 0— V9w 5 VW) 25 v2(w) 5 V3 w) —5 0,
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where the relevant graph spaces are

(6.2a) VO (w) := H(grad,w), VO(w) := H(grad,w),

(6.2b) V(w) := H(curl,w), V!(w) := H(curl,w),

(6.2¢) V2(w) := H(div,w), V2(w) := H(div,w),

(6.2d) V3(w) = L*(w), V3(w) = L*(w) = {u € L*(w) : (u,1)_ =0}.
We define the kernels of the differential operators

(6.3a) 3Vow) := {u e V°w) : gradu = 0},

(6.3b) 3VHw) :={ue V' (w) : curlu =0},

(6.3c) 3Viw) :=={u € Vi(w) : divu = 0},

(notice that 3V%(w) = {u € VO(w) : u = constant}), as well as their L2-orthogonal complements
(6.4a) 3VO0w) = {ue Vo (w) : (u,v), =0 Yve 3V0%w)},

(6.4b) 3IFViw) ={ue Viw) : <u,v>w =0 Yve3Viw)},

(6.4c) 3V w) = {u e V3i(w) : <u,v>w =0 VYve3Viw)},

(notice that 3-VO(w) = {u € VO(w) : (u, 1>w = 0}). We define the spaces 3V°(w), 3V (w), and
3V2(w) as in (6.3) (notice that 3V°(w) = {0}), and their L2-orthogonal complements as in (6.4)
(notice that 3-V0(w) = VO(w)).

At the discrete level, we henceforth use the following notation:

(6.5a) Vpo(Tw) = Pp41(70) N H(grad, w), VO(T ) i=Pps1(Tu) N H(grad w),
(6.5b) Vpl(Tw) =N, (T,) N H(curl,w), Vl( W) =Np(To) N H (curl w),
(6.5¢) VATs) == RT,(Ts) N H(div,w), V2(To) = RT,(T,) N H(div,w),
(6.5d) Vo(T0) = Pp(To), VATL) = Pp(To) N L2 (w).
As in (6.1), the discrete spaces are related by the following two discrete de Rham sequences:
(6.6a) B v I viem) 20 veerm) 2 i) ——o,
c grad curl div . L
(6.6Db) 00— V(7o) — V(o) — V(TL) — V(o) — 0.
We define the kernels of the differential operators in the discrete spaces (6.5) as
(6.7a) 3V(Te) = {ur € V)(T.) : grad ur = 0},
(6.7D) 3V(TL) = {ur € V,(T0) : curluy = 0},
(6.7¢) 3VATL) = {ur € VX(T,) : divur =0},
whereas the L?-orthogonal complements are defined as follows:
(6.8a) 3J‘Vpo(7;) ={ur € Vp0(7;) : <uT, v7>w =0,Vur € 3V,0(7;)},
(6.8b) 3V(T) = {ur € V3 (To) : (ur,v7),, = 0, Yo7 € 3V,/(TL)},
(6.5¢) 3V = fur € VATL) : (ur.vr), = 0.Yor € 3VA(TL)).
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We define the subspaces 310/]00(7;), S‘Q/pl (T.), and 3‘0/172(7;) as well as SJ-YO/pO(TU), 31-‘0/;1 (7o), and
BJ-‘G/;Q (7.,) similarly.

We use the generic notation V' (w), V(w) for the continuous spaces defined in (6.2) and VUT.),
V;f(’ﬁ,) for their discrete subspaces defined in (6.5). The kernels and L?-orthogonal complements
are denoted as 3V!(w), 3V (w) and 31Vi(w), 31 V!(w) at the continuous level, and as 3VHTL),
31;2(71,) and 31 VH(T.), 3J-‘O/Zf (7.,) at the discrete level. Moreover, we write d° := grad, d* := curl,
d? := div. Finally, to unify the notation regarding boundary conditions, we set, for all [ € {1:2},

(6.9a) Vl(w) =V (w) or Vi (w), IN/pl(T,J) = Vpl(ﬁ) or ‘;;(7;)7
(6.9b) 3V w) = 3 VW) or 3V (w),  3EVL(TL) = 3EVUTL) or 3EVATL).

Then, the continuous Poincaré inequalities (4.1)—(4.2) are rewritten as follows:
~1
(6.10) Jullr2() < Chholld'ul 2wy, — Yu €3V (w),  VIe{0:2},

with Cb := CL or Cb depending on the context, and the discrete Poincaré inequalities (5.1)-(5.2)
are rewritten as follows:

~1
(6.11) lurllze@w) < Colholldur| ey, Yur € 3*V(To), Vi€ {0:2},

with Cg’l = Cg’l or é’g’l depending on the context. Here, ||||12(.) generically refers to the L*(w)-
norm of functions or fields depending on the context.

6.2. Route 1: Invoking equivalence between discrete and continuous minimizers. Let
I € {1:2}. For all ry € d'(VX(T)) C V}T(Ts,), as in (3.2) and (3.5), we consider the following two
constrained quadratic minimization problems:
(6.12a) uy = argmin ||v7—||2L2(w),

v EVHTL)

dlvT:rT
(6.12Db) u* := arg min ||v||2L2(w).

veVi(w)

dlv=ry
We notice that the finite-dimensional minimization set {vy € 1715 (T) : dvr = r7} is nonempty,

closed, and convex, and so is also the larger, infinite-dimensional set {v € ‘N/l(w) . dv = rr}
Thus, as for (3.2), both problems admit a unique minimizer. Moreover, we trivially have

v |2 w) < 1wl (w)-

The Euler optimality conditions respectively read, cf. (3.4) and (3.7):

(6.13) {Find ur € ‘N/pl(ﬂ,) with~dlu§— = r7 such that
<u*T,UT>w =0 Yure ‘/;(7;) with d'vy = 0,
and
(6.14) {Find u* e Viw) Witil d'u* = rr such that
<u*7v>w =0 Voe Viw) with d'v =0.
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Lemma 6.1 (Discrete Poincaré inequalities invoking equivalence between discrete and continuous
minimizers). Let | € {1:2}. Assume that there is Cl;, such that, for all ry € d'(V(Ts)), the
solutions to (6.12) satisfy

(6.15) w5122 () < Chuinllu™ | 22 ) -

Then (6.11) holds true with constant Cg’l <c..cL.

min

n

~1 ~1 ~ ~

Proof. Let ur € 3+V (To,). Set ry := dlur. Since 3V ,(T,,) C VU(T.), we have ry € d'(VH(T.)).
~1

Moreover, by considering the Euler conditions (6.13) and (6.14), we infer that u} € 3+V (7.,) and

~1
u* € 31V (w). In addition, since the minimization problems admit a unique solution, and since ur
satisfies the Euler conditions for the discrete problem, we have w7 = u3. Invoking (6.15) followed
by the continuous Poincaré inequality (6.10) gives
lurll 22wy = 107l 2 (w) < Chnnllt*l|22(w) < ChainChhe[ld'u™ (| 2 () -
Since, from (6.12), ||d'u*||z2(w) = 77 ]l 22(w) = ||d'u7 || £2(w), We conclude that (6.11) holds true with
constant Cg’l < CLinCh. O

min
In the case of the divergence operator and homogeneous boundary conditions, [29, Corollar-
ies 3.3 and 3.8] established (6.15) whenever T, is a vertex star, see also [12, Proposition 3.1 and
Corollary 4.1], by considering the minimization problems

(6.16) uy = argmin ||'U7—H%2(w), u” := argmin ||’U||%2(w)
vreVi(Tw) veEV2(w)
divvr=rs divo=ry

with rr € Vp3(7;) When the mesh 7, is more complex than a vertex star, a crucial notion to
establish the equivalence of finite- and infinite-dimensional minimization problems is the notion
of shellability recalled in Section 5.1. In this setting, [22, Theorem B.2 and Corollary B.3] estab-
lished (6.15) by considering the minimization problems

(6.17) wy ;= argmin ||'vTH2L2(w), u” ;= arg min ||'U||2L2(w)
vTGVPQ(Tu) veEV?(w)
divor=rr divv=rr

with r € V2 (75).

In the case of the curl operator with homogeneous boundary conditions, (6.15) was established
in [10, Proposition 6.6] for edge stars and in [12, Theorem 3.3 and Corollary 4.3] for vertex stars
by considering the minimization problems

(6.18) uf = argmin ||’U7‘H%2(w), u” 1= argmin ||v||%2(w)
vreV (Tw) veV(w)
curlvr=rr curlv=rr

with r7 € curl ‘(A/'pl(?;). Moreover, for a shellable triangulation, (6.15) can be established following
the ideas in [22, Theorem B.2 and Corollary B.3] by considering the minimization problems

(6.19) wr = argmin ||vTH2Lz(w), u” ;= argmin ||'U||ig(w)
vr eV (Tw) veEV(w)
curlvr=rr curlv=rr

with 77 € curl V! (75,).
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One interesting outcome of the proofs based on route 1 is that the constant Cfnin, and consequently

Cg’l, is independent of the polynomial degree p. Still, C . and Cg’l depend on |7,| and the shape-
regularity parameter pr, leading to item (2) of Theorem 5.1 (recall that for stars or any local
patch, |7, | only depends on pr.,).

6.3. Route 2: Invoking stable commuting projections. Here, we proceed as in [34], [3, Theo-
rem 5.11], [4, Theorem 3.6], [14], [7, Proposition 5.4.2], [31], and [26, Theorem 44.6 & Remark 51.12].

Lemma 6.2 (Discrete Poincaré inequalities invoking stable commuting projections). Assume that
there are projections 11 : V™ (w) — V;™(Ts,), m € {1:3}, satisfying, for all | € {1:2}, the commut-
ing property

(6.20) d'(I () = 5 (d'),  Yu € Viw),
and the L?-stability property
(6.21) HHL(’LL)HLz(w) < Csellull 12 (w), Yu € Vl(w) such that d'u € ‘N/Zf"’l(%).

Then (6.11) holds true with constant C3"' < CyCh.

~1

Proof. Let ur € 3V, (75,). Set ry := d'ur. We consider again the minimization problems
in (6.12). Recall that both problems are well-posed and that ur = u%. We observe that Hﬁj(u*) €
VI(7.,) by definition, that d'u* = r € V/*1(T,), and that

a'(Th (")) = T (d'u’) = T () = o,

where we used the commuting property (6.20), the fact that r € ‘7;“(7;), and that Hé“ is
a projection. This shows that Hé(u*) is in the discrete minimization set. Using the L2-stability
property (6.21) and the continuous Poincaré inequality (6.10), we infer that

lur |2 = il L2 @) < I (%) || L2 (w)
(6.22) < Csollu™ || L2 (w)
< CytChhe||d' ™ || 2 (w)-

Since ||d'u*||12(w) = "7 llL2w) = ll[d'ur| 12(), We conclude that (6.11) holds true with constant
Cat < CyCh. 0

Operators satisfying (6.20)—(6.21) have been constructed in [24, Definition 3.1] (for | = 2) and
in [13, Definition 2] for I = 1. In all these cases, Cy depends on the shape-regularity parameter
pr, and on the polynomial degree p, but is independent of the number of elements in 7,. In
the H(div,w) setting (I = 2), the p-robust projector of [22, Definition 3.5] gives a constant Cg
only depending on the shape-regularity parameter pr; if all twice-extended element stars in 7, are
shellable. All these cases are summarized in item (3) of Theorem 5.1.

Remark 6.3 (L2-stability of H]lo). The assumptions in Lemma 6.2 on the projection H]lo do not
ask for full stability in L?(w). Indeed, it suffices that II, be defined on the graph space Vi(w) and

that the L2-stability property (6.21) holds true for functions so that d'u € ‘N/plﬂ(’];) (and d'u is, in
particular, a polynomial).
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Remark 6.4 (Graph-norm stability of Hé). Actually, the proof still works if one considers com-
muting projections that are stable in the graph norm

Nl

(6.23) 0510y = (0l 72y + RSN 0] F2) %
leading to the bound Cg’l < Cy (1 + (C%))Q) 2. Indeed, the final step of the above proofs now writes

lurllzzw) = l[ufllezw) < I (")l 2w
< Cst”U*”\?l(w)
1
< Gt (14 (Cp)?) * hulld wr | L2(w) -
Remark 6.5 (Fractional-order Sobolev stability of Hé,). It is also possible to invoke regularity
results stating that 32V (w) < H*(w), s > 1, with embedding constant Cepp, so that

[0 s () < Combhes[|d 0] £2 (0, Yo € 3V w),

where
s [v(@) —v(y)|?
||U|@I*(w) = ||U||%2(w) + hw|v|%{s(w)7 ‘vﬁqs(w) = / / |1, _y|3+25 dl‘dy

(Again, the scaling by h,, is introduced for dimensional consistency.) This allows one to consider
commuting projections that are stable only in H*(w), s > %, ie.,

T () 2wy < Cstllzll i () Vz € He(w).

The proof of the discrete Poincaré inequality then runs as follows. For all ur € BLVPZ(E), there
exists z € 3LV (w) such that d'z = d'ur (indeed, take z := uy —m, where m is the L2-orthogonal
projection of ur onto 3V!(w)). We have

||u7—||%2(w) = <u7—7H;ln(Z)>w + <uTa ur — Hé(Z)>w = <uT7H§o(Z)>wa

since uy —IIL(2) € 3‘71)1(7;) (indeed, d'(ur —II}(2)) = d'ur — LT (d'2) = d'ur — LT (d'ur) = 0
since Hifrl leaves ‘71,1“(7;) pointwise invariant). The above identity together with the Cauchy—
Schwarz inequality gives

ur 2wy < 1T (2)] L2 w)-
Observing that z € H*(w), we infer that

HUTHLZ(UJ) < HHL(Z)HL%QJ) < Cst”Z”Hs(w) < CstCembhw”dlZHL?(w) = CstCembhw||dluT||L2(w)7

which proves (6.11) with constant cfil < C4Cemp. The above approach was considered in early
works where L2-stable or graph-stable commuting projections were not yet available. The idea is to
trade some stability of II} by invoking subtle regularity results on the curl and divergence operators.

On the downside, estimating Cs’l now requires upper bounds on Cg and Cepp-

With the above developments, we can now add one more equivalent statement for discrete
Poincaré inequalities, in the spirit of [4, Theorems 3.6 and 3.7]. This completes the results on
equivalent statements given in Section 3.
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Lemma 6.6 (Equivalence of discrete Poincaré inequalities with the existence of graph-stable com-
muting projections). The discrete Poincaré inequalities (6.11) for 1 € {1:2} are equivalent to the
existence of projections 11" : Vm(w) — I~/pm(7;), m € {1:3}, satisfying, for all | € {1:2}, the
commuting property

(6.24) d'(I (u)) = 57 (d'w),  Vu € Viw),
and the graph-stability property
(6.25) ||H§,(u)||‘~,l(w) < Cst||u||‘7l(w)7 Vu € Vi(w).

Proof. We show the two implications.

(i) That the existence of graph-stable projections satisfying (6.24)—(6.25) implies the discrete
Poincaré inequalities (6.11) for [ € {1:2} follows from Remark 6.4.

(ii) Suppose the validity of the discrete Poincaré inequalities (6.11). We show that this implies the
existence of projections satisfying (6.24)-(6.25). A generic way is to take IT} as the L?-orthogonal
projection onto \~/p3(7;) and to define IT, : Viw) — ‘715(7;) for all I € {1:2} by the following
constrained quadratic minimization problems, similar to (3.2) and (3.5): For all u € Vi(w),

(6.26) H;(u) = arg~rlnin lu — UT||2L2(0J)7
vr €V, (Tw)
d'or=T15"" (d'w)

first for [ = 2 and then for | = 1. Notice that the commuting property (6.24) is built in the
definition of II7, so that only the stability in the graph norm (6.25) needs to be verified. To this
purpose, we notice that the Euler optimality conditions for (6.26), as in (3.4), read as follows: Find

l . : 17! _ 17l l
IT,(u) € V(Ts,) with d'TI, (u) = T, (d'u) such that
<H;(u) - u,vT>w =0, Yor € ‘N/pl(%) with d'vy = 0.

The mixed formulation using a Lagrange multiplier, as in (3.8), reads as follows: Find II.(u) €
‘7;(7;) and st € dl(f/pl(%)) such that

<H§)(u)’ vT>w B <ST’ dlvT>w = <’U,,’U7’>w V’UT € "7?}(7‘—”)’

(d'TL (u), t7), = (d'u,tr) vty € d'(V)(To)).
(Notice that <Hé+1(dlu), t7—>w = <dlu, tT>w owing to the Euler optimality conditions for Hé“‘l and
the fact that d'*'t7 = 0). As highlighted in Section 3.2, the discrete Poincaré inequality (6.11) is
equivalent to to the discrete inf-sup condition formulated using L?-norms, see Lemmas 3.3 and 3.4.

The inf-sup conditions in the form of (3.9) or (3.11) readily imply the discrete inf-sup condition in
the graph norm

<lf7—,dlv7’>w 1
tred! (VI(TL)) vrevi(ro) 1Tz llvr i) — (1—’_(03’1)2)%}%)'

Then, invoking [7, Theorem 4.2.3] or [26, Theorem 49.13], we obtain

inf sup

d,\2\ &
I ()19 < Tull oy + 201+ (CE2) % b ldull 2o
1
< (10 +8(CE"?)  lull g

This proves that the commuting projection Hé defined above is indeed stable in the graph norm. [J
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Remark 6.7 (Locality). The above graph-stable commuting projections are not necessarily locally
defined and locally stable. Stable local commuting projections are designed in [31, 2, 24, 13, 22],
see also the references therein.

6.4. Route 3: Invoking piecewise Piola transformations. In this section, we prove the dis-
crete Poincaré inequality by a direct argument, thereby circumventing the need to invoke the
continuous Poincaré inequalities. The discrete Poincaré constants resulting from the present proofs
depend on the shape-regularity parameter pr,, the number of elements |7,|, and the polynomial
degree p, as summarized in item (4) of Theorem 5.1. The proof shares ideas with the one given
in [28], but eventually employs a different argument to conclude.

The starting point, shared with [28], is to introduce reference meshes and piecewise Piola trans-
formations on those meshes. We enumerate the set of vertices (resp., edges, faces, and cells) in T,
as V, = {v1,...,onv} (vesp., &, = {e1,...,ene}, Fo = {f1,-.-, fnt}, and T, :== {m,..., 7N}
with N¢ = |7,]. All these geometric objects are oriented by increasing vertex enumeration (see,
e.g., [25, Chapter 10]). The topology of the mesh T, is completely described by the connectivity
arrays

(6.27a) jev:{1:N°} x {0:1} = {1:NV},
(6.27Db) jgv: {1:NT} x {0:2} — {1:NV},
(6.27¢) joev: {1:N°} x {0:3} — {1:NV},

such that j_ev(m,n) is the global vertex number of the vertex n of the edge e,,, and so on (the local
enumeration of vertices is by increasing enumeration order). Notice that the connectivity arrays
only take integer values and are independent of the actual coordinates of the vertices in the physical
space R3.

Let p; > 0 be a positive real number and let Ty be a (finite) integer number. The number
of meshes with shape-regularity parameter bounded from above by py and cardinal number given
by Ty with different possible realizations of the connectivity arrays is bounded from above by a
constant Nﬁ =N (pg, Ty) only depending on py and Tjy. Thus, for each py and Ty, there is a finite
set of reference meshes, which we denote by T .= ”/]I\‘(pﬁ, Ty), such that every mesh 7 with the shape-
regularity parameter bounded from above by py and cardinal number given by 7y has the same
connectivity arrays as those of one reference mesh in T. We enumerate the reference meshes in T as
{7\'1, ey 7A'Nu} and fix them once and for all. For each reference mesh, the element diameters are of
order unity, and the shape-regularity parameter is chosen as small as possible (it is bounded from
above by py). For all j € {1:]%}, we let @; be the open, bounded, connected, Lipschitz polyhedral
set covered by the reference mesh ’73 For all [ € {1:2}, we define the piecewise polynomial spaces
V;(’T;) and ‘/;(73) as in (6.5), and set 17;(7\;) = V;f(ﬁ) or V;f(ﬁ) depending on whether boundary
conditions are enforced or not. We also define BLYN/;(’?\}) as the L2-orthogonal complement of the
kernel subspace {ur € ‘71,1(7\—7) . dur =0} in ‘7171(7\—7) Norm equivalence in finite dimension implies
that, for all j € {1:Nﬁ} and all p > 0, there exists a constant C (’7A;-,p) such that

o~ P ~ ~ S~
(6.28) larlc2@,) < Ch(Tipld T2y, Yar € 31V, (T).
Consider an arbitrary mesh 7,, with shape-regularity parameter bounded from above by p; and

cardinal number given by Tj. Then there is an index j(7.,) € {1:]\%} so that 7, and 7\;(%) share
the same connectivity arrays. Therefore, 7, can be generated from 7A}(Tw) by a piecewise-affine
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geometric mapping Fr, := {F, : T — T},c7,, where all the geometric mappings F; are affine,
invertible, with positive Jacobian, and J oy F;y (1) = Tjcr,). For all 7 € T, let J; be the
Jacobian matrix of F,. We consider the Piola transformations 1% : L*(w) — L*(@;(7.,)), for all

I € {1:3}, such that oL := ¢} |, is defined as follows: For all v € L(7),

(6.29a) YL(v) := I (vo Fy),
(6.29b) P2 (v) = det(J,) I (vo F,),
(6.29¢) Y3 (v) := det(J,)(vo Fy).

The restricted Piola transformations (we keep the same notation for simplicity) ¢4 : 17; (T) —

\W/pl(ﬁ(%)) are isomorphisms. This follows from the fact that 7, and 7A;-(7—w ) have the same connec-
tivity arrays, that Fr, maps any edge (face, tetrahedron) in Aj(Tw ) to an edge (face, tetrahedron)
of T.,, and that, for each tetrahedron 7 € T, 1. is an isomorphism that preserves appropriate mo-
ments [25, Lemma 9.13 & Exercise 9.4]. Moreover, the Piola transformations satisfy the following
bounds:

(6.30) 1057 e = 10 o2z @) < Clog) (h),s

and they satisfy the following commuting properties:

(6.31) d' (P (v) = PiF(dw), Y e V(w).

We use the shorthand notation ¢7_;f for the inverse of the Piola transformations. We have
(6.32) 17 e = 197 22 @,y 22 < Clog)(hig,) ™,

where hy denotes the smallest diameter of a cell in 7. The commuting property (6.31) readily
gives

(6.33) YT d) = d (e (@), e VI@r).

Lemma 6.8 (Discrete Poincaré inequalities invoking piecewise Piola transformations). The discrete
Poincaré inequalities (6.11) hold true for all l € {1:2} with a constant Cg’l only depending on the
shape-regularity parameter pr.,, the number of elements |T,|, and the polynomial degree p.

~1
Proof. Let ur € 3V (75,) and set rq := d'ur. As in (3.2) and (3.5), we consider the following
two (well-posed) constrained quadratic minimization problems:

(6.34) wp o= argmin [orlf3a),  @p= agmin [ir3ae,, ).
vrEeV(TL) DreVi(Tir,))
dlvT:TT dli)\”r:?'r

with

(6.35) Pro= P (rr).

~

~1
The Euler conditions for the second minimization problem imply that @3- € 3J-Vp(7}(7—w y). Owing
to the discrete Poincaré inequality (6.28), we infer that

7@y ) < Co(Tiers DIFT 2y -
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Moreover, we observe that w}wl (uy) € 1715(7;) and, owing to (6.33), the constraint in the second
problem in (6.34), and (6.35), we have

d (7! @) = 7! T (d'Ty) = v TV Fr) = vy

w

Hence, 1/)7_-1 (u%) is in the minimization set of the first problem in (6.34). This implies that

lurllze) = ol 2w < 197 @)l
< WE e l@rl 2@, )
< ||¢%f||chv(7A}(Tw)’p)H?THLZ(@(TW))
< o7 e 5 1eCh (T erys I IrT | 2w
= 07 el 12Co (Tier) Pl urll o)
The bounds (6.30)—(6.32) on the operator norm of the Piola maps and their inverse together give

W7 el e < ClpTs, 51 Te]) he, Where we used that hr, < h,, and by, /by < C(p7,,|Tol). This
implies that

lur | r2(w) < (C(PTW,WL) ~max Cé(?},p))%ldluﬂlm(w).
JE{1: Ny}

This completes the proof. O

REFERENCES

[1] Amrouche, C., Bernardi, C., Dauge, M., and Girault, V. Vector potentials in three-dimensional non-smooth
domains. Math. Methods Appl. Sci. 21 (1998), 823-864. https://doi.org/10.1002/ (SICI)1099-1476(199806)
21:9<823: :AID-MMA976>3.0.C0;2-B.

[2] Arnold, D., and Guzmén, J. Local L?-bounded commuting projections in FEEC. ESAIM Math. Model. Numer.
Anal. 55 (2021), 2169-2184. https://doi.org/10.1051/m2an/2021054.

[3] Arnold, D. N., Falk, R. S., and Winther, R. Finite element exterior calculus, homological techniques, and
applications. Acta Numer. 15 (2006), 1-155. https://doi.org/10.1017/580962492906210018.

[4] Arnold, D. N., Falk, R. S., and Winther, R. Finite element exterior calculus: from Hodge theory to numerical sta-
bility. Bull. Amer. Math. Soc. (N.S.) 47 (2010), 281-354. https://doi.org/10.1090/50273-0979-10-01278-4.

[5] Bebendorf, M. A note on the Poincaré inequality for convex domains. Z. Anal. Anwendungen 22 (2003), 751-756.
http://dx.doi.org/10.4171/ZAA/1170.

[6] Birman, M. S., and Solomyak, M. Z. Lo-theory of the Maxwell operator in arbitrary domains. Russian Mathe-
matical Surveys 42 (1987), 75.

[7] Bofli, D., Brezzi, F., and Fortin, M. Mized finite element methods and applications, vol. 44 of Springer Series
in Computational Mathematics. Springer, Heidelberg, 2013. https://doi.org/10.1007/978-3-642-36519-5.

[8] Bofli, D., Costabel, M., Dauge, M., Demkowicz, L., and Hiptmair, R. Discrete compactness for the p-version of
discrete differential forms. STAM J. Numer. Anal. 49 (2011), 135-158. https://doi.org/10.1137/090772629.

[9] Braess, D., Pillwein, V., and Schoberl, J. Equilibrated residual error estimates are p-robust. Comput. Methods
Appl. Mech. Engrg. 198 (2009), 1189-1197. http://dx.doi.org/10.1016/j.cma.2008.12.010.

[10] Chaumont-Frelet, T., Ern, A., and Vohralik, M. Stable broken H (curl) polynomial extensions and p-robust a
posteriori error estimates by broken patchwise equilibration for the curl-curl problem. Math. Comp. 91 (2022),
37-74. https://doi.org/10.1090/mcom/3673.

[11] Chaumont-Frelet, T., Licht, M. W., and Vohralik, M. Computable Poincaré-Friedrichs constants for the L? de
Rham complex over convex domains and domains with shellable triangulations. In preparation, 2024.

[12] Chaumont-Frelet, T., and Vohralik, M. Constrained and unconstrained stable discrete minimizations for p-
robust local reconstructions in vertex patches in the de Rham complex. Found. Comput. Math. (2024).
DOI 10.1007/s10208-024-09674-7, https://doi.org/10.1007/s10208-024-09674-7.

[13] Chaumont-Frelet, T., and Vohralik, M. A stable local commuting projector and optimal hp approximation
estimates in H (curl). Numer. Math. 156 (2024), 2293-2342. https://doi.org/10.1007/s00211-024-01431-w.


https://doi.org/10.1002/(SICI)1099-1476(199806)21:9<823::AID-MMA976>3.0.CO;2-B
https://doi.org/10.1002/(SICI)1099-1476(199806)21:9<823::AID-MMA976>3.0.CO;2-B
https://doi.org/10.1051/m2an/2021054
https://doi.org/10.1017/S0962492906210018
https://doi.org/10.1090/S0273-0979-10-01278-4
http://dx.doi.org/10.4171/ZAA/1170
https://doi.org/10.1007/978-3-642-36519-5
https://doi.org/10.1137/090772629
http://dx.doi.org/10.1016/j.cma.2008.12.010
https://doi.org/10.1090/mcom/3673
https://doi.org/10.1007/s10208-024-09674-7
https://doi.org/10.1007/s00211-024-01431-w

22

[14]
(15]
[16]
(17]
(18]

(19]

20]
(21]

(22]

23]

(24]

25]

(26]

27]

28]

29]

(30]
(31]
(32]

(33]

(34]
(35]

(36]

ALEXANDRE ERN, JOHNNY GUZMAN, PRATYUSH POTU, AND MARTIN VOHRALIK

Christiansen, S. H., and Winther, R. Smoothed projections in finite element exterior calculus. Math. Comp. 77
(2008), 813-829. http://dx.doi.org/10.1090/S0025-5718-07-02081-9.

Costabel, M. A remark on the regularity of solutions of Maxwell’s equations on Lipschitz domains. Math. Methods
Appl. Sci. 12 (1990), 365-368.

Costabel, M., Dauge, M., and Demkowicz, L. Polynomial extension operators for H', H(curl) and H(div)-spaces
on a cube. Math. Comp. 77 (2008), 1967-1999. http://dx.doi.org/10.1090/50025-5718-08-02108-X.
Costabel, M., and McIntosh, A. On Bogovskii and regularized Poincaré integral operators for de Rham complexes
on Lipschitz domains. Math. Z. 265 (2010), 297-320. http://dx.doi.org/10.1007/s00209-009-0517-8.
Demkowicz, L., and Babuska, I. p interpolation error estimates for edge finite elements of variable order in two
dimensions. SIAM J. Numer. Anal. 41 (2003), 1195-1208. https://doi.org/10.1137/S0036142901387932.
Demkowicz, L., and Buffa, A. H', H(curl) and H(div)-conforming projection-based interpolation in three di-
mensions. Quasi-optimal p-interpolation estimates. Comput. Methods Appl. Mech. Engrg. 194 (2005), 267-296.
https://doi.org/10.1016/j.cma.2004.07.007.

Demkowicz, L., Gopalakrishnan, J., and Schoberl, J. Polynomial extension operators. Part I1I. STAM J. Numer.
Anal. 47 (2009), 3293-3324. http://dx.doi.org/10.1137/070698798.

Demkowicz, L., Gopalakrishnan, J., and Schéberl, J. Polynomial extension operators. Part III. Math. Comp. 81
(2012), 1289-1326. http://dx.doi.org/10.1090/S0025-5718-2011-02536-6.

Demkowicz, L., and Vohralik, M. p-robust equivalence of global continuous constrained and local discontinuous
unconstrained approximation, a p-stable local commuting projector, and optimal elementwise hp approximation
estimates in H (div). HAL Preprint 04503603, submitted for publication, https://hal.inria.fr/hal-04503603,
2024.

Durédn, R. G. An elementary proof of the continuity from Lg(ﬂ) to H(% (2)™ of Bogovskii’s right inverse of the
divergence. Rev. Un. Mat. Argentina 53 (2012), 59-78.

Ern, A., Gudi, T., Smears, 1., and Vohralik, M. Equivalence of local- and global-best approximations, a simple
stable local commuting projector, and optimal hp approximation estimates in H(div). IMA J. Numer. Anal.
42 (2022), 1023-1049. http://dx.doi.org/10.1093/imanum/draal03.

Ern, A., and Guermond, J.-L. Finite Elements I. Approxzimation and Interpolation, vol. 72 of Texts in Applied
Mathematics. Springer International Publishing, Springer Nature Switzerland AG, 2021. https://doi-org/10.
1007/978-3-030-56341-7.

Ern, A., and Guermond, J.-L. Finite Elements II. Galerkin Approximation, Elliptic and Mizxed PDEs, vol. 73
of Texts in Applied Mathematics. Springer International Publishing, Springer Nature Switzerland AG, 2021.
https://doi-org/10.1007/978-3-030-56923-5.

Ern, A., and Guermond, J.-L. The discontinuous Galerkin approximation of the grad-div and curl-curl operators
in first-order form is involution-preserving and spectrally correct. STAM J. Numer. Anal. 61 (2023), 2940-2966.
https://doi.org/10.1137/23M1555235.

Ern, A., Guzmén, J., Potu, P., and Vohralik, M. Local L?-bounded commuting projections using discrete local
problems on Alfeld splits. working paper or preprint, 2024.

Ern, A., and Vohralik, M. Stable broken H! and H(div) polynomial extensions for polynomial-degree-robust
potential and flux reconstruction in three space dimensions. Math. Comp. 89 (2020), 551-594. http://dx.doi.
org/10.1090/mcom/3482.

Eymard, R., Gallouét, T., and Herbin, R. Finite volume methods. In Handbook of Numerical Analysis, Vol.
VII. North-Holland, Amsterdam, 2000, pp. 713—1020.

Falk, R. S., and Winther, R. Local bounded cochain projections. Math. Comp. 83 (2014), 2631-2656. http:
//dx.doi.org/10.1090/50025-5718-2014-02827-5.

Falk, R. S.,; and Winther, R. Construction of polynomial preserving cochain extensions by blending. Math.
Comp. 92 (2023), 1575-1594. https://doi.org/10.1090/mcom/3819.

Fernandes, P., and Gilardi, G. Magnetostatic and electrostatic problems in inhomogeneous anisotropic media
with irregular boundary and mixed boundary conditions. Math. Models Methods Appl. Sci. 7 (1997), 957-991.
https://doi.org/10.1142/50218202597000487.

Fortin, M. An analysis of the convergence of mixed finite element methods. RAIRO Anal. Numér. 11 (1977),
341-354, iii. https://doi.org/10.1051/m2an/1977110403411.

Gatica, G. N. Theory and applications. A simple introduction to the mized finite element method. SpringerBriefs
in Mathematics. Springer, Cham, 2014. https://doi.org/10.1007/978-3-319-03695-3.

Girault, V., and Raviart, P.-A. Finite element methods for Navier-Stokes equations, vol. 5 of Springer Series
in Computational Mathematics. Springer-Verlag, Berlin, 1986.


http://dx.doi.org/10.1090/S0025-5718-07-02081-9
http://dx.doi.org/10.1090/S0025-5718-08-02108-X
http://dx.doi.org/10.1007/s00209-009-0517-8
https://doi.org/10.1137/S0036142901387932
https://doi.org/10.1016/j.cma.2004.07.007
http://dx.doi.org/10.1137/070698798
http://dx.doi.org/10.1090/S0025-5718-2011-02536-6
https://hal.inria.fr/hal-04503603
http://dx.doi.org/10.1093/imanum/draa103
https://doi-org/10.1007/978-3-030-56341-7
https://doi-org/10.1007/978-3-030-56341-7
https://doi-org/10.1007/978-3-030-56923-5
https://doi.org/10.1137/23M1555235
http://dx.doi.org/10.1090/mcom/3482
http://dx.doi.org/10.1090/mcom/3482
http://dx.doi.org/10.1090/S0025-5718-2014-02827-5
http://dx.doi.org/10.1090/S0025-5718-2014-02827-5
https://doi.org/10.1090/mcom/3819
https://doi.org/10.1142/S0218202597000487
https://doi.org/10.1051/m2an/1977110403411
https://doi.org/10.1007/978-3-319-03695-3

DISCRETE POINCARE INEQUALITIES 23

[37] Goaoc, X., Paték, P., Patdkovd, Z., Tancer, M., and Wagner, U. Shellability is NP-complete. J. ACM 66 (2019),

Art. 21, 18. https://doi.org/10.1145/3314024.

[38] Gopalakrishnan, J., and Demkowicz, L. F. Quasioptimality of some spectral mixed methods. J. Comput. Appl.

Math. 167 (2004), 163-182. https://doi.org/10.1016/j.cam.2003.10.001.

[39] Gopalakrishnan, J., Pasciak, J. E., and Demkowicz, L. F. Analysis of a multigrid algorithm for time harmonic

Maxwell equations. STAM J. Numer. Anal. 42 (2004), 90-108. https://doi.org/10.1137/S003614290139490X.

[40] Guzmadn, J., and Salgado, A. J. Estimation of the continuity constants for Bogovskii and regularized Poincaré

integral operators. J. Math. Anal. Appl. 502 (2021), Paper No. 125246, 36. https://doi.org/10.1016/j. jmaa.
2021.125246.

[41] Monk, P., and Demkowicz, L. Discrete compactness and the approximation of Maxwell’s equations in R3. Math.

Comp. 70 (2001), 507-523. https://doi.org/10.1090/50025-5718-00-01229-1.

[42] Nédélec, J.-C. Mixed finite elements in R3. Numer. Math. 35 (1980), 315-341.
[43] Pauly, D., and Valdman, J. Poincaré-Friedrichs type constants for operators involving grad, curl, and div: theory

and numerical experiments. Comput. Math. Appl. 79 (2020), 3027-3067. https://doi.org/10.1016/j.camwa.
2020.01.004.

[44] Payne, L. E., and Weinberger, H. F. An optimal Poincaré inequality for convex domains. Arch. Rational Mech.

Anal. 5 (1960), 286-292.

[45] Raviart, P.-A., and Thomas, J.-M. A mixed finite element method for 2nd order elliptic problems. In Mathe-

matical aspects of finite element methods (Proc. Conf., Consiglio Naz. delle Ricerche (C.N.R.), Rome, 1975).
Springer, Berlin, 1977, pp. 292-315. Lecture Notes in Math., Vol. 606.

[46] Vohralik, M. Unified primal formulation-based a priori and a posteriori error analysis of mixed finite element

methods. Math. Comp. 79 (2010), 2001-2032. http://dx.doi.org/10.1090/S0025-5718-2010-02375-0.

[47] Vohralik, M. p-robust equivalence of global continuous and local discontinuous approximation, a p-stable local

projector, and optimal elementwise hp approximation estimates in H'. HAL Preprint 04436063, submitted for
publication, https://hal.inria.fr/hal-04436063, 2024.

[48] Weber, C. A local compactness theorem for Maxwell’s equations. Math. Methods Appl. Sci. 2 (1980), 12—25.

[49]

[50]

https://doi.org/10.1002/mma.1670020103.

Ziegler, G. M. Lectures on polytopes, vol. 152 of Graduate Texts in Mathematics. Springer-Verlag, New York,
1995. http://dx.doi.org/10.1007/978-1-4613-8431-1.

Ziegler, G. M. Shelling polyhedral 3-balls and 4-polytopes. Discrete Comput. Geom. 19 (1998), 159—-174. https:
//doi.org/10.1007/PLO0009339.

CERMICS, ECOLE NATIONALE DES PONTS ET CHAUSSEES, IP PARIS, 77455 MARNE-LA-VALLEE, FRANCE & INRIA

PARIS, 48 RUE BARRAULT, 75647 PARIS, FRANCE

Email address: alexandre.ern@enpc.fr

DIVISION OF APPLIED MATHEMATICS, BROWN UNIVERSITY, BOX F, 182 GEORGE STREET, PROVIDENCE, RI 02912,

USA

Email address: johnny_guzman@brown.edu

DI1VISION OF APPLIED MATHEMATICS, BROWN UNIVERSITY, BOX F, 182 GEORGE STREET, PROVIDENCE, RI 02912,

USA

1P

Email address: pratyush_potu@brown.edu

INRIA PARIS, 48 RUE BARRAULT, 75647 PARIS, FRANCE & CERMICS, ECOLE NATIONALE DES PONTS ET CHAUSSEES,
PARIS, 77455 MARNE-LA-VALLEE, FRANCE
Email address: martin.vohralik@inria.fr


https://doi.org/10.1145/3314024
https://doi.org/10.1016/j.cam.2003.10.001
https://doi.org/10.1137/S003614290139490X
https://doi.org/10.1016/j.jmaa.2021.125246
https://doi.org/10.1016/j.jmaa.2021.125246
https://doi.org/10.1090/S0025-5718-00-01229-1
https://doi.org/10.1016/j.camwa.2020.01.004
https://doi.org/10.1016/j.camwa.2020.01.004
http://dx.doi.org/10.1090/S0025-5718-2010-02375-0
https://hal.inria.fr/hal-04436063
https://doi.org/10.1002/mma.1670020103
http://dx.doi.org/10.1007/978-1-4613-8431-1
https://doi.org/10.1007/PL00009339
https://doi.org/10.1007/PL00009339
mailto:alexandre.ern@enpc.fr
mailto:johnny_guzman@brown.edu
mailto:pratyush_potu@brown.edu
mailto:martin.vohralik@inria.fr

