N

N

Approximate inexpensive multigrid block-Jacobi solver using
extension of basis functions and a levelwise optimal step-size
Zhaonan Dong, Clément Maradei, Martin Vohralik

» To cite this version:

Zhaonan Dong, Clément Maradei, Martin Vohralik. Approximate inexpensive multigrid block-Jacobi solver
using extension of basis functions and a levelwise optimal step-size. 2026. <hal-05667414v2)

HAL Id: hal-05667414
https://hal.science/hal-05667414v2

Preprint submitted on 6 Jul 2026

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License


https://hal.science/hal-05667414v2
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Approximate inexpensive multigrid block-Jacobi solver using
extension of basis functions and a levelwise optimal step-size

Zhaonan Dong!'?, Clément Maradei?, and Martin Vohralik!»?

nria, 48 rue Barrault, 75647 Paris, France.
2CERMICS, ENPC, Institut Polytechnique de Paris, CNRS, 6 & 8 avenue
B. Pascal, 77455 Marne-la-Vallée, France.

June 30, 2026

Abstract

We develop an inexpensive multigrid solver guided by an a posteriori estimator of the
algebraic error. We consider a second-order elliptic diffusion problem discretized with
conforming finite elements of arbitrary polynomial degree p in 1 < d < 3 space dimensions
on possibly highly graded simplicial meshes. We build on [STAM J. Sci. Comput. 43, 5
(2021), S117-S145], where one step of the patchwise block-Jacobi smoother followed by line
search per mesh level is proven to lead to p-uniform contraction. Our goal is to significantly
reduce its computational cost, while retaining similar contraction rate. Our central idea
is to approximate the solution of the block-Jacobi problems, one per vertex patch, by
solving block-Jacobi problems, one per simplex instead, using a sequential loop over simplices
sharing the vertex in question. This can typically be realized via factorization of (d + 1)
matrices on the reference simplex once and for all before the iterations start. In addition, we
employ a line-search procedure to determine, on each mesh level, the optimal step sizes for
the smoothing correction. We additionnaly introduce a simple and effective strategy that
allows the solver to adaptively select the number of (post-)smoothing steps on each level,
resulting in further contraction rate improvement. Numerical tests show that our method
reduces the computational cost of the original p-uniform patchwise block-Jacobi approach by
roughly two orders of magnitude, being comparable in cost to the standard Jacobi (diagonal)
multigrid smoother, while converging much faster. These tests also highlight the benefits of
adaptively selecting the number of post-smoothing steps.

1 Introduction

Multilevel methods are widely recognized for their effectiveness and versatility as solvers and
preconditioners for large, sparse algebraic linear systems arising from the numerical discretization
of partial differential equations. We refer the reader to the overviews of Hackbusch [10], Briggs
et al. [4], Zhang [23], Oswald [16], and Griebel and Oswald [9]. A key property of these methods
is that their convergence typically does not depend on the mesh size, i.e., they are h-robust.
Nevertheless, their performance remains influenced by the polynomial degree of approximation
.

Early developments of p-robust solvers include the work of Quarteroni and Sacchi-Landriani
[19] and Widlund and Pavarino [18], which addressed specific domain configurations decomposable



into rectangles without internal cross points, and the extension to more general quadrilateral and
hexahedral meshes by Pavarino [17]. These results were further generalized to triangular and
tetrahedral meshes by Schoberl et al. [20] through the introduction of an additive Schwarz
preconditioner. For quadrilateral or hexahedral meshses, Huismann, Stiller, and Frohlich [11]
derived matrix-free explicit inverse static condensed operator enabling an additive Schwarz-type
smoother that scales linearly in terms of DoFs. Brubeck and Farell showed how to construct
optimal complexity solvers avoinding the patch problems for high order polynomial degrees [5, 6]
in that setting. Within the framework of discontinuous Galerkin methods, Antonietti et al. [1, 2]
established p-robust convergence results under the requirement of at least p? smoothing steps.
In the finite element and simplicial mesh setting, Miragi et al. [13, 14] demonstrated that it is
possible to construct a p-robust solver driven by an a posteriori estimator of the algebraic error,
which is localizable across mesh levels and element patches.

In this work, we present an inexpensive multilevel iterative solver built upon the solver introduced
n [13]. We aim to improve its computational efficiency by reducing the need to solve one patch
problem per each vertex (in the finest mesh or in each mesh level) to d+ 1 problems per reference
simplex, where d is the space dimension. To this end, we construct a lifting that can be interpreted
as an approximation of the algebraic error by continuous piecewise polynomials of degree p. This
lifting is obtained through a V-cycle multigrid method without presmoothing and with a single
postsmoothing step, complemented by an optimal step size correction by line search on each level,
while the coarse correction is provided by a lowest polynomial degree (piecewise linear) function.
The proposed solver belongs to the class of additive Schwarz methods applied to overlapping
subdomains composed of element patches. Locally, the patch problems are approximated via an
appropriate sequential procedure based on an extension operator and individual mesh element
spaces.

We prove that the solver contracts the algebraic error under the assumption that a specific ratio
remains uniformly bounded by a constant that may depend on p. The connection between this
ratio, its possible p-dependence, and the contraction property is rigorously established both in
the theoretical analysis and in the numerical experiments. Moreover, the solver is equipped with
a built-in a-posteriori estimate of the algebraic error, associated with an error reduction formula
quantifying the decrease of the algebraic error achieved at each iteration. Exploiting this feature,
we design a procedure that adaptively selects the number of smoothing steps to be performed on
each mesh level. Furthermore, for the case Id = K, we derive complexity estimates and propose
efficient implementation strategies, demonstrating the effectiveness of the approach in terms of
floating-point operations.

This contribution is organized as follows. In Section 2, we introduce the multilevel setting and the
notation used throughout the paper. Section 3 presents the motivation and outlines the key ideas
underlying the proposed solver. In Section 4, we introduce our main tool, namely the extension
of basis functions, and define the resulting solver replacing the patch problems by sequential
loops with cell problems, together with basic properties that follow from its construction. In
Section 6, we propose a simple adaptive procedure aimed at reducing both the total number
of smoothing steps and the computational cost required for convergence. Section 7 provides
insight into how the proposed approach can be efficiently implemented in the case K = Id.
Section 8 introduces alternative solvers used for comparisons in Section 10. Section 9 recalls and
introduces complexity estimates in terms of floating-point operations, which form the basis for
the comparisons presented in Section 10, where numerical experiments are reported. Section 11
is devoted to the proof of the main results. Finally, in Appendices A—C, we present a series of
numerical experiments on a simple example designed to complement and support the theoretical
analysis developed throughout the paper. These experiments provide numerical evidence for the
link introduced in Section 3 and offer additional insight into the assumptions underlying our



main results.

2 Setting

2.1 Model problem

Let Q € R% 1 < d < 3, be an open bounded connected domain with Lipschitz boundary 09.
Let f € L?(Q2) be a source term and K € [L®(2)]?*¢ a symmetric positive definite diffusion
coefficient. We consider a second-order elliptic diffusion problem defined over {2 where we look
for the weak solution u € H}(Q) such that

(KVu, Vo) = (f,v) VYve Hj(Q). (2.1)

Then, we use the standard notation (-,-) for the L(Q) or [L?(Q2)]? scalar product.

2.2 Finite element discretization and algebraic system

Let 77,J = 1 be a matching simplicial mesh of 0, and let an integer p > 1 denote a polynomial
degree. The finite element space is

VP = P,(Ts) n Hy (), (2.2)

where P,(T;) := {v; € L*(Q), vs|k € Pp(K) VK € T;}. Let Ny := dim(V7). The discrete
counterpart of (2.1) consists in finding u,; € V¥ such that

(KVuy,Vouy) = (f,vy) Yuse V}? (2.3)

If we introduce a basis ¢',1 <1 < Ny, of the space V7, then problem (2.3) becomes equivalent
to solving a system of linear algebraic equations: find U; € RN7 such that

AUy =Fy, (2.4)

where (A )i, := (KV¢T, V¢l) denotes the symmetric and positive definite stiffness matrix and
(Fy)i := (f, %) the load vector. The solution can then be expressed as u; = ZZ":l(UJ)m(bG”. In
this work we, however, prefer to work with (2.3), which is independent of the choice of the basis
qﬁf], in a crucial contrast to (2.4), which depends on it. Consequently, all our results are basis
independent.

2.3 A hierarchy of meshes and spaces

In order to design an efficient solver for the linear system (2.4), we suppose that there is a
hierarchy of matching simplicial meshes {7}, <j<Jo J =1, where T; has been introduced earlier,
and where each mesh 7; is obtained as a refinement of 7;_1,1 < j < J. Alongside this mesh
hierarchy, we define a corresponding hierarchy of the finite element spaces. To this end, for each

mesh level j € {0,...,J}, we fix p;, the polynomial degree associated to mesh level j, such that
1l=po<p1=...=pj_1 <py=p. In particular, let:
for j=0: Vi = Pi(To) n HY ()  (lowest-order space), (2.5a)
for1<j<J-—1: Vjpj 1= Py, (T;) N Hy(Q)  (pj-th order spaces), (2.5b)
for j=J: VP =P,(T;) n Hy(Q) (p-th order space), (2.5¢)



where Py, (7;) := {v; € L*(Q), vj|, € Pp,(K) VK € T;}. Note that, crucially, we have nestedness
of the FEM spaces, that is Vi € V' < ...c V}/' < V7.

Patch 7" around a vertex a  Degrees of freedom of the space V" for p = 3
with the corresponding patch subdomain w¢ '

Figure 1: Illustration of the patch subdomain w$ of the patch 7 (left) and the degrees of
freedom of the space V;* for the Lagrange finite elements where p; = 3 (right).

Let V;,0 < j < J, be the set of vertices of the mesh 7;. In what follows, we need to define
the notion of patches of elements, illustrated in Figure 1. Given a vertex a € V;, we denote by
T;* all the mesh elements of 7; that share the vertex a, 7* := {K € T;,a € Vi}, where Vi is the
set of vertices of an element K. The corresponding open patch subdomain is denoted by wf'. We
also denote by 1; o the standard hat function associated to the vertex a € V;, i.e., the piecewise
affine function with respect to the mesh 7; taking value 1 at vertex a and vanishing at all other
vertices of V;. Note that w{ is the support of 1; . Finally, the local spaces V* are defined by

V=P, (7;“) N H} (w;‘) . (2.6)
We set Nj o 1= dim(V}*), cf. Figure 1 for the illustration of the Lagrange degrees of freedom
when p; = 3.

2.4 Mesh refinement and regularity assumptions

For any mesh level j € {0,...,J} and K € 7, we denote by hx := diam(K) the diameter
of the element K whereas pg denotes the diameter of the largest ball contained in K, and
h; 1= maxke7; hx stands for the mesh size on level j. We will work with uniformly shape-
regular meshes:

Assumption 2.1. (Mesh shape regularity). There exists k7 > 0 such that

h
max —~ < ki for all 0 < j < J. (2.7
KeTj pi
Below, we work under one of the two following additional assumptions. In the first setting,
the hierarchy consists of quasi-uniform meshes with a bounded refinement factor between conse-
cutive levels:



Assumption 2.2. (Refinement strength and mesh quasi-uniformity).  There exists a fixed
positive real number 0 < Cref < 1 such that for all j € {1,...,J}, for all K € 7,_4, and for any
K* € T; such that K* c K, there holds

Cref hK < hK* < hK7 (28)
There further exists a fixed positive real number 0 < Cq, < 1 such that for all j € {0,...,J} and
for all K € T;, there holds
Cquhj < hg < hj. (2.9)
bj3
B'fz’ T; obtained by a
bisection of 7;_1.
by Neighboring vertices
- on the refinement edge

b;,,bj,. The new vertex
after refinement is by, .

Bj = {bjlﬁbjzﬁbje,} < Vj

Figure 2: Illustration of the set B;; the refinement 7; (dotted lines) of the mesh 7;_; (full lines).

In the second setting, we work with a hierarchy generated from a quasi-uniform coarse mesh
by a series of bisections, e.g., newest vertex bisection, cf. Mitchell [15] or Sewell [21]. In this case,
one refinement of an edge of 7;_1, for j € {1,...,J}, gives us a new finer mesh 7;. We denote by
B; < V; the set consisting of the new vertex obtained after the bisection together with its two
neighbors on the refinement edge; see Figure 2 for an illustration with d = 2. We also denote by
hp; the maximal diameter of elements having a vertex in the set Bj, for j € {1,...,J}. Here we
assume:

Assumption 2.3. (Local refinement strength and the coarsest mesh quasi-uniformity of bisection-
generated meshes).  The coarsest mesh 7T is a conforming quasi-uniform mesh in the sense
of (2.9), with parameter 0 < Cgu < 1. The (possibly highly graded) conforming mesh 7
is generated from Ty by a series of bisections. There exists a fixed positive real number 0 <
Cloc,qu < 1 such that for all j € {1,...,J}, there holds Cioc,qu h5; < hx < hp, for all K € T;

such that a vertex of K belongs to B;.



3 Motivation

We motivate here our approach.

3.1 p-robust solver with patch solves

As demonstrated in [13], a multilevel solver that ensures p-robust contraction with merely one
post-smoothing step can be constructed for the finite element problem (2.3). Let v’ be the
approximation of u; on iteration 7. Then the error on the next step ¢+ 1 is contracted according
to

I3V (uy — w5 < @ KEV (uy — b)), (3.1)

where the constant 0 < o < 1 is independent of p. In addition, the solver provides a built-in
a posteriori estimator that gives a guaranteed and efficient (two-sided) bound on the algebraic
€rror:

(V1= a?) K2V (uy —uly)| < mag < K2V (ug =l (3.2)
and more precisely
12V (g — uf)|? = K2V (wy — ulp) P = (nig)?, (3.3)

thereby making the method a posteriori steered. The estimate of the algebraic error nglg is
defined

2

J
Tlalg (Z /\Z "C vp] H > ’ (34)
and requires the computation of the descent directions

~ Yt (3.5a)

IIEVJ'

for each mesh level 1 < j < J, where p;'-ya € V;* are the solutions of residual local problems of
the form

(KVp a0 VUja ) = (f,Vja ) — (KVuY;_1,Vvja ) v Yvja € V), (3.5b)

while the coarse contribution pg € Vg is given by the solution of the problem
(K¥Vph, Vog) = (f,v0) — (KVuY, Vvg) Voo € V. (3.6)

Here uJ ., is the approximate solution obtained on the level j — 1, uJ] 1= uJ + Zi B)\}Cpk
The descent direction is paired with the corresponding optimal step size, defined by the following
formula:

si o o) = (KVuG, 1, Vi)
: a7

(3.7)



The new approximation is then uf,“ = uf,, Using (2.3), we note that (3.5b) can be equivalently

formulated as local minimization problems over each vertex patch

. . 1 ‘
p}a i=argmin |2V ((uy —uy 1) — vj,a)Hf);. (3.8)
vj,a€V

This approach, however, remains computationally demanding in terms of number of operations
and memory. Indeed, one need to solve the vertex patch problem (3.5b) for each vertex on each
mesh level. Whereas for p; = 1, the block Jacobi matrix corresponding to (3.5b) is diagonal, it
becomes larger and denser for increasing p;. This paper looks for improvements of this limitation.
Let us now introduce our key idea.

3.2 Sequential construction avoiding patch solves

Following the ideas developed in [8], it is possible to construct, element by element in a vertex
patch, a piecewise polynomial which is, up to a constant only depending on the mesh shape
regularity k7 and space dimension d, as good as a solution of a problem over the piecewise
polynomial space on the patch. More precisely, we can deduce the following result as a consequence
of [8, Theorem 2.2]. Let 7;4 be a piecewise polynomial in P, (7,%) such that 7;4|r = 0 for
all faces F' located on 00.)?. Then, there is a constant C only depending on k7 and d, thus
independent of the polynomial degree of approximation p; such that

7,71 2
min V7 (Tj.a — v;, . <C Z min V1 (Tja—v 2 3.9
’ijaEVja H ( e ! a)HUJj N =1 vEVj”'KivU‘OKq:ﬁé"Ki—l:ﬁ;,alaKi—l ” ( ne )HK7 7 ( )
where
ﬁ;a K; 1= arg min IVT (Tja — U)”Ki , with Ky = @. (3.10)

eV K, v‘aKi”aKi—1=ﬁj',a|0Ki71

The procedure relies on suitable enumeration (shelling) of the cells K; in 7,%; in two space
dimensions, this is simply a clockwise or counterclockwise loop. Thus, a patch solve on the
left-hand side of (3.9) is as good as a sequential loop with elementwise problems on the right-
hand of (3.9). Crucially, computing the elementwise minimizers ﬁj-,a is significantly cheaper
than computing the global minimizer p;'»,a of the left-hand side of (3.9), while still providing
a controlled p-robust approximation in the energy norm. This procedure is computationally
illustrated in Appendix A. Unfortunately, we can not employ this idea directly, since in our case
Tja = Ujj—1 — uj, see (3.8), where u; is unknown. To gain access to the right hand side of
(3.5b) element-wise, we need to employ an extension idea.

4 Multilevel Solver

We describe here our multilevel solver with the main idea being the replacement of the patch
solve (3.5b) by the sequence of element solves, as motivated in Section 3.
4.1 Patch enumeration

Let us first consider the enumeration of the cells in a given patch 7;* in the form Ky, ..., K|7a|.
J
To describe our idea simply, let us consider two space dimensions, a vertex a € V; in the interior



of (2, and the case where |7;*| is even. Then the enumeration is simply in the counter-clockwise
direction. The vertices on the boundary dw can be colored using two colors, with no two adjacent
vertices sharing the same color. We use this to define Ty ,, : K; — K, as the unique bijective
affine map between K; and K, that preserves the vertex a and the color of the other vertices.
We show an illustration in Figure 3. For further details, we refer the reader to [8, Appendix B],

where the case d = 3 as well as patches 7% consisting of an odd number of elements are treated.

Figure 3: Illustration of the mappings T j, for a vertex patch 7;-“

4.2 Cell spaces

Let us now introduce the element infinite-dimensional spaces
H}(Ky) = {v e H'(K)), v|aw;l = 0}’

1, (4.1)

HY(K;) = {v € HY(K,), vlows = 0,0]ok,nok,_, = o}, V2 <i< | -
H]a(K‘TJa‘) = {’U € Hl(K|7-ja|), U|5w; = O7U|K|T]@\°9K|Tf\—l = 0,’U|a[(|7,ja|ma[(1 = 0}
and their discrete counterparts
ija(Kl) = {1} S ij (Kl), ’U|aw;1 = O},
V(K i= {v € Py, (), Vlaws = 0,0loxinor,, =0}, W2 <i < |T| -1, (4.2)

‘/ja(Kl'T]"‘l) = {’U € ij (K\T]"\)a v|6w;.1 = O;”|<3K‘7—Jq|maK‘7—sz|,1 = 03”|6K‘7—ja‘m6K1 = 0} :

Later on, we use the notation N{(Kj;) for the dimension of the space V2(K;).



4.3 Extension operators

We now introduce the extension operators. For all 1 < k < [T|, we define the extension
operators Ej, : H*(K}) — Hj(w?) as follows:

Ey(v)|k, = 0]k, El(v)|Kk :ZUOTIi V2<k |7;a|,

<
Er(v)|k, == vk, Er(v)|ky,, :=vo T,;}CH V2 < k <|T/| = 1, and 0 otherwise,

EIT;‘|<U)|K|T]@\ = U|K|Tj“| and 0 otherwise.
(4.3)
We use the notation supp(Ey) for the support of the extension operator Ej. In particular
|supp(E}))| denotes the number of elements K where Fj is non zero. We show an illustration
in Figures 4-6. This operator coupled with the local cell spaces allows us to design a sequential
procedure to produce an object % , € V;*, an approximation to p} , € V;* from (3.5b). This is
the subject of Section 4.4.

Extension of the Extension of an Extension of a
nodal basis function edge basis function cell basis function

220 Initial support
Support of the extension

Figure 4: Nlustration of the extension F; of basis functions for the Lagrange finite elements for
different types of degrees of freedom when p; = 3.



Extension of an Extension of a
edge basis function cell basis function

20 Initial support
Support of the extension

Figure 5: Hlustration of the extension Fy of basis functions for the Lagrange finite elements for
different types of degrees of freedom when p; = 3.

Extension of a
cell basis function

. Initial support
Support of the extension

Figure 6: Illustration of the extension Eg of basis functions for the Lagrange finite elements when
py = 3. The initial support is in hatched, the support of the extension is in grey.

4.4 Solver with element-wise block-Jacobi smoother using extension
of basis functions

In this section, we present our solver. It relies on the construction of approximate local residual
liftings [);'-,a € V;* via the extension operators of Section 4.3.

10



Algorithm 1: Multigrid solver using element solves and extension of basis functions

1. Initialize ug as the zero function of the space V7 and set i = 0.
2. Perform the following steps (a)—(d)
(a) Define g, as the solution of the coarse residual problem: no space

(KV 5y, Vvg) = (f,v0) — (KVu'y, Vo) Vug € V. (4.4)

Define \j := 1 and set , o
W 1=l + Ny
(b) For j = 1:J and for all vertices, define the local contributions ﬁj-,a € V* on the
elements Kj; of the patch 7;* as solutions of a sequence of cell problems :
For k = 1:|T%|, define the elementwise contributions 7’ , |k, € Pp, (Kx)
with g5 .|k, = 0 on dw$ such that
(ﬁ},a|Kk)|aKkﬁaKk—l = (ﬁ},allKk—lﬂaKkﬁaKk—l fork=2,..., |7}a|7
(p;',a.|K\T;z|>|t?K|qumaK1 = (P},G|K1>|6K|T]qmal<17
as solutions of cell problems
(fv Ekvj,a)w; - (Kvufld‘flv V(Ekvj,a))

w?

(KV 5, 0 VUja) Vvjq € Vi (Kp).

Ke [supp(Ey )|
(4.5a)
End For
e Define the descent direction ﬁ;- € Vjp 7 on the level j by
= > Pl (4.5b)
acV;
o If ﬁ; # 0, define the optimal step-size 5\; by
N o— (f’ﬁ;) B (’CvuiJ,j—l?vﬁé) (4 6)
A K |
Else set 5\; := 1. Define the level update by

End For
(c) Set u'/tt :=ul; ; € V7.

(d) If the estimate of the algebraic error ﬁglg is small, then we stop the solver.
Otherwise set i := i + 1 and return to step 2.

11



4.5 Basic properties

In this section, we collect properties that follows directly from the construction of our solver. We
first present how the solver of Algorithm 1 induces an a posteriori estimator Talg -

Definition 4.1. (Algebraic error estimator). Let u’; € V¥ be arbitrary, and let u’;™* € V7 be the
update at the end of one step of the solver introduced in Algorithm 1. We define the algebraic
error estimator

7 3
Talg *= (Z(A}K2V5§|)2> : (4.8)

j=0

We continue with several remarks.

Remark 4.2. (Localization on cells). The left-hand side of (4.5a) is posed solely on the element
K} in question. Below, in Section 7, we use it to deduce merely d + 1 type of problems on
the reference element K when K = Id. In contrast, the right-hand side of (4.5a) evaluates the
algebraic residual on the whole patch subdomain w¥, using the extension operators of Section 4.3.

Remark 4.3. (Compact writing of the iteration update). Let u%, € V7. The update given in (4.7)
writes equivalently as

J
=l + 7 Nk (4.9)
k=0
and in particular
uStt =l 4 ) N (4.10)
k=0

The next lemma justifies the choice of the optimal step size given by (4.6).
Lemma 4.4. (Levelwise optimal step size). Let j € {1,...,J}, quj_l € V7 be arbitrary, and let
p~§ and X; be given by (4.5) and (4.6), respectively. Then
i : 3 i i
A= arg min K2V (ug — (ul ;1 +X55)) |
Proof. We write the algebraic error associated to u’ ; ; + Ap} as a function of A
1 ; » 1 ;
12V (ug — (uh oy + AP =12V (wy — ;)|
i ~j 1~
=2\ (KV (uy —uly ;1) , V) + XK=V 5|2
The minimum of this quadratic function is given by the following formula (using (2.3)):

o (A~ (K, V5)
J Rz

12



5 Main results

In this section, we collect our main results. Those results are obtained using a polynomial
hierarchy such that p; = 1,0 < j < J —1, and p; = p. We first begin by establishing an
energy error decay formula that quantifies the progress achieved at each iteration of the solver of
Algorithm 1. The identity below shows that the energy norm of the error diminishes with each
update, with the total reduction of the form of orthogonal decomposition of the residual lifting
contributions.

Theorem 5.1. (Error decrease formula). For u’; € V7, let u’;™! € V7 be given by one iteration
of the solver of Algorithm 1. The following holds true

J
12V (uy =P = K2V (ug = ul)|? = Y NIKZ V) (5-1)
j=0
Proof. This is the consequence of the line search (4.6), as in [13]. We go through the levels from

finest to coarse while exploiting the relation between the level update and the optimal step-size
on each level.

1 i (4.7) 1 i Yi ~i
K2 (ug — w2 =" IK2V (ug — (ul y_y + A555))|>

(4.6) .1 i Si et o~
= K2V (us — uJ,J71>”2 —( JH’C2V/)JH)2
J

== KV (us = (uf + Aa0))I° = D (AIKEV))?
j=1
(4.4) 1 ; J i 1 :
= 1K=V (ug —uy) P = Y (NG IK=2 V).
j=0

We now state the main assumption that we use to prove Theorem 5.3.

Assumptio_n 5.2, (Connection between levelwise residual lifting and its approximate counter-
part). Let p% and p defined respectively by (3.5) and (4.5). Let A\ and A be their corresponding
optimal step size defined by (3.7) and (4.6). We introduce the ratio £%:

VLAY R

N2 A2 (5.2)
(A))2KC= V|

&=
We assume that there exists a constant 0 < C(p) < 40 such that ¢4 < C(p). Thus we can write

the following inequality

L2V < Clp) (D)2 K2V |2 (5.3)

Following the framework of [13], we now state our main theorem, which holds under Assump-
tion 5.2.

Theorem 5.3. (Contraction of the algebraic error) Let u; € V] be the unknown finite element
solution of (2.3) and let @ > 0 and u’ € V7 be arbitrary. Take u’'' constructed from the

13



multilevel solver of Algorithm 1 with the polynomial hierarchy p; = 1,1 < j < J — 1. Let
Assumption 2.1 and either Assumption 2.2 or 2.3 hold. Suppose also Assumption 5.2. Then
there holds

12V (uy — ulh)| < @IKEV (ug — ), (5.4)

where 0 < & < 1 depends only on the space dimension d, the mesh shape regularity parameter
KT, the ratio of the largest and the smallest eigenvalue of the diffusion coefficient K, the number
of mesh levels J, and the constant C(p).

Following Theorem 5.1, the estimator ﬁ;lg is immediately a guaranteed lower bound on the
algebraic error.

Theorem 5.4. (Guaranteed lower bound on the algebraic error). There holds
1K= (g = )| = g

Theorem 5.5. (Reliable and efficient bound on the algebraic error). Let the assumptions of
Theorem 5.3 be satisfied. Then in addition to Lemma 5.4, there holds

Mg = BIK2V (ug —uj)], (

where 0 < § < 1 is given by /1 — &2 from (5.4).

t
ot
=

As stated in Theorem 5.3, we assume that the constant C(p) is bounded. If C(p) were
p-robust, one would consequently observe p-robust contraction. However, this behavior is not
confirmed by our numerical experiments. A more detailed investigation of this relationship is
provided in Appendix B and C. Theorem 5.5 allows to write ﬁfﬂg as a two-sided bound of the
algebraic error thereby ensuring that the estimate is reliable and efficient. The two Theorems 5.3
and 5.5 are in fact equivalent. We use the error decrease formula of (5.1) to show this, following
[13, Corollary 3].

Remark 5.6. (Equivalence between contraction and estimator efficiency). Let the assumptions
of Theorem 5.3 be satisfied. Then (5.4) holds if and only if (5.5) holds.

Proof.

I3V (uy — )| < @23V (uy — uly)|?

(5.1)
(4 8) i 1 i
ST (g — )| = (iag)? < G2IKEV (g — )2

(1= a2V (uy —ub)|? < ()

Therefore, in Section 11, we will only prove Theorem 5.5.

6 Adaptive solver

Pursuing the idea of [13, Section 7], we propose a simple and practical approach that allows the
solver described in Algorithm 1 to autonomously and adaptively choose the number of smoothing
steps on each mesh level. The central idea of the adaptive variant is to perform additional post-
smoothing steps, if necessary, on those levels that contribute most to the algebraic error. This
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decision is based on the available a posteriori estimate of the algebraic error and follows a Dorfler-
type marking criterion [7].

Algorithm 2: Adaptive multigrid solver using element solves and basis function
extension
1. Initialize uf € V7 as the zero function and set i := 0.

2. Perform the following steps (a)—(d):

(a) Construct pj using (4.4) and set
56,1 = ﬁé» 5‘6,1 =1, Vé =1, U?J,o = “iJ + 5\6,1/56,1~

(b) For j=1,...,J:
i. Set v:=1.
ii. From u’;_,, construct i and ! using (4.5)~(4.6). Set

ﬁ;7u::ﬁ§7 A;'yV::)\;'7 quV:_qu 1+>‘Jl/p]y
While

V < Vmax and

i-1 v
(L IV ) (ZZ e v Z ucwwj,euf)

) 6.1)

Do:
o Setv:=v+1
« From u’;, ,, construct p and ;\j- by (4.5)—(4.6)
o Update
EIEST R S RS
Endwhile
iii. Set v} := v and uf]] = uijj’y.
(c¢) Define the final update at iteration ¢ as

1+1 i y4
uy i=uy ;€ Vi,

(d) 1t ﬁ;lg is below the user specified tolerance, then stop the solver. Otherwise, set
1 := 1+ 1 and return to step 2.

Remark 6.1. (Adaptive substep). If the adaptive substep in 2(b) of Algorithm 2 is skipped by
setting vax = 1, we recover the non adaptive solver described in Algorithm 1. Otherwise, the
algorithm continues with additional smoothing iterations while the algebraic error on mesh level
j and solver iteration 7 as estimated by the left-hand side of (6.1) continues to be more important
than the cumulative decrease already achieved during iteration 1.

Remark 6.2. (Bulk-chasing criterion). The bulk-chasing (Dérfler’s) marking criterion used above
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in (6.1) is not essential. Other marking strategies, such as the maximal criterion, can also be
employed.

7 Implementation with d + 1 reference problems for K = Id

Let £ = Id. In this section, we aim at giving further insight on how the cell procedure leads
to a significant cost reduction in terms of memory and overall performance of Algorithm 1 with
respect to that of Section 3.1. First, let us consider pj |k, from (4.5a) and the decomposition

in the basis of V*(Kj) := span (¢} Gar o ®; N, “(K")) in addition to the part fixed by the inhomo-
geneous Dirichlet condition on the boundary with already visited neighbors that we denote by
gr- This requests solution of the algebraic linear system that arises from (4.5a):

Nj,a(K

pja (Vo0 Voia) g, = (1 Erdfa) o = (Viis i1 V(ERSTa)) o (7.1)

~

=1

- (ng7 v¢;—7’la)](k Ym = 17 ey Nj’a(K}C).

By employing a reference to physical geometric mapping Ts Ky - : Ky — K}, and defining for all
m =1,..., N, q(K}) the reference basis functions o™ e Py, (K) such that o= P70 Ts Kk, (2),
one can erte the following and equivalent algebraic hnear system where the left hand side matrix
is constructed on the domain of a reference element KS:

J a(Kk)
Z pj a |det‘]37Kk‘( e_Kk s KkV(vb VQS;”)IAQ = (f7 Ek(b;rfa)w;z - (vu?],j—lvv(Ek Ta))w;
=1
—(Var, Vo o)k, Ym=1,... Nja(Kg).

(7.2)
Here J; g, is the Jacobian of the affine transformation T, g, . Crucially, we want to stress that
in the case where the physical element K} is merely a rotation, translation or dilation of the
reference element K, i.e,

’I‘s,K;C (X) = as,Kst,KkX + ﬁs,Kkv (73)

with Qs ,, € R%*4 the rotation matrix of determinant 1, o i, € R the coefficient of dilatation
and B i, € R¢ the translation vector, the matrix product J;}(k,]];}(k simplifies into |detJs k, |~ @
Indeed, in that case, the Jacobian is

Js,Kk = Oés,Kst,Kk- (74)
Then, formula (7.2) reads as
2 Nj,a(Kk) )
‘dEtJ&KJiHl Z p] u, v¢m) 4 (f7 Ek(b??a)w; - (Vuf],j—b V(Ekéf)yfa))w; (7 5)

~(Vor, Vo), Ym=1,...,N;a(Kg).

Therefore, one can store the Cholesky decomposition of the left hand side of (d + 1) matrices
once and for all and employ it with the physical data information of the right hand side. Note
that we use an index s € {1,...,d + 1} in the above formulas, reflecting the different boundary
conditions in (4.5a). While the reference simple K, can remain the same, the dimension of the
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problem (N q(K})) depends on the ordering of the element K} within the procedure and the
corresponding boundary conditions (see formula (4.5a)). As an example, in two space dimensions,
there is a total of three distinct cases to take care of, this is illustrated in Figure 7. Consequently,
we only need to compute three Cholesky decompositions in this case. In Section 9, we take

advantage of this cost reduction to derive complexity formulas.
s

()
wJ

Figure 7: Visualization of the mapping to the reference triangles K, under different boundary
conditions. The representation shows the Lagrange degrees of freedom for p; = 3.

8 Additionnal solvers for numerical comparisons

In this section, we introduce some additionnal multigrid solvers for numerical comparisons in
Section 10 below.

Remark 8.1. (Block-Jacobi smoother: MGpagen). Using pf of (3.5a) and X of (3.7), as defined
in Section 3.1, in the solver of Algorithm 1, is exactly the approach explored in [13]. We will
refer this approach as being the MGypatcn solver later in Section 9.

Remark 8.2. (Diagonal Jacobi smoother with optimal step-size: MGS’pt). In order to make
further comparisons later, we would like to introduce the following smoother in our setting. We
introduce p;-’* € Vjp 7 defined by

N
AW (8.12)
=1

where the coefficients p;-’;k, 1 <1 < Nj are the solutions of

Py VL, VL) = (f,0)) — (KVuly,;_y, V). (8.1D)

We recall that (;Sé-, 1 <1 < Nj form a basis of Vjp 7. Crucially, (8.1b) is one equation for one
unknown p;;k this is a functional writing of the Jacobi (diagonal) smoother for the space Vjp I

on the level j. Employing the MG?pt solver means replacing p? of formula (4.5b) by p;* of
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formula (8.1a). Similarly to what has been done in Algorithm 1, an optimal step size can be
defined by

(f,07") = (KVui 4, V)™

2# ,
! /23 pi |2

(8.2)

Remark 8.3. (Diagonal Jacobi Smoother: MGj). This is the classical Jacobi smoother where we
set pj :=p Vj =1, po =1 remains the same. The correction is given by (8.1a) without the use
of optimal step-sizes.

9 Complexity of the solvers

We give in this section some more insight into the algorithmic complexity of the solver of
Algorithm 1, those of Section 8, and their variants with additonnal number of smoothing steps.
Recall the matrix writing of one iteration of the solver of Algorithm 1. Performing one iteration
of the solver of Algorithm 1 would mean first solving the coarse problem

Rh = Ay (Fo — AoUly), (9.1a)
and then solving on the level j
U}j = U{]yjfl + X;R;, (le)

where R; i=R;(Fj — A;U5; ), with the computation of 5\; done by

R e PR Vil ) (9,10
7 (A;RVR!

making use of intergrid operators between levels. In (9.1), we use the representation [); =

ZZ’: 1(R;)m¢§” Here R; is the approximate of the right inverse operator A;l stemming from
the element wise procedure of (4.5b).

We now turn to the computational complexity of the method. In particular, following the
work of [13], we introduce a complexity formula that accounts for the number of floating-point
operations performed after i, iterations of the solver described in Algorithm 2. To enable a fair
comparison, we also derive analogous complexity formulas for the solver of Algorithm 2, as well
as for each solver variant numerically studied in Section 10. In particular, we obtain for the

cellwise solver of Algorithm 2:

3
3 J-l 3 ndof (V{(Ky)
nflops wig,.(0.1) = |V§| + Z ndof (V}') + Z ( 3 ) (9.2a)
j=1 k=1
s J-1
+ Z 2Vol® + Z V;ndof (le) + V;» Z Z ondof (V#(Ky))? (9.2b)
i=1 j=1 aeV; KpeTe
7:5 J . .
+ Z Z [2nnz (Ijj-il) + 2nnz (I]J-_l) + 2u§nnz (Aj) + 3V; (2 size (AJ))] . (9.2¢)

i=1j=1
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For the patchwise solver of Remark 8.1, we have

|V0 ndof (V, )3
nflops yic, .o (0, Vi) Z Z (9.3a)
j=1laeV;
2Vol” + Z > 2ndof (V)” (9.3b)
acV;
i J _ ‘
+ Z Z [2nnz <I§—1) + 2nnz (Ijjfl) + 2vinnz (A;) + 3V (2size (AJ))] . (9.3¢)
i=1j=1

The computational cost of the multigrid Jacobi method with v number of post-smoothing steps
described in Remark 8.3 MGy (0,v):

Wl 5
nflops v, (0,) = 3t Z ndof (V) (9.4a)
j=1
s J
+ ] [2 Vol? + ) vndof (V) (9.4b)
i=1 j=1
i J
+ Z Z [2nnz (Ijjjil) + 2nnz (Ig_l)] . (9.4¢)

i=1j=1

The computational cost of the Jacobi smoother of Remark 8.2 with v additionnal post-smoothing
steps and an optimal step-size MG‘}pt (0,v):

\v ’
nflops MGoPH(0,) =

ndof Vp]) (9.5a)
Jj=1

is J

+ 2 [2 Vol + 2 vndof (V) (9.5b)
i=1 =1
ts J J . .

+ Z 2 [2nnz (Ij-_l) + 2nnz (Ijjfl) + 2vnnz (A ;) + 3v (2size (AJ))] . (9.5¢)

The formulas (9.2), (9.3), (9.4), and (9.5) are derived under the assumption that the global
coarse matrix is factorized (for a matrix of size n, this cost is estimated as 1/3n%). For mesh
levels 1 < j < J —1, the cost of inverting all local systems (4.5a) associated with a single degree
of freedom is given by the total number of degrees of freedom in le, this is in fact equivalent
to the computation of the diagonal Jacobi smoother globally, see formulas (9.4) and (9.5). For
the last level J we only need the factorization of three local cell matrices (9.2a) instead of all
the patch matrices (9.3a), see Figure 7. For (9.2) and (9.3), the cost of solves by forward and
backward substitutions is estimated as 2n?, while it is linear in terms of dofs for the Jacobi-type
variant (9.4) (9.5). The construction of intergrid operators ZJ_, : V' — V" is estimated at
twice the number of nonzeros in the associated interpolation matrix and remain the same for all
the solvers (first two terms of equations labeled “c”). The evaluation of the optimal step-sizes 5\;'-,
as defined in (4.6), requires a cost equal to twice the number of nonzeros of the stiffness matrix
A; at the corresponding level, together with three inner products (last two terms of (9.2¢),(9.3c),

(9.5¢)).
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We want to stress that formulas (9.2)—(9.5) do not account for the operations required to
evaluate the right-hand sides of the problems. While such evaluations may contribute to the
overall flop count especially for MGS**(0, 1) and MGjy(0,1) , their impact depends heavily on the
particular implementation and are dominated by the other components. We aim to emphasize
that the computational cost of the solver of Algorithm 1 is very close to the one of the classical
Jacobi multigrid method of (9.4) and the step-size variant (9.5). On the level J, the additional
cost arising from the sequential patch procedure at level J is given by the last term in equations
(9.2a) and (9.2b). While the cost of the last term (9.2a) is negligeable, the cost of the last term in
(9.2b) is indeed superior to the one required for the diagonal Jacobi smoother. However, we want
to stress that the formula (9.2) allows for a parallel implementation. In that regard the question
of efficiency in terms of number of floating-points operations is less relevant. In terms of memory
requirements, the solver presented in Algorithm 1 represents a significant improvement over the
work in [13] (Section 3.1), as it no longer needs to operate with local matrices constructed on
patches.

10 Numerical experiments
In this section, we analyze the performance in terms of iterations and cost of the proposed solver.

We will consider problem (2.3) with K = 1 and in (10.3), an inhomogenous boundary conditions
given by the exact solution. The test cases where the exact solutions is given are the following:

sine:  Q:=(—1,1)% u(z,y) := sin(27z) sin(27y), (10.1)
peak :  Q:=(0,1)% u(z,y) := (x — Dy(y — 1)67100((“”70'5)27(1’70‘117)2), (10.2)
L-shape: Q:= (=1,1)2\([0,1] x [—1,0]), u(r, @) := r*/3sin(2p/3). (10.3)

We consider mesh hierarchies obtained by successive uniform refinement using the newest
vertex bisection method on a coarse Delaunay triangulation mesh. We study the convergence of
the solver of Algorithm 1 and its adaptive variant of Algorithm 2 in terms of number of iterations
and cost. We stop the solver when the algebraic error [|K2V (u%, — uz)| drops below 1075,

Figure 8: Illustration of an initial grid 7o (left) with its refinement 77 (middle) and 7T (right)
obtained by two uniform iterations of the newest vertex bisection method.

10.1 Convergence in terms of number of iterations

We first present numerical results focusing exclusively on the number of iterations required by the
proposed solver (Algorithm 1) to achieve convergence. The behavior of the method is compared
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with the other solvers detailed in Section 8.

Sine Problem

J | p| DoFs | MGeen(0,1) | MGpaten(0,1) MGf]’M(O, 1) | MGy(p,p) J | p| DoFs | MGeen(0,1) | MGpaten(0,1) MG}'pt (0,1) | MGy(p,p)
411 4225 19 19 19 11 5|1 4225 20 20 20 20

2 | 16641 31 19 32 19 2 | 16641 35 20 34 div

3| 37249 47 21 59 37 3| 37249 52 20 70 36

4| 66049 66 20 101 160 4| 66049 82 20 7 div

5 | 103041 70 20 127 div 5 | 103041 84 20 240 div

6 | 148225 74 20 893 div 6 | 148225 86 20 856 div

7| 201601 92 20 +3000 div 7| 201601 135 20 +3000 div

Peak Problem

J | p| DoFs | MGeenn(0,1) | MGpaten(0,1) MG?P“ (0,1) | MGy(p,p) J | p| DoFs | MGeen(0,1) | MGpaten(0,1) MG?pr (0,1) | MGy(p,p)
411 4225 13 10 10 8 511 4225 10 10 10 9

2 | 16641 35 13 21 24 2 | 16641 33 13 20 26

3| 37249 39 14 36 div 3| 37249 40 14 47 div

4| 66049 47 14 47 div 4| 66049 47 14 66 div

5 | 103041 51 14 94 div 5 | 103041 51 14 101 div

6 | 148225 60 14 393 div 6 | 148225 62 14 403 div

7 | 201601 52 14 1581 div 7 | 201601 54 14 1635 div

L-shape Problem

J | p| DoFs | MGeen(0,1) | MGpaen(0,1) MG‘}pt (0,1) | MGy(p,p) J | p| DoFs | MGeen(0,1) | MGpaten(0,1) MG‘;‘"t (0,1) | MGy(p,p)
411 3201 33 33 33 20 5| 1] 3201 33 33 33 25

2 | 12545 61 34 63 102 2| 12545 59 33 64 104

3| 28033 66 36 116 div 3| 28033 66 33 58 div

4 | 49665 66 36 145 div 4 | 49665 103 33 56 div

5| 77441 130 36 320 div 5| 77441 ks 33 116 div

6 | 111361 120 36 2484 div 6 | 111361 98 33 2485 div

7| 151425 246 36 +3000 div 7 | 151425 190 33 +3000 div

Table 1: Number of iterations is needed for convergence. The solver of Algorithm 1 is compared
with the others solvers detailed in Section 8. Different test cases with different polynomial
degrees p; and number of mesh levels J. For J = 4, the initial grid corresponds to the first level
of refinement when J = 5.

Table 1 reports the number of iterations required to reach convergence for each solver across
the different test cases. As shown in [13], the solver MGypaten(0,1) exhibits p-robust behavior;
consequently, the number of iterations remains unchanged as the polynomial degree p increases.
In contrast, the standard multigrid Jacobi solver MGj(p, p) is observed to not converge for p > 3,
a behavior that is well documented in the literature (see the references in Section 1). For the
optimized multigrid Jacobi solver MGj’pt (0,1), this divergence is no longer observed. However,
the number of iterations required for convergence increases significantly with p, already exceeding
2000 iterations for p = 6 in the third test case. By contrast, the solver MGcey(0,1) presented
in Algorithm 1, which has a comparable computational cost, does not exhibit this behavior.
Overall, while an increase in the number of iterations with respect to p is observed, this growth
remains moderate. Moreover, for certain test cases, such as the Peak problem, almost p-robust
behavior can be observed.
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Sine problem, v =1, J =4, p= 3, p; = [11113] Sine problem, v =1, J =4, p =4, p; = [11114]
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Figure 9: Contraction factors over the iterations for different polynomial degrees and mesh levels
with J = 4. The solver of Algorithm 1 is compared with the other solvers introduced in Section
9 for the sine problem (10.1) with different polynomial degrees.

Figure 9 reports the contraction factors of the solvers MGeen(0,1), MGypaten(0,1), as well
as MG?pt(O, 1). Consistently with the observations reported in Table 1, we observe that the
contraction factor of MGCJ’pt (0,1) approaches one rapidly as the polynomial degree p increases,
whereas the contraction factor of MG (0, 1) is significantly less affected by p. Furthermore,
for all solvers, the contraction factor is significantly smaller during the initial iterations. This
behavior can be attributed to the exact coarse solve, which efficiently eliminates the lowest-order
components of the algebraic error.

10.2 Convergence in terms of cost

In this section, we investigate the number of floating point operations required for convergence
as per Section 9 and the influence of the number of smoothing steps on the overall count.
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Table 2: Estimated number of floating point operations to match the stopping criterion given
for the solvers presented in Section 8. Different test cases, different polynomial degrees p and

different number of mesh levels J.

Sine Problem, p; = 6

J | v | DoFs | MGeen(0,7) | MGpaten (0, ) ‘ MG3%(0,v) ‘ MG;(0,v) J ‘ v DoFs ‘ MGeen(0,) | MGpaten(0,v) | MGH(0,v) | MG;(0,v)
4 | 1 | 37249 9.95¢ 9.16¢ 7.89¢” div 5| 1 | 148225 4.03¢° 3.51e” 3.01e™ div
5 | 37249 7.78¢% 9.92¢% 6.20e” div 5 | 148225 2.69¢” 4.04¢” 2.28¢10 div
10 | 37249 6.49¢® 1.41¢° 4.93¢° div 10 | 148225 2.60¢” 5.74¢° 1.78¢1° div
15 | 37249 7.56e" 1.94¢° 5.30e? div 15 | 148225 2.65¢7 7.88¢7 1.87e10 div
20 | 37249 7.44e8 2.04¢° 4.87¢" div 20 | 148225 2.43¢" 8.29¢” 1.76e'° div
L-shape Problem, p; =5
J | v | DoFs | MGeen(0,7) | MGpaten(0,v) ‘ MG%(0,v) ‘ MG;(0,v) J ‘ v ‘ DoFs ‘ MGeen(0,7) | MGpaten(0,) | MG5(0,v) | MG;(0,v)
41 1 | 19521 4.60¢ 4.08¢ 1.23¢° div 5 1| 77441 1.43¢7 1.73¢% 1.39e™0 div
5 | 19521 3.25¢% 4.58¢® 1.12¢° div 5 | 77441 1.36¢" 1.23¢" 9.97¢’ div
10 | 19521 3.46¢% 5.96e3 5.99¢% div 10 | 77441 1.39¢° 1.13¢° 6.08¢” div
15 | 19521 3.23¢% 7.38¢% 9.58¢" div 15 | 77441 1.44¢° 1.53¢" 7.17¢° div
20 | 19521 3.76e3 9.56e3 6.35¢® div 20 | 77441 1.55¢° 1.74¢° 9.17¢" div
L-shape Problem, p; = 6
J | v | DoFs | MGeen(0,v) | MGpaten(0,7) | MG(0,v) | MG 4(0,v) J | v DoFs | MGeenl(0,) | MGpaten(0,v) | MG%(0,v) | MG,(0,v)
4 | 1 | 28033 1.03¢° 9.40e 1.59e™0 div 511 111361 4.15¢" 3.92¢7 6.58¢10 div
5 | 28033 7.68¢% 1.07¢? 9.21¢" div 5 | 111361 3.08¢" 4.36¢" 3.79¢!0 div
10 | 28033 7.29¢% 1.37¢° 7.04¢° div 10 | 111361 2.93¢° 5.59¢% 2.88¢!0 div
15 | 28033 7.78¢% 1.68¢° 7.96¢" div 15 | 111361 3.12¢° 6.85¢" 3.27¢10 div
20 | 28033 7.43¢% 2.15¢° 7.16¢" div 20 | 111361 3.36¢° 8.78¢" 2.94¢!0 div
L-shape Problem, p;y =7
J | v | DoFs | MGeen(0,1) | MGparen(0,1) | MG*(0,1) | MGy(0,v) J | v | DoFs | MGeen(0,1) | MGpaen(0,1) | MG%(0,%) | MG;(0,v)
41 1 | 38081 1.96e” 4.15¢7 div div 51 1 | 151425 8.94¢7 2.13e™0 div div
5 | 38081 2.22¢" 1.98¢° div div 5 | 151425 8.33¢" 1.19e10 div div
10 | 38081 2.80¢” 1.92¢" 8.98¢!0 div 10 | 151425 8.39¢° 1.15e'° 9.58¢!! div
15 | 38081 3.39¢" 1.78¢° 1.13e!! div 15 | 151425 7.64¢" 1.38¢10 3.12¢!2 div
20 | 38081 4.29¢" 1.83¢° 9.29¢10 div 20 | 151425 8.82¢" 1.51e'0 9.36e!! div
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L-shape problem, v =1, J =4, p =6, p; = [11116] L—shape problem v=>5, J =4,p=06,p; = [11116]
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Figure 10: Cost comparison between the solvers MGeen (0, v), MGpaten (0, v), and MGCJ)pt 0,v),
where the total cost (shown in the leftmost column) is decomposed into different contributions
appearing in formulas of Section 9. Ilustrative example with the L-shape problem (10.3) with
J =4,p = 6, and different numbers of smoothing steps.

In Figure 10, the total computational cost is decomposed into its different components,
indicated on the abscissa and corresponding to the terms appearing in the cost formulas. The
label “Factorisation” denotes the cost associated with the Cholesky decomposition, “Smoothing”
refers to the cost of applying the approximate inverse of the operator to the residual, while “Step-
size” counts (9.5) and “Intergrid Operators” are for restriction and prolongation. One can observe
that MGeen (0, v) and MGpaten (0, v) exhibit total costs of the same order of magnitude, whereas
the total cost of MG(J)I’t (0,v) is significantly higher. A crucial observation is that MGeen (0, v)
does not incur a high factorisation cost. The reason is, as discussed in Section 7, that the
procedure of Algorithm 1 no longer requires the factorisation of all the patch matrices (second
term of (9.3a)).

Although this is not directly reflected in the total cost, it represents a major improvement,
as factorisation is the only component of the solver cost that cannot be expressed solely in
terms of matrix—vector products that are particularly well suited for efficient and highly parallel
implementations on modern architectures. Moreover, factorisation is also the most dominant
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contribution to memory requirements, which are known to constitute a major bottleneck for
solvers and preconditionners on modern architectures. One can also observe the influence of
adding more smoothing steps and its influence on the different costs. Adding more smoothing
steps reduces the use of intergrid operators and therefore reduces the associated cost, this is
particulary visible for MG‘}pt (0,v), while it plays a less significant role for the other solvers.

10.3 Adaptive variant of the solver

We now investigate the behavior of the solver introduced in Algorithm 2. To compare the solver’s
performance across different configurations, we make use of the estimated number of floating-
point operations given in (9.2), and additionally introduce the number of global synchronizations
linked to the step-size optimisation (9.1c):

is J
syne :=ig + Z Z V; (10.4)
i=1j=1
10.4 Influence of the parameter 6

In this section, we report the cumulated number of smoothing steps at each level for different
choices of . We use the solver of Algorithm 1 for comparison. In Figure 11 we look at different
setting of the sine problem where the polynomial degree p varies and investigate the influence of
the choice of the polynomial hierarchy p; for j =1,...,J — 1.
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Figure 11: Number of smoothing steps per level for the sine problem, number of mesh levels
J = 4, polynomial degree p = 5 on the left and p = 7 on the right. On the top, p; = 1 for
j=1,..,J —1, and on the bottom p; = p for j = 1, ..., J. For the adaptive variant, vmax is set
to 5, for the non adaptive variant, it is v = 1.

In Figure 11, we observe that the adaptive procedure, for all choices of 8, yields an overall
reduction in the number of smoothing steps per level when compared to the non-adaptive variant.
For mesh hierarchies satisfying p; = 1,7 < J — 1, the computational effort is predominantly
concentrated on level J. This behavior can be attributed to the fact that the cell solve procedure
is more effective at damping the high-order components of the algebraic error than the standard
diagonal Jacobi smoother. Indeed, as shown in the bottom panel of Figure 11, the distribution
of smoothing steps becomes significantly more homogeneous across levels, while still achieving a
reduction in the total number of smoothing steps relative to the non-adaptive approach.

10.5 Performance of the adaptive solver

We now present a set of results intended to provide further insight into the efficiency of the
adaptive procedure described in Algorithm 2. In particular, we simultaneously examine the
influence of the choice of the parameters € and v, on the number of iterations, the number of
synchronizations defined in (10.4), and the number of floating-point operations estimated using
the formulas introduced in Section 9.
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Figure 12: Comparison between a fixed number of smoothing steps v on all levels (Algorithm 1)
and the adaptive variant with different values of 6 (Algorithm 2). Number of i,, floating point
operations given by (9.2), and number of synchronisations (10.4).

Figure 12 illustrates the influence of the parameter # on the number of iterations 75 required
for convergence, the total number of synchronisations (10.4), and the overall cost given by (9.2).
As already observed in Figure 11, these results show that the adaptive procedure is effective in
reducing the total number of smoothing steps: the values of sync are smaller for 8 > 0, at the
expense of a slight increase in 7.

In terms of floating-point operations, one can observe that the adaptive procedure can lead
to performance gains, with cost reductions of up to 10%, although the outcome depends on
the choice of #. This sensitivity comes from the fact that the While condition in the adaptive
procedure of Algorithm 2 bases its decision solely on the current estimate of the algebraic error,
without accounting for the cost of a smoothing step. As a consequence, the solver tends to
produce v/ such that v/ > v} for all 1 < j < J — 1. While the total number of smoothing steps
is reduced, this behavior may still result in a higher overall computational cost. This observation
suggests that the While condition of (6.1) should be redesigned to explicitly incorporate the cost
of smoothing. This is possible because the cost of a smoothing is known a priori.
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11 Proofs

Similarly to [13], our strategy to prove contraction stated in Theorem 5.3 is to analyze the
levelwise contributions of the uncomputable exact hierarchically constructed algebraic error
P a1 = wg —u’y € V]. To this end, we employ a polynomial-degree-robust stable decomposition
that is obtained by combining the one of Schoberl et al. [20] that yields a one level p-stable
decomposition with the work of Xu, Chen, and Nochetto [22] on h-stable multilevel decomposition
for piecewise linear functions to first establish a connection between pJ and p], and then use
Assumption 5.2 to link p} to .

First, following the work done in [13], we recall the construction of pf ., = u’ —uy € VJ
for a given v’ € V7, ie.,

/f],alg = ﬁlO + Z ﬁ;a
where g = pi € Vi is the solution to the global lowest-order residual problem on the coarsest
mesh
(KVph, Vo) = (f,v0) — (KVuY, Vvg) Voo € V),

and, for j = 1< J, pj € V” are the solutions of

(KVp, Vo) = (f,v;) — (KVub, Vuy) Z Vi, Vo) Yo e V7.

This means that the construction p’ alg Satisfies

(KVpY g, Vvg) = (f05) = (KVuY, Vos) Yoy e VY,
in accordance with the fact that ﬁf],alg = uy — u’. Moreover, there holds

(KVp5,Vp;) =0, for0<k,j<Jj+#k.
This leads to the orthogonal decomposition of the error between u; and u’ as
J
IV (g =) P = |3 VA, g P = 30 IKZ V75, (11.1)
j=0

Lemma 11.1. (Connection between local contributions and levelwise correction). Let pz- given
by (3.5a), je{1,...,J}. We have

3)b
3 IEVRof2e T2 N A Prades — (KUY 1, V) e}
acy; aeV; (11.2)

(3. 3a) ; ; ('% 7)
(f, ) — (K9, V) ) X it vt 2
Proof. The first equality follows from using pJ o as a test function in (3.5b). The second from

summing over all patches, using (3.5a). The third follows directly from using the definition of
)\; in (3.7). O
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Lemma 11.2. (Estimation of HIC%V/); | by local contributions). Let pé-,a and pé- forje{l,..., J},
a €V;, be respectively given by (3.5b) and (3.5a). Then there holds

i i 1 i .
12 Vi < (d+1) ), 1K=V 05 |2 (11.3)

aer

, , 2
Proof. Since p} = Zaevj P}.a» the inequality ’ZZ: ak’ <(d+1) Zil |ak|2 leads to

2
1 i 1 i 1 i
IKEp2 = 3 KR = Y | Y KAVl

KeT; KeT; aeVik

<@d+1) ), Y KV,

KE'TJ' GEVK

= (@+1) Y] [KHVi o2

ae VJ‘

| 2
K

O

Remark 11.3. (Lower bound on the optimal step-sizes). Note that (11.2) together with (11.3)
and the definition )\2- = 1 when p; =0or j =0 lead to

1

—, 0<j<J 11.4
d+1’ J (11.4)

Ay >
Lemma 11.4. (Consequence of Assumption 5.2). Let P and XY be given by their definition
in Section 5.1. Let p% and XY be given by the definition of Algorithm 1 with the polynomial
hierarchy p; = 1,1 < j < J — 1. Then there holds

J J
R R - 1
D NIKEVAP < Clp) DL (NP IK= Va2 (11.5)
Jj=1 j=1
Proof. We sum over all mesh levels and use Assumption 5.2 for the level J. O

We recall the following Lemma, introduced in [12, Proposition 7.6] that will be used in the
proof of Theorem 5.5. This result is obtained by combining the work of Schoberl et al. [20]
that yields a one level p-robust decomposition and the work of Xu, Chen, and Nochetto [22] on
multilevel stable decomposition for piecewise linear functions.

Lemma 11.5. (p-robust multilevel stable decomposition). Let vy € V}. Under assumption 2.1,
there exists a decomposition such that

J
vy = vg + Z Z Vja, Vo€ Vol,vja eVy, (11.6a)
Jj=1acV;
stable as
J
Vool + ] IVvj.alZe < CslVusl?, (11.6b)
j=1

where Cg depends only on the space dimension d and the mesh shape reqularity parameter x..
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Proof of Theorem 5.5 (Estimator efficiency).
Let us consider the exact hierarchically construsted algebraic residual lifting ﬁ?],alg that yields
K2V (uy — uf)| = HIC%VﬁfLalgH, see (11.1). We begin by using Lemma 11.5 which allows the
decomposition

J
Prag =Cot D) O Prar CheVY.Plae VS, (11.7a)
j=1laecV;
[ves|” +Z > HVﬁ?aH < C2 |Vl (11.7b)
j=1aeV;

Taking into account the variations of the diffusion coefficient K, we have

|KEvaE|? + Z D IK3VAE all2e < Gl 2 VAl gl (11.8)

j=1aeV;

where the constant C§7K additionally depends on the ratio of the largest and the smallest
eigenvalue of the diffusion coefficient . We can assume Cg x > 1. We use this decomposition
to develop

1 2 (11.7a)
HIC2VpJ,a1g‘ = ICVpJalg,VCO + Z Z Vp%
j=1laeV;
(4.4) ; ! ; i
= (KVp, Veh) +Z Z KvﬁZJ,alg’vﬁ;}a)w@
j=1laeV; !

<

kv, va) + Y ((f,ﬁé,a)w (/CWJ’WN)>

j=1acV;

(kv V) + Y ((f,pé-,a)w (KVul; 1. V7)., Z wcv/s;;,Vp;‘-,a)w?)

. 4 . J jfl
(J;b) (’Cvp%” VE'(L)) + Z ((Icvpj a’ vp] a) a ()\k/CVpk, Vp] a) )
i : i k=0

<.
|
—

j=1laeV; j=1k=0 aeV;

We then estimate separately the above three terms using Young’s inequality. For the first
term, using Young’s inequality and employing that Af = 1,

C2 ~ 1 L
(K7, Veh) < 5 (RIAVa ) + gy IICH Va1
S,K
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For the second term, we have

J
Z Z (KV0}a: fja) a\Osch Z
j=1acv;

J
ot O Y KV

j=1aeV; S,K j=1aeV;
(11.2) i
C2 SRV + 402 PN V7 alde
j=1 }Cj 1 acV;
(11.5) J
< CS ICC Z )‘ZH’C v 402 Z Z HIC vp] a”w“
j=1 K j= 1 aeV;

Finally, for the third term as in Lemma 11.2,

2d+ 102, LIS o a N D 1236 0 12 Xgey,, Vi 42
j=1k=0 S,K
J
<@+ DCE s Y (MIKEVAIR) + 5 Z > IV a2
k=0 K j= 1 acV;

We now sum these three components together and obtain

J
1 — 1 —i
, IK2VE* + > D 1KT V5 a2

IK3Vpratel® < 2(d + DC(p)CZ 7> Y (ALK V) + dehadd

e 2C2
(4.8)

(11.8) » 1. 1
< 2(d+ DCE)CE T (ag)” + 51K5 Vo517
1,1
We substract §HIC§V5 Jalg|? on both sides and obtain the final result
12 Vpsmg]? < 4(d+ 1)CE . C(p) T (k). (11.9)

A Evaluation of local constants of approximation

In this appendix, we present numerical experiments to support the theoretical framework developed
in our work, namely to evaluate the link introduced in Section 3.2. These results are included
to give further insights towards a more complete understanding. We consider a simple setting of
the sine problem (10.1), where the mesh hierarchy from the discretization (2.3) is composed of
an initial grid 7o that contains eight triangles obtained by Delaunay triangulation and a single
refinement 7T; obtained by using two uniform iterations of the newest vertex bisection method
(J =1). In what follows, the polynomial degree p; will vary.
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We define the following ratio

=

Z . v i 2
KieTp UE‘BI}I(I}Q) H T (TJ’a ’U) ||K1

VT (T‘i]’a - UJ,a)

aj

)

, (A.1)

a = .
min
’UJ’,IEV;'

H a
wy

where we set Tf,’a = (uy — uf] J—1)lws with uZJ j_1 constructed via Algorithm 1. The reference
finite element solution u; is obtained via a direct solver. By [8, Corollary 3.7], this ratio has to
be uniformly bounded for all polynomial degrees, only depending on mesh shape regularity.
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Figure 13: Values of the coefficient oﬂia for interior patches over the iteration using the solver
defined in Algorithm 1. Sine problem (10.1) with J = 1 for various polynomial degrees p.

As shown in Figure 13, for all interior vertices a € V; the constant a; , remains of comparable
magnitude across the iterations and exhibits a p-robust behavior. One can observe that not all
local constants behave identically: some remain close to one throughout the iterations, while
others take slightly larger values. This indicates that certain patches contribute less to the
global error reduction of the solver, whereas others play a more prominent role in the overall
contraction.
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B Evaluation of the proximity between p’ and /!

We continue here the illustrations from Appendix A. We propose to evaluate the proximity
between the two global objects ﬁ;- and pé defined respectively by (4.5b) and (3.5a). In that
regard, we chose 7'3 =uy — uf, y_1 with u; obtained using a direct solver and introduce

i IV =)l
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Figure 14: Values of the coefficient 3% for interior patches over the iteration using the solver
defined in Algorithm 1 for various polynomial degrees p;. Sine problem (10.1) with J = 1.

Similarly to the observations made for Figure 13, we observe that ﬁf] is constant in terms
of magnitude and therefore is robust with respect to the polynomial degree p. Once again, this
corroborates the theoritical results of [3].
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C Numerical evalutations of Assumption (5.2) and link between
the ratio ¢ and the solver’s contraction

In this section, we complete Appendices A and B. We observe numerically the link between the
objects p’; and p’ that is crucial for the convergence of the solver of Algorithm 1. In that regard,

we look at the progression of the ratio H%ZZLH, as well as the one of the ratio £} of Assumption
J

5.2, with increasing p.
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Figure 15: Values of the coefficient ratio Hggzj H and the ratio &% from the Assumption 5.2 over the
J
iterations using the solver of Algorithm 1 for various polynomial degrees. Sine problem (10.1)

with J = 1.
One can observe that the ratio between p% and p and the factor £ grow when p; increases.

This is tied to the non p-robustness of the solver observed in Section 10. We now look at the
link between the value of the ratio £’ and the contraction of the solver.

34



Sine Problem, J =1, p=5 Sine Problem, J =1,p=5

IV (u

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50

Iteration number Iteration number

Sine Problem, J =1, p=6 Sine Problem, J =1, p=6

0.3 1 L L . L L L L I L L L
0 5 10 15 20 25 30 35 40 45 50 55 0 5 10 15 20 25 30 35 40 45 50 55

Iteration number Iteration number

[V~ )|
IV (uy = w)l
(right). Both quantities are shown for the same polynomial degree p; of the Sine problem (10.1).

Figure 16: Contraction factor from Theorem 5.3 (left), and ratio &) from (5.3)

According to the more detailed analysis done in the proof of section 11, one observes a direct
relation between the two quantities |Vp’ | and |V’ |, defining the ratio &% from Assumption 5.2,
and the contraction factor of the solver of Algorithm 1. In particular, the value of &% serves as
an indicator of the efficiency of the iterative procedure: the closer £ is to one, the stronger the
contraction of the solver becomes. This observation highlights the key role of £’ in the analysis
of the contraction of the solver.
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