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Abstract

We consider in this paper the time-dependent two-phase Stefan problem and derive a
posteriori error estimates and adaptive strategies for its conforming spatial and backward
Fuler temporal discretizations. Regularization of the enthalpy—temperature function and
iterative linearization of the arising systems of nonlinear algebraic equations are considered.
Our estimators yield a guaranteed and fully computable upper bound on the dual norm of
the residual, as well as on the L?(L?) error of the temperature and the L?(H ') error of the
enthalpy. Moreover, they allow to distinguish the space, time, regularization, and linearization
error components. An adaptive algorithm is proposed, which ensures computational savings
through the online choice of a sufficient regularization parameter, a stopping criterion for the
linearization iterations, local space mesh refinement, time step adjustment, and equilibration
of the spatial and temporal errors. We also prove the efficiency of our estimate. Our analysis
is quite general and is not focused on a specific choice of the space discretization and of the
linearization. As an example, we apply it to the vertex-centered finite volume (finite element
with mass lumping and quadrature) and Newton methods. Numerical results illustrate the
effectiveness of our estimates and the performance of the adaptive algorithm.

MSC: 65N08, 65N15, 65N50, S0A22

1 Introduction

The two-phase Stefan problem models a phase change process which is governed by the Fourier
law, c.f. Friedman [22]. The two phases, typically solid and liquid, are separated by a moving
interface, whose motion is governed by the so-called Stefan condition. Let Q C R?, d € {2, 3}, be
an open bounded polygonal or polyhedral domain, not necessarily convex, and let T > 0. The
mathematical statement of the problem is as follows: given an initial enthalpy wg and a source
function f, find the enthalpy u such that

Ou —V-(VB(u) = f in Qx(0,7), (1.1a)
u(-,0) = ug in Q, (1.1b)
B(u) =0 on 90 x (0,7). (1.1c)
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For the sake of simplicity, we assume that w is normalized so that the (specific) enthalpies of
the two phases are 0 and 1, respectively, and only consider the homogeneous Dirichlet boundary
condition (1.1c). The temperature S(u) is expressed as a function of the enthalpy u. In what
follows, we assume that 3(-) is a nondecreasing Lipschitz continuous function which vanishes in
the interval (0,1). The latter condition reflects the latent heat in the phase change.

The numerical analysis of the Stefan problem has been considered in several works. A fi-
nite difference method for the multi-dimensional Stefan problem is discussed in Meyer [32]. The
author presents a convergent numerical scheme which is the implicit analogue of the method of Ka-
menomostskaja [27]. In Ciavaldini [12], the numerical approach is based on finite elements of first
order. The author describes the different schemes used and the nature of their convergence. El-
liott [16] presents a finite element approximation of an elliptic variational inequality deduced from
a semi-discretization in time of the weak formulation of the two-phase Stefan problem. Discretiza-
tion schemes for regularized versions of the Stefan problem based on piecewise linear Lagrange
finite elements in space and backward differencing in time are presented by Jerome and Rose [25].
Jager and Kacur [24] use the enthalpy formulation and a variational technique to analyze the
convergence of linearized semi-discrete-in-time and fully discrete schemes for nonlinear degenerate
parabolic systems of porous medium type. In Amiez and Gremaud [2], a numerical scheme based
on the approximation of the enthalpy formulation by semi-implicit finite differences in time com-
bined with continuous piecewise linear finite elements in space is presented. Nochetto [33] employs
the regularization technique to derive a priori error estimates in L?(0,7; L?(£2)) for the enthalpy
and temperature errors of respectively one half and first order for an implicit finite element scheme,
under suitable conditions on the data and relation of the space and time steps.

More recently, attention has been paid to finite volume methods which can be used on a
large variety of meshes. The framework of semigroup theory has been used by Baughman and
Walkington [4] for the study of the co-volume method, which is a special instance of the finite
volume method. The analysis predicts one half order rates of convergence for approximate solutions
of the enthalpy in L°°(0,T; H~1(Q)) and of the temperature in L2(0,7; L?(2)). In Eymard et
al. [21] the authors give a convergence proof in the case that a finite volume scheme on a general
mesh is used for the space discretization. Weak-* convergence for v in L*° and strong convergence
for B(u) in L? is shown by means of a priori estimates in L and use of the Kolmogorov theorem
on relative compactness of subsets of L2. Half order error estimates via regularization have also
been obtained in Pop et al. [42], whereas extensions to degenerate hyperbolic—parabolic equations
can be found in Andreianov et al. [3].

A technique often used in various numerical approaches, c.f. Nochetto [33], Nochetto and
Verdi [37], Picasso [40], Beckett et al. [6], or Pop et al. [42], employs a regularization of the
nonsmooth and nonstrictly increasing function 8 by a smooth and strictly increasing one. This
allows, in particular, to use the Newton method for the solution of the arising system of nonlinear
algebraic equations, albeit its use without regularization has been advocated in Wheeler [52] or in
Baughman and Walkington [4] and studied in Kelley and Rulla [28]. Alternative approaches such
as transformation of dependent variables of Cermak and Zldmal [10] have also been proposed.

An inevitable tool in practical simulations seems to be an a posteriori error estimate-driven
adaptive mesh refinement. One of the first works on a posteriori error estimates for the steady
Stefan problem is that of Picasso [40]. Therein, the author derives estimates based on the residual
equation for a two-dimensional regularized Stefan problem and proposes a space adaptive finite
element algorithm. A posteriori indicators for unsteady phase change problems were derived by
Nochetto et al. in [34, 35], together with an adaptive algorithm which equilibrates space and
time discretization errors. Many other adaptive refinement algorithms such as that of Beckett
et al. [6] have also been proposed. Rigorous a posteriori error estimates for nonlinear parabolic
problems seem much less developed. In nondegenerate cases, Verfiirth [46, 47] was able to obtain an
estimator which is both reliable and efficient. A pioneering contribution for degenerate parabolic
problems has been obtained by Nochetto et al. in [36]. Therein, L>°(0,T; H~1(2)) estimates
for the error in the enthalpy and L?(0,7;L?(f2)) estimates for the error in the temperature are
obtained. The approach is based on the relation of these errors to the residual of (1.1a) obtained
through the corresponding dual partial differential equation and subsequent use of the Galerkin
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orthogonality of the finite element discretization. Recently, rigorous a posteriori error analysis in
a space—time dual norm, including some degenerate cases, was given in [14].

The aim of this paper is to derive fully computable a posteriori error estimates and adaptive
strategies for the two-phase Stefan problem (1.1) for conforming spatial discretization schemes
such as the finite element, co-volume, or vertex-centered finite volume ones with backward Euler
time stepping. As in Nochetto et al. [36], our approach is based on the dual norm of the residual.
However, we proceed differently in order to have a fully and easily computable estimates not
featuring any undetermined constants. This is achieved by introducing H(div; Q)-conforming and
locally conservative flux reconstructions following Prager—Synge [43], Ladeveze [29], Destuynder
and Métivet [13], Luce and Wohlmuth [30], Braess and Schoberl [8], Repin [45], and [50, 18, 15,
14, 19], see also the references therein.

In Section 2 we give a weak formulation, introduce a regularized problem with a regularization
parameter € > 0, and fix the notation for temporal and spatial meshes. In Section 3, we identify
the residual and its dual norm and we derive an a posteriori error estimate on this problem-
dependent error measure. We next split this estimate into estimators characterizing the space,
time, regularization, linearization, and quadrature errors.

Section 4 subsequently presents a criterion for the choice of the regularization parameter e
and a stopping criterion for an iterative linearization such as the Newton method. The former is
designed to facilitate the treatment of the degeneracy while not spoiling the accuracy, whereas the
latter is designed to avoid performing an excessive number of nonlinear solver iterations. These
criteria are inspired mainly from [26, 15, 19]. We then propose an adaptive algorithm which uses
these criteria while simultaneously performing the usual local mesh refinement and equilibration
of the spatial and temporal errors. This algorithm is inspired from [34, 35, 40, 36, 6] and from the
work [18, 23, 14, 19]. We conclude Section 4 by proving that, under these criteria, our estimators
are also efficient while representing a lower bound for the dual norm of the residual.

In Section 5, we show how to bound the L?(0,T; H~'())-type error in the enthalpy and
L?(0,T; L?(Q))-type error in the temperature by the above dual norm of the residual. We in
particular focus on the use of the Gronwall lemma with as small overestimation as possible and no
appearance of the exponential term e” elsewhere than in the approximation of the initial condition.
Guaranteed and fully computable a posteriori error estimates on these natural norms immediately
follow.

Section 6 presents the application of all these developments to the vertex-centered finite volume
(or, equivalently, finite element with mass lumping and numerical quadrature) discretization in
space, backward Euler discretization in time, and Newton linearization. Illustrative numerical
results fill up Section 7 and, finally, Appendix A collects the more involved proofs of the various
theorems of the paper.

2 Continuous and discrete settings

This section fixes the basic continuous and discrete settings. More precisely, Section 2.1 presents
the continuous problem and the regularization, whereas the basic assumptions on the discretization
are introduced in Section 2.2.

2.1 Continuous setting
2.1.1 The continuous problem

The starting point for our a posteriori analysis is the weak form of problem (1.1). To give it, we
need to introduce the assumptions on the data and set up some notation. We suppose that: (i) the
enthalpy—temperature function 5 : R — R is a Lipschitz continuous function such that

Bls) =0  in(0,1),
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B is strictly increasing in R~ and R*\ (0, 1), and there exist ¢, C > 0 such that, for all s € R\ (0, 1),
sign(s)B(s) > c|s| — C, see Figure 1; the Lipschitz constant of § is denoted by Lg; (ii) the initial
enthalpy ug is such that ug € L?(€); (iii) the source term is such that f € L2(0,T; L?(12)).

We will repeatedly use throughout the paper the two following spaces:

X :=L*0,T;Hy(Q),  Z:=H"Y0,T;H '(Q)). (2.1)
We will also need the dual space X’ of X,
X' = L0, T; H~'(92)),

and equip the space X with the norm

T
lellx = {/0 ||V<P(-,t)||izm)dt}

We denote by (-, -) the duality pairing between H~1(Q) and Hg (£2), while (-, )s is the usual scalar
product in L2(S) or [L2(9)]¢, with the subscript omitted when S = Q.
The weak formulation of problem (1.1) can now be stated. It reads: find

1
2

ue”z with Blu) e X (2.2a)

such that
u(+,0) = ug in Q (2.2b)

and, for a.e. s € (0,7T),

<atu('vs)390> JF(Vﬂ(U(,S))vVSO) = (f(',s),w) VQD € H&(Q) (22C)

Existence and uniqueness of the solution to this problem are known [22, 1, 38, 7].

2.1.2 A regularization

An important feature of the problem (2.2) is that, as a result of the assumptions on 3, the normal
component of the temperature flux —V (1) may jump across the interface

I(t) :={x € Q: B(u)(x,t) =0}.

This fact may hinder both the design and the convergence analysis of a discretization method.
Additionally, the lack of smoothness in the dependency of the solution on the problem data can
severely affect the convergence of nonlinear iterations. A possible and often employed approach [33,
37, 40, 6] to overcome these difficulties consists in regularizing the problem (2.2) by replacing the
function 8 by a smooth, strictly increasing regularized function 3. € C1(R), 3. > ¢, for a parameter
€ > 0; see Figure 1 for an example. The regularized problem reads as follows: find

u € Z  with  B(u) e X (2.3a)
such that
us(0) = 7 (B(uo))  in Q, (2.3b)
and, for a.e. s € (0,7),
(O (-, 5),0) + (VBe(u'(+,5), Vo) = (f(:8),9) ¥y € Hy(9). (2.3¢)

2.2 Discrete setting

We describe here the basic discrete setting that will be sufficient for the developments of Sections 3—
5. Further details are given in Section 6.
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Figure 1: An example of a function 8 and a regularization S,

2.2.1 Time mesh

Our focus is on first-order time discretizations based on the backward Euler scheme. Let {7"}1<n<n
denote a sequence of positive real numbers corresponding to the discrete time steps such that
n

T =N 7" Welet t° := 0 and, for 1 < n < N, we introduce the discrete times " := 3" 74
and the time intervals I,, := ("1, ¢").

2.2.2 Space meshes

Let {K"}o<n<n denote a family of matching simplicial meshes of the space domain €. The initial
mesh KV is used to approximate the initial condition ug, while K™ is used to march in time from
t"~! to t". The meshes can be refined or coarsened as time evolves. For the developments of
Section 4.3 below, we are led to suppose that K", 1 < n < N, is obtained from X"~! by refining
(a limited number of times) some elements and coarsening (a limited number of times) some
other ones. We denote by X"~1" the coarsest common submesh (overlay) of both K" and K"~!
and, once again for the developments of Section 4.3, suppose that the meshes {K" 1"} <, < are
shape-regular in the sense that there exists a constant ki > 0 such that

min PK > KK
Kexn—1n hK
for all 1 < n < N, where px denotes the diameter of the largest ball inscribed in the element K
and hg the diameter of K. For 0 < n < N, we denote by II§ the L?-orthogonal projection onto
the space of piecewise constant functions on K™.

For 0 < n < N, let " denote the set of mesh faces. Boundary faces are collected in the set
Fbn = {F e F, F C 09} and we let F'" := F"\ F>". For a given face F € F'" we fix an
arbitrary orientation and denote the corresponding unit normal vector by np; for F € F>", np
coincides with the exterior unit normal ng of €. A similar notation for the faces F*~1™ of the
meshes K"~ 1" will also be used.

3 An a posteriori error estimate for the dual norm of the
residual
In this section we derive an a posteriori estimate for the error measured by the dual norm of

the residual that we first identify. We then give a basic estimate that we subsequently refine to
distinguish the space, time, linearization, regularization, and quadrature errors.



hal-00690862, version 3 - 3 Jun 2013

3.1 Dual norm of the residual

As in Picasso [40] or Nochetto et al. [36], our key for deriving a posteriori error estimates for
the Stefan problem (1.1) will be the residual and its dual norm. Recall that u denotes the weak
solution of the Stefan problem given by (2.2) and the definition of the space X (2.1). Let up, € Z
such that S(up,) € X be arbitrary. In practice, up, will be the result of the numerical simulation.
We define the residual R(up,) € X’ such that

T
(R(unr), @) xr,x = /0 {{0c(u —uns), @) + (VB(u) — VB(unr), V) } (s)ds, peX. (3.1)

Using (2.2c), we can infer the following alternative expression for (3.1):

T
Rune) o) = [ A(:) = Ortnes i) = (T8une). Vo)) ()ds, g€ X
0
The norm of the residual in the dual space X' is then given by

[R(unr)llx:= sup  (R(uar), ©)x x- (3.2)
veX, [lellx=1
The key problem-specific measure of the distance between uy, and u that we will use in this paper
is given by
IR (uns)llx + lluo = wnr (- 0) | -1(0)- (3.3)

It follows from (2.2) that the measure (3.3) is zero if and only if the function up, coincides with
the exact solution u. As we shall see below in Section 5, it in fact controls the energy error
between u and up, and B(u) and B(up,). Moreover, this quantity can be easily bounded in terms
of error estimators based on H(div; Q)-conforming flux reconstructions for piecewise affine-in-time
up, that we show next.

3.2 General assumptions

In order to proceed with the analysis further, without the necessity to specify at this point any
details on how the approximate solution up, was obtained, we are lead to make the following
assumption. It requires Z- and X- conformity and uy, to be piecewise affine and continuous in
time on the time mesh {I,, }1<n<n of Section 2.2.1:

Assumption 3.1 (Approximate solution). The function up, is such that

Uhr € Z7 6tUh7— € LQ(OaT1L2(Q))a /B(uhT) c X7
1, 15 affine in time on I, vVl<n<N.

Uhr

Note that, consequently, the function uj, is uniquely determined by the N + 1 functions
uf = upe ("), 0 < n < N, and dull = Qunr|r, = (uf —u) ')/, 1 <n < N. We will also
employ the abridged notation uj._ for us,|z, .

The second assumption that we make is the existence of a piecewise constant-in-time H(div; §2)-
conforming flux reconstruction t, locally conservative on the meshes K™ of Section 2.2.2. Let
us first denote by f the piecewise constant-in-time function given by the time-mean values of the
source function f on the intervals I,,, 1 <n < N.

Assumption 3.2 (Equilibrated flux reconstruction). For all 1 < n < N, there exists a vector
field t} € H(div; Q) such that

(V7 Dk = (f" D — (B, 1)k VK € K.
We denote by tn,, the space-time function such that ty.|r, =t} for all1 <n < N.

In Section 6 below, we show how to construct an equilibrated flux reconstruction t;, in the
context of vertex-centered finite volume (finite element with mass lumping and quadrature) spatial
discretization.
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3.3 A basic a posteriori error estimate

We now give an a posteriori error estimate in the general setting of Assumptions 3.1 and 3.2. Note
that the regularization of Section 2.1.2 is not used at the present stage.

We will estimate the error measure (3.3) by the local residual expressed with the flux tp,
and by the difference of tj, and the temperature flux, in the spirit of [43, 29, 13, 30, 8, 45]
and [50, 18, 15, 14, 19]. More specifically, for 1 <n < N, t} as in Assumption 3.2, and K € K7,
we define the residual estimator ng - and the flux estimator n ; as follows:

i = Op chic || f" = Opufly — VA7 | 120, (3.4a)
e (t) := ||t} + VB(unr (1))l 2 teIn. (3.4b)

Here, Cp i is the constant from the Poincaré inequality
o —gell2 k) < Cp,xhrl Vol L2 (k) Vo € H'(K). (3.5)

There holds Cp g = 1/7 as the simplices K are convex, see [5, 39]. Finally, we define the initial
condition estimator by
me = [luo = unr (-, 0)|[ 51 ()- (3.6)
We then have:

Theorem 3.3 (A posteriori estimate for the error measure (3.3)). Let u be the weak solution given
by (2.2) and let up, and tp, fulfill Assumptions 3.1 and 3.2, respectively. Then, there holds

IR (une)llxr + lluo = wnr (- O)l| m-1() <1+ me, (3.7)

where

N 3
n:={2 / > (nﬁ,K+n£,K<t>)2dt} + 115 = fllx- (3:8)
n=1

n Kekn

Proof. Let ¢ € X with ||¢|]|x = 1 be given. Then there holds, adding and subtracting (tx,, Vi)
and using Green’s theorem,

(R(unr), o) xr.x = /0 {(f = Ovunr = V-tnr, ) = (tnr + VB(unr), Vi) } (s)ds

T
= [ {t= .9+ (7 = e = Vtur.0) = (b + VB(unr). Vo) } (s
=:T + %+ %5.

For the first term we infer Ty < ||f — fllx/ll¢llx = |If — fllx:. The second term can be rewritten
as follows:

N
2= [ (- o, - V)0
n=1 In

For all 1 <n < N and t € I, there holds (the dependence of ¢ on the time variable is omitted
for brevity),

(f" = Opufty = V7, )

> ("= o, — Vi )k
KeKn

> ("= Oy, = Vet o — o)k
KeKmn

T =g, = ViRl 2o lle — el L)
Kekn

< Z Co rchc || f" = Oy, — Vt3l 20y Vel L2 (i)
Kexn

= Z n?{,KHV@”LQ(K)v
KeKn

IN
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where we have used the regularity of the arguments, Assumption 3.2, the Cauchy—Schwarz inequal-
ity, and the Poincaré inequality (3.5). For the third term, an application of the Cauchy—Schwarz

inequality yields
sg<2/ S 0 el Vel o) (s)ds

n=171In KeKn

Collecting the above estimates, using the definition (3.2) of the dual norm of the residual, and
using the Cauchy—Schwarz inequality yields (3.7). O

3.4 An a posteriori error estimate distinguishing the space, time, reg-
ularization, linearization, and quadrature errors

Our next goal is to distinguish the different error components. This is an instrumental step to
design an adaptive algorithm where the time step, the space mesh, the regularization parameter,
and the stopping criterion for the linearization iterations are chosen optimally. We start by
localizing in time the error measure introduced in Section 3.1. For 1 < n < N, we let

Xn = DXL Hy (), Zp = H'(In; H ().

We localize in time the dual norm of the residual (3.2) by setting

IR (unr)llx;, = sup /1 {(0c(u = unr), ) + (VB(u) = VB(unr), V) } (s)ds.  (3.9)

PEXn, el x, =1

Note that, consequently,
IR (unr) |5 = ZIIR unr)x;,

for any up, € Z with B(up,) € X.

Suppose now that we are marching in time from time t”~! to time t” with a given time step 7,
starting from the approximation u;~ . We also suppose that the regularization of Section 2.1.2
has been used for a given value of the parameter ¢, and that we are on the k-th step of some

iterative linearization algorithm. We denote by uy K the approximation of the solution u at time

n—1 n,ek

" and prescribe the space-time function u; ¥ by the value up ™" at time "1, by the value u}’

at time ¢, and by affine behavior in time on I, i.e.,

t— tn—l

n

up ) = (1= p))up ™t + p(up ™, p(t) == (3.10)

We summarize our general requirements in the following:

Assumption 3.4 (Adaptive setting). For all 1 < n < N, a regularization parameter ¢ > 0, and
a linearization step k > 1:

(i) w2 is the approzimate solution given by (3.10), ul"“" € Z, with d,u:" € L(I,; L*(2))
and B(ul ) € X,

(ii) there exists an equilibrated fluz t) ¥ e H(div; Q) such that
(Vo Dk = (F" Dk = @Gup* e VK €K™ (3.11)

(iii) 1°F € [L2(Q)]? is the available approzimation of the flux ¥ Be(u(-,t™));

(iv) 1™ is an operator used for interpolatory numerical integration.
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An example of the approximate solution ", the linearized flux IZ’E’k, and the operator 11"

in the context of the implicit vertex-centered finite volume discretization and Newton linearization
is provided in Section 6.3 below.
Proceeding as in Theorem 3.3, it is immediately inferred

2 % N
||R<uz:’“||X/_{ |3 (it i) dt} F1f -~ Fllx,, (3.12)

In geKn

where & ; k k
s = Cp hi|f" = Oy =Vt " || L2 50y,

n,e,k n,e,k nek
NMF. K (t) = [It, " + VB(up " ()l 22 (k) tel,.

For all K € K™, we next define the local spatiaL temporal, quadrature, regularization, and lin-
earization estimators as follows:

Mapoic - i = = 1R, Pl [ R A PP Ion (3.13a)
Mo () o= [V Blup o (1) = VI Bup ™) |2y, t € I, (3.13b)
M (t) = [V (Bup o (1)) = VA B ) L2y ¢ € I, (3.13¢)

Mg = IV Bup ™)) = V(I Be(ujy*)) [ 22 ) (3.13d)

mic = IV (" Be (™)) = 1| o) - (3.13¢)

Global versions of these estimators are given by,

gy = 3 () (3.142)

KeKn
()% 1= / > (nckw ) dt, (3.14b)
n Ke)(:n
()% = / Z nZJ}? )dt, (3.14¢)
!L Ke’cn
2
n,e, n n,e,k
(g =1 > (k) (3.14d)
KeKn
2
(nﬂnek) =7" (771711;1’;) . (3146)
KeKn

Using the inequality (3.12) followed by the triangle inequality we obtain the following estimate:

Corollary 3.5 (Distinguishing the space, time, quadrature, regularization, linearization, and data
oscillation errors). Let u be the weak solution given by (2.2), let 1 <n < N, e >0, and k > 1,
and let uy <", k tZ’E’k, IZ’E’k, and I1"™ be as described in Assumption 3.4. Then there holds

n,e,k n,e,k

e,k e,k r
IR (up )y, < mi* + g™ +mad™" + nleg™ + o™ + 1 = Fllx,-

Remark 3.6 (Time oscillation of the source term). The error due to the time oscillation of the
source term || f — f|x: is zero provided that the source function f is piecewise constant in time.

4 Balancing and stopping criteria, adaptive algorithm, and
efficiency
The individual error component estimators of Corollary 3.5 are used in this section to define

adaptive criteria to stop the iterative linearizations, to select the value of the regularization pa-
rameter €, to locally adapt the quadrature rule, to adjust the time step, and to select the mesh
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elements to refine/derefine. These criteria are incorporated in a fully adaptive algorithm detailed
in Section 4.2. Finally, in Section 4.3 we show the efficiency of our estimators when the adaptive
balancing and stopping criteria are used.

4.1 Balancing and stopping criteria

Following [26, 15, 19], this section introduces stopping criteria for the iterative algorithms based
on the estimators of Corollary 3.5. The goal is to stop the iterations as soon as the corresponding
error component no longer affects significantly the overall error. We assume in what follows that
we are marching in time from time ¢"~! to time ¢". Let three user-given parameters [y, I'ieg,
I'qa € (0,1) be given. The criteria are:

(i) Linearization. The linearization iteration is pursued until step k, such that
28 €,kn ki kin €,
Mt < Tin (nfp’ N ) (4.1)
(ii) Regularization. The regularization parameter € is reduced until the value €, such that

n;be,gen,kn < Freg (77? J€n kn + nn €n kn + n;z(,ien,kn) ) (4.2)

(iii) Quadrature. The quadrature rule is improved until

n;l(yifn,kn S qu (,r];‘bp,erm n + ,r]n s€n sy 7) . (43)

Note that all the linearization, regularization, and quadrature errors may be classified as subsidiary
as they can be made as small as desired by increasing the computational effort for fixed mesh and
time step; it is thus reasonable to expect that the above criteria will be attained. Local, element
by element, versions of the criteria (4.1)-(4.3) can be formulated using the local estimators (3.13)
(see [26, 15, 19]), and require that the inequalities hold for all K € K™; c.f. (7.4) for an example.
In the spirit of [41, 36, 48] and [18, 23, 14], we also propose the usual space—time adaptivity:

(iv) Space—time error balancing. The space and time error components should be equilibrated by
selecting the time step 7" and adjusting the spatial meshes ™ in such a way that

€ ‘n ) nakn s€n,Rn
Yem Mg o < N < Temngg Fn. (4.4)
Above, 'ty > vm > 0 are again user-given parameters, typically close to 1.

(v) Adaptive mesh refinement. The error in space should be evenly distributed throughout the
domain Q by local adaptation (refinement, coarsening) of the space mesh K™ in such a way
that, for all Ky, Ky € K",

n,€n,kn

N,€n,k
: an;Kz

an;Kl

n oy

n,€n,kn

In contrast to (4.1)-(4.3), the goal is to make 75 *» and 7 of comparable size as these
error components are substantial and cannot be Inade arb1trar1ly small for a given choice of the
mesh and of the time step.

4.2 Adaptive algorithm

In this section we propose an adaptive algorithm that implements the balancing and stopping
criteria of Section 4.1. Moreover, for a prescribed ¢ > 0, we aim at satisfying the relation

S IR @ne) 1%,

n,e,k
ot I 22 1220

< ¢, (4.5)

10
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i.e., to bring the relative error under the user-given precision {. To account for limited computing
resources, we fix refinement thresholds A, 7 > 0 for both the mesh size and the time step and
require, for all 0 <n < N,
3 n
Knélzgn hx > h, ™ >, (4.6)
Note that, in particular because of (4.6), the attainment of (4.5) is not guaranteed.

Recall that uZ’E7k stands for the approximation of the solution u} at discrete time ¢ obtained
after k linearization iterations using a regularization parameter €. At each linearization iteration
k, the new approximation uZ’e’k is obtained solving the linear problem written schematically as
uZ’e’k = \I/(uZ’e’kfl, 7" K™). For the sake of simplicity, in what follows we neglect the quadrature
and data oscillation estimators. Our adaptive algorithm is the following:

Algorithm 4.1 (Adaptive algorithm).

Fix the fractions of cells to refine, c.of, and to derefine, cqeref
Choose an initial mesh K, regularization parameter ¢, and a tolerance (;c > 0
uf - (82 (B(up)))
repeat {Initial mesh and regularization parameter adaptation}
Compute 7;¢
Refine the cells K € K° such that ;¢ g > cref maxpexo {nyc , } in accordance with (4.6) and
adjust the regularization parameter ¢
) TO(B1(3(un))
until 9y < (ol V(Be, (up)) | 2(0)
Choose an initial time step 7°
€€, 0 —0,n+<0
while " < T do {Time loop}
n<n+1
K+ Knot
T ol
up o
repeat {Space refinement}
repeat {Space and time error balancing}
repeat {Regularization}
k+0
repeat {Nonlinear solver}
k+—k+1
uZ’e’k = \I'(UZ’e’k_l, T K")
Compute nZeF, i, pluek, nibek
until (4.1) is satisfied
ky, < k
if (4.2) does not hold then
€+ €/2
end if
until (4.2) is satisfied
€n €
if nzlr;f”’k" < ’ytmn:i;e"’k" then
T 27"
else if ke > thngﬁfn’k" and 7" > 27 then
T — 7" )2
end if
until (4.4) is satisfied or 7" = 1
Refine the cells K € K™ such that nprKk" > Crof MAXLeicn {77
(4.6)
until plen ke 4pliem e ek peenke < CEEFR| e g)) or (hie = h,VE € K™

Ty€n,

ko - .
sp. L. } in accordance with

11
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Derefine the cells K € K™ such that n;;f}‘(’k" < Cderef MAXL cfcn {n:p’fg’k”}

n n,€n,kn
Up, < Uy,

tn — tnfl + Tn
€+ 2¢
end while

4.3 Efficiency of the a posteriori error estimate

In this section we investigate the global efficiency of the estimators of Corollary 3.5 under the
stopping and balancing criteria of Section 4.1. Hence, the quantities at discrete time t" are
those obtained after performing k,, linearization iterations to meet the criterion (4.1), using a
regularization parameter €, and a quadrature rule such that, respectively, (4.2) and (4.3) are
satisfied, and a time step ensuring the time and space error balance (4.4). As usual, in order to
use the argument of equivalence of norms on finite-dimensional spaces, we need to assume here:

Assumption 4.2 (Polynomial approximations). For all 1 <n < N, the function uZ’:"’k" s affine

in time on the time interval I,, and piecewise polynomial of order m in space on the mesh K"~ ;
Y
. k ok . . . . _
the functions 1} and t; """ are piecewise polynomial of order m in space on K"~ 1.

For 1 <n < N, we introduce the standard residual-based a posteriori error estimators, c.f. [48]:

n 2, n £n n,€n,kn N,€n,kn
(nres,l) =T Z h%(”f - atuh-;- + VIh ||%2(K)7 (47&)
Ke’(:nfl,n
n 2 . n n,€n,kn
(nres,2) =T Z hF”th KnFH%Q(F) (47b)
FeFin—1n

Let C be a generic constant only depending on the shape regularity parameter sy of the meshes
Krn—bm 1 < n < N, the space dimension d, and the polynomial degree m. In order to still proceed
generally, without the specification of a particular spatial discretization scheme, we will suppose
the following;:

Assumption 4.3 (Approximation property). For all 1 <n < N, there holds

NI e ey < C () () - (48)
Kekn—1n

This property will be verified in Section 6 below for the vertex-centered finite volume spatial
discretization and specific constructions of the fluxes tZ’E"’k" and IZ"e"’k".

Under these assumptions, we have the following result, showing the equivalence of the error
HR(uZ’:"’k") |x, and the estimators of Corollary 3.5, up to data oscillation:

Theorem 4.4 (Global efficiency). Let, for all 1 < n < N, the stopping criteria (4.1)—(4.3) as
well as the second inequality in the balancing criterion (4.4) be satisfied with the parameters Ty,
Dieg, Tqd, and Iy small enough. Let Assumptions 4.2 and 4.3 hold true. Then

nﬂénﬂ n‘ye’IL?

kn kn 1€nskin €nykn s€n sk ¢
g R e ek et < € (IR g + 15 = Fllx )

The proof of this result follows the techniques of [49] and the approach of [15]. It is given in
Appendix A.1.

5 An a posteriori error estimate for the error in tempera-
ture and enthalpy

In the previous sections we have given a posteriori error estimators for the dual norm of the
residual. In this section we prove that these same estimators also bound an error in temperature

and enthalpy. We rely on a duality argument which reveals simpler than using the dual partial
differential equation as in [36].

12
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5.1 Bounding the error of the temperature and enthalpy by the dual
norm of the residual

For brevity of notation we let for ¢ € (0,71,
Qi :=L*0,L3(Q), X, :=L*0,t;H3(),  X;:=L*0,t; H1(Q)).

It is convenient to stress that the result of this section applies to all functions up, € Z such that
Blup,) € X. We first state the following bound:

Lemma 5.1 (Simple bounds for the temperature and enthalpy errors). Let u be the solution
of (2.2) and let up, € Z be such that B(un,) € X. Then there holds

L L
o= e+ =21 = ane) (T g0y + 18(0) = Blune) [,

L
< 2(2e" = 1) (IR () 3 + lluo = unr (5 0) -1y )
and
Lg 2 2 Lg 1 2 2
= wnr ) D1+ 18) = Blune) B, < 2T (IR n) e + o = 1wne (-, 0) [Fr-1(0y ) -

The results of Lemma 5.1 are classical; we obtain them as a byproduct in the proof of Theo-
rem 5.2 in Section A.2 below. These results are, however, not sufficiently precise. In particular,
the use of the Gronwall lemma in its proof implies the appearance of the term e’ on the right-hand
sides, which grows exponentially with the final time 7. The purpose of the following theorem is to
improve considerably this point. Indeed, note that, in Theorem 5.2, the term e’ does not appear
elsewhere than in the approximation of the initial condition ||ug — up, (-, O)H%r—l(ﬂ which can be
made sufficiently small. Theorem 5.2 takes a more complicated form than Lemma 5.1 but the
numerical results based on its use, see Section 7, reveal excellent, which is not the case for the
framework of Lemma 5.1:

Theorem 5.2 (An improved bound for the temperature and enthalpy errors). Let u be the solution
of (2.2) and let up, € Z be such that S(up,) € X. Then there holds

L L
5l = une 3+ 211w = une) (- Tl + 118(w) = Bluns) [y,

=7 ' (1300 - 811, + | 1) - Bl ¢'~ds)

L
< QB{(%T = Dlluo — unr (- 0l 710y + IR (unr) %

T t
o f <||R(uhT)||§(t/+ / ||R(uhT)||§(éet_sds> dt}.
0 0

The proof of this result is given in Section A.2.

5.2 The a posteriori error estimate

The upper bound in Theorem 5.2 can be combined with the results of Section 3.3 to obtain an a
posteriori estimate for the temperature and enthalpy errors.

Theorem 5.3 (A posteriori estimate for the temperature and enthalpy errors). Let u be the
solution of (2.2) and let up, and tp, fulfill Assumptions 3.1 and 3.2, respectively. Then there

13
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holds

L L
5l = une e+ Z2 11w = une) (- Tl gy + 118(w) = Bluns) 1y,

T
w2 [ (19 - Btunr )i, + [ 150~ Blanr), e —as) at

= szj{(?eT — e + 17 (5.1)
N n l
g S einer))
with mc defined by (3.6), 1 deﬁned by (3.8), 1", 1 <n < N, defined by
{/n K;@ MR, + 7 x () dt} +1f = flix, (5.2)

and setting, for 1 <n,l < N,

Jni ::/ /et_sdsdt.
In Il

Proof. To prove the result, we rely on Theorem 5.2. Applying Theorem 3.3, it follows that
IR (un+)||x < n, so we are left to estimate the following right-hand side contributions in terms of
the a posteriori error estimators:

T T t
T [R5 ( / |R<uh7>|%qe”ds> d.
0 0 0

As in Theorem 3.3, it is readily inferred that |[R(un-)|x; < n! for all 1 <1 < N, so that

IR (unr)%; ZHR )|l < Z

Using the fact that [|R(un-)|x; is a nondecreasing function of the time ¢ together with the above
inequality yields for the first term

z1<2/ 1R e %, dt<2/ S =33 0y

In =1 n=1 =1

Proceeding in a similar way, for the second term %o we obtain

/ Z ||R Upy HX/ el ~dsdt

nll

/M 1{/1” 1 Qt“’ds}dt
(] frue)- (g} £ fgor)

n=11=1 =1

IN

Il MZ Il MZ H

whence the conclusion follows. O

Remark 5.4 (Simplified versions of the a posteriori estimate). In the spirit of Lemma 5.1, the
following simplified versions of the a posteriori estimate of Theorem 5.8 hold:

Lg

7(26T —1) (n* + i) ,

L
Ls v
2

L L
= e+ 2= ane) (T g0y + 18() = Blune) [, <

Lo

— M=) (D)) + 18(w) = Bluns) G, < (* + 71ic) -

14
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Figure 2: Simplicial mesh 7™ and the associated vertex-centered dual mesh D™ (left) and the fine
simplicial mesh Kp of D € D™ (right)

Remark 5.5 (An a posteriori error estimate distinguishing the different error components). While
relying on Corollary 3.5 instead of Theorem 3.3, equivalents of Theorem 5.3 and of the bounds of
Remark 5.4 distinguishing the different error components can immediately be obtained.

6 Application to a vertex-centered finite volume discretiza-
tion

In this section, we consider the vertex-centered finite volume spatial and backward Euler temporal
discretization of the Stefan problem (1.1). The regularization of Section 2.1.2 is considered and
the Newton linearization is used. We show how to construct the equilibrated flux tZ’e’k, the
linearized flux , and the interpolation operator II" of Assumption 3.4 (in generalization of
Assumptions 3.1 and 3.2) and verify Assumptions 4.2 and 4.3. Thus, all the results of Sections 3-5

will apply.

n,ek
lh

6.1 Dual and tertial space meshes

The vertex-centered finite volume method is defined using a sequence of dual meshes {D" }o<n<n
of the space domain Q. For a given family of matching simplicial primal meshes {T"}o<n<n, We
construct {D"}o<n<n as follows: for any 1 <n < N and with every vertex a of the mesh 7", we
associate one dual volume D, constructed by connecting the barycenters of the simplices sharing
a through edge (and face for d = 3) barycenters, see Figure 2, left, for d = 2. We split every
set D™ into interior dual volumes D™! and boundary dual volumes D™P. The simplicial mesh "
appearing in Sections 2-5 is constructed by dividing each D € D™ into a mesh Kp as indicated in
Figure 2, right, if d = 2 and similarly for d = 3.

6.2 The vertex-centered finite volume scheme
Let, for 1 <n < N,
th = {(pheCO(ﬁ); (ph‘KE]P)l(K) VKET”}
and let -
n:c%Q) — v be the Lagrange interpolation operator, (6.1)

c.f. Ciarlet [11], which to a function ¢ € C%(Q) associates a function ¢, € V;* by setting ¢p(a) =
©(a) for any vertex a of the mesh 7.

Let u) € V2 be a suitable approximation of the regularized initial enthalpy B-*(B(uo)), see
Algorithm 4.1. Let next 1 < n < N, uz_l € Vh"_l7 and a mesh 7" (and consequently D™) be
given. The vertex-centered finite volume scheme for the regularized Stefan problem (2.3) reads:
find u;’ € V" such that S.(u;“)(a) = 0 for all vertices a of 7™ on 9 and such that

1

s

(up® —up™ 1) p = (VII(Be(up))np, Vop = (f",1)p VD e D™\ (6.2)
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Then the continuous and piecewise affine-in-time function u;, appearing in the previous sections
. . . n,e
is given by upnr|r, == uy’",

t— tnfl

Tn

W (t) = (1= pO))up ™"+ (s, plt) tel, (6.3)
Remark 6.1 (Regularization). It is also possible to consider the vertex-centered finite volume
discretization without any regularization, i.e., use B in place of Be in (6.2), with u% € Vf? an
approzimation of the initial enthalpy ug.

Remark 6.2 (Links to the discretizations of [36, 4, 21]). Let for simplicity the meshes T" (and
consequently D™) do not move in time and let f" be piecewise constant on D™. Consider the case
without regularization. Then the second and third terms of the scheme (6.2) coincide with that
of [36, equation (4.4)], because of the links of the vertex-centered finite volumes and finite elements
with mass lumping/quadrature for the source term. Similarly, in two space dimensions and when
all the angles of T™ are smaller than or equal to 90°, replacing the triangle barycenters by the
triangle circumcenters in the construction of D™, the second and third terms of the scheme (6.2)
coincide with that in the co-volume method of [4]. More generally, whenever T™ is Delaunay and
the mesh D™ is its Voronoi dual, the same link holds true with the cell-centered finite volume
scheme of [21], c.f., e.g., [36, 4, 21], [11, 20], or [51, Section 3]. Hence the only slight difference
between (6.2) and these schemes is in the treatment of the time evolution term which is not mass-
lumped herein.

Remark 6.3 (Assumption 3.1). By the definition of up, by (6.2)—(6.3) and by the fact that up,
lies in a finite-dimensional space, up, € Z and (upy) € X, so that Assumption 3.1 is satisfied.
A uniform bound could also be obtained by a priori stability analysis such as those in [36, 4, 21],
but is not necessary in our setting.

6.3 Newton linearization

Let 1 < n < N and the mesh 7™ (and D") be fixed. Let the vector G"~1 be given by its
components associated with the dual volumes D € D™, G%fl = (uzfl, 1)p, and similarly for
the vector F™, F5 == (f*,1)p. Let uy™ € V;* take the values 87 '(0) (0.5 for the example of
Figure 1) at the boundary vertices of 7™ and the value zero at the other vertices of 7™. The
last vector that we need is H™, Hy = (uZ’n’E, 1)p. Let, for a given dual volume E € D™},
¢r stand for the hat basis function of the space V;* associated with E: this is a function that
takes the value 1 in the vertex associated with E and the value 0 at all other vertices of T".
We also define two matrices, with the components on the line associated with the dual volume
D € D™! and on the column associated with the dual volume E € D™! given by M} g = (98, 1)D,
K% 5 = (Végnp,1)op. All the vectors are of size RI”""| and the matrices of size RIP™*P™I,
with |D™!| the number of dual volumes in D™ (equal to the number of interior vertices of 7).
The equation (6.2) can be written in matrix form as follows: find the vector U™* such that

M"U™ — 7" K" B (U™) = 7" F" + G~ — H™*, (6.4)

where (8.(U™))p := Be(Up). We have u}" = 3 pc pos U b +up ™"
The algebraic system (6.4) is nonlinear. Its solution is approximated using the Newton lin-
earization. Let U™Y be fixed; typically, U™<? := U""!. Then, for k > 1, we approximate

ﬁe(Un,e,k) ~ BE(Un,e,k—l) 4 ﬁé(Un,s,k—l)(Un,e,k _ Un,e,k—l). (65)

The Newton linearization (6.5) is well defined since the regularized enthalpy—temperature function
B is continuously differentiable. At every Newton iteration k, we are thus lead to solve the
following system of linear algebraic equations: find the vector U™* such that

(Mn _ TnKnBé(Un,e,k—l)) Un,e,k g Al + Gn—l — g™

nmrn / n,e,k— n,e,k— n.e.k— (66)
— 7K™ (BL UM UmeRT - g (UmSRT)).
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At each linearization step k, we set
uy =y Up“tep +up™, (6.7)
EeDnt

which is the function appearing in Section 3.4. The corresponding linearized flux of Assumption 3.4
is given by

ek = v ( > {&(UE’E”C_I) + BUUR T (U - UE’e’H)} ¢E> : (6.8)

EeDn

We perform the Newton iterations until we meet the convergence criterion discussed in Section 4.1.

6.4 Flux reconstruction

Let a time step 1 < n < N, a regularization parameter ¢ > 0, and a Newton linearization
n,e,k

step k be fixed. We now show how to construct the flux t, of Assumption 3.4. For this
purpose, we will solve a local Neumann problem by mixed finite elements on every dual volume,
following [30, 17, 51]. For a given D € D™, we introduce the spaces

RTN(Kp) := {vi € H(div; D); vi|k € [Po(K)]? +xPo(K) VK € Kp},
RTNy(Kp) = {vy € REN(Kp); viynp = —1"* mp  VF € 9K} },
RTNyx o(Kp) :={vi, e RTN(Kp); vinp =0  VF € 9Kp},

where K, stands for all the faces of the submesh Kp which are on the boundary of the dual

volume D but not on the boundary of Q. We will also need the space P§(Kp) which consists

of piecewise constants functions on Kp; when D € D™, we additionally impose a zero mean

value over D. The local problem consists in finding tZ’E’k € RTNn(Kp) and ¢, € P§(Kp),

the mixed finite element approximations of local Neumann problems on D € D™! and local
Neumann/Dirichlet problems on D € D™":

(tZ’e’k + IZ’E’k,Vh)D —(gn,V-vp)p =0 Vv, € RTNy o(Kp), (6.9a)

(Ve " on)p — (F" = O on)p =0 ¥on € PG(Kp). (6.9b)

Note that the problem (6.9) is well-posed and one can take all ¢, € Po(Kp) as the test functions
in (6.9b). Indeed, it follows from (6.6) and (6.8) that (compare to (6.2)) that

1 n,e n— n,e rn m,i

— (uyy K ) p — (1 Fnp, 1)op = (f*,1)p VD e D™ (6.10)
From (6.10), we see that the Neumann boundary condition encoded in RTNy(Kp) is in equilib-
rium with the boundary datum f™ — 6tu2’:’k of (6.9). We have the following key result:

Lemma 6.4 (Assumptions 3.4, 4.2, and 4.3). Let 1 <n < N, e >0, and k > 1 be fized. Let uZ’e’k
be given by (6.6)~(6.7), I"* by (6.8), ;" by (6.9), and 1" by (6.1). Then Assumptions 3.4,
4.2, and 4.3 hold true.

Proof. The equilibrium property (3.11) follows immediately from (6.9b), so that Assumption 3.4
is easily satisfied. Whereas Assumption 4.2 is trivial, Assumption 4.3 is obtained by proceeding
exactly as in [51, proof of Theorem 5.5] or [15, proof of Lemma 5.3]. O
7 Numerical experiments

We illustrate in this section our theoretical results on a series of numerical experiments for the
vertex-centered finite volume discretization approach of Section 6.

17



hal-00690862, version 3 - 3 Jun 2013

7.1 Setting

We consider the two-dimensional test case proposed by Nochetto et al. [34, 35] on the space—time
domain © x (0,7) with © = (0,5)? and T = 7/1.25. The function B(:) is given by B(u) =
u® + (u — 1)®. The exact temperature has the following expression:

. 0.75(r% — 1), ifr <1, -
where r2 := 22 + (y — p(t))? and p(t) := 0.5 + sin(1.25¢). The exact interface I(¢) is a circle with
center (0, p(t)) and radius 1. The motion of the interface is governed by the Stefan law which

prescribes that the normal velocity v satisfies
(VB(u)t —VB((u)")n=v  on I(t),

where VA(u)t and V3(u)~ denote the values of the temperature gradient on each side of the
interface, while n is the unit normal to the interface with suitable orientation. The enthalpy w on
O\ I(t) can be obtained from the expression (7.1) of S(u). The homogeneous Neumann condition
V3(u)n =0 is enforced at x = 0, whereas Dirichlet boundary conditions on the temperature are
prescribed at y =0, y = 5, and & = 5 using (7.1). The initial enthalpy uo and the source term f
are likewise imposed using (7.1). The vertex-centered finite volume discretization of Section 6 is
considered. No adaptation of the quadrature rule is performed; this is a reasonable simplification
since the enthalpy—temperature function §(-) is piecewise affine.

7.2 Computing approximately the negative norms

In practice we cannot compute the negative norms as the initial data indicator n;c, the data
oscillation ||f — f||x-, and the dual norm of the residual ||R(un, )| x’, even if the exact solution u
is known. For numerical experiments below, the dual norms are approximated by solving auxiliary
problems. More specifically, for a function v € X’ to compute the negative norm ||v|| x- we consider
for a.e. t € (0,T) the problem: find v(-,t) € Hg(£) such that

(Ve (1), V) = (u(-,1),9), Vo € Hy(Q). (7.2)

Then
T 2
ol = / sup (- t),0) b dt
0 P€H(Q), [VellL20)=1

T 2
-/ { sup <vw<-,t>,w>} dt
0 | eeHi®), Vel 20 =1

T
- / V012 g (Dlt = (V122072020

We obtain an approximation of the function 1 by solving the problem (7.2) numerically by the
vertex-centered finite volume scheme on a refined spatial mesh and on discrete times which refine
the given temporal mesh. We suppose that the ensuing discretization error is small and can be
ignored. The computation of ¢ is easier as it only involves the initial time ¢ = 0.

7.3 Stopping criteria

We start by assessing the performance of the balancing and stopping criteria introduced in Sec-
tion 4.1. Figure 3 depicts the evolution of the spatial (3.14a), temporal (3.14b), regulariza-
tion (3.14d), and linearization (3.14¢) error estimators as a function of the number of Newton
iterations for a fixed mesh K with hx = 0.25, time step 7 = 0.1, and regularization parameter
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Figure 3: Evolution of the spatial, temporal, regularization, and linearization error estima-
tors (3.14) as a function of Newton iterations for a fixed mesh, time step, and regularization
parameter
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Figure 4: Error estimator n" (5.2) as a function of the cumulated Newton iterations at each time
step (time steps are identified by markers). Global stopping criterion (4.1) (left), local stopping
criterion (7.4) (right)

e = 0.05. As expected, the linearization error steadily decreases, while the other components
stagnate starting from the second iteration. The stopping criterion (4.1) with I';;, = 1072 allows
to profit from this behavior by stopping the Newton algorithm after the second iteration, while a
classical criterion based on a fixed threshold,

e < Gin, Gin = 1077, (7.3)

would require 10 iterations to converge.

The overall gain for an entire simulation in terms of linearization iterations can be appreciated
considering the results in Figure 4, left. We use the adaptive Algorithm 4.1 with different choices
for the linearization stopping criterion: the classical criterion (7.3) then the stopping criterion (4.1)
with I'j, = 0.01 and I'yy, = 0.1. The others parameters used in the Algorithm are: I'teg = 0.1,
(=1, (ic =1, hgo = 0.1, 70 =01, =025 h =102 7 = 1072, cref = 0.7, Cdoret = 0.2,
Ym = 0.7, and 'y, = 1.3. For the sake of completeness we also add a comparison with the local
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Figure 5: Evolution of the spatial, temporal, and regularization error estimators (3.14) as a
function of e~! for a fixed mesh and time step

version of the stopping criterion (4.1), namely

n,e,ky,

) 7k7'L I 7k7l I 7k7l I 7k7l
WA < Dinaoe (W5 + i +mbick + gl ) VE € K™ (7.4)

Even with this more stringent criterion, Figure 4, right, shows that a considerable gain in terms
of number of linearization iterations can be achieved, whereas the precision on each time step
(expressed by our error estimator ™ (5.2)) is basically unchanged.

Figure 5 shows similar results concerning the criterion (4.2) for the choice of the regularization
parameter € for a fixed mesh I with hx = 0.25 and time step 7 = 0.1. For each value of ¢,
the Newton iterations are stopped according to (4.1) with I'jj, = 0.1. The regularization error
estimator decreases as expected when e decreases, while the space and time error estimators
stagnate starting from the third iteration. The criterion (4.2) with I'iez = 0.1 leads to stopping
the iterations after the fourth step.

7.4 Balancing criteria

The next series of numerical experiments aims at assessing the space—time balancing criterion (4.4)
by showing its impact on the estimated error (3.8) as a function of the total number of space—time
unknowns 22[:1 |D™1|. In Figure 6, bottom left, we started by an initial mesh X° with hxo = 0.4
and a time step 7° = 0.1. Then the time step is adapted in order to satisfy (4.4), with v, = 0.7,
Tim = 1.3. As a result, the spatial (3.14a) and temporal (3.14b) error estimators stay equilibrated
during the whole simulation. Figure 6, top, on the other hand, shows two possible disequilibrated
patterns corresponding to space and time over-refinement. In the top left we started by an initial
mesh K° with hxo = 0.2 and a time step 7° = 0.2, we fixed also vy, = 2 and 'y, = 3, while in the
top right we started by an initial mesh X° with hxo = 0.5 and time step 7° = 0.05 and we fixed
Yem = % and 'y, = % Finally, Figure 6, bottom right shows the effect of this violating of the
balancing criterion (4.4) on the total error. These results make it apparent that the performance
of an adaptive code may be considerably reduced when time and space errors are not balanced,
and advocate the use of (4.4).

Next, we compare in Figure 7 the actual and predicted error distribution using the adaptive
Algorithm 4.1 with iy = Treg = 0.1, { =1, (ic = 1, hgo = 0.25, 70 = 0.05, € = 0.25, h = 1072,
7T =1072, cref = 0.7, Cderef = 0.2, Yem = 0.7, and I'y;, = 1.3. We present the results at time ¢ = 0.1.
We see that the actual and predicted error distributions match very nicely. The corresponding
exact and discrete enthalpies are depicted in Figure 8.
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Figure 6: Effect of the time step adaptation strategy on the global error estimator (3.8). Violations
of the balancing criterion (4.4) by space over-refinement (top left) and time over-refinement (top
right). Time step refinement honoring (4.4) (bottom left). Overall comparison (bottom right)

7.5 Overall performance

In this section we assess the overall performance of the adaptive algorithm of Section 4.2 in terms
of precision vs. the number of unknowns.

In Figure 9, left, we depict the error and estimates as a function of the total number of space—
time unknowns in the fully adaptive case and in the uniform case. In the adaptive case, we use
Algorithm 4.1 with the parameters detailed in Section 7.4. In the uniform case, the temporal
and spatial meshes as well as the regularization parameter are fixed during the simulation, and
linearization is stopped when (7.3) is satisfied. The error is measured in the dual norm (3.3)
and estimated by Theorem 3.3 in the top part of Figure 9, whereas the energy-like norm (5.1)
and the estimate of Theorem 5.3 are used in the bottom part of Figure 9. In both cases the
adaptive strategy yields much better results than the uniform one, as expected. The right part
of Figure 9 displays the corresponding effectivity indices, given by the ratio of the estimates over
the error. These are remarkably close to the optimal value of one for the dual norm (3.3), even
for the present time-dependent, degenerate problem with a moving free boundary. We regard the
effectivity indices corresponding to Theorem 5.3 as likewise excellent; they are in particular several
orders of magnitude smaller than the effectivity indices corresponding to the setting of Remark 5.4
that we have also assessed (not presented).

A quantitative evaluation of the performance in terms of precision vs. the number of unknowns
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Table 1: Comparison of the experimental orders of convergence (e.o.c.) in the uniform and fully
adaptive cases. The total number of space-time unknowns is denoted by Ng. The actual error
IR (ups)||x and the estimated error n are defined by (3.2) and (3.8) respectively.

(a) Uniform case

Nt 1B(w) = Blup)lor eo.c. |[R(uns)lx e.o.c. n e.o.c.
7020 7.13e-02 - 3.75e-01 - 1.22e-00 -
66906 6.02e-02 0.224 3.30e-01 0.172  8.65e-01  0.455

915840 5.07e-02 0.197 2.48e-01 0.364 6.50e-01 0.392
1.12963e+07 2.19e-02 0.221 1.60e-01 0.115 2.40e-01 0.261
(b) Adaptive case

Nt 18(w) = Blup)lor eo.c. |[R(uns)lx e.o.c. 7 e.o.c.
9360 6.55e-02 - 3.51e-01 - 1.51e-00 -
35370 5.28e-02 0.486 3.07e-01 0.303 1.08e-00 0.751

224082 4.06e-02 0.427 2.19e-01 0.546 6.32e-01 0.868
1.53329e+06 1.10e-02 0.392 1.18e-01 0.186 2.23e-01 0.312
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can be obtained by computing the experimental order of convergence (e.o.c.), defined as follows:

log(eNst) — log(eMst)
_%(log Nst - IOg Mst) ’

€.0.C =

where e denotes the chosen error measure while Ny and Mg are the total number of space-time
unknowns corresponding to two subsequent levels of refinement. The results for the uniform and
adaptive cases are collected in Tables 1la and 1b, respectively. We evaluate the dual norm of the
residual (3.2), the L2(0,7T; L*(Q)) error in the temperature, and the estimator n of (3.8). We
observe roughly twice faster convergence in the adaptive case in comparison with the uniform one.

A Proofs

In this appendix, we collect the more involved proofs of some theorems of the paper.

A.1 Proof of Theorem 4.4

In this section, we will use the notation a < b for the inequality a < Cb with a generic constant C
only depending on the shape regularity parameter sx of the meshes K"~ 1", 1 < n < N, the space
dimension d, and the polynomial degree m. Fix 1 <n < N. We start by observing that, owing to
the stopping criteria (4.1)—(4.3) and to the second inequality in the balancing criterion (4.4),

n;zpem n nn 1€n sk ny nn 1€nsk no n;ggn,kn + nlrizr,len n < nn J€n sk " (A].)

Recall that we have supposed in Section 2.2.2 that the mesh K", 1 < n < N, is obtained from
K"~1 by limited refinement /coarsening and that the common refinements X" ~%" are uniformly
shape regular. Thus, for K € K™, using the triangle inequality, Assumption 4.2, and the inverse
inequality, c.f. [44, Proposition 6.3.2], the first term of (3.13a) can be bounded by

7712,[{ CP KhK”f —Qtune”’ Vt"e”’ n”LZ(K)
< Cp KhKHf B 3tun s€n sk no V~IZ’6”’ n L2(K) 4 CP,KhKHV'(IZ’G"’k" + tZ’En’kn) |L2(K)
%
< Z B2 /||f — 0, ’LLn s€nskn + v_lZ;EH)kn %Q(K’)
K'ekn—Ln K'CK
1
2
€nskn s€nskn
+ DR L A A
K'ekn—1n K'CK
Consequently, employing Assumption 4.3,
5P S Mres 1+ Mies 2 (A.2)

Proving the efficiency of the estimators introduced in Section 3.4 thus amounts to proving the
efficiency of the residual estimators 7y ; and 7y 5.
Henceforth, to simplify, we will use the shorthand notation

uZT — u']’::::nwkn’ Z — l;?fnakn
and denote
Oitnar) = [ 3 IVBR) ~ i (A3)
n KG)C" 1,n
We have:
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Lemma A.1 (Estimate of U?esg)- Under the assumptions of Theorem 4.4, there holds

Mhes S [R(ubzr)llx;, + nrar + I1F = flix,- (A.4)

Proof. For all K € K" 1" we let vk := (f" — Owuy. + V-17)|k. By Assumption 4.2, vk is
polynomial in K. We denote by ¥ the usual bubble function on K, i.e., the product of the (d+1)
hat basis functions (barycentric coordinates) 1, associated with the vertices a of the element K,
set A 1= hivgvg for all K € K"~ 1" and let A := Y cjcnm1n Ak. Clearly, A € H}(Q) and
M € HY(K) for all K € K"~1™. Using the equivalence of norms on finite-dimensional spaces,
integrating by parts in space, the weak form (2.2c), and (3.9) together with the Cauchy—Schwarz
inequality, we infer, c.f. [49],

(Mes,1) / Z hie (i, vk ) kds

In gegn—1n
= | {0t ), 0 + (T80 - VBR,), TN (A5)

+ (VB(u,) = T VA) + (f" = £, 1) }ds
< (IR )lx, +nitrgr + 15 = fllx, ) |

By the shape regularity of the mesh X"~1" and the inverse inequality, c.f. [44, Proposition 6.3.2],
we have, for any K € K"~ b7,

IVl z2(x) = Wi IV (v lz) S hrcll¥rvrllne ) < hiclloxllnz

An immediate consequence is that ||A|x 1 and (A.4) follows. O

n ~ T]I‘eS

Lemma A.2 (Estimate of 07, 5). Under the assumptions of Theorem 4.4, there holds

Mres2 S IR (ui: )l x;, + nirqr + 1 = fllx;- (A.6)

Proof. Let F € Fi»=1n We denote by Kr the simplices K € K"~ 1™ that share the face F. Let
vr = JIJK-nr and keep the same notation for the constant extension of vp into Kr along the
vectors face barycenter—opposite vertex. Owing to Assumption 4.2, vp is a polynomial on Kp. Let
1 r be the usual face bubble function supported on K, i.e., the product of the d hat basis functions
(barycentric coordinates) 1, associated with the vertices a of the face F. For all F € Fhn=bn
set Ap := hptpup and let X := 3" e zino1. Ap. Note that A € H(Q) and M|k, € Hg(Kp) for
all F € Fin=L7_ Using the equivalence of norms in finite-dimensional spaces, integrating by parts
in space, using the weak form (2.2c), and (3.9) together with the Cauchy—Schwarz inequality, it is
inferred, c.f. [49],

(Mes.2) / > he(ve,pvp)rds

In peFin-1n

/ Z Z (VI Ar)x + (I, VAr)k Fds

I, FeFin—-1n KeKp

_ / (VI N) + (43, V) ds

- / {{0u(u, = w), )+ (V) — VB(u), ) + (" — Dy, + V1, 2)
= VB(up,), VA) + (f = f7, ) }ds

S (HR(uzT) x; +nngr + 1 = Flxg ) N,
%
{3 g |
KeKn—1.n
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. 1
Using the fact that, for all F € F>»~1" and K € K" , Wrvellzy S hEllvelle ey, it is
inferred that 7" Y, cicn-1n B 2||)\||L2 ) < (Mes, 5)2, whence by the inverse inequality, |A]|x, <
Mres,2- Using this fact in (A.7) in conjunction with (A.4), (A.6) follows. O

Proof of Theorem 4.4. It follows from Lemmas A.1 and A.2 and from (A.2) that

et S IR ) |y, + g + 1 = Fllxy. (A4.8)

In order to bound the term 7'y oy, we proceed as follows. The triangle inequality and the defini-
tions (3.13) and (3.14) give

n,€n,kn n,€n ,Kn n,€n,kn n,€n,kn
NERQT < Min + Nreg + Mgd + Mem

Thus, proceeding as for the bound (A.1),

nen,

TILRQT < 077

where the constant C' only depends on the parameters I'yin, I'teg, and I'qq in the stopping crite-
ria (4.1)—(4.3) and T'y, in the balancing criterion (4.4). Thus, choosing these parameters small
enough, the term ni'gqr can be made small enough to be discarded from the right-hand side
of (A.8), c.f. [15, Theorem 4.4] and the assertion of Theorem 4.4 follows from (A.1). O
A.2 Proof of Theorem 5.2

We start by proving the following intermediate result.
Lemma A.3 (Duality bound). Let u be the solution to (2.2) and let up, € Z be such that
B(upr) € X. Then, there holds, for a.e. t € (0,T),

*Ilﬁ() Blune) G, + 1w =) () 5-1 0y < luo—tnr (-, 0) | F-1 0y + I R(unr )|, + lu—unr %
(A.9)

Proof. For a.e. t € (0,T), we denote by W (-,t) € H}(Q) the solution to

The existence and uniqueness of W (-, ¢) follow from the Lax—Milgram lemma. Moreover, since
u, up, € Z, there holds W € X. Using (A.10), it is inferred that

VW (-, )llL2 ) = sup (VW (., 1), Vy)
YEHF(Q), VYl p2gy=1 (A11)
= sup ((u—un) (1), ) = [(u — une) (5 Ol -1(0)- '

YEHG (), VY| 120y =1

This duality technique is rather standard; see [9] and the references therein. Its origins can be
traced back at least to the elliptic projection of Wheeler [53]. In some aspects, it is close to
the elliptic reconstruction of Makridakis and Nochetto [31]; however, in [31] it is used to restore
optimal order of the a posteriori estimate in L°(0,T; L?(2)), whereas here we employ it to obtain
a bound on an energy-like norm.

Taking ¢ = W14 with 1(o4) the characteristic function of the interval (0,¢) in definition (3.1)
and using (A.11) and the Young inequality, it is inferred

1
=By (A12)

1
(R(uns), Wy x, < IR (une)llx;llu = wnrllx; < 5 IR (@uar) 5 + 5
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Moreover,

(R(unr), W)x1.x, = /0 (Or(u — upr), W)(s)ds +/O (VB(u) — VB(ups), VIW)(s)ds = : Ry + Ra.

(A.13)
Recalling (A.10), and since u — up, € HY(0,T; H-1()), there holds ;W € X and, for a.e.
€ (0,T), 0:W (-, s) satisfies in a weak sense

_v(vatW(vs)) :at(u_uh’r)('as) in Qv
oW (,s)=0 on ON).

Thus, it follows from the definition (A.10) of W and from the norm characterization (A.11) that

s}

K 1
4 @VW, YW)()ds = 5 (IVW ()220 = VW, 0)[32(q) i
= 5 (I = unr) (O3 = o = unr (-, Olf-1(0y ) -

Invoking again the definition (A.10) and using the fact that § is nondecreasing and Lg-Lipschitz
continuous, there holds

t

Ny = / (u = tpr, Bu) = B(uns))(s)ds > Li (B(w) = Blunr), B(u) = B(unr))(s)ds
0 pJo (A.15)

*Ilﬁ( ) = Bluns) |3, -

The conclusion follows using inequalities (A.12), (A.14), and (A.15) in equation (A.13). O

Corollary A.4 (Application of the Gronwall lemma). Under the assumptions of Lemma A.3,
there holds

T t
lu = unr %0 < (€7 = 1)luo — wnr (- 0|31 +/0 (IIR(uhT)Ilﬁq +/ IIR(uhT)Iliget‘sds) dt

T
—fﬁ 0 (Ilﬁ() ()3, + / 18(w) — Blunn)II3, t-Sds)dt.

Proof. Using (A.9) followed by the Gronwall lemma
t ¢
) <alt)+ [ e)s— €0 <a + [ alse s
0 0

with £(t) = [[(u—unr) (-, 1) [[-1 () and a(t) := [luo — unr (- )1 F-1 ) + IR (unr )5, — 75 18(w) —
ﬁ(uhT)H%t, it is inferred, for a.e. t € (0,7T),

t
(= unr) ()11 () < € lluo = unr (5 0) I3 10y + [R(uns) 1%, +/ IR (unr) % e~ ds

— 2 (19000 = Bl + [ 1800~ B ")

The assertion follows by integrating over the interval (0,7). O

We are now ready to prove Theorem 5.2:
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Proof of Theorem 5.2. Using (A.9) with ¢ = T and adding |lu — up,||%. to both sides we infer

2
—18(w) = Blun )15, + llu = unr I3 + 1 (w = wnr) (T 3-1 (0
Lg

< [luo = unr (- ) 110 + R (une) 50 + 2llw — une ||

L=

Using Corollary A.4 to estimate the last term in the right-hand side we obtain

£ <(2e” = Dlluo — unr (- ) Fr-1(q) + IR (unr) %

T t
vz (||7z(uhr)||§q+/ R(uhT)H%(;et_sds) at
0 0

4 (T K .
- [ (180 = Bt + [ 18 = Bl et -0as ) ar
B J0 0
The conclusion follows multiplying both sides by Lg/2 and rearranging the terms. O
References
[1] H. W. Alt and S. Luckhaus. Quasilinear elliptic-parabolic differential equations. Math. Z.,

2]

183(3):311-341, 1983.

G. Amiez and P.-A. Gremaud. On a numerical approach to Stefan-like problems. Numer.
Math., 59(1):71-89, 1991.

B. Andreianov, M. Bendahmane, and K. H. Karlsen. Discrete duality finite volume schemes
for doubly nonlinear degenerate hyperbolic-parabolic equations. J. Hyperbolic Differ. Equ.,
7(1):1-67, 2010.

L. A. Baughman and N. J. Walkington. Co-volume methods for degenerate parabolic prob-
lems. Numer. Math., 64(1):45-67, 1993.

M. Bebendorf. A note on the Poincaré inequality for convex domains. Z. Anal. Anwendungen,
22(4):751-756, 2003.

G. Beckett, J. A. Mackenzie, and M. L. Robertson. A moving mesh finite element method for
the solution of two-dimensional Stefan problems. J. Comput. Phys., 168(2):500-518, 2001.

P. Benilan and P. Wittbold. On mild and weak solutions of elliptic-parabolic problems. Adv.
Differential Equations, 1(6):1053-1073, 1996.

D. Braess and J. Schoberl. Equilibrated residual error estimator for edge elements. Math.
Comp., 77(262):651-672, 2008.

C. Cances, 1. S. Pop, and M. Vohralik. An a posteriori error estimate for vertex-centered
finite volume discretizations of immiscible incompressible two-phase flow. Math. Comp., 2013.
Accepted for publication.

L. Cermdk and M. Zldmal. Transformation of dependent variables and the finite element
solution of nonlinear evolution equations. Internat. J. Numer. Methods Engrg., 15(1):31-40,
1980.

P. G. Ciarlet. The finite element method for elliptic problems, volume 40 of Classics in
Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia,
PA, 2002. Reprint of the 1978 original [North-Holland, Amsterdam)].

J. F. Ciavaldini. Analyse numérique d’un probléeme de Stefan & deux phases par une méthode
d’éléments finis. SIAM J. Numer. Anal., 12:464-487, 1975.

28



hal-00690862, version 3 - 3 Jun 2013

[13]

[14]

[15]

[16]

P. Destuynder and B. Métivet. Explicit error bounds in a conforming finite element method.
Math. Comp., 68(228):1379-1396, 1999.

V. Dolejsi, A. Ern, and M. Vohralik. A framework for robust a posteriori error control in
unsteady nonlinear advection-diffusion problems. SIAM J. Numer. Anal., 51(2):773-793,
2013.

L. El Alaoui, A. Ern, and M. Vohralik. Guaranteed and robust a posteriori error estimates and
balancing discretization and linearization errors for monotone nonlinear problems. Comput.
Methods Appl. Mech. Engrg., 200(37-40):2782-2795, 2011.

C. M. Elliott. On the finite element approximation of an elliptic variational inequality arising
from an implicit time discretization of the Stefan problem. IMA J. Numer. Anal., 1(1):115-
125, 1981.

A. Ern and M. Vohralik. Flux reconstruction and a posteriori error estimation for discon-
tinuous Galerkin methods on general nonmatching grids. C. R. Math. Acad. Sci. Paris,
347(7-8):441-444, 2009.

A. Ern and M. Vohralik. A posteriori error estimation based on potential and flux recon-
struction for the heat equation. STAM J. Numer. Anal., 48(1):19-223, 2010.

Alexandre Ern and Martin Vohralik. Adaptive inexact Newton methods with a posteriori
stopping criteria for nonlinear diffusion PDEs. SIAM J. Sci. Comput., 2013. Accepted for
publication.

R. Eymard, T. Gallouét, and R. Herbin. Finite volume methods. In Handbook of Numerical
Analysis, Vol. VII, pages 713-1020. North-Holland, Amsterdam, 2000.

R. Eymard, T. Gallouét, D. Hilhorst, and Y. Nait Slimane. Finite volumes and nonlinear
diffusion equations. RAIRO Modél. Math. Anal. Numér., 32(6):747-761, 1998.

A. Friedman. The Stefan problem in several space variables. Trans. Amer. Math. Soc.,
133:51-87, 1968.

D. Hilhorst and M. Vohralik. A posteriori error estimates for combined finite volume—finite el-
ement discretizations of reactive transport equations on nonmatching grids. Comput. Methods
Appl. Mech. Engrg., 200(5-8):597-613, 2011.

W. Jéager and J. Kacur. Solution of porous medium type systems by linear approximation
schemes. Numer. Math., 60(3):407-427, 1991.

J. W. Jerome and M. E. Rose. Error estimates for the multidimensional two-phase Stefan
problem. Math. Comp., 39(160):377—414, 1982.

P. Jirdnek, Z. Strakos, and M. Vohralik. A posteriori error estimates including algebraic error
and stopping criteria for iterative solvers. SIAM J. Sci. Comput., 32(3):1567-1590, 2010.

S. L. Kamenomostskaja. On Stefan’s problem. Mat. Sb. (N.S.), 53 (95):489-514, 1961.

C. T. Kelley and J. Rulla. Solution of the time discretized Stefan problem by Newton’s
method. Nonlinear Anal., 14(10):851-872, 1990.

P. Ladeveze. Comparaison de modéles de milieux continus. Ph.D. thesis, Université Pierre et
Marie Curie (Paris 6), 1975.

R. Luce and B. I. Wohlmuth. A local a posteriori error estimator based on equilibrated fluxes.
SIAM J. Numer. Anal., 42(4):1394-1414, 2004.

29



hal-00690862, version 3 - 3 Jun 2013

[31]

32]
[33]

[34]

[35]

[38]

[39]

[40]

[41]

[42]

[46]

[47]

C. Makridakis and R. H. Nochetto. Elliptic reconstruction and a posteriori error estimates
for parabolic problems. SIAM J. Numer. Anal., 41(4):1585-1594, 2003.

G. H. Meyer. Multidimensional Stefan problems. SIAM J. Numer. Anal., 10:522-538, 1973.

R. H. Nochetto. Error estimates for multidimensional singular parabolic problems. Japan J.
Appl. Math., 4(1):111-138, 1987.

R. H. Nochetto, M. Paolini, and C. Verdi. An adaptive finite element method for two-phase
Stefan problems in two space dimensions. I. Stability and error estimates. Math. Comp.,
57(195):73-108, 1991.

R. H. Nochetto, M. Paolini, and C. Verdi. An adaptive finite element method for two-phase
Stefan problems in two space dimensions. II. Implementation and numerical experiments.

SIAM J. Sci. Statist. Comput., 12(5):1207-1244, 1991.

R. H. Nochetto, A. Schmidt, and C. Verdi. A posteriori error estimation and adaptivity for
degenerate parabolic problems. Math. Comp., 69(229):1-24, 2000.

R. H. Nochetto and C. Verdi. The combined use of a nonlinear Chernoff formula with a
regularization procedure for two-phase Stefan problems. Numer. Funct. Anal. Optim., 9(11-
12):1177-1192, 1987/88.

F. Otto. L'-contraction and uniqueness for quasilinear elliptic-parabolic equations. J. Dif-
ferential Equations, 131(1):20-38, 1996.

L. E. Payne and H. F. Weinberger. An optimal Poincaré inequality for convex domains. Arch.
Rational Mech. Anal., 5:286-292 (1960), 1960.

M. Picasso. An adaptive finite element algorithm for a two-dimensional stationary Stefan-like
problem. Comput. Methods Appl. Mech. Engrg., 124(3):213-230, 1995.

M. Picasso. Adaptive finite elements for a linear parabolic problem. Comput. Methods Appl.
Mech. Engrg., 167(3-4):223-237, 1998.

1. S. Pop, M. Sepiilveda, F. A. Radu, and O. P. Vera Villagran. Error estimates for the finite
volume discretization for the porous medium equation. J. Comput. Appl. Math., 234(7):2135—
2142, 2010.

W. Prager and J. L. Synge. Approximations in elasticity based on the concept of function
space. Quart. Appl. Math., 5:241-269, 1947.

A. Quarteroni and A. Valli. Numerical approximation of partial differential equations, vol-
ume 23 of Springer Series in Computational Mathematics. Springer-Verlag, Berlin, 1994.

S. I. Repin. A posteriori estimates for partial differential equations, volume 4 of Radon Series
on Computational and Applied Mathematics. Walter de Gruyter GmbH & Co. KG, Berlin,
2008.

R. Verfirth. A posteriori error estimates for nonlinear problems. L"(0,T; LP(Q))-error esti-
mates for finite element discretizations of parabolic equations. Math. Comp., 67(224):1335—
1360, 1998.

R. Verfiirth. A posteriori error estimates for nonlinear problems: L"(0,T; W1*(Q))-error
estimates for finite element discretizations of parabolic equations. Numer. Methods Partial
Differential Equations, 14(4):487-518, 1998.

R. Verfiirth. A posteriori error estimates for finite element discretizations of the heat equation.
Calcolo, 40(3):195-212, 2003.

30



hal-00690862, version 3 - 3 Jun 2013

[49]

[50]

[51]

[52]

[53]

R. Verflirth. Robust a posteriori error estimates for stationary convection-diffusion equations.
SIAM J. Numer. Anal., 43(4):1766-1782, 2005.

M. Vohralik. A posteriori error estimation in the conforming finite element method based on
its local conservativity and using local minimization. C. R. Math. Acad. Sci. Paris, 346(11—
12):687-690, 2008.

M. Vohralik. Guaranteed and fully robust a posteriori error estimates for conforming dis-
cretizations of diffusion problems with discontinuous coefficients. J. Sci. Comput., 46(3):397—
438, 2011.

J. A. Wheeler. Permafrost design for the trans-Alaska. In P. T. Boggs, editor, Moving
boundary problems. Academic Press, New York, 1978.

M. F. Wheeler. A priori Lo error estimates for Galerkin approximations to parabolic partial
differential equations. SIAM J. Numer. Anal., 10:723-759, 1973.

31



	Introduction
	Continuous and discrete settings
	Continuous setting
	The continuous problem
	A regularization

	Discrete setting
	Time mesh
	Space meshes


	An a posteriori error estimate for the dual norm of the residual
	Dual norm of the residual
	General assumptions
	A basic a posteriori error estimate
	An a posteriori error estimate distinguishing the space, time, regularization, linearization, and quadrature errors

	Balancing and stopping criteria, adaptive algorithm, and efficiency
	Balancing and stopping criteria
	Adaptive algorithm
	Efficiency of the a posteriori error estimate

	An a posteriori error estimate for the error in temperature and enthalpy
	Bounding the error of the temperature and enthalpy by the dual norm of the residual
	The a posteriori error estimate

	Application to a vertex-centered finite volume discretization
	Dual and tertial space meshes
	The vertex-centered finite volume scheme
	Newton linearization
	Flux reconstruction

	Numerical experiments
	Setting
	redComputing approximately the negative norms
	Stopping criteria
	Balancing criteria
	Overall performance

	Proofs
	Proof of Theorem 4.4
	Proof of Theorem 5.2


