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Abstract

We propose and study a posteriori error estimates for convection—diffusion—
reaction problems with inhomogeneous and anisotropic diffusion approxi-
mated by weighted interior-penalty discontinuous Galerkin methods. Our
twofold objective is to derive estimates without undetermined constants and
to analyze carefully the robustness of the estimates in singularly perturbed
regimes due to dominant convection or reaction. We first derive locally com-
putable estimates for the error measured in the energy (semi)norm. These
estimates are evaluated using H(div, 2)-conforming diffusive and convective
flux reconstructions, thereby extending previous work on pure diffusion prob-
lems. The resulting estimates are semi-robust in the sense that local lower
error bounds can be derived using suitable cutoff functions of the local Péclet
and Damkohler numbers. Fully robust estimates are obtained for the error
measured in an augmented norm consisting of the energy (semi)norm, a dual
norm of the skew-symmetric part of the differential operator, and a suitable
contribution of the interelement jumps of the discrete solution. Numerical
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experiments are presented to illustrate the theoretical results.
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1. Introduction

We consider the convection—diffusion-reaction problem

—V-(KVu)+ 3-Vu+pu = f inQ, (1a)
u = 0 on 0, (1b)

where 2 € R? d > 2, is a polyhedral domain, K the diffusion tensor, 3
the velocity field, p the reaction coefficient, and f the source term. We
only consider homogeneous Dirichlet boundary conditions for the sake of
simplicity; extensions to inhomogeneous Dirichlet and Neumann boundary
conditions are possible. Our intention is to study a posteriori error estimates
for the approximation of (1a)—(1b) by weighted interior-penalty discontinu-
ous Galerkin (DG) methods with the twofold objective of deriving estimates
without undetermined constants and analyzing carefully the robustness of
the estimates in singularly perturbed regimes due to dominant convection
or reaction. We have chosen to address the convection—diffusion-reaction
problem in a general setting for the parameters K, 3, and p (mild assump-
tions on these parameters are stated below) so that our results can be readily
used in practical simulations. The reader interested in simplified situations
can for instance take K equal to € times the identity matrix (e < 1), 8 a
divergence-free veclocity field of order unity, and p of order unity.

For the pure diffusion problem ((la)-(1b) with 8 = p = 0), residual-
based a posteriori energy (semi)norm error estimates for DG methods can
be traced back to [6, 23]; see also [12] for a unified analysis. Although
the estimates derived therein are both reliable (that is, they yield an upper
bound on the difference between the exact and approximate solution) and
locally efficient (that is, they give local lower bounds for the error as well),
they feature various undetermined constants. This shortcoming has been
remedied recently in [2] upon introducing estimators based on equilibrated



fluxes (for the first-order symmetric interior-penalty DG scheme in the case
d = 2). Such estimates can be reformulated upon introducing a reconstructed
H(div, Q)-conforming diffusive flux, say t, associated with the approximate
DG diffusive flux —KV,uy, [24, 14, 34, 15]; see also the research report [20].
We also mention [27] where numerical experiments for similar estimators
are presented. Error estimates for continuous finite element methods using
reconstructed H(div, 2)-conforming fluxes can be traced back to the seminal
work of Prager and Synge [29], while more recent developments include [25,
26, 16).

A posteriori error estimates based on flux reconstruction for DG ap-
proximations to convection—diffusion—reaction problems appear to be a novel
topic. Our first intermediate, yet practically important, result delivers a lo-
cally computable, global upper bound for the error measured in the energy
(semi)norm |||-||| defined by equation (5) below. Letting u be the exact so-
lution of (1a)—(1b) and letting u; be its DG approximation, Theorem 3.1
states that

Il = unll] <,

where 7 collects various locally computable contributions with only known
constants, the leading terms for low enough local Péclet numbers having
constant equal to one. These contributions are evaluated using a Hg()-
conforming reconstruction of the potential u;, and H(div, 2)-conforming re-
constructions of its diffusive flux —KV,u; and convective flux Buy,, thereby
extending previous work on pure diffusion problems. Theorem 3.2 then states
that the elementwise contributions in 1 can be bounded by the local error
in the energy (semi)norm augmented by the natural DG jump seminorm
|||+, defined by (45) times suitable cutoff functions of the local Péclet
and Damkohler numbers. More precisely, this yields

1 < Ox(lllw = unlll + [[[w = unlll«.7),

where the constant C' is independent of any mesh size and mildly depends
on the data K, B, and p as specified below, whereas x collects the above-
mentioned cutoff functions. This result is in its form similar to that derived
by Verfiirth for stabilized conforming finite elements in [35] and to the re-
sults in [18, 39, 40] for DG, mixed finite element, and finite volume methods,
respectively. The difference with [35] is that the present 7 features no un-
determined constant. Moreover, n represents a lower bound for the DG
residual-based a posteriori estimate derived in [18].
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To achieve full robustness in singularly perturbed regimes resulting from
dominant advection or reaction, we follow the approach proposed again by
Verfiirth for stabilized conforming finite elements in [36] and which consists in
measuring the error in an augmented norm including a suitable dual norm of
the skew-symmetric part of the differential operator. Another approach to ro-
bust a posteriori error estimation has been proposed by Sangalli [30, 31, 32];
it consists in evaluating the convective derivative using a fractional order
norm. For DG methods, the augmented norm |||-|||¢ defined by (46) differs
from that considered in the conforming case and features an additional con-
tribution which depends on the interelement jumps of the discrete solution.
By proceeding this way, see Theorem 3.3, an upper bound is derived in the
form

Il = unllle <7,

where 77 again collects various locally computable contributions (with only
known constants as for n) which are evaluated using the above-mentioned
reconstructions. Theorem 3.4 then states that 7 can be globally bounded by
the error measured in the augmented norm supplemented by a suitable jump
seminorm [||-|||x 7, defined by (51), that is,

7< Clllw = unllle + llw = wnlll.5),

where the constant C' has dependencies similar to those of the constant C'
above. By adding this jump seminorm to the error measure as well, we
arrive at the final result of this paper, see Theorem 3.5, yielding a fully
robust equivalence result between the error and the a posteriori estimate,
namely

e —wnllle+llu—unlll sz < G+ unlllez < Clllu—unlllo+lu—unllsz,).

This result is in its form similar to the one derived recently in [33] for DG
methods using residual-based techniques instead of flux reconstruction. How-
ever, there are two important differences between the present results and
those in [33]. First, the latter contain undetermined constants; furthermore,
the present jump seminorm features an additional cutoff function to lower
its contribution in the singularly perturbed regimes.

This paper is organized as follows. We introduce the setting in Sec-
tion 2, including the main notation and assumptions, the formulation of the
continuous problem and its DG approximation, the reconstructed H(div, §2)-
conforming diffusive and convective fluxes for the DG solution, and the cutoff
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functions needed to formulate our results. We then present our main results
in Section 3 while the proofs are collected in Section 4. Some numerical
experiments illustrating the theoretical analysis are presented in Section 5.
For the sake of simplicity, the above results are presented on meshes without
hanging nodes. In practice, however, nonmatching meshes possessing hang-
ing nodes are often useful and constitute one of the actual motivations for
using DG methods. Appendix A briefly describes the minor modifications
needed in our approach to handle this case.

2. The setting

2.1. Main notation and assumptions

Let {7n}n>0 be a family of simplicial meshes of the domain €. A generic
(closed) element in 7y, is denoted by T', hy stands for its diameter, |T'| for its
measure, and ny for its unit outward normal. The family {7}~ is assumed
to be shape-regular in the sense that there exists a constant k7 > 0 such
that minger, dr/hy > w7 for all b > 0 where dr denotes the diameter of the
largest ball inscribed in 7. The shape-regularity is actually only necessary
to prove the lower error bounds. We also suppose that the meshes cover Q
exactly. For the sake of simplicity, we assume until Appendix A that meshes
do not possess hanging nodes. Mesh faces are closed sets and are collected
in Fj,. It is convenient to define the following sets: For all T' € Ty,

Fr=A{F € Fy; ' C 0T}, §r={F € F: FNOT #0},
Tr={T' € Ti; Fr O Fr # 0},  Tp={T' €Ty TNT #0},

and for all F' € Fy,
Te=A{T € Ty; F € Fr}, Tp={T €Ty, FNOT # 0}.

Thus, Fr collects the faces of T', §1 the faces having a non-empty intersection
with T', Tr the elements sharing a face with T, T the elements having a non-
empty intersection with 7', Tr the elements of which F'is a face, and T the
elements having a non-empty intersection with F'.
We will be using the so-called broken Sobolev space (for nonnegative
integer s)
H(Ty) :=={v € L*(Q);v|pr € HY(T) VT € Ty}, (2)



along with its DG approximation space
VE(Th) = {on € L2(Q);vnlr € PR(T) VT € Ta}, (3)

where Pi(T'), k > 0, is the set of polynomials of total degree less than or
equal to k on an element 7. The L?-orthogonal projection onto V*(T) is
denoted by II,. The L?-scalar product and its associated norm on a region
R C Q are indicated by the subscript 0, R; shall R coincide with €2, this
subscript will be dropped. For s > 1, a norm (seminorm) with the subscript
s, R stands for the usual norm (seminorm) in H*(R). Finally, V}, denotes
the broken gradient operator, that is, for v € HY(T,), Viv € [L*(Q)]¢ and
for all T € Ty, (Vio)|r == V(v|7).

We assume that K € [L>®(Q)]"*? is a symmetric, uniformly positive def-
inite, and piecewise constant tensor and for all 7" € 7, we denote by ck r
and Ck r, respectively, its minimum and maximum eigenvalue on 7". We also
assume that 8 € [L>(Q)]? with V-3 € L>(Q), p € L*() and p—5V-3 > 0
a.e. in Q. For all T' € T, cg,r indicates the (essential) minimum value of
p—3V-B on T'; we suppose that if ¢, 7 = 0, then ||u]oor = [|3V-Bloor = 0.
We also assume f € L*(Q). For all T € Ty, the local Péclet and Damkohler
numbers can be defined as hr||B]|co,rck 'y and hi.cg ek p, respectively. The
simplified setting discussed in the Introduction leads to Cx r = ckr = ¢,
18Blco,r = 1, ¢gur =~ 1, so that the local Péclet and Damkoéhler numbers
reduce to hpe ! and h3.e !, respectively.

2.2. The continuous problem
For all u,v € H'(T},), we define the bilinear form

B(u,v) == (KVyu, Viv) + (8-Viu,v) + (pu, v), (4)

and the corresponding energy (semi)norm

1 2
oll*:= > ol Nl = 1K2Vollg 2+ [ (e = 5V-8) 0]y, (5)
TeT,
We remark that |||-]|| is always a norm on H}(), whereas it is a norm on

H(T) only if cg .7 > 0 for all T € Tj,. For all u,v € H*(T,), we also define

Bs(u,v) := (KVu, Vi) + ((p— 1V-8)u,v), (6)
Ba(u,v) == (B-Vyu+ L(V-B)u,v). (7)



Observe that By is skew-symmetric on Hj(2) (but not on H'(7,)), that
Bs(v,v) = [[|v]|[* for all v € H'(T;), and that on H'(Ty),

B = Bg + Bjx. (8)

The weak formulation of (1a)-(1b) consists in finding u € H} () such
that

B(u,v) = (f,v) Vv € Hy(9). (9)
The above assumptions, the Green theorem, and the Cauchy—Schwarz in-
equality imply that B(v,v) = |[||v]||* for all v € H}(Q) and that for all

u,v € HY(Ty),

1
B(u,) < max { Lzl rlilloa) | ol
~1/2
o0 . 10
st P8l ol o) (10)

Hence, the problem (9) admits a unique solution.

Remark 2.1 (Notation). If ¢g,, v = 0, the term ||t||oo,r/cg 1 in estimate (10)
should be evaluated as zero, since in this case we assume ||p||oor = 0. To
simplify the notation, we will systematically use the convention 0/0 = 0.

2.8. The discontinuous Galerkin method

To formulate the DG method, we need to introduce jumps and (weighted)
averages on mesh faces. We say that F' is an interior face of a given mesh if
there are distinct 77 (F') and T (F) in Ty, such that F' = 9T~ (F)NOT*(F)
and we define ny as the unit normal vector to F' pointing from 7~ (F") towards
T*(F). Similarly, we say that F is a boundary face of the mesh if there is
T(F) € Ty, such that F' = 0T(F) N 02 and we define np as the unit outward
normal to J€2 (the arbitrariness in the orientation of ng is irrelevant in the
sequel). All the interior (resp., boundary) faces of the mesh are collected into
the set F™ (resp., Ff*') so that Fj, = F™ U F**. For a function v that is
double-valued on a face F' € Fi™, its jump and arithmetic average on F are
defined as

[v]F = v|r-(F) — V|T+(P), {vlr = 30lr-(r) + V|74 (m)- (11)

We set [v]p := v|p and {v} r := Jv|p on boundary faces. The subscript F in
the above jumps and averages is omitted if there is no ambiguity. To achieve
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robustness with respect to diffusion inhomogeneities, diffusivity-dependent
weighted averages are considered [10, 21, 17]. For all F' € Fi™, let

0K Py 0K P (12)

Wr—(F),F * Wr+(F),F -

B 0K Fy + 5K,F—’ B Ok rt + 5K,F—’

where 0k py := np-K|rsmnp, and define

{v}e = wr-(p),pV|r-(F) + W), PV TH(F)- (13)

On boundary faces, we set {v}., := v|r and wpp) p = 1.
The interior-penalty DG methods considered herein are associated with
the bilinear form

By (u,v) == (KVyu, Vo) + (1 = V-B)u,v) — (u, B-Vyv)
~ > {np{KViuhe, [Dor + 0mp-{KVy0 o, [ul)or}

FeF,

+ 3 {(rlul, [WDor + (Bnrful, [Dor} - (14)

FeF,
The discrete problem consists in finding u, € V*(7;,) with & > 1 such that
By(un,vn) = (fron)  Yon € VE(TR). (15)

Taking in (14) the weights on interior faces equal to 1/2 and letting 6 €
{=1,0, 1} leads to the well-known Nonsymmetric, Incomplete, or Symmetric
Interior-Penalty DG methods. The penalty parameter vz takes the form

= apykrphy + e VF € Fp, (16)
where ap > 1 is a (user-dependent) parameter,

0K, F+OK, F—

VK, F (17)

Ok, Fy + Ok F—
hr the diameter of I, and v p a nonnegative scalar-valued function depend-
ing on B and vanishing if 8 = 0; we suppose here that vg r = £|3-np|, which
amounts to so-called upwinding. As usual with interior-penalty methods, the
parameters ap must be taken large enough to ensure the coercivity of the
discrete bilinear form By, on V*(T,) whenever 6 # —1.
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2.4. Diffusive and convective flux reconstruction

The approximate DG diffusive flux —KV,u;, and convective flux Buy,
are nonconforming since they do not belong to the space H(div, {2) as their
exact counterparts do. For pure diffusion problems, H(div, 2)-conforming
reconstructions of the approximate DG diffusive flux have been investigated
in [4, 19, 24]. We generalize here the approach of [19, 24] to convection—
diffusion-reaction problems.

The reconstructed diffusive and convective fluxes will belong to the Raviart—
Thomas—Nédélec spaces of vector functions on the mesh 7y,

RTN'(T;) = {v), € H(div, Q) ; v;|r € RINY. VT € T, },

where | € {k —1,k} (recall that k is the polynomial degree used for the DG
approximation) and RTN}, = PY(T) +xPy(T). In particular, v, € RTN'(7y,)
is such that V-v, € P(T) for all T € Ty, vi-np € P(F) for all F € Fr and
all T" € Ty, and such that its normal trace is continuous; see [8]. Using the
specification of the degrees of freedom of functions in RTNY., our H(div, 2)-
conforming flux reconstructions t, € RTN'(7;) and q, € RTN!(T,) are
prescribed locally on all T' € T}, as follows: For all F' € Fr and all ¢, € P;(F),

(tenp, gn)or = (—np-{KViunbo + apyk rhis [un], Qh)07F> (18)
(anmp, qn)or = (Bnpfun} + vs.rlun], an)or, (19)

and for all rj, € P¢ (T,

(tn.Tn)or = —(KVup,rp)or + 0 Z wr,r(npKry, [un])o,r, (20)
FeFr

(qn:Tn)o,r = (un, B-Th)o,r- (21)

Observe that the quantities prescribing the moments of t;,-ny and q;-ng are
univocally defined for each face F' € F},, whence the continuity of the normal
traces of t; and q;. The above construction is motivated by the following
important result:

Lemma 2.1 (Local conservativity). There holds

(V'th + V‘Qh + Hl((u — V,B)Uh))|T = Hlf|T VT €T (22)



Proof. Let T' € Ty, and let &, € P/(T). Owing to the Green theorem,

(Vb + Vean, En)or = —(bn + an, Véor + Y ((tn + an)nr, &u)o.r.
FeFr

Using (18)—(21) along with the definition (14) of the bilinear form B), leads
to

(Vetn + Vean, &n)or = Bulun, Enlr) — (0 — V-B)un, &)or.  (23)
Since uy, solves (15), this yields (22). O

2.5. Potential reconstruction

The approximate DG potential u; is nonconforming since w; is not in
H{(Q) as its exact counterpart is. We use here a H{(f2)-conforming po-
tential reconstruction based on the so-called Oswald interpolation operator
already considered in [23] for a posteriori DG error estimates. Specifically,
the operator Zos : VF(T,) — VF(T,) N H} () is defined as follows: For a
function v, € V*(T,), Zos(vs) is prescribed through its values at suitable
(Lagrange) nodes of the simplices of 7. At the nodes located inside 2, the
average of the values of v;, at this node is used,

To)(V) = 2= 3 vl (V).
TeTy

where Ty is the set of those T' € T, to which the node V' belongs and where
for any set S, #(.S) denotes its cardinality. Note that Zos(vp)(V) = vp(V)
at those nodes V' lying in the interior of some 7' € T,. At boundary nodes,
the value of Zpg(vy,) is set to zero.

2.6. Cutoff functions

The following local approximation results for L?-projections hold: For all
p € Hy(2),

le — Mopllor < mrlllelllr VT €Ty, (24)

le — Moglrllor < Cofpmg*llollls VT € Thy, VF € Fr,  (25)

IMoelllor <me Y llellz  VF € F, (26)
TeTr
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with the cutoff functions
mi = min{C'thTcI_éT, c[;l%T}, (27)

iy == min{(Cp + Cp/ Hhregy hy' gl + C;L{QTCI;%? /21, (28)
2 . 2 -1 —1 -1 -1

‘= min { max {Cp 7 p|F|h2|T max { | F||T 29

mp 1 {Tea,}p( { w,1,p || Py | T CK,T} ’TeaT)p( {| 7] C8,uT } , (29)

where |F| denotes the (d — 1)-dimensional measure of F. Here, Cp is the
constant from the Poincaré inequality

o — Hopllor < Cohz|Veller Ve € HY(T), (30)

which can be evaluated as Cp = 1/7% owing to the convexity of simplices
28, 5]. In addition, C; 7. r and Cr 1 r are respectively the constants from the
following trace and generalized Friedrichs inequalities:

lells 7 < Coar(hzllollF + llellrl Vellr), (31)
le — orellsr < Crrrht|Vels.r (32)

valid for all T € Ty, p € H(T), and F € Fr; here for | > 0, II;, p denotes the
L*-orthogonal projection onto P;(F). It follows from Lemma 3.12 in [34] that
Cirr = |Flhr/|T| for a simplex T and its face F'; see also [11]. Furthermore,
it follows from [38, Lemma 4.1] that Cr 7 = 3d for a simplex 7" and its face
F. The estimate (24) is readily inferred from the Poincaré inequality (30)
and the fact that ||[¢ — opllor < ||¢llor. The estimate (25) is established
in [13]. Finally, the estimate (26) is proved in [40, Lemma 4.5].

3. Main results

This section exposes the main results of this work; their proofs are col-
lected in the next section. For the sake of clarity, this section is split into three
subparts. The first one contains intermediate, yet practically important, re-
sults, namely global upper bounds and local, semi-robust, lower bounds for
the error estimated in the energy norm. The second one contains global up-
per bounds and global, fully robust, lower bounds for the error estimated
in an augmented norm. The third subpart contains the final, fully robust
equivalence result. All the upper bounds below are valid for arbitrary Hy(2)-
conforming potential reconstructions and arbitrary H(div, ©?)-conforming dif-
fusive and convective flux reconstructions provided the latter satisfy the local
conservation property (33) below. The lower bounds instead are proven for
the specific choices of these reconstructions described in Sections 2.4 and 2.5.
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3.1. Energy norm estimates

This section is devoted to energy norm error estimates.

3.1.1. Locally computable estimate
Let s, € HJ(Q2) and let ty,, q; € H(div, Q) with t,-np, q,np € L*(F) for
all F' € F, be such that

(Vtn +Vean + (= V-Bup, L)or = (f, Vor VT € Th. (33)

In practice, s; is constructed as in Section 2.5, while t; and q; are con-
structed as in Section 2.4 so that owing to Lemma 2.1, the local conservation
property (33) holds.

Let T' € Ty. The nonconformity estimator nnc,r, the residual estimator
nr,r, and the diffusive flur estimator npp r are defined as

e = ||lun — salllr, (34)
nrr = mr|f — Vit = Vean — (= V-B)uplo,r, (35)
DR, T = min {771()%% 771()21)? T} (36)
where

771(31FT = ||K2 Vuy, + K2ty o7, (37)

Mg = mr||(Id — o) (V-(KVauy, + t4))lor
+ing? > O Rl (KVuy + t) np o p. (38)

FeFr

Furthermore, we define the two convection estimators nc 17 and ncor and
the upwinding estimator nuy r as

near = mr||(Id =) (V-(an — Bsn))[lo.r, (39)

near = caprl| 5(V-8)(un — 1) (40)

nur =, mp|Tor((an — Bsn)ne)|op. (41)
FeFr

Recall that the constants mr, mr, and mp are defined by (27)-(29). We can
now state the main result of this section.
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Theorem 3.1 (Energy norm estimate). Let u be the solution of (9) and let
uy, be its DG approzimation solving (15). Then,

[ = wnll| <,

where

1/2 1/2
n= { Z nl%IC,T} + { Z (mr,7 + Mow,r + e, + e + UU,T)Q} :

TeTh TeT

Remark 3.1 (Properties of the estimate of Theorem 3.1). The estimate of
Theorem 3.1 yields a guaranteed upper bound, the estimate is valid uniformly
with respect to the polynomial degree k, the DG parameters ar, and no
polynomial data form is needed for f. Furthermore, we observe that (33) is a
local (conservation) property, in contrast to the global Galerkin orthogonality
used traditionally for conforming finite element methods.

Remark 3.2 (Form of npg 7). The idea of defining the diffusive flux estimator
nprr as a minimum between two quantities has been proposed in [13]. The
purpose is to obtain in singularly perturbed regimes resulting from dominant
convection or reaction appropriate cutoff functions in the expression for 77]()2})77T.
This way of proceeding is coherent with the recent observation made by
Verfiirth [37] that the diffusive flux estimator 7)](31121 alone cannot be shown
to be robust.

Remark 3.3 (Superconvergence of ngr). Assume that t, and qp are de-
fined by (18)—-(21). For pure diffusion problems, Lemma 2.1 implies ng s =
mr||f — I, f|lor and hence, ngr takes the form of a data oscillation term
that superconverges by one (I = k — 1) or two (I = k) orders in mesh
size if f is piecewise smooth. In the general case, taking | = k£ and p and
V-3 piecewise constant, Lemma 2.1 still implies the superconvergent form
nrr = mr||f — U fllor. In practice, nrr should not be neglected since it
can be significant on coarse grids or for singularly perturbed regimes.

3.1.2. Local efficiency

Let s, t5,, and qy, be defined as in Sections 2.4 and 2.5. To state the local
efficiency of the estimate derived in Theorem 3.1, we consider the following
residual-based a posteriori error estimators introduced in [18]: For all T € Ty,

pir =mr|f+V-(KVyuy) — B-Viyu, — punlor, (42)
por = my e > wrellng [KVu]llor, (43)
FeFr
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where wrp = (1 —wrp). For all T € Ty, let ¢k, = minges, ck 17,

CK 7y 1= Milprer, CK17, CB3,y 1= Milpeg, Ya,r and cg r, = Minpcr, V8.7,
and introduce the cutoff functions

1/2 1/2 —1/2 . —1/2 1/2 —1/2
Xep o= min(hreg &2, b e %), X = min(hre 72 hilPe5 ), (44)

. 12 —1/2 .
as well as mr,. := min(hreg %, Cg. M/T ) where cg,, 7, := minper, cg 1. Let

also ¢p = m1T/2hT1/20i(/%[ (so that ¢ < C'Pl,/4 by construction) and ap =
maxper, 0. For any subset F of Fh, deﬁne the jump seminorm

olll? 7 := Y I *llier v e HY(Th): (45)

FeF
We can now state the main result of this section.

Theorem 3.2 (Local efficiency of the energy norm estimate). Let u be the
solution of (9) and let uy be its DG approzimation solving (15). Assume
for simplicity that V-(qn — Bsy) € Py(T) and V-(qn — Buy) € P(T) for all
T € Tn and that yg p is facewise constant. Let e, MR, MOFT, NC1T,
no2r, and nur be defined by (34)—-(41). Then,

C’Il(/%[ 1/2
Sy </— o= 29802 ey ) sl

K3
Neer < CH F V- ﬁHOOTCﬁl/z XTT‘HU_ Uhm 81

nur <Cmp e |1Blserxsr v — wnlll gz
near <Cmrh'| Bl x|l — wnl|l g7,

(71/2
77R,TSpl,T+C§Tp2,T+C<§TO‘;/2 iz T mohy!||Bllcerxr | lllu = unllls 7,
KT

1/2
77DFT<(JP2T-|—O§T041/2 1/2 |||U Up||| s, 7p-
kT

The constant C' only depends on the space dimension d, the polynomial degree
k of up, and the shape-reqularity parameter k.

Remark 3.4 (Estimates on py r and ps 7). The following semi-robust bounds
are proved in [18, Propositions 3.3 and 3.4] under the assumption that f, 3,
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and p are piecewise polynomials of degree m:

prr < Cmp(Cphst + min(Cr, Go.r))|llu — ualllr,

1/2 1/2
KT 1/2 1/4 ~1/2 —1/a [ YK,1v
pP2,T <C 1/2 mr Ckr My Cg o 1/2 + mT’gLT' |||u - uh|||T”
k.17 T'eTr k.1

: ~1/2 ~1/2 ~1/2
with 7= [|ulloc a7 + 1Bllocrexcs” and Gor = eyl (l1n = V-Blloor +
|8lloo.7h7"). The constant C only depends on d, k, m, and k7.

Remark 3.5 (Comments on the results of Theorem 3.2). In the DG energy
norm, the a posteriori error estimate of Theorem 3.1 is semi-robust in the
sense that the bounds on the estimators involve cutoff functions of the local
Péclet and Damkohler numbers in various forms. This result is of the same
quality as those achieved in [35, 39, 40, 18]. Moreover, as h — 0, Theorem 3.2
shows that the estimators nc 17, nc 27, and ny p will loose influence owing to
the cutoft factor x7,., while nncr and nppr will become optimally efficient.

Remark 3.6 (Pure diffusion). Theorems 3.1 and 3.2 obviously apply to the
pure diffusion case and deliver similar results to [2, 24, 14, 34, 20, 15]. Specif-
ically, nc.1,7, Nc,2,r, and nu 1 vanish, while npp 7 can be evaluated using nl()lgvT
only. One salient feature of the present estimate is that owing to the bounds
in Remark 3.4, the residual estimator g r and the diffusion estimator npg
are fully robust with respect to diffusion inhomogeneities. The robustness of
the nonconforming estimator 7ncr can be handled under suitable assump-

tions on the distribution of diffusion inhomogeneities (such as those in [1, 7]).

3.2. Augmented norm estimates

We introduce the following augmented norm:

lollle = lllvlll+  sup  {Ba(v,9) + Bo(v,9)}  veH(Ta), (46)

eeHS (), lllelll=1

with By defined by (7) and where for all u,v € H(Ty,),

Bp(u,v) == Y (Bnp[u], {Tov})o,r (47)

FeF,

Whenever ||V« r is controlled by g, r for all T' € T}, the zero-order con-
tribution in By can be discarded in the definition of the augmented norm,
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recovering the dual norm introduced by Verfiirth for conforming finite ele-
ments [36]. The additional contribution from Bp in the augmented norm is
specific to the DG setting and has been introduced in the present work to
sharpen the global efficiency result; see Remark 4.2 below.

3.2.1. Locally computable estimate

Let s, € HY(Q) and let ty, q;, € H(div, Q) with t,np, q, ng € L*(F) for
all F' € Fy, be such that (33) holds. Let n, nr 1, and npr r be as in Section 3.1.
We define the modified convection estimator 1 1 and the modified upwinding
estimator Ny as

near = mr|[(Id = 1o)(V-(an — Bun))llor, (48)
nu,r = Z mr||o,r (a7 [un])llo,r- (49)
FeFr

Theorem 3.3 (Augmented norm estimate). Let u be the solution of (9) and
let uy, be its DG approximation solving (15). Then,

1/2
llw — unllle <7 =20+ { Z (MR, + MoET + Mo + ﬁU,T)Q} . (50)
TeT

Remark 3.7 (Comparison of n and 77). We observe that the estimator 7 is fully
computable and that it has the same structure as the estimator n derived in
Theorem 3.1.

3.2.2. Global efficiency
Let sy, ty, and q; be defined as in Sections 2.4 and 2.5. We show here

that the |||-|||g-norm a posteriori error estimate of Theorem 3.3 is globally
efficient and fully robust. For all v € H*(7y,), define

1 CKT _
2 > 1 2 2
(% = E E aOFYK, h () +c A h v
H‘ |H#7fh ’ 44(5 ){c 7 FIKFIUE H[[ ]]”O,F B, T F”[[ ]]HO,F

+ mngHﬁHio,frThFllH[v]]Hg,mgT}, (51)

where m7,. is defined in Section 3.1.2 and Fr collects the faces of the one or
two elements in 7z.
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Theorem 3.4 (Global efficiency of the augmented norm estimate). Along
with the assumptions of Theorem 3.2, assume that f, B, and p are piecewise
polynomials of degree m. Then,

7< Clllw = unllle + llw = wnlll.5), (52)

where the constant C depends on the same parameters as the constant C' in
Theorem 3.2 and in addition on the polynomial degree m of f, B, and p, the
ratios Cx r/cxr and (||ptllcor + |15V-Blloor)/caur for all T € Ty, the ratios
cgpur/cgpur for all T, T" € Ty, sharing a face, and finally, linearly on the DG
penalty coefficients ap.

3.3. Fully robust equivalence result

This section contains the final result of this paper, namely a fully robust
equivalence result between the error measured in the (|||-|||e =+ |||l 2,7, )-norm
and a suitable a posteriori estimate with s, t,, and q; defined as in Sec-
tions 2.4 and 2.5. This result is an immediate consequence of Theorems 3.3
and 3.4.

Theorem 3.5 (Fully robust equivalence between error and a posteriori es-
timate). Let u be the solution of (9) and let uy be its DG approzimation
solving (15). Then,

[lu—unllle+llu—unlll4.7 < 7+[unlll4z < Clllu—unllle+llu—uallls.z),
(53)
where C'is twice the constant in (52).
Remark 3.8 (Comparison with the results of [33]). The result of Theorem 3.5
is in its form comparable with that reported in [33]. One essential difference
is, however, that our discrete jump seminorm |||-|||4 7, contains the cutoff
factors my,. in front of HﬁHOO,TTh}l/ o] llo.Feng,, which can considerably
reduce the size of this term. Moreover, we stress that the a posteriori estimate
7+ |[|unl|l .7, is fully computable with no undetermined constants.
Remark 3.9 (|||*|||4,7,-seminorm). It can be argued that the discrete semi-
norm |||-|||«,7, is not fully satisfactory since it does not appear in the natural
DG stability norm. In particular, a priori error estimates including this new
seminorm have not been established. Moreover, the [||]||4.7,-seminorm is
not easily localizable with respect to data.
Remark 3.10 (Pure diffusion). In the pure diffusion case, the augmented
norm [||-|||¢ coincides with the energy norm |[||-]|| and the jump seminorm
\[|||| 4,7, reduces to the first term in the right-hand side of (51).

17



4. Proofs

This section collects the proofs of the results presented in Section 3.

4.1. Energy norm estimates

Lemma 4.1 (Abstract energy norm estimate). Let u be the solution of (9)
and let u, € HY(Ty,) be arbitrary. Then,

[[lu —upl|| < infﬂ){\|\uh—s\|\+ inf sup

€H;( t,a€H(div.Q) e 1 (), |lol=1

{(F =Vt = Va— (u=VBunp) — (KVyu +1t, V)
+ (= V80, 0) = (T B)(un — 5).)}
< 2f[Ju — unlll- (54)
Proof. It has been proved in [39, Lemma 7.1] and [18, Lemma 3.1] that
ol < ot flln=sll+ swp  {Blu-u)+Balm—s.)} |
s€H; () PeHY (), [llell=1

It suffices to use (9) therein, to introduce arbitrary fields t,q € H(div, (),
add and subtract (t, V) and (q, V¢), and to employ the Green theorem to
infer the upper error bound in (54). For the lower error bound, put s = wu,
t = —KVu, and q = Bu and use the Cauchy-Schwarz inequality and the
fact that |||¢||| = 1. O

Proof of Theorem 3.1. We start by putting s = s;,, t = t5,, and q = q; in
the upper error bound (54). We next write

(f =Vetn = Vean — (0 = V-Bun, ) — (KVypup + tn, Vo) + (V-an — V-(Bsn), )
— (3(V-B)(un —sn),9) = Y {(f — Vetn = Vean — (= V-B)un, ¢ — Top)or

TETh
— (KVup, + tr, Vo)or — (3(V-8)(un = 51),9) o + (V-(an — Bsn), » — Top)or

+ Z ((an — Bsn)nr, H0<P)0,F}, (55)

FeFr

using the local conservation property (33) in the first term and subtracting
(V-(an — Bsn),op)or and adding the same quantity rewritten using the
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Green theorem in the last two terms. Next, in these last two terms, it is
possible to replace V-(qn — Bsy) by (Id — I)(V-(an — Bsy)) and (qn —
Bsn)nr by o p((qn — Bsn)-nr); see Remark 4.1 below for the motivation.
Furthermore, following [13], there are two ways to bound the term —(KVu;,+
tn, V)or. Either one simply uses

~(KVus + th, Ve)or < i glllellr,
or one notices using (24) and (25) that

—(KVup +t,Vo)or = — (KVuy, + ty, V(e — Iyp))or
= (V-(KVuy + th), ¢ — Iyp)or
— > (KVuy + t)nr, 0 — Hop)or < il
FeFr

Finally, using (26) and the continuity of the normal component of (q;, — 3sy,)
for the last term in (55), it is inferred that

> Mor((an — Bsn)nr), Mop)or < > nurllellr

TeT), FEFT TET,

Collecting the above bounds leads to
(f =Vetn = Vean = (1= V-Bup, @) — (KVpup + 5, Vo) + (V-an, — V-(Bsp), ¢)

- (%(V,@)(uh — Sh), <P) < Z <77R,T + Mor,r + Mo + Nogr + TIU,T) el s
TETh

whence the conclusion is straightforward using (54). O

Proof of Theorem 3.2. Let C' denote a generic constant depending on the
parameters as in the statement of the theorem. Let T € 7T;,. The proof is
decomposed in two parts.

(1) Bounds on the estimators involving s, = Zos(us). First, consider nner
and recall the estimate

IV = si)llor < C > by lIlualllor
Fesr
proved in [23, Theorem 2.2]. Using this bound, the fact that Ju—uy] = —[u]
and owing to (17), it is easy to see that (recall that ap > 1)
1/2

1 K, T
K=V (u, = sn)llor < €77~ lllu — unlll 57

K3
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Furthermore, it is well-known (see, e.g., [9, Lemma 3.2]) that

lun = sullor < 3 hl®(ITunlllor

Fedr
and it follows from (16) that
~1/2
> Miundllo.r < Chz'*xwplllu = walllege (56)
Fedr
with x<, defined by (44). Hence,
lun = snllor < Oxaylllu — unlll+ 3, (57)

The bound on nxc,r is now straightforward. Moreover, the bound on nc o7
is readily inferred from (57). Considering next ny r, we observe that owing
to (19) and the fact that ||IIo rgllor < ||gllor for all F' € Fr and g € L*(F),

[Tlo,7((an — Bsn)mp)|lor = [[Ho,r(Bnpfun} +vs,rlun] — Bnrsy)lor
<|[[Bnpf{ur} + s rlun] — Bnrpsulor
< ClBllser Y Mundllo.r,

F'eSr

since [[up — sullo,r < C Y pieg, [[[un]llor for the Oswald interpolate. Hence,

using (56) and the fact that mp < C’h;lﬂmTT, the bound on 7y 7 is inferred.
Finally, to prove the bound on 7n¢ 17, we observe that

(Id—T10) (V-85 o < IV-(a—Bsi)lor = sup LGB Eor
£ePy(T) 1€ llo.r

using the assumption that V-(qn, — Bsp) € P;(T'). Using the Green theorem
and (21) yields

(V-(an = Bsn), o = —(un — $p, B-VE)or + Z ((an — Bsn)mr, o, p-

FeFr

Using the Cauchy—Schwarz inequality, the bound (57), the fact that (q; —
Bsp)np = Bnpfuyl} +vs rlus] — B-nps, where the norm of the right-hand
side has been bounded above, and inverse inequalities to estimate ||V o.r
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and ||||o,7, the bound on 7c 1 7 is inferred.
(2) Bounds on ng 7 and npp 7. Using the triangle inequality yields

nrr < prr+mr||V-(KVuy, + t)|or + mr||V-(an — Bur)lo.r,

with p; 1 defined by (42). To bound the last two terms in the right-hand side,
we proceed as we did above for V-(q, — Bsp). Since V-(q, — Buy) € Pi(T),
it is easy to see that

mr||V-(an — Bun) o < Cmrhz||Bllsorx7mlllu — wnlll« 7

Similarly, using (20),

KVu, +t,,V
sup ( nt tn, VEo <C Z VK, Fh Uh]]HO,Fa
EeP(T) HfHOyT FeFr

and for all F' € Fr, (18) yields

[(KVuy + ty)npllor < C(orplnp [KVu]|lor + aryk, rhp'||[us] HO’?' )
5%

Hence,
IV-(KVup+tn)or <C > (arvk.rhe I Tundllo.r+hp *or rlne[KVup] o).
FeFr

As a result, recalling that ¢ = m1T/2h;1/20i(/%[ and ar = maxper, o,

(71/2
mr||V-(KVuy + t4)[lor < C <§T 7 1/2 Sl — unlll 2y + srpoT | |
KT

with por defined by (43), whence the bound on ng r is inferred. Finally,

since Nprpr < nl()%T owing to (36), it suffices to bound 77DP)‘T The volume

term in (38) can be bounded as above since |[(Id — Iy)gllor < ||g]lo.r for all

g € L*(T). For the face term, we use (58) and the estimate my < C’mTcKlé2
proven in [13]. O

Remark 4.1 (Estimators nc1r and nur). As observed in [40, Remark 4.1],
subtracting or using mean values in the estimators nc v and ny r can only
lower these quantities, with noteworthy improvements in some situations.
These improvements were however not taken into account in the proof of
Theorem 3.2. Hence, the actual efficiency of these estimators may still be
better.
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4.2. Augmented norm estimates

Lemma 4.2 (Abstract augmented norm estimate). Let u be the solution
of (9) and let u, € H'(Ty) be arbitrary. Then,

U — Up, <2 inf { up, — S||| + inf sup
o= wlle <2 Al sl wt s

{(f =Vt —Va—(u—V-Bunp) — (KVyu, +t, Vo)
L (Vea— V(85),0) — (A(V-B)(un — ) 90)}}

+ inf sup {(f — V-t — B-Vyu, — pup, @)

t€H(div.Q) e (), ||lell=1

(K +t, Vi) — BD<uh,so>} <5llu—wllls.  (59)

Proof. Using the definition of the [||-]||- and |||-|||¢-norms, (8), the Cauchy—
Schwarz inequality, and the fact that Bp(u—up, <) = —Bp(us, -), it is inferred
that

e = unllle < 2f[lu—wunlll+  sup  {B(u—un, ) = Bo(un,¢)}-
e @), llell=1

For the first term, we simply use Lemma 4.1. For the second term, we
use (9), add and subtract (t, Vo) for an arbitrary t € H(div, 2), and employ
the Green theorem. This yields the upper error bound. For the lower error
bound, it suffices to use again Lemma 4.1 for the first term and the fact that

B(u—up, ) =B (un, ) = Bs(u—un, p)+(Ba+Bp)(u—un, p) < [[[u—ullol[ol|
for the second one. O

Proof of Theorem 3.3. We start from the abstract estimate of Lemma 4.2.
As the first term is bounded by 27 owing to Theorem 3.1, we only bound the
second one where we put t = t,. Proceeding as in the proof of Theorem 3.1
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leads to
(f = Vety = B-Vpuy — pup, ¢) — (KVyup, + th, Vo) — Bp(un, ¢)

= Z {(f =Vt = Vean, — (= V-B)up, o — Hop)or — (KVuy + th, Vo)or

TeT

+(V-(an = Bun), o = To@)or + Y ((an — Bun)nr, H0<P)0,F} — Bp(un, ¢)

FeFr

< Y (g +morr + o + iu)llelllr
TET,

For the last two terms, letting y;, = q, — Buy, we have used the relation

D> e oplor = Y mefyal, {Mow})o.r + (mp-fynd, [Mogel)o,r

TeTy, FeFr FerFy,

= Bp(up, p) + Z (o, 7 (va,r[un]); [Hog])o,r,

and the right-hand side is estimated using (26), leading to the 7y 1 estimator.
O

Remark 4.2 (Role of Bp in the augmented norm). Adding the bilinear form
Bp to the augmented norm plays an important role in that it eliminates the
term Bp(up, ) from the above expression.

Proof of Theorem 3.4. Let C denote a generic constant depending on the
parameters as in the statement of the theorem. Proceeding as in the proof
of Theorem 3.2 with the [||-|||# 7-seminorm instead of the |||-|||+ F-seminorm
and using similar bounds on the estimators 7¢ 17 and 7y r of Theorem 3.3,
it is inferred that

1/2
< C{ > i+ piy)} + Clllunlll 4.7,
T<Th

were py r and po 7 are defined by (42)—(43). Since |||upl|| 4.7, = |[|u—unll|£.7,,
it remains to bound the contributions from the residuals p;  and pg . For
all T € Ty, let ¢y be the element bubble function introduced by Verfiirth
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35], Ry := (f + V-(KVuy) — B-Vuy, — puy)|r and W := ¢ Ry. Observe
that

> ol <C Y mi(Bs(u—un, Yr)+(Ba+Bp) (u—un, ¥r)—Bp(u—up, Ur)).

TeTy TeT

Since my|[|[¥r|||lr < C||Rrllor with a constant C' depending on the lo-
cal ratios Ck r/ckr and (||plloor + |3V-Blloo,r)/capur, it is easy to see
that the first two terms in the above right-hand side are bounded by |ju —
unlle{>rer, p1r}"?. Concerning the last term, we use an inverse inequality
to infer

> mdBo(u—un, ¥r) < C Y mal|Rellorma||Bllzhe | Tunllo.r.

T€Th TeTy, FeFr

which can be bounded by [[|u — us||l4 7, {>rer, p} /2. Consider now po .
For all F' € Fy, let ¢or be the face bubble function introduced by Verfiirth in
[35] (see also [18]), Rr := np-[KVyu,], and let U be the lifting of ¢pRp
to Tr. Observe that

Z p%yT <C Z Z mTcI_(%:/fw%’F{—BS(u —up, Vp) — (Ba + Bp)(u —up, ¥p)
TeTh TeTy FeFr

+ Bp(u —up, Yr) + Z (R, ‘I’F)O,T'} =T+ T+ T3+ Ty

TeTr

We first consider 7; and observe that (up to a multiplicative constant é)

—1/2 _
T <D0 mre Fwde > Mu—unllle el

TeT, FeFT TeTr

<> Ymdadponrl Rellory ] (my o rmp el = wllr
TeT, FeFr TeTr

<> > my e 4o pl| Rello.r > e —unlllz,
TeT, FeFr T'eTr

. % —1/2 1/4 . :
since [[|[Wp|||r < Cmy,"“cg || Rello,r and since, owing to (12),
m;‘p/2cl_(%4wT,Fm;/l/2ci</le, < m1T/2@;{12$m;,1/2 <C, (60)
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energy norm augmented norm

N err. est. eff.  err. est.  eff. ||Junl|lez,

128 7.74e-3 1.10e-1 14 1.40e-1 3.28e-1 2.3  3.40e-2
012 4.03e-3 4.35e-2 11 3.97e-2 1.29e-1 3.3  1.16e-2
2048 1.88e-3 1.43e-2 7.6 9.77e-3 4.14e-2 4.2  2.72e-3
8192 9.30e-4 3.58e-3 3.8 2.98e-3 1.02¢-2 3.4  8.25e4

order 1.0 2.0 - 1.7 2.0 - 1.7

Table 1: Errors (|[lu — up||| and ||Ju — upl||ler + [[|u — wnll|,7,), estimates (n and 7 +
llunlll,7,), and effectivity indices as evaluated from (64) for the energy and augmented
norms; € = 1072

with C' depending on the ratios ¢ . 1/cg 1. The bound on T5 is similar (de-
tails are skipped for brevity) leading to |13 |+|T3| < Cllu—uplle{> rer, P33
We next consider T3 and observe that (up to a multiplicative constant C’)

T5 <> Y mye wr @ ol Bllo 7 > Mlualllo.e 1 T0¥ £} o p

TeT, FeFr F'eFp
<3S ml e o sl Relorma |Blsome Y b Tunlllo.e,
TeT, FeFr F'eFp

where we have used the inverse inequality || {TIoW  } |lo.-» < Ch, 12 1V 20,7075

the fact that ||Upllor < C’mlT/,2ci</4T,||RF||0,F, and the bound (60). This

yields |T3| < C|||u — unlll .7, A rer, P332 Finally, we proceed similarly
to bound T} to obtain |Ty| < C{Yrer P17} {D rer, P3r}/?. Using the
previous estimate for {ZTeTh ,oiT}l/ 2 completes the proof. O

5. Numerical results

We consider the domain Q = {0 < z,y < 1}, the reaction coefficient
p = 1, the velocity field 8 = (1,0)*, and an isotropic homogeneous diffusion
tensor represented by a diffusion coefficient e. We run tests with ¢ = 1072
and € = 1074, We have chosen this test case so that an exact solution can be
found; namely, u = 1z(z — 1)y(y — 1) (1 — tanh(10 — 20z)) and the source
term f is chosen accordingly. For brevity, only results for uniformly refined
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[=0 [=1

N NG Ny R 1IDF R NDF nc,1
128  4.29¢-3 6.29¢-2 3.81e-2 8.10e-3 1.03e-2 8.66e-3 3.24e-2
512 1.91e-3 2.87¢-2 9.91e-3 3.79¢-3 1.82e-3 4.71e-3 7.71e-3
2048 8.87e-4 9.77e-3 2.42¢-3 1.42¢-3 3.19¢-4 2.16e-3 1.53e-3
8192 4.13e-4 2.11e-3 6.12e-4 4.97e-4 4.07e-5 8.40e-4 3.38¢-4

order 1.1 2.2 2.0 1.5 3.0 1.4 2.2

Table 2: Estimators contributing to n for I =0 and [ = 1; € = 1072

structured meshes are presented; results on unstructured meshes are similar.
In the tables below, NV is the number of mesh elements. In the present setting,
the jump seminorm ||-|||4 7, defined by (51) can be evaluated for v € H'(7j)
as

oll%z, = > Garehi' +he +mih ) I[0] 5 . (61)
FeF,

with mp = min(hpe '/2,1) replacing hy by hp in the definition of mr..
Moreover, observing that for all ¢ € H{ (),

Ba(v,9) + Bo(v, ) = —(v, 8-Ve) + Y (Bnpv], {o —Top}or, (62)

FeF,

and using (25), the following upper bound on the augmented norm is inferred:

1/2
lolle < Iloller :=|||v|||+e-1/2||v|l+{2 > Ct:T’FmT””““”aF} (09

TeT, FeFr

We will use this computable bound on |||v]||¢ and consider two effectivity
indices,

n and 10+ lunll 4,7,

- (64)
[ — ] 1w = unlller + [llu — unlll4.7,

illustrating the results of Theorems 3.1 and 3.5. Observe that the scaling
factor my in (63) scales as ¢ /2 for ¢ < 1 while the scaling factor in the
|| |||, 7, -seminorm behaves as O(1); this is at variance with the result of [33]
where the scaling factor in the |[||-]|| 4 7,-seminorm behaves as ¢! for € < 1.
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energy norm augmented norm

N err. est. eff. err. est. eff.  |||unll|e.z,

128 1.70e-3 1.34e-1 79 3.67e-1 4.05e-1 1.10  4.02e-2
512 5.65e-4 7.0le-2 124 1.44e-1 2.11e-1 1.47  2.1le-2
2048  2.14e-4 3.09e-2 144 5.35e-2 9.36e-2 1.75  9.99e-3
8192 1.00e-4 1.25e-2 125 2.14e-2 3.89e-2 1.82  4.96e-3

order 1.1 1.3 - 1.3 1.3 - 1.0

Table 3: Errors (|[lu — up||| and ||Ju — upl||ler + [[|u — wnll|,7,), estimates (n and 7 +
llunlll,7,), and effectivity indices as evaluated from (64) for the energy and augmented
norms; € = 1074

For e = 1072, convective effects dominate on the coarsest meshes, while
the local Péclet number is of order unity on the finest mesh. Table 1 presents
the errors, estimates, and effectivity indices as evaluated from (64) for the
energy and augmented norms. The diffusive and convective fluxes are recon-
structed using | = 0; very similar results are obtained for [ = 1. For the
energy norm, the effectivity index decreases from 14 to 3.8, reflecting the de-
crease in the local Péclet number. On the contrary, for the augmented norm,
the effectivity index remains fairly stable and takes values around 3. We also
observe that in the augmented norm, the energy norm contribution is very
small and that the |||-]|| .« 7,-seminorm contribution is not significant either.
Finally, on the finest meshes, the energy norm and the |||-]||4 7,-seminorm
take similar values.

A more detailed analysis of the estimators contributing to n for [ = 0 and
[ =1 can be found in Table 2. The residual estimator ng super-converges by
one order for [ = 0 and by two orders for [ = 1. The diffusive flux estimator
npr yields among the smallest contributions to the error estimate. The up-
winding estimator ny is dominant, along with the first convection estimator
nc,a for [ =1, while this latter estimator vanishes for [ = 0 since in this case,
V-(an — BZos(uy)) is by construction piecewise constant. Finally, the second
convection estimator 7c o vanishes identically because 3 is divergence-free.
All in all, there is little gain when going from [ =0 to [ = 1.

Tables 3 and 4 report the results for e = 1074, In this case, the local Péclet
number decreases from 1250 on the coarsest mesh to 150 on the finest mesh.
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[=0 =1

N NG Ny R 1IDF R NDF 0C,1
128 2.69¢-3 6.91e2 6.62¢-2 3.42e4 1.60e-2 6.25e-4 6.40e-2
512 6.76e-4 3.60e-2 3.43¢-2 2.03e-4 4.55¢-3 4.60e-4  3.39e-2
2048 1.66e-4 1.46e-2 1.63e-2 1.09¢-4 2.01e-3 2.68¢-4 1.60e-2
8192 6.78¢-5 6.70e-3 5.81e-3 5.97e-5 3.66e-4 1.38¢-4 5.68¢-3

order 1.3 1.1 1.5 0.86 2.5 1.0 1.5

Table 4: Estimators contributing to n for | =0 and [ = 1; e = 1074

For the energy norm, the effectivity index remains fairly constant, owing to
the cutoff functions, but takes rather large values. On the contrary, for the
augmented norm, the effectivity index is very close to the optimal value of
1 on all meshes. We also observe that the |||-|||4 7, -seminorm contribution
is larger than the energy norm, but smaller than the augmented norm. This
important property is a consequence of the cutoff factors mr, in the |[||-||| £ 7,-
seminorm, see Remark 3.8. Finally, the results of Table 4 are similar to those
of Table 2.

A. Nonmatching meshes

This section briefly describes the modifications needed to extend the pre-
vious results to the case of nonmatching meshes.

A.1. The setting
Let {7n}n>0 be a family of simplicial, possibly nonmatching meshes of

the domain €. For each 7y, there exists a matching simplicial submesh ﬁ of
T such that T;, = Ty, if Tj, is itself matching. For all T' € Ty, we consider the
refinement of T" by 7T, namely

Ry = {T' € Tp: T'C T}.

Clearly, Ry = {T'} if 7, is matching. Furthermore, the set Fr collects the
faces of T' € T;,. We assume the following on the meshes:

(A1) {7 }nsois shape-regular in the sense that there exists a constant ke >0
such that minTeﬁ dr/hr > Kz for all h > 0 where we recall that dp
denotes the diameter of the largest ball inscribed in T,
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(A2) There exists a constant ¢ > 0 such that mingem,. by /hy > o7 for all
T €T, and all h > 0.

Observe that the above assumptions imply the shape-regularity of {7}, },0-

A.2. Fluzx and potential reconstruction on nonmatching meshes

The H(div, ©2)-conforming diffusive and convective fluxes t;, and qj be-
long to the space RTN(7},) and are prescribed locally on all T € 7, (instead
of T € T3) as follows: For all F € Fr (instead of F € Fy) and all g, € Py(F),
(18) and (19) hold, and for all v, € P4 (T), (20) and (21) hold. Observe
that ap, vk r, V8,r, and wrp need only be evaluated on the faces of 7,
(where they are actually defined) since [u,] = 0 and {KV,u,}, = KVuy,
on the remaining faces of 75 The above construction leads to the following
extension of Lemma 2.1.

Lemma A.1 (Local conservativity on nonmatching meshes). There holds
(Vtn +Vean + (1= V-B)un, &p)or = (f,én)or VT € T, Y € Pi(T).

Proof. Let T' € Ty, and let &, € P)(T). Owing to the Green theorem,

(Vty + Vean, &)or = Z (Vety, + Vean, &n)oa

T'eRp
= > =t Véor + > Y (taenr,)or
T'eRT T'eRp Fe]?Tl
+ ) (@ Véor + Y > (anng, &or
T'eRr T'eRr FE./Q'T/

To handle the volumetric terms, we use (20) and (21), V&, | € P_y(T")? for
all T' € Ry, and [us] = 0 on those faces F € Fyv that lie in the interior of
T. To handle the face terms, we use (18) and (19), the continuity of &, and
that of the normal component of t, in the interior of 7" and the fact that
Enlr € Py(F) for all F € Fpand all T € Ry, This yields (23), which by (15)
implies the statement of the lemma. O

For pure diffusion problems, similar developments considering only flux
equilibration on subfaces in nonmatching meshes can be found in [3]. Alter-
natively, the flux can be reconstructed by solving local Neumann problems
using mixed finite elements [22].
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Finally, the HJ(€)-conforming potential reconstruction s; can be evalu-
ated using the Oswald interpolate on the matching submesh 7j; see [40] for
details.

A.3. Modification of the estimators
The approximation results (24)—(26) need to be employed on 7}, and the
cutoff functions my, my, and mg as well as the constants C p r and Cp 1 p are
redefined accordingly for all T' € T, and F' € Fr. The H(div, Q)-conforming
diffusive and convective fluxes t;, and q;, and the H}(Q2)-conforming potential
s, are reconstructed as above. Then, for all T € 7}, the definition of the
. (1) . :
estimators nnc,r; MR, Npp s and 7c2r 1s kept unchanged while we set

1/2
nonT = { > mi||(Id = o) (V-(an — ﬂsh))”g,T’} : (65)
T'eR
1/2

Z ( Z mF”ﬁO,F((Qh - ﬂsh)'nF)HO,F> , (66)

T'€RT \FeF ., FnoT+0

nu,r -

where ﬁo denotes the L?-orthogonal projection onto Vo(ﬁ) and ﬁo,p the
L?-orthogonal projection onto Py(F), and we also set

Nop g = { > <mT,||(1d—ﬁo)(v-(KwhHh))HO,T, (67)
T'€eR
5y 1/2
+ i Z Otl,é?’,FH(Kvuh + th)'nFHo,F)
FeFp, ,FCOT
Then, it can be verified that the results of Theorems 3.1 and 3.2 still hold,

with the constant k7 replaced by k= and ¢7.
Finally, the bilinear form Bp is modified as

Bp(u,v) := — Z (Bnpful, {{ﬁOU}})O,Fa
FeF)

where .7?,; ={F ¢ .7?h; T € Ty, F C 0T}, while the estimators 7c ;7 and
nu,r are modified similarly to the estimators 7c 17 and 7y above. Then, it
can be verified that the results of Theorems 3.3, 3.4, and 3.5 still hold, with
again the constant k7 replaced by k= and 7.
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