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Abstract

We consider iterative algebraic solvers for saddle-point mixed nite element discretizations
of the model Darcy ow problem. We propose a posteriori error estimators of the algebraic
error as well as a nonoverlapping domain decomposition algorithm. The estimators control
the algebraic error from above and from below in a guaranteed and fully computable way.
The distinctive feature of the domain decomposition algorithm is that it produces a locally
mass conservative approximation on each iteration. Both the estimate and the algorithm
rely on a coarse grid solver, a subdomain Neumann solver, and a subdomain Dirichlet solver.
The algorithm also employs a line search to determine the optimal step size, leading to
a Pythagoras formula for the algebraic error decrease in each iteration. We suppose that
the ne mesh is a re nement of a coarse mesh, where both meshes need to be formed by
simplices or rectangular parallelepipeds. Numerical experiments illustrate the theoretical
developments and con rm the e ciency of the algebraic error estimates and of the domain
decomposition algorithm.

Keywords: mixed nite elements, saddle-point system, iterative algebraic solver, algebraic
error, a posteriori estimate, domain decomposition method, coarse grid solver, subdomain Neu-
mann solver, subdomain Dirichlet solver, balancing, local mass conservation, line search.

1 Introduction

Saddle-point systems arise in many scienti ¢ and technical applications, such as uid mechanics,
structural mechanics, and electromagnetism. One typically seeks to nd algebraic vectort) and
P that satisfy the following system of linear algebraic equations:

A Bt U 0
B O P = F (1.1)
Here, the matrix A is symmetric and positive de nite and B has a full (row) rank, whereasF
is a right-hand side vector. The overall system matrix is inde nite, of saddle-point type, posing
di culties for numerical solvers, cf. the overview paper Benzi, Golub, and Liesen [6].

Domain decomposition solvers allow for iterative algebraic approximation of the solution
to (1.1) where smaller systems are solved on each iteration in parallel on smaller subdomains.
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In the context of saddle-point systems arising from mixed nite elements, the early works of
Glowinski and Wheeler [19], Ewing and Wang [17], Mandel [22], Mathew [23], and Cowsar,
Mandel, and Wheeler [11] laid important grounds. Since then, numerous related approaches
appeared, see, e.g., Toselli [36], Arbogagt al. [4], Tu [37], Ganis and Yotov [18], Sousedk [35],
Sstek, Bezina, and Sousedk [33], Ciarlet, Jamelot, and Kpadonou [10], Ohet al. [27], Dobrevet

al. [13], Solovslky, Fick, and Sstek [34], Boon et al. [8], and the references therein. However,
to our knowledge, no available nonoverlapping domain decomposition solver preserves on each
iteration the basic physical property behind (1.1): the local mass conservation expressed by
BU = F.

Whenever one considers (an iterative) approximate solution U1 ; P1)t to the exact solution
(U;P)t, there arises the mis t between them, the algebraic error. Algebraic error is a central
notion in numerical linear algebra but, somehow surprisingly, computable and guaranteed a
posteriori error estimates on it are seldom available, namely for bounding the error from above
(bounds from below are typically easier); we refer to the discussion and references in Rey,
Gosselet, and Rey [32] and Papezet al. [29, 28]. In the context of saddle-point systems and
domain decomposition methods, this question was partly treated in Ali Hassaret al. [1], where
an a posteriori error estimate on the overall error (distance between the piecewise polynomial
u‘h associated withU! and the exact solution u of the underlying partial di erential equation)
has been derived, with a component associated with the algebraic error.

In our rst main result, Theorem 7.1, we derive a guaranteed upper bound on the algebraic
error .

(U U)AU U= jius uljiz b % (1.2)
where 1 is an a posteriori error estimate fully computable from (UI; P (or, equivalently, the
associated piecewise ponnomiaIsu(L; p‘h)). This result is complemented in Theorem 8.3, where
we also present a lower bound on the algebraic error of the form

P2 U U)YAU U= jjuy uljiZ (1.3)

In our second main result, Algorithm 8.1, we design a nonoverlapping domain decomposition
solver with the following properties: 1) on each iterationj, upon using Construction 5.1 in (8.2),
we obtain an approximate solution satisfying the local mass conservationBU! = F, or, more
precisely, _ _

up 2 Ve Hg(div;) ; r uj=f (1.4)

on each iterationj 1. 2) As per the Theorem 8.3, we have the guaranteed a posteriori algebraic
error estimates (1.2){(1.3) on each iterationj 1. This in particular makes it suitable for use

in mesh adaptive methods with inexact algebraic solvers, see, e.g., [15, 20] and the references
therein. 3) The line search (8.3) gives the error decrease formula of Theorem 8.2 on each iteration
j 1. 4) Algorithm 8.1 essentially employs a coarse-grid solver in combination with subdomain
Neumann and Dirichlet solvers in an additive Schwarz manner. All are formulated as quadratic
constrained energy minimizations associated with the current residual, which is natural both
from mathematical and physical perspective. 5) The built-in coarse-grid solver of step 2 of
Construction 5.1 is a solution to the \balancing" problem for domain decomposition in mixed
formulations [11]. It is closely related to the equilibration technique used in a posteriori analysis
for numerical discretizations of partial di erential equations [16, 28]. This also prevents the
appearance of other issues such as \interior node compatibility" linked to Neumann conditions,
nonconforming discretizations, or non-nested spaces. 6) Algorithm 8.1 uses functional writing
by relying directly on the piecewise polynomial spaces and functions therein and is thus basis-
independent, in contrast to a writing like (1.1), where the bases of the piecewise polynomial
spaces need to be chosen rst and potentially in uence the solver behavior and properties.
Congruently, we develop a basis-independent analysis where we exploit information and tools
from function spaces, in contrast to being con ned to linear algebraic information and tools.



This contribution is organized as follows. In Section 2, we introduce the model Darcy ow
problem, the function spaces on the continuous level, and the weak formulation. Section 3 then
settles the discrete level. Section 4 then presents the nonoverlapping domain decomposition
con guration. Our key technical tool, the equilibrated ux of Construction 5.1 (yielding the
local mass conservation), is presented in Section 5. The reconstruction of the scalar variable
(potential) is then based on trace lifting of Construction 6.1 and elementwise postprocessing of
Construction 6.2 of Section 6. Theorem 7.1 yielding the guaranteed upper bound on the algebraic
error (1.2) is presented in Section 7, and our nonoverlapping domain decomposition solver of
Algorithm 8.1 is detailed in Section 8. These theoretical results are numerically illustrated
in Section 9. Finally, some technical details of elementwise postprocessing are collected in
Appendix A.

2 Continuous setting

We introduce here the model Darcy ow problem, the function spaces on the continuous level,
and the weak formulation.

2.1 Problem

Let R4, 1 d 3, be an open bounded connected domain (interval fod = 1, polygon for
d = 2, polyhedron for d = 3), with Lipschitz boundary @suchthat @= p[ . We suppose
that p and p are also Lipschitz, relatively open, and correspond to a set of mesh boundary

faces as de ned below. We denote byr the outward unit normal vector to @ and consider

the following di usion problem: nd p: ! R such that
r (Srp=f in (2.1a)
p=0 on p; (2.1b)
Srpn = o on n: (2.1c)

In (2.1), the primal unknown p is called the potential, whereas the dual variable
u:= Srp (2.2)

is called the ux. This is a basic model in countless applications, namely thermo-di usion
processes and groundwater ow.

2.2 Assumptions on the data

For the sake of simplicity, with respect to the meshT;, of Section 3.1 and with reference to the
piecewise polynomial spaces from (3.3), (3.4) and (3.5a) below, we assume for the data in (2.1):

Assumption 2.1 (Piecewise polynomial data) The data S, f, and gy are such that:

Assl The diusion tensor S is bounded and symmetric positive de nite. It is constant elemen-
twise on simplices and constant elementwise and diagonal on rectangular parallelepipeds.

Ass2 The source termf satises fjx 2 Wp(K) for all K 2 Tp.

Ass3 The Neumann boundary conditiongy satises gy 2 Vi N j .



2.3 Domain and spaces

For a general open bounded connected domai® RY, we denote byjDj its Lebesgue measure
and by L?(D) the space of scalar-valued and square-integrable functions. We let;()p represent
the inner product on L2(D) and k kp the corresponding norm; we set. 2(D) := [ L%(D)]¢, where
we use the same notation for the inner product and norm as in the scalar case. Whelh =
we drop the subscripts. We leth; i be the scalar product forL?( ), where = @ or a subset
of it.

Let HY(D) be the Sobolev space ol?(D) functions whose weak derivatives are square
integrable, H1(D) := fv 2 L%(D) : r v 2 L%D)g. Further, let H (div;D) be the space of
vector-valued functions in L2(D) whose weak divergences are square integrabléi (div;D) :=
fv 2 L%D) : r v 2 L%D)g. We also useHg(), the subspace of H!() formed by the
functions vanishing on p in the sense of traces. Similarly, de ne the set

Hg,(div; )= fv2H(iv;): vn =gyon ng (2.3)

wherevn =gyon nmeansthat(v;r )+(r v; )= hon; i@ = hon; i for all functions

2 H&;D(). Similarly, the space H(div; ) is dened as H g (div; ) in (2.3) but with gy
replaced by 0. We de ne the energy norm of a function 2 L2?(D) by

i jio=kS 2 kp:
We suppose
(f; 1)=hon; lig (2.4)

when § = @. Congruently, L?():= L?()when 6 @ when y= @ L?() stands for
those L2() functions whose mean value vanishes.
2.4 Weak formulation

In mixed form, problem (2.1) is equivalent to the following quadratic constrained minimization
problem: seek for a functionu such that

u= argmin jjvijj? (2.5)
V2H g (div;)
r v=f

cf., e.g., [7]. The Euler{Lagrange optimality conditions for (2.5) read: nd u 2 H g, (div; )
with r u = f in satisfying

(S u;v)=0 8v2Hydiv;) with r v=0in

If we introduce a Lagrange multiplier associated with the constraintr u = f in , we can
equivalently seek for the pair U;p) 2 H g, (div; ) L2() such that

(S tu;v) (pir v)=0 8v 2 Ho(div; ) ;
(r usg=(f;q) 892L*) :

When § = @ the Neumann compatibility condition (2.4) is important to guarantee the
existence and uniqueness of the solutions.

3 Discrete setting

This section lays down the discrete setting: meshes, discrete (piecewise polynomial) spaces, and
the mixed nite element discretization together with its equivalent hybridization.
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3.1 Meshes

Let T,, be a partition of the domain into a nite number of nonoverlapping elements K. We
assume that the elementsK 2 Ty, are either simplices or rectangular parallelepipeds. LejTy]
be the number of elements inT;, and denote by hx the diameter of the elementK 2 T,,. We
assume that adjacent elements completely share their common vertex, edge, or face, so we avoid
hanging nodes. Denote the set of all vertices (fod = 1), edges (for d = 2), or faces (for d = 3)
of T by Fp == F&[F ™, where F& is the set of boundary vertices, edges, or faces lying on
@ and F}‘{“ is the set of interior vertices, edges, or faces. Henceforth we only speak fafces
We assume that each boundary face is entirely contained either inp or in . Consequently,
we denoteFP and F\! the sets of faces lying on p and , respectively. Moreover, for each
K 2 Ty, we denote by Fk the set of its faces. For eachF 2 Fy, ng is a xed face normal,
coinciding with n  on @ and otherwise arbitrary but xed. The shape-regularity parameter of
the mesh T, is the positive real number
— hk .
T = r}lqza_?(h 7K’
where g is the diameter of the largest ball contained inK .
For a su ciently smooth function that is not necessarily univalued on the faced 2 F ﬂ,"‘
with F 2 Fx \F o and ng pointing from K to K% with K 2 T, and K°2 T}, its jump and
average are de ned as follows:

. . 1 . .
[ 1:= IK je JK 9 and f gJ::é Jkje ¥ Jkge - 3.1

To achieve robustness with respect to di usion inhomogeneities, we consider di usivity-dependent
weighted averages as in, e.g., [14]. For af 2 F\™, we let

| — K . | + — KO
"Fo K + KO, " F K + KO’
where g := ng Sjkng, and de ne
f @ = ! £ jKjF + | ; jKOjF: (32)

3.2 Piecewise polynomial spaces

For k 0, we de ne the piecewise polynomial pressure space

Whi == h 2 L%() : ohjk 2 Wi(K) forall K 2T, ;
Wiy == f0h 2 Whk : (ch;1)=0when = @ g;

where 8

< Pr(K) K simplex;
Wi(K) = (3.3)
© Qi:k(K) K rectangular parallelepiped

with Py (K) being the space of polynomials of total degree at mosk on K and Q,..x, being
the space of polynomials of degree at modt; in X1, :::, Kq in Xg.
Similarly, for k 0, the piecewise polynomial velocity space is

V%= vh2L2(): Vvhjk 2 RTN (K)forall K 2Ty ;



where the spaceRTN (K) is the Raviart{Thomas{Nectlec mixed nite element space of order
k proposed in [31, 26] and de ned on each elemeri 2 T}, as follows:

8
2 P(K)+ xPy(K) K simplex,
RTN (K) = 5 Qi1 k(K) Q ka1 (K) K rect. par.; d=2; (3.4)

Quiikk (K) Q kk+1k(K) Q kik+1 (K) K rect. par.; d=3;

with P (K) := [ Px(K)]9. This de nes the so-called broken Raviart{Thomas{Necklec spaces,
without any normal continuity imposed.

The discrete subspaces/subsets dfl (div; ), Ho(div; ), and H g, (div; ) are then written
as

Vhk = fvhp 2 H(div; ) : vpjk 2 RTN ¢(K) for all K 2 Thg; (3.5a)
Vid = fvh 2 Vpg :vhn j  =0g; (3.5b)
Vi = fVp 2 Vi T VAN j = ONG: (3.5¢)
Finally, we de ne the pressure trace space
Y
hik = k(F); (3.6)
F2F y

where for all facesF 2 Fy,, one has

8
% P«(F) K simplex;
k(F):= _ P(F) K rectangular parallelepiped,d=2; (3.7)
Quk(F) K rectangular parallelepiped,d = 3:

Similarly, we denote ﬁ"k the broken pressure trace space

d Y Y
K 2T F2F

The above spaces are constructed in a way that RTN x(K) = Wy(K) together with
(RTN «(K)nk)jr = «k(F)forall K 2Tp andF 2 F . Later we will also use a postprocessing
pressure spacM p.x = k21,M nhk(K) as denedin [3, 5, 9, 38].

3.3 S-weighted L 2(K)-orthogonal projection

For every K 2 Tp and v 2 L?(K), the S-weighted L ?(K )-orthogonal projection onto the
Raviart{Thomas{Nectlec space RTN (K) is a function FN v such that

(S v FENw)wp)k =0 8wp 2 RTN (K): (3.9)
Below, we also apply it elementwise tov 2 L2().
3.4 Mixed nite elements
The discrete counterpart of the minimization problem (2.5) is, cf., [7],
Up := argmin jj vhji %: (3.10)
Vh2Ve

r vp=f
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The Euler{Lagrange optimality conditions for (3.10) read: nd up 2 th;]ﬁ' with r up="f in
and satisfying
(S tup;vp) =0 8vh 2 Vi with r vy =0in : (3.11)

Problem (3.11) is equivalent to nding (un;pn) 2 Vhﬁlﬁ Wy, such that
(S Yup;vh)  (phir vp)=0 8vh 2 Vi3, (3.12a)
(r un;th) =(fian)  8th 2 Why: (3.12b)

The Lagrange multiplier p, approximates the potential p on the mesh elements.

3.5 Hybridization

Imposing indirectly the normal trace continuity and Neumann boundary conditions, prob-
lem (3.12) is further equivalent to nding (Un;ph; h) 2 Vh‘?l‘j Wi h:k such that , =0 on
p and

X
(S 'univh) (pnir vp)+ hh;Vvh Nki@k=0 8vn 2 V3 (3.13a)
K 2Th
X (r un;oh)=(f;an)  8oh 2 Wpy; (3.13b)
hun ng ; hi@K= hJN; hi N8 h 2 h:k and ,=0o0on p:
K 2Th
(3.13¢)

This is the so-called hybridized version of (3.12). The Lagrange multiplier ,, approximates the
potential p on the mesh faces.

4 Nonoverlapping domain decomposition con guration

Our results on a posteriori algebraic error estimation are generic but t best the domain decom-
position framework that we anyhow adopt for our iterative solver below.

4.1 Meshes

We henceforth suppose that the domain is decomposed intoN nonoverlapping subdomains

i, 1 =1;:::N. Here, the subdomains ; are simplices or rectangular parallelepipeds forming
a mesh of in the sense of Section 3.1; we will call it acoarse mesh We request that the
subdomains ; match with the mesh T, and we denote the mesh of each subdomain; as
Th, = Tphj ;. Foralli =1;:::N, let n;j be the unit normal pointing outward @ ;, and denote
the interface between two adjacent subdomains ; and j by ;. We also denote the set of all
faces ofTy, by Fp,, and in Fh“j we collect the faces that belong to the interface ij . By Fy,
we denote the set of all faces of. All Ty, Ty, and Ty are matching meshes without hanging
nodes, and we interpretT, and Ty, as a re nement of the coarse mesfly , where h, h;, and H
are the largest diameters of the elements in the mesheg,, Ty, and Ty respectively.

4.2 Piecewise polynomial spaces

We de ne the local spaces

Wink == 2 L%( i) 1 thjk 2 Wi(K) for all K 2 T, 5 Wiy = Wi \ L2( 5);



whereL?( ;) stands for thoseL?( ;) functions whose mean value vanishes over; whenj@ ; \
pj = 0 (\interior" and \Neumann" subdomains) and L?( ;) otherwise. Moreover, on the coarse
mesh Ty, we will use the spaces

Whio:= G4 2L2%(): onj,2Wo( i)forall 2Ty ; and Wy o= Wi\ L%() :

Note that these are the lowest-order spaces in whiclWg( ;) denotes constant functions in ;.
We let " denote the L2?-orthogonal projection onto Wy.o- We will also use

Vi;h;k =fvh2H (diV; i) . thK 2 RTN k(K) for all K 2Thig;
Vi;%;k =fvh2H(div; i) : vhjk 2 RTN ¢ (K) forall K 2Ty, andvhni=00on @ ;n pg;
Vﬁ’;o:z fvy 2H (div;): vhj , 2RTNo( j)forall 2Ty andvy nj =0o0on ng:

5 Equilibrated (balanced) ux reconstruction

Let (uL;pL) 2 Vh‘ffj Wh.x be an arbitrary approximation to the solution of (3.12). Note
that it does not have to be included in the approximation spacevh?E Wi; in particular,

u}, can be normal-trace discontinuous andpl, does not have to satisfy the zero-mean value
constraint (p‘h; 1) =0 when yN = @. By the superscript | 0, we precede that later on, in
Section 8 below, these approximations will be obtained by an iterative domain decomposition
algorithm with iteration index j. As the domain decomposition is nonoverlapping, normal-trace
discontinuous iterates indeed naturally arise. In this section, we present our central tool, an
equilibrated ux reconstruction and the corresponding potential reconstruction, formalizing the
approach of [1, Section 5.3]. This yieldsRg(uf;p,) 2 V¥ with r Re(uj;p,) = f and
Rp(ut;p) 2 W, ie., in particular a ux which is conforming (normal-trace continuous) and
equilibrated (balanced, locally mass conservative).

5.1 Coarse{ ne mesh construction of an equilibrated (balanced) ux and of
a corresponding potential

Recall the de nition of the average (3.1). The heart of our approach is the following construction:

Construction 5.1  (Equilibrated (balanced) ux and the corresponding potential) . Let (ujh; pjh)
2 vhcg'lg Wh. be arbitrary. Proceed in four steps:

1. Averaging on mesh faces.
From u}, 2 V,%, create an auxiliary function u}* 2 V% such that for eachK 2 Ty, uf;’

satis es 8
%fULanJ F2F,
ubtng = 5 ul ne F2FpQ; (5.1a)

ON F2FN
for all facesF 2 F and, if the polynomial degreek 1,
(S ulhve)k =(S ulivi)k  8vh 2 Py 1(K): (5.1b)

The ux uj,il is normal-component continuous, belongs to the sét/h?E, but a priori does
(Ph: 1)
J]

not have the correct divergence, uli'6 f in . If y= @, setpi':=p , SO

that pl,* 2 W,,,.. Otherwise, setp}* := pl,.



. Coarse grid solver.
Solve the coarse grid residual problem: Seek far /% rl\%) 2 V9o Wy such that

(S Y iAve)  (EA5r v =(ekhr ve) (S tubbve) 8vw 2V

) y (5.2)
(r EZog)=(f r uligy) 8oy 2 W,.o
We update
o= ufte B2 v
o 1L g2 (5.3a)
PRT = PR T2 Wy
This update now ful Is
(r ub%an) = (fian) 8o 2 Wiio; (5.30)

which is a weak divergence constraint on the coarse mesh. Moreover, using Lemma 5.3
below, if additionally r uJ b=f, we get

fjun  ubZiZ=giun ubli? i R

. Subdomain Neumann solver
On each subdomain ;, we seek for( 1% k%) 2 Vi, Wy, , such that

(S T ESvn) o (hSr vi) i=(dh' rove) (S MuRBve) BV 2 Vi
j; 3. — i 2. .
(r Jhi’oh)i-(f rooupSio) 80h 2 Wipy
: . . (5.4)
Setting 1% | = £%andrf% | = rf® we update
ubd:= ubz+ B3y o
i3 .- G2y k3 ’ (5.52)
PR = PR TR 2 Wiy
and observe _
roukd=t (5.5b)
This ux update is thus normal-component continuous and satis es the dlvergence con-
straint (is balanced). Moreover, using Lemma 5.4 below, if additionallyr uJ =f, we
get
fjun  ubliz=giun o i L%
. Coarse grid correction
Compute ( [5;ri) 2 V9, W, such that
(S 1_124;VH) (rhhr vy = (e ove) (S WwiBva) 8vp 2V 5.
(r L%a)=0 8oy 2 Wy
We nally update o ) )
Re(ul;pl) = uld+ L*2 v o
Rp(Ui;Pp) = o+ 1y 2 Wiy

where we also denotRep (ul;pl) := (Re(ul;pl);Rp(ul;ph)), and observer L =0
and thus o

r Re(ui;p,) =f (5.7b)
The ux reconstruction is thus normal-component continuous and satis es the divergence
constraint (is balanced). Moreover, using Lemma 5.3, we get

fjun R e(ulipi®=dun ubli? @i &




5.2 Correctness of Construction 5.1

Construction 5.1 is correct, as the following lemma establishes:

Lemma 5.2 (Construction 5.1). Prescription (5.1) is well de ned and problems(5.2), (5.4),
and (5.6) are well-posed, satisfying(5.3), (5.5), and (5.7). In particular, the reconstructed ux
Rr(u},;p,) belongs to the set/ ' with r R (uj;p},) = f in  and the reconstructed potential

Rp(ul;pl) belongs to the spacaV,,,. .

Proof. 1) The formulas (5.1) are exactly the prescription of the degrees of freedom in the space
Vi from (3.5a), cf., e.g., [7], leading tou};* 2 V.
2) When 6 ; the problem (5.2) is well posed, there is no condition to verify. When
p = ;, the Neumann compatibility condition
F r uwilby=(f1) huiln ;lig 2V(f 1) howlig &0 (5.8)
holds, which guarantees the existence and uniqueness of the correctojg2 from (5.2). Moreover,
(5.8) together with the second equation in (5.2) yield

r IZg)=(f r ulbg) 8o 2 Wiio (5.9)

in bothcases p6 ; and p = ;.

3) On each subdomain ; such that j@ \ pj = 0, problem (5.4) is a (homogeneous)
Neumann problem and one needs to ensure that it satis es the Neumann compatibility condition,
i.e., '

(f r ul%1) , =o0: (5.10)

This is immediate from (5.2){(5.3) by construction: indeed, (5.9) ensures that, for each subdo-
main j, we can take a test functionogy which is one in ; and zero elsewhere. Consequently,
the solution ‘r;f of (5.4) exists and is unique. The reconstructed uxu‘r;]3 given by (5.5) belongs
to RTN (K) for all K 2 Ty and the normal uxes are continuous for all F 2 F ri]”t { here the
zero normal uxes of Jr;is on @ are crucial. Therefore, uli® 2 V. Moreover, the second
equation in (5.4) together with (5.10) yield

r E5a)  =(f r ulZia) . 8h 2 Winy: (5.11)
Thus, from (5.4){(5.5a), there holds

(r ub%an)  =(fian) | 80k 2 Wiy

for all subdomains i, i.e., (5.5b).
4) When p 6 ; the problem (5.6) is well posed, there is no condition to verif_y. When
p = ;, the problem (5.6) is a (homogeneous) Neumann problem, and the solutionh4 exists

and is unigue since both the divergence constraint and the normal trace value are 0. As above,
this allows to see that the second equation in (5.6) actually holds true for allgy 2 Wy.o and

thus 1% is divergence-free. o o
5) Summarizing (5.1a), (5.3), (5.5), (5.7) leads toRg(u}; p,) 2 VN with r R g(uj;p,) = f
and Rp(ui;pl,) 2 Wy, as stated in (5.7). O

5.3 Error decrease formulas in Construction 5.1

We now show the boxed error decrease formulas in Construction 5.1. We use the equivalences
recalled in Section 3.4
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Lemma 5.3 (Error decrease formula for the coarse solve)Let up 2 V. be the solution of
problem (3.11), let ul,* 2 V& such thatr ul* = f be arbitrary, and let }}? 2 V,3, be given by

L= argmin jjuy + vy (5.12)
VH 2vH°;0
r vy =0

or, equivalently, {f 2 V{9, such thatr {42 =0 and
(s *EAvi)= (S tulive) 8vh 2V, such thatr vy =0: (5.13)
Then, we have
fun  ut+ EAi%= Gun ubli? 00 B> (5.14)
Proof. By choosingvy = JHZ in (5.13), we obtain
i Fiiz= (s tulh B (5.15)
Also, since 1?2V, V9 andr =0, one gets from (3.11)
(S tup; EH=o0: (5.16)
Therefore,

jiun  uit+ L2 = jiun ubbiz o 28 Yun ubh; BB+ i L2

(5.16) ... s 1 D

= un UJﬁlJJJZ 2(8 1ujﬁl; {-|2) I hzﬂlz (5-1;)
(5.15) ... TP S

= un Ujﬁlmz il {4211121

O]

Lemma 5.4 (Error decrease formula for the subdomain Neumann solve)Let up 2 V' be the
solution of problem (3.11), let uk? 2 V& be such thatr ul® = f, and let %2 v9 and
E%2 V9, for each subdomain ; be given by

ES = L= argmin fjvy + uf%j?, (5.18)
thvi;%;k
r vh=0
or, equivalently, % = 2V, suchthatr [®=0 with
(st {f;vh) = (S Mli%vn), 8vh2 V2 suchthatr vy =0: (5.19)
Then, we have
fiun Ui+ B0 = diun uB%E? G B2 (5.20a)
fiun (uR®e B0 = dun uR%E G R (5.20b)

Proof. On each subdomain ;, by taking vy = {jf in (5.19), we get
i E%i% = (s tuh® k) (5.21)
In addition, since {jf 2V, andr {jf = 0, which we extend by zero outside of j, one gets
from (3.11) _
(S un; £%  =0: (5.22)

11



Therefore,

iun WP RO = dun %2 28 fun uR® R+ R
®2jjuy U2 +2(s Wb B+ i B2 (5.23)
(5-=21)jjjuh u{;zjjjzi ii L;i3jjj2i:
This is (5.20a); the result (5.20b) is obtained by summing over all subdomains ;. O

6 Trace lifting and elementwise postprocessing

Let (u‘h; p’h) 2 Vh‘;‘ﬁ W« be arbitrary, typically an approximation to the solution of (3.12)
obtained on stepj of an iterative algebraic domain decomposition solver as that in Section 8
below to which Construction 5.1 has been applied. Trace lifting and elementwise postprocessing
will be based on the two following procedures.

6.1 Trace lifting

Recall the spaces (F) from (3.7) and ﬂck from (3.8). We rst elementwise construct an
approximation to the face pressures in the discontinuous trace space ﬁ"k

Construction 6.1  (Trace lifting) . Let (ujh; pL) 2 Vh‘flﬁ Wh.k be arbitrary. For each element
K 2 Ty and each faceF 2 Fg such thatF 62 F,? dene ( thK)jF 2 «(F), and consequently
] 2 dc by
h hik . . .
th;Vh NkKig = (S 1UJh;Vh)K +(plh;l’ Vh)K (61)
for all vy 2 RTN (K ) with (v, nk)jeo=0 for all FO2F ¢, F 6 F® and (vh;rn)k =0 for all
rh2 Py 1(K) if k 1. OneachF 2F P the function 1 is de ned as zero, i.e., {jr :=0.

Note that ‘h are a priori double valued on all subdomain inter(faces)F 2 F_h“j . When,

however, (u},;p,) coincides with the solution of (3.12), then the de nition of 1 in (6.1) is
univalued on each face= 2 F /™ and coincides with p from (3.13).

6.2 Elementwise postprocessing

In this section, we give a recipe for an elementwise postprocessir‘@1 that is a higher-order
piecewise polynomial on the mesf}, and that is weakly continuous over the mesh faces. We more
precisely constructpk in some of the available spaceM n.x = k21,M nhk(K) from [3, 5, 9, 38],
recalled in Appendix A below. We highlight that this elementwise postprocessing is independent
of the algebraic method that produced u1; p},).

Recall the de nition of the average (3.1). Then we de ne:

Construction 6.2 (Elementwise postprocessing) Let (ujh; p"h) 2 Vh‘;‘lf Wh.k be arbitrary, and
let | 2 ﬂck be given by Construction 6.1. Then for eachK 2 Ty, dene pl, 2 M i by
prescribing plLjk 2 M hx(K) via

(Bh; th)k :<8dh;qq)x 8ch 2 Wi (K); (6.2a)
% hf jhgg; hig F2FM;
'. . — D .
h y
hel; nip 5 0 F2F 8 h2 k(F)andF 2Fg: (6.2b)
Tohils e F2FN

12



The reconstructed potential pjh in particular satis es

HE.l; nie =0 forall F2F{™ and 2 (F); (6.3a)
hel; hig =0 forall F2FPand 2 (F): (6.3b)

We de ne

Re(uliph) = 8

7 A posteriori estimate of the algebraic error

Let (uL; pjh) 2 L2() L2() be arbitrary. Notice that here, the approximate solution ujh does
not necessarily lie in the spacé/, ' i.e. u}, can be normal-trace discontinuous, but it can also not
be piecewise polynomial. Similarly,p‘h does not need to satisfy the zero-mean value constraint

and be piecewise polynomial. Later in Section 8, though,L(‘h; p'h) is still obtained on step | of
a domain decomposition solver and belongs t(vh‘;’fj Whik -

Recall the S-weighted L 2-orthogonal projection of Section 3.3. Our rst main result states
a guaranteed and fully computable a posteriori estimate of the algebraic error in lﬂ’h; p’h) with
respect to (Up; pn):

Theorem 7.1 (A posteriori estimate of the algebraic error). Let (up;pn) 2 Vh?E Wy, be

the solution of problem (3.12) and let (ul;pl) 2 L2()  L2() be arbitrary. Let | 2 Vo

with r ‘h =f and pL 2 M p satisfying (6.3) be arbitrary. Then, the following bound for the
algebraic error holds

jiun Ujhjjj ‘.= L+ E : (7.1a)

La=jjul,  1ji and  L:=jiul+ FN(Srgl)ii: (7.1b)

Proof. Since u’h does not necessarily belong to the spacvh%’lﬁ‘ and does not necessarily satisfy
the divergence constraint, we construct, for the purpose of the proof, its orthogonal projection
to Vh?E , Where divergence equal td is imposed. This is realized by the solution of the following
guadratic constrained minimization problem

wh = argmin jjul  vpjj? (7.2)
Vh2Ve
r vp=f

The minimization (7.2) is equivalent to nding wy 2 Vh?E with r wy = f in that satis es
(S Ywn ul)ivh)=0 82V withr vy=0in : (7.3)

The fact that (wp, up) 2 Vh?k with r (wp, up) = 0 together with (7.3) implies that

(S Y(wh u’h);wh up) =0. Consequently, using wy from (7.2), we obtain the orthogonal
decomposition

ful upii?=gul owh+wh o upji?
= jjul, whii?+ iiwn  unji?+2(S (u, wn);wn up) (7.4)
= fiul whji®+ fiwn unjj*

Now, we split the analysis into the two parts related to the two terms on the right-hand side
of (7.4).

13



1. Flux bound. (First term in (7.4)) Sincewy, is the solution to (7.2), for an arbitrary {] 2
Vi with r | = f in , there holds

b waii il b= b

2. Potential bound.  (Second term in (7.4)) Recall that (w, up) 2 Vh?k with r (wp Uup) =
0. Then, the formulations (3.11) and (7.3) lead to
7.3 -
wiiwn  up) E (s tuliwn up):
(7.5)

For any function pjh 2 M i, using Green's theorem separately on each mesh element
K 2 Ty, one has, for allvy, 2 Vh?k with r v, =0in ,

3.11
iwn unii2=(S Ywn un)wn up) EV(s ?

. X . .
(r phiv)k = hel;vh Nki@k  (BhiT Vh)k
K 2Th K>2(Th
= el I; v neie + hel;Vh NEig:
F2F jnt F2Fp

Moreover, if . satis es (6.3) we obtain

(r Bl;vi)k =0 (7.6)
K2Th

for all vy 2 VO with r vy, =0in . In particular, ( r pl;wh  up) = 0. This, together
with (7.5) and the de nition of the projector ~ FTN from (3.9) leads to

w2 (7.5)i(7.6)

iiwn  unji (S 1ujh+r pjh;wh up)=(S 1(ujh+ RIN (sr |§h));wh up): (7.7)

Applying the Cauchy{Schwarz inequality nally yields
fiwn unii G uh+ TN (STRI = b
O

Remark 7.2 (Possible construction of ‘h and pih). A possible construction, Whe_n(u_L;pjh) 2
Vi Wiy, is | := Re(u};pl,) from Construction 5.1 and thenpl, = Rp( |;Rp(u},;pl,)) from
Construction 6.2.

Remark 7.3 (Consistency check) Note that if ujh = un and pL = pn, the estimator 1 =0

for the choices | = uj and g}, obtained from Construction 6.2. Indeed, on the one hand,
if ul, 2 Vo' with r u} = f in , then we can choose j = uj to obtain f = 0. On the

other hand, when(ul ;pl) 2 Vi W, satis es (3.12), the correspondingpl, 2 M py is such
that (6.3) holds. For this choice in (7.1), we conclude that jp =0.

8 Nonoverlapping domain decomposition algorithm with local
mass conservation on each step

Recall the de nition of the weighted average (3.2). We can now present our second main result,
a domain decomposition algorithm producing a physically correct (locally mass conservative)
approximation on each step:

14



Algorithm 8.1  (Nonoverlapping domain decomposition algorithm with local mass conserva-

tion on each step) Let > 0 be a user-specied tolerance. Let an arbitrary initial guess

(UP;pd) 2 Vi% Wiy be given; recall that this means that the initial ux uf can be normal-trace

discontinuous with a wrong divergence and the initial potentiap? can be non mean value-free if
N = @ . Proceed in initialization and four steps:

0. Initialization by ux equilibration.

Compute the reconstructed ux and potential using(ui;pt) = Rep(ul;p?) from Con-
struction 5.1. This gives a starting ux u% which is normal-trace continuous and with the
correct divergence and a starting potential which is of mean value zero ify = @ ,

up2 V& r up=f

8.1)
Ph 2 Wiy

All the following iterations will retain these properties.
Setj =1 and perform the following four steps:

1. Trace lifting.

From the solution (ujh; pjh), compute the associated intermediate Lagrange multiplierjh 2
ac. by Construction 6.1.

2. Subdomain Dirichlet solver.

Construct the intermediate ux ‘h 2 V|3 and the intermediate potential rL 2 Whx such
that {j ,:= | andrij , :=ri where for all subdomains i, (| ;)2 Vink Wink
is the solution of the subdomain Dirichlet problems

(S *hive) . (hir ve)  =(phir va) . (S fulive) , b L@ivinig ne

h Jh;Vh I’Ii@i\@ 8Vh2Vi;h;k;
(r §:%h) =0 8y 2 Wink:

3. Flux equilibration and line search.

From Steps 1 and 2,ujh + {1 would not have continuous normal component on the subdo-
main interfaces, which we now correct by Construction 5.1. We in particular rst de ne
the ux and potential as (&},;f},) := Rep(u}, + 1;p}, + r})) from Construction 5.1. Thus
B, 2 Vi with 1 ay = f and g, 2 W, and B, uf 2 Vi with r (8, u) =0 and
B, P, 2 W,,. We then nally update

il i i (o iy
up © = up s+ (8, ug);

ot =g i ) 82)

where L] i
S ‘uy;th U
= & thifh Un) (8.3)
iy, ulii?
is the optimal step-length parameter obtained by line search. This in particular yield15|jh+1
which is normal-trace continuous and with the correct divergence (mass conservative) and
p,"* which is of zero-mean value wheny = @ ,

j+1 ON . ]+1_ .
Up ™ 2 Vg rouy s =1f

_ (8.4)
Pt 2 Wiy
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4. Algebraic error estimate and stopping criterion.
Estimate the algebraic error from below by
10 - pl RY
(S tul;el ul)

il uhii?

(1)2:= =( NZjal,  ulijiZ (8.5)

If 1 < ,then stop the solver. Otherwise go to Step 1.

Thanks to the line search giving the optimal step size (8.3), we have the following link of the
two consecutive errors:

Theorem 8.2 (Error decrease formula) There holds

, (S luhol uly?

il uliz

j+1l..2 _
jiun  ul iz =

fiup ulji (8.6)

Proof. This follows from the de nition of 1 in (8.3). Indeed, developing from the rst equation
in (8.2),

jiup  ul?iiZ=jun ul+ T@l o ulyii?

= jiun uljiz 27 s Yuy, ubyaloul o+ HZjal  uljiz o (8.7)
= jiup ulfiz+2 7 s tulialul o+ D2l ulji?
where the last step follows sincet’.}jh Uthth;)k and r (t’.}jh uL):O, so that (3.11) gives
(S *up;al uly=o0: (8.8)

Therefore, inserting formula (8.3) into (8.7), we get the error decrease (8.6). Actually, (8.7)
shows that | given by formula (8.3) gives the largest error decrease between all real parameters
: (8.7) is a quadratic function in this parameter, so that the optimal step-size 1 is such that

the derivative of this quadratic function vanishes,

2 s Wl ulo+2 djel uljj?=o: (8.9)
0

Combining Theorems 7.1 and 8.2, we also fully control the algebraic error by computable
quantities:

Theorem 8.3 (Guaranteed upper and lower bound on the algebraic error) Let 71' be given
by (8.5) and let 1 be given by I := jjul + F™N (sr gl*™h)jj with g := Rp(ul™;pl*t) from
Construction 6.2. Then, for j 1, there holds

O un uhi

Moreover, the a posteriori error estimators admit the following elementwise structure:

(HZ=( HZjel uliiz=  (HZ%je,  ulji; (8.10)
K2Th
(2 =jjul+ RN (srp™ii2= jiulb+ N (srp™iiz: (8.11)
K 2Th
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Proof. Using Theorem 7.1, where we choosejh = ujh (this is possible sinceujh 2 VR with

r ujh = f forj 1), we get the upper bound. Theorem 8.2, in turn, immediately gives the
lower bound employing the de nition ! by (8.5). O

Finally, similarly to [24, Theorem 5.3], we have:

Theorem 8.4 (Equivalence of error contraction and e ciency of the lower a posteriori alge-
braic error estimate). For j 1, if (u‘h+l ; p’h+1) is constructed using one step of the iterative
Algorithm 8.1, then there holds

j+1

jiun  wl™ji o Ciiun  uli (8.12)

for some0 C < 1if and only if
P& e ulii () (5.13)

Proof. By Theorem 8.2, we have
fun ul™i% = Gun uhi? o ()% (8.14)

Then

fjun ubtii? CZijun  uli

0 un Wiz ()2 CPju,  uljj?
0 @ CHjjun uljiz (H*

2

O]

Remark 8.5 (Round-o errors) . Above, we have assumed an idealistic exact arithmetics without
round-o errors. In practice, round-o errors, particularly when considering high ratio contrasts

in the coe cients, can have an (important) in uence on computational accuracy. A full analysis

of this aspect is beyond the scope of the present study, and it is left as a consideration for future
work.

Remark 8.6 (Other models). The addition of a zero-th order term or the introduction of time
discretization in the Darcy ow problem (2.1) does not modify the structure of Algorithm 8.1.
Incorporating a zero-order term modi es the variational formulation, a ecting the calculation of

a posteriori errors, the determination of the parameter I"in the line search, and the calculation
of the intermediate Lagrange multiplier ‘h { the underlying scalar product needs to be changed.
However, the basic properties of the method remain unchanged. Similarly, introducing time
discretization allows the method to naturally extend to the time-dependent framework.

Remark 8.7 (Pressure estimates) Our theoretical results are limited to the vel_ocitiesuj , and

we do not have corresponding theoretical results for the errors in the pressurgs,. These could
be obtained but would not be constant-free (the inf-sup condition comes into play).

9 Numerical experiments

In this section, we numerically illustrate our a posteriori error estimates on the algebraic error of
Theorem 8.3 and the nonoverlapping domain decomposition solver of Algorithm 8.1. We consider
problem (2.5) on the domain being the unit square (0;1)? in two situations: S an identity
di usion tensor and S a piecewise constant di usion tensor with a varying contrast. We consider
d = 2, triangular meshes, and the mixed nite element discretization (3.12) with polynomial
degreek = 0. For the spacesM p.o(K ), we use (A.14) from Appendix A.2.3 below. The numerical
experiments are performed with FreeFem++ https://freefem.org/ , See Hecht [21].
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Figure 3: [Test 1] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: Ejz.
Center: 3. Right: °*.
R

- .
¢

= .
e

=
A ..nlmmﬁ‘

Figure 4: [Test 1] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: ul?= 02

h H
03— 02 03 piyht- 0.0y = 11 = 03 0,4
Center: u,” = u,“+ 7. Rightt Re(up;pp) = up=u~+ .

,J*%

i
{
!

0;2

Figure 5: [Test 1] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: po” = r.i°.

Center: p>° = p¥?+ r>2 Right: Rp(u?;p0) = pt = po°+ ro.

nice progress from the initial zero guess to the target approximate solution of Figure 2 in all
steps; the coarse grid correction of step 4 seems to primarily a ect the potential.

9.1.2 Convergence
In Figure 6, we trace the algebraic errorkup ujr]k and the contraction factor de ned as
kup ul*tk
h—hj 9.1)
kuh Uhk

as a function of the iteration index j. We see a substantial reduction of the algebraic error
on each step of Algorithm 8.1 and a fast convergence, which validates the e ectiveness of our
domain decomposition algorithm.
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Figure 6: [Test 1] Algebraic errorkuy, ujhk (blue solid line, left scale). Contraction factor given
by (9.1) (red dashed line, right scale).

9.1.3 A posteriori estimates of the algebraic error

We now investigate the quality of the a posteriori error estimates of Theorem 8.3. In Figure 7,
we report the lower bound error estimatorij , the error kuy, u‘hk, and the upper bound error
estimator !, again in function of the iteration index j. We observe a close match, especially for
the lower bound. The quality of our a posteriori error estimators is then more closely examined
in the subsequent Figure 8, where we report the lower bound and the upper bound e ectivity
indices given respectively by

" .
le = — landle = —r 1 (9.2)
kup uyk

Especially| . is very close to the optimal value of 1 and con rms the sharpness of the estimates.

Figure 7: [Test 1] Algebraic errorkup ujhk (blue solid line), upper bound | (red dotted line),
and lower bound ! (green dashed line).

In Figure 9, we then plot the spatial distribution of the error kun utk, the algebraic
error lower estimators 1k0% u%kK, and the elementwise algebraic error upper estimators
kut+ RN (r p)k¢ onthe 1stiteration, j = 1. We see a very close prediction of the distribution
of the algebraic error, namely for the lower estimators. In Figure 10, the same results are plotted
for iteration j = 14, again with a very close match. For illustration, we also plot the elementwise
errorskp,  ptkx and kpn  pitkk in Figure 11.
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Figure 8: [Test 1] E ectivity indices |, (green solid line) andl. (red dashed line) from (9.2).

Figure 9: [Test 1] Left: elementwise 1st iteration ux errors kup ~ uikg . Center: elementwise
1st iteration algebraic error lower estimators k@l ulkg . Right: elementwise 1st iteration
algebraic error upper estimatorskuf + RN (r pf)k .

Figure 10: [Test 1] Left: elementwise nal ux errors ku, uikg . Center: elementwise nal
algebraic error lower estimators 4kal* ul%kg . Right: elementwise nal algebraic error upper
estimators kut4+ KN (r pto)k .
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Figure 11: [Test 1] Left: elementwise 1st iteration potential errorskp,  ptkg . Right: element-
wise nal potential errors kpn  pr*k

9.1.4 Behavior of Algorithm 8.1 for re nements of the coarse mesh Ty and of the
ne mesh T

We now perform a (laptop) scalability test of Algorithm 8.1: we x the coarse meshTy and re ne

the ne mesh T,, x the ne mesh T, and re ne the coarse meshTy, and re ne simultaneously
the coarse meshry and the ne mesh T,. In this section, we actually replace the calculation of
kup ulbkby ku u}k, so that we avoid the \exact" solution of (3.12) for the evaluation of the

algebraic error (the committed error is negligible).

Re ning the ne mesh for a xed coarse mesh

Here we x the coarse meshTy to 512 triangular subdomains and consider the ne meshe§y,
with respectively 32768, 294912, and 819200 triangles (82176, 738048, and 2049280 unknowns).
We report the results in Figure 12. Similar convergence rates are achieved, though the contrac-
tion factor slightly increases with the neness of the meshTy,.

o o
o fed

Error

Contraction factor
o o
N I

0 5 10 15

Iteration | Iteration |
Figure 12: [Test 1] Left: approximate algebraic error ku ujhk. Right: the corresponding
contraction factor given by (9.1). Coarse meshTy of 512 triangular subdomains xed, ne

meshesT}, with respectively 32768 (green dashed line), 294912 (blue solid line), and 819200 (red
dotted line) triangles (respectively 82176, 738048, and 2049280 unknowns).
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Re ning the coarse mesh for a xed ne mesh

Now we x the ne mesh T, to 819200 triangles (2049280 unknowns) and vary the coarse mesh
Ty to respectively consist of 512, 2048, and 4608 triangular subdomains. In Figure 13, we
observe that as we increase the number of subdomains, the convergence rates get slightly better.

2 0.8 ;7
-4 | ;
3
5 /3 |
LE E"u. .20.4 7
Bl e g
.... B g
_lo | Bwu ----- ... 8
-12 - ‘ » 0 ‘ ‘
| | i J 0 5 10 15
Iteration j Iteration |

Figure 13. [Test 1] Left: approximate algebraic error ku u‘hk. Right: the corresponding
contraction factor given by (9.1). Fine mesh T, of 819200 triangles (2049280 unknowns) xed,
coarse meshe$y with respectively 512 (green dashed line), 2048 (blue solid line), and 4608 (red
dotted line) triangular subdomains.

Re ning simultaneously the ne and the coarse meshes

We suppose nally that we have three coarse meshe$y with respectively 648, 5832, and 10368
triangular subdomains and associated three ne meshed3, with respectively 209952, 472392,
and 839808 triangles (respectively 525528, 1181952, and 2100816 unknowns). In Figure 14, the
convergence rates (contraction factors) seem to be rather stable in this setting.
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Figure 14: [Test 1] Left: approximate algebraic error ku ujhk. Right: the corresponding
contraction factor given by (9.1). Coarse meshedy and ne meshesT, with respectively 648
triangular subdomains and 209952 triangles (green dashed line), 5832 triangular subdomains
and 472392 triangles (blue solid line), and 10368 triangular subdomains and 839808 triangles
(red dotted line) (respectively 525528, 1181952, and 2100816 unknowns).

23



9.1.5 Behavior of Algorithm 8.1 for non-Cartesian coarse and ne meshes

In this test, we use non-Cartesian coarse and ne meshes. We still use the same data as in
[Test 1]. The coarse and ne meshes are illustrated in Figure 15; the number of unknowns in
the liner system (3.12) is 37650.

Figure 15: [Test 1, unstructured meshes] Left: the coarse meshy with 6 triangular subdomains
i. Right: the ne mesh T, with 15000 triangles.

Convergence

In Figure 16, we trace the algebraic errorkup u’hk and the contraction factor de ned by
(9.1). A comparison between Figure 16 and Figure 6 shows a similar behavior. Although the
convergence is not as fast as in Figure 6, it remains uniform, con rming the e ectiveness of our
domain decomposition algorithm.

Figure 16: [Test 1, unstructured meshes] Algebraic errokup, ujhk (blue solid line, left scale).
Contraction factor given by (9.1) (red dashed line, right scale).

A posteriori estimates of the algebraic error

Similarly to Figure 7, Figure 17 presents the lower bound error estimatorij , the error ku, ujhk,
and the upper bound error estimator !, all as functions of the iteration index j. We observe
a close correspondence, particularly for the lower bound. The quality of our a posteriori error
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estimators is illustrated more closely in Figure 18, where we show the e ectivity indices of both
the lower and upper bounds, as de ned in (9.2). Here, we observe the in uence of non-Cartesian
subdomains on the error and a posteriori error estimators. Although a close correspondence is
still observed, the Cartesian case, shown in Figures 7 and 8, yields better results.

Figure 17: [Test 1, unstructured meshes] Algebraic errorkup ujhk (blue solid line), upper
bound ! (red dotted line), and lower bound ! (green dashed line).

Figure 18: [Test 1, unstructured meshes] E ectivity indices |, (green solid line) andl. (red
dashed line) from (9.2).

9.2 Test 2: piecewise constant di usion tensor aligned with the coarse mesh

We now consider a second test case with a piecewise constant di usion tens& = c(x;y)I,
where the variations ofc(x; y) are illustrated in Figure 19. We rst consider the values of ¢(x;y)
equal to 1 and 10 but later we let this contrast vary in a robustness study. A similar test case is
used in Anciaux-Sedrakianet al. [2, Section 5.3]. We set the source ternfi = 1 and the Dirichlet
boundary condition p(x;y) =0on p = @. The coarse mesh Ty of 32 triangular subdomains
of Figure 19 together with a ne mesh of 12800 triangles (32160 unknowns) will be used for all
the numerical simulations below. The zero initial guess ¢2; p2) = ( 0;0) will still be employed
in Algorithm 8.1.
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Figure 19: [Test 2] Variations of the coe cient c(x;y) across the domain.

9.2.1 Convergence for a xed di usion contrast

Figure 20: [Test 2] Left: exact mixed nite element ux uy from (3.12). Right: exact mixed
nite element potential py from (3.12).

In Figure 20, we present the exact solution (In; pn) of the mixed nite element discretiza-
tion (3.12). We observe a formation of very narrow and strong Darcy ow elds in the subdomain
tips caused by the huge contrast 1 : 16,

In the initialization step 0 of Algorithm 8.1, the use of Construction 5.1 yields a normal-trace
continuous ux u% lying in Vh?E, with divergence equal tof, together with the corresponding
potential pﬁ in Wh;k. In Figures 21, 22, and 23, we illustrate the corrections made in Construc-
tion 5.1 by respectively the coarse-grid solver of step 2, the subdomain Neumann solver of step 3,
and the coarse grid correction of step 4. As in Section 9.1.1, we observe a nice progress from
the initial zero guess to the target approximate solution of Figure 20 in all steps.

In Figure 24, we trace the algebraic errorjjup u‘hjjj and the corresponding contraction
factor de ned as in (9.1) (using the energy error). We see a substantial reduction of the algebraic
error on each step of Algorithm 8.1 (except for the initialization) and a fast convergence, which
validates the e ectiveness of our algorithm. _

In Figure 25, we report the lower bound error estimatorij, the error jjun uljj, and the
upper bound error estimator ! of Theorem 8.3. In the consecutive Figure 26, we plot the lower
bound e ectivity index |, as well as the upper bound e ectivity index | , de ned as in (9.2).
We observe very good results, even for the huge di usion contrast 1 : 10

In Figure 27, we then plot the spatial distribution of the error jju, utjj, the algebraic
error lower estimators 1jj 0% u%jij, and the elementwise algebraic error upper estimators
jjut+ RN (Sr pd)iik on the 1stiteration, j = 1. We again observe a very close prediction of
the distribution of the algebraic error, even for the huge di usion contrast 1 : 10°. In Figure 28,
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Figure 21: [Test 2] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: E{;Z.
Center: 2% Right: 9*.

Figure 22: [Test 2] Construction 5.1 in the initialization step O of Algorithm 8.1. Left: uﬁ;z =
X2 center: up® = up?+ X2 Right: RE(U;pl) = uf = up®+ 2%

Figure 23: [Test 2] Construction 5.1 in the initialization step 0 of Algorithm 8.1. Left: po” = r.°.
Center: p0° = pd? + r2. Right: Rp(u®;pd) = pt = po° + ro.

the same results are plotted for iterationj = 14, again with a very close match. For illustration,
we also plot the elementwise errorkp, pik« and kpn,  pi*kg in Figure 29,

9.2.2 Robustness with respect to a varying di usion contrast

We now let ¢(x;y) be still piecewise constant as in Figure 19, but we let the di usion contrast
vary from 10 to 108. Table 1 shows the iteration numbers needed to reduce the initial algebraic
error estimator ! by the factor 10°, i.e., ve orders of magnitude. The number of iterations
remains constant (or even decreases with increasing the di usion contrast), clearly indicating
that Algorithm 8.1 is in this case robust with respect to the diusion contrast. This is an
excellent property for a domain decompaosition solver for applications in porous media.
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Figure 24: [Test 2] Algebraic error jjjup, ujhjjj (blue solid line, left scale). Contraction factor

jiun ul*tiisjiun  uljj (red dashed line, right scale).

Figure 25: [Test 2] Algebraic error jjun ujhjjj (blue solid line), upper bound 1 (red dotted
line), and lower bound ! (green dashed line).

9.3 Test 3: piecewise constant di usion tensor not aligned with the coarse
mesh

In this test, we continue similarly as in the above Test 2, inspired by [2, 25]. The aim is to
study two situations, the rst where the discontinuities in ¢(x;y) do not correspond to the
coarse mesh, and the second where the interfaces of the coarse mesh cross the discontinuities.
Figure 30 illustrates these two settings; we letc(x;y) vary respectively in the range 1,:::;10°

As in Figure 24, we plot in Figure 31 the algebraic errorjju, u’hjjj and the corresponding
contraction factor for the two test cases. We again observe a substantial reduction in the
algebraic error at each step of Algorithm 8.1, and a fast convergence, con rming the e ciency
of our algorithm. _

As in Figure 25, Figure 32 illustrates the lower-bound error estimator 1, the error jjup u‘hjjj ,
and the upper-bound error estimator | for the two test cases. Finally, similarly, as in Figure 26,
Figure 33 represents the lower e ectivity index | . and the upper e ectivity index | for both
test cases. Similar overall behavior is observed.
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Figure 26: [Test 2] E ectivity indices |, = jjun uljj= (green solid line) andle = I=jjup
utji (red dashed line).

Figure 27: [Test 2] Left: elementwise 1st iteration ux errors jjup uﬁjij. Center: elementwise
1st iteration algebraic error lower estimators 1jjal uljjk . Right: elementwise 1st iteration
algebraic error upper estimatorsjjut + RN (Sr pd)ji -

Figure 28: [Test 2] Left: elementwise nal ux errors jjun uﬁ“jij. Center: elementwise nal
algebraic error lower estimators 4jjai* ul%jx. Right: elementwise nal algebraic error
upper estimatorsjjutt+ RN (Sr pd)jjk .
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Figure 29: [Test 2] Left: elementwise 1st iteration potential errorskp,  ptkg . Right: element-
wise nal potential errors kpn  pr*k

Di usion contrast |10 [10?[10%[10*[10° [10° | 107 | 10P
Number of iterations| 19| 16 | 15| 15| 15| 15| 15| 15

Table 1: [Test 2] Number of iterations needed to reduce the initial algebraic error estimatorj
by the factor 10°, depending on the di usion contrast.

9.4 Test 4: piecewise constant di usion tensor not aligned with the coarse
mesh and with irregular interfaces

In this test, we still build upon the Test 2 above, using this time the coarse and ne meshes
shown in Figure 1 while varying the parameterc(x;y). The variations in c(x;y) are depicted
in Figure 34 { we consider values ofc(x;y) equal to 1 and 10. The objective is to study a
situation where the interfaces of the coarse mesh cross the discontinuities ofx;y) and where
the interfaces of the discontinuities are irregularly shaped. _

As in Figure 24 and Figure 31, we plot in Figure 35 the algebraic errorjjjup u'hjjj and
the corresponding contraction factor. We again observe a substantial reduction in the algebraic
error at each step of Algorithm 8.1, and a fast convergence, though a less \smooth".

As in Figures 25 and 32, Figure 36 illustrates on the left the lower-bound error estimator

I and the error jjup u’hjjj and on the right the lower e ectivity index |, . Similar overall
behavior is observed. For the upper bound error estimator I, we were not able to obtain
pertinent results with our code due to di culties in computing the gradient across irregularly
shaped discontinuity interfaces.

10 Conclusions and perspectives

In this paper, we have introduced a nonoverlapping domain decomposition algorithm for saddle-
point mixed nite element discretizations of the Darcy ow problem. We have also designed a
posteriori error estimators that control the algebraic error from above and from below in a fully
computable way (assuming round-o errors are neglected), and this for any iterative algebraic
solver. The contraction of the domain decomposition algorithm and the reliability and e ciency
of a the posteriori error estimates have been demonstrated on di erent 2D numerical examples.
This work can be extended in several directions. Firstly, a proof of contraction of the domain
decomposition algorithm and of the e ciency of the a posteriori error estimates is to be given.
Next, it would be interesting to extend the numerical validation to 3D cases in order to con rm
the theoretical results beyond the 2D examples presented in this work. Finally, it would be
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Figure 30: [Test 3] Variations of the coe cient c(x;y) (in log,, scale) across the domain for the
Skyscraper test case: Left: the discontinuities do not correspond to the coarse mesh. Right: the
interfaces of the coarse mesh cross the discontinuities.

Figure 31: [Test 3] Algebraic error jjup ujhjjj (blue solid line, left scale). Contraction factor

jiiun u’h”m:muh u‘hjjj (red dashed line, right scale): Left: the discontinuities do not corre-
spond to the coarse mesh. Right: the interfaces cross the discontinuities.

Figure 32: [Test 3] Algebraic error jjun ujhjjj (blue solid line), upper bound ! (red dotted
line), and lower bound ! (green dashed line): Left: the discontinuities do not correspond to the
coarse mesh. Right: the interfaces cross the discontinuities.

interesting to investigate the use of a step in the proposed algorithm as a preconditioner for
Krylov subspace methods [30], which may accelerate their convergence.
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Figure 33: [Test 3] E ectivity indices |, = jjup ujhjjj =ﬁj (green solid line) andl, = 1 5jjup
u‘hjjj (red dashed line): Left: the discontinuities do not correspond to the coarse mesh. Right:
the interfaces cross the discontinuities.

Figure 34: [Test 4] Variations of the coe cient c(x;y) (in log ;o scale) across the domain.

Figure 35: [Test 4] Algebraic error jjup ujhjjj (blue solid line, left scale). Contraction factor

fiiun ujh”uj:jjj Up u‘hjjj (red dashed line, right scale).

A The lowest-order space M .0 on simplices

In this appendix, we discuss several points related to the elementwise postprocessing spade, «
used Section 6.2; we focus on simplicial meshes. We consider

Mk = k21, M nk(K); (A1)
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Figure 36: [Test 4] Left : Algebraic error jjup ujhjjj (blue solid line) and lower boundij (green
dashed line). Right: E ectivity index 1, = jjup u’hjjj :71'.

where M .« (K) is a polynomial space on each mesh elemer{ 2 T, such that a function
pr 2 M hk(K) is uniquely prescribed by

(Pn; th)k = (Pn; th)k 8ch 2 Wk(K); (A.2a)
I’ﬁh; hie = hp hip 8 h2 k(F)andFZFK (A.Zb)

for some @n; ) 2 Wk(K) QszK k(F). Suitable spacesM .« (K ') are developed in [3, 5, 38];

we detail some prominent possibilities in the lowest-order cas& = 0 in Section A.2. Before, in
Section A.1, we state an equivalence result for a general class elementwise postprocessings we
are interested in.

A.1 Equivalent postprocessing properties

Recall the S-weighted L ?(K )-orthogonal projection of (3.9). The following equivalence holds
true for an arbitrary function -y, in the Sobolev spaceH 1(K ) (unrelated to any polynomial space
M hk (K)).

Lemma A.l. (Equivalent postprocessir}g properties) Let a mesh elemer{ 2 T, be xed and
let (uh;ph; h) 2 RTN k(K) Wk(K) F2F ¢ k(F) be such that

hhivh Nkiek= (S Mun;vh)k +(Pnil Vh)k (A.3)

for all v, 2 RTN (K), as in (3.13a) or, whenk =0, in (6.1). Then, a function p, 2 H(K)
satis es

(B th)k = (Pn; th)k 8th 2 Wk(K); (A.4a)
hSh; hie = hnpr nie 8 h2 k(F) and F 2 Fg (A.4b)
if and only if
(B )k = (Pn; th)k 8ah 2 Wk(K); (A.53)
(S 1 FN(Srpn);vh)k =(S tunivh)k 8vh 2 RTN (K); (A.5b)
or, equivalently for (A.5b),
RN (St opn) = up: (A.6)
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Proof. We follow [3, 5, 9, 38] and show two implications, using the de nition of the projector
RTN from (3.9) and Green's theorem, leading to

3.9 .
(S 1 FN(Srp)ividk ) ( puivi)k = (Bnif Vh)k h pnvenkigk (A7)

for all vihb 2 RTN ¢(K). Recall also that r RTN (K) = W (K) and (RTN ¢(K) nk)jr =
k(F) for all F 2 Fg and that (A.4a) and (A.5a) coincide.

1. ) . ((A4) implies (A.5)) Let v, 2 RTN ¢(K) be arbitrary. We have

A7 .
(St FN(Sr pn)ivi)k (:)(”ﬁh;r Vh)k h pn;vh Nki@x

A4 _
(:)(phir Vh)k h hivh nkigk
A3

(s upvik;

which is (A.5b).

2. (. ((AD) implies (A.4)) Let F 2 Fk and take vy, 2 RTN (K) such that (viy nk )jro =0
forall FO2 Fx, F 6 F% We have
. . (A7) 1 RIN . .
ben;vh Nkie =" (S © "7 (ST pn);Vh)k +(Bhir Vh)k

A.5b
A2h) (S *un;vh)k +(BniT Vn)k

A.5
B2 (s vk + (PriT Vi)k

U hiVh NK i F

which is (A.4b).

A.2 Choices for the space M . in the lowest-order case

Let K 2 T, be a simplex. From [3, 5, 9, 38], the following are prominent possibilities for the
polynomial spaceM p.o(K):

A.2.1 Nonconforming P>-bubbles

From [3, 5] it is known that one choice for the lowest-order spaceM .o(K) is
M h;o(K) := P1(K) B 2(K):

Here, recall, P1(K) is the space of polynomials of total degree less than or equal to 1 de ned
in the simplex K. For the basis, we choose the Crouzeix{Raviart functions ¢ 2 P1(K) [12]
satisfying A . o
Frolip _ Frlig
Foob A TR
The spaceB,(K) is then the span of the following nonconformingP»-bubble function (see [3,
Sections 4.1 and 10])

=0 forall FO2Fgx;F 6 F® (A.8)

8
S 2030 2x)+ Ax)+ d(x)) if d=2;

bZ;K(X):. 2 2 2 2 .
120100+ )+ s(x)+ g(x)) if d=3:
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Here ; are the hat functions, i.e., the a ne functions that take value one at the vertex i and
zero at the other vertices ofK . The functions by.x vanish at the Gauss points of eachF 2 F ¢
and are of mean value 1 inK, or equivalently

o ; LiE . ; Lik
————=0 and ————=1 foral F2F«: A.9
IF] K] (A9)
From the above, we want to construct a function py by using the de nition (A.2) for k = 0.
This function is such that X
Pn = F Ft kbek (A.10)
F2F ¢

for some constants g and k. To determine the constants ¢ and g, we use (A.8) and (A.9)
and obtain

fph;liF=OFh Frlip + I&H)Z;K;lin FiF] 8F 2F«;
X . .
(pr;ilk = @ FoE 1A+ kK]
F2F ¢ K
This together with (A.2) yields
0 1
X
@ F R 1A
(a2p) h oy lig (A.23) (Pn; 1k F2Fk K
FE = — nd K = — — .
IF] K] K]

If (A.3) holds, we know from Lemma A.1 that the construction of py is equivalent to nding
Bh 2 M p.0(K) such that

(pn; Lk =(pn; 1k and RN (ST pn) = Up:
A.2.2 Potential space of S RTN o(K)
From [38], we know that we can de ne the spaceM .o(K) such that
SIM po(K) = RTN o(K): (A.12)
This is indeed possible from Assumption 2.1, item Assl, and yields
M ho(K) P 2(K):

If (A.3) holds, we know from Lemma A.1 that the construction of pn 2 M ,.o(K) using de ni-
tion (A.2) is equivalent to nding ~pr 2 M p.o(K) such that

(pn; Lk =(pn; Dk  and Sr pnh = Un; (A.13)

where we have crucially used (A.12) which gives SN Sr p, = Sr p.
In detail (for d=2), let up=( 1+ X; 2+ y). In order to satisfy (A.13), the function

Bh = P1X2+ P2y? + PsXy + paX + psy + pe is such that

Soo. Siu. . _ S12.  _ 2512 1522_p _ 1S12 2S11,

p1= ﬁ’ p2 = ﬁ! ps = ij’p4_ iSi ; Ps = iS] ;

and ps is given so that (pr; 1)k = (pn; 1)k is satised. Here Sjj and jSj denote the elements

and the determinant of S, respectively. Similar algebraic manipulations give a unique function
pn satisfying (A.13) also in the cased = 3.
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A.2.3 Ps-bubbles
For d = 2, another possible choice for the spacév .o(K) is, following [3, 5],

M ho(K) = P1(K) B 3(K): (A.14)

The spaceP1(K) is as de ned in Section A.2.1 andB3(K)) is the span of the following P3-bubble
function

bak (x) = 1(x) 2(x) 3(x):

Note that the bubble function bzx vanishes on each edge of the triangl& . We can thus use
the same arguments as in Section A.2.1 to construct an appropriat®;,2 M n.o(K).

A.2.4 Remarks
We nish by two remarks.

Remark A.2 (Uniqueness) As it follows from the above, the choice of the spad®l .o(K) is
not unique. However, for each xed spaceM p.o(K), the construction of p, satisfying (A.2) is
unique.

Remark A.3 (Approaches of Sections A.2.1 and A.2.2) In the case ofd =2, S = | with

2 R, and for equilateral triangles, the spacedM p.o(K) discussed in Sections A.2.1 and A.2.2
turn out to be equal, see [9, Lemma 4.2]. In general, though, approaches of Section A.2.1 and
Section A.2.2 generate di erent spacesM p.0(K ) and thus di erent functions pr,.
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