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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN— RN, vector F e RN: find U € RN s.t.

A(U) = F
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)
@ Choose initial vector U°. Set k := 1.
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
AR UK~ PR,
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,
Q@ O SetUKC:=UkTandi:=1.
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
AR UK~ PR,

Q O SetU®=U'andi:=1. ,
@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)

@ Choose initial vector U°. Set k := 1.

Q@ UK = matrix A" and vector F*': find U” s.t.
AR-TUK ~ FR1

Q O SetU®=U'andi:=1. ,

@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.
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Inexact Newton method

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact linearization)

@ Choose initial vector U°. Set k := 1.
@ UK = matrix Ak—1 and vector F¥—: find U* s.t
Ak71 Uk ~ ka1.
Q@ O SetU0:=U"andi:=1.
@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)
Ak71 Uk,i _ Fk71 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.

© Convergence? OK = finish. KO = k := k+ 1, backto 2. | _.
oI
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Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?

v

Question (Error)

@ How big is the error ||u — uz“’ || on Newton step k and
algebraic solver step I, how is it distributed?

A\
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Previous results

Inexact Newton method

@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
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Previous results

Inexact Newton method
@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
Adaptive inexact Newton method
@ Bank and Rose (1982), combination with multigrid
@ Deuflhard (1990’s), adaptive damping and multigrid
Stopping criteria for algebraic solvers
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid
A posteriori error estimates for nonlinear problems
@ Han (1994), general framework
@ Verflrrth (1994), residual estimates
@ Chaillou and Suri (2006, 2007), distinguishing -
discretization and linearization errors &17/23/_
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e Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Numerical results
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Quasi-linear elliptic problem

Quasi-linear elliptic problem

—V.o(u,Vu)=f in Q,
u=20 on Q2
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Quasi-linear elliptic problem

—V-o(u,Vu)=f in Q,
u=20 on 092
Example

p-Laplacian: o(u, Vu) = |VulP~2Vu, p € (1, +0)

Martin Vohralik A posteriori control and stopping criteria



| Adaptive inexact Newton method Two-phase flow C Estimate Stopping criteria & efficiency Numerical results

Quasi-linear elliptic problem

Quasi-linear elliptic problem

—V.o(u,Vu)=f in Q,
u=20 on 092
Example

p-Laplacian: o(u, Vu) = |VulP2Vu, p € (1, +0)
Nonlinear operator A: V :— WS PQ) =V

(A(u), v)vr v == (a(u,Vu),Vv)
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u, VU =f in Q,
=0 on 0f2
Example
p-Laplacian: o(u, Vu) = |VulP=2Vu, p € (1, +0)
Nonlinear operator A: V :— W& PQ) =V
<A(U), V> v,V = (O'(U, VU), VV)

Weak formulation

Find u € V such that
Alu)=finV
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u, VU =f in Q,
=0 on 0f2
Example
p-Laplacian: o(u, Vu) = |VulP=2Vu, p € (1, +0)
Nonlinear operator A: V :— W& PQ) =V
<A(U), V> v,V = (O'(U, VU), VV)

Weak formulation

Find u € V such that
Alu)=finV

Approximate solution
° uﬁ'/ e V(Tn) ¢V, u,’;’i not necessarily in V
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Quasi-linear elliptic problem

Quasi-linear elliptic problem

—V.o(u, VU =f in Q,
=0 on 0f2
Example
p-Laplacian: o(u, Vu) = |VulP=2Vu, p € (1, +0)
Nonlinear operator A: V :— W& PQ) =V
<A(U), V> v,V = (O'(U, VU), VV)

Weak formulation

Find u € V such that
Alu)=finV

Approximate solution

o uy e V(Ty) ¢ V, ut not necessarily in V

® V(Th) == {v e LP(Q), vk € WIP(K) VK € Tn} &’Z,
zia—
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A posteriori error estimate

Assumption A (Total flux reconstruction)

There exists a flux reconstruction t',j’i € H9(div, Q) such that
VA~ f
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A posteriori error estimate

Estimate Stopping criteria & efficiency Numerical results

Assumption A (Total flux reconstruction)
There exists a flux reconstruction t',j’i € H9(div, Q) such that
VA & f.

Theorem (A guaranteed a posteriori error estimate)

Let
@ u € V be the weak solution,

° uﬁ" € V(Tn) be arbitrary,
@ Assumption A hold.
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A posteriori error estimate

Estimate Stopping criteria & efficiency Numerical results

Assumption A (Total flux reconstruction)

There exists a flux reconstruction t',j’i € H9(div, Q) such that
VA~ f.

Theorem (A guaranteed a posteriori error estimate)
Let

@ u € V be the weak solution,

° u,f" € V(Ty) be arbitrary,

@ Assumption A hold.
Then there holds

ju(u[l—?i) S ﬁkyl:a .
where i is fully computable from ul" and t\'.
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumption A hold.
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumption A hold.
Then there holds

K,i Ki._ ki o ki, ki, ki K,i
ju(uh ) == Ngise T Min + Malg + Tquad * Tose-

Martin Vohralik A posteriori control and stopping criteria



Q Introduction

@ Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Numerical results

O Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Fully implicit cell-centered finite volumes
@ lteratively coupled implicit pressure—explicit saturation
vertex-centered finite volumes

O Conclusions and future directions

rd
5 Informatics g mathematics



_ Estimate Stopping criteria & efficiency Numerical results
Stopping criteria

Global stopping criteria
@ stop whenever:
k,i ki ki
Matg < Valg Max{ gise: Min 1>
k,i k,i
Min < NinTgisc

° Yalgs Min = 0.1
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_ Estimate Stopping criteria & efficiency Numerical results
Stopping criteria

Global stopping criteria

@ stop whenever:

77dlg < Yalg max{ndlsc’ 77hn }7
nlir; < ’ylinnd{sc
@ Yalg, Vin ~ 0.1
Local stopping criteria

@ stop whenever:

K, K.i
Na k. < Vatgk Max{nfl . nfo b VK € Th,
K,i K,i
nlin,K = 7““7Kndisc,K VK € 771

rd
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Global efficiency

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping
criteria hold.

L d

h,n,,;,.,,,,mmm

Martin Vohralik A posteriori control and stopping criteria



| Adaptive inexact Newton method Two-phase flow C Estimate Stopping criteria & efficiency Numerical results

Global efficiency

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that J,(uf™") < k.

L d
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Global efficiency

Estimate Stopping criteria & efficiency Numerical results

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

nkJ rg ju( ) + nquad + 770507

where < means up to a constant independent of o and q.
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Global efficiency

Estimate Stopping criteria & efficiency Numerical results

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

ﬁk" rg ju( ) + nquad + 770507

where < means up to a constant independent of o and q.

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norm as error measure
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Local efficiency

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold.
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Local efficiency

Estimate Stopping criteria & efficiency Numerical results

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

ki K,i K,i
Ndise,k T Tin,k T Matg,k
w ki K,i K,i
S ju,‘IK(uh ) + nquad,‘IK + nosc,‘IK

forall K € T.
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Local efficiency

Estimate Stopping criteria & efficiency Numerical results

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

ki K,i K,i
Ndise,k T Tin,k T Matg,k
w ki K,i K,i
S ju,‘IK(uh ) + nquad,‘IK + nosc,‘IK

forall K € T.

@ robustness and local efficiency for an upper bound on the
dual norm
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@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Numerical results

o Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Fully implicit cell-centered finite volumes
@ lteratively coupled implicit pressure—explicit saturation
vertex-centered finite volumes

o Conclusions and future directions

rd
5 Informatics g mathematics



| Adaptive inexact Newton method Two-phase flow C Estimate Stopping criteria & efficiency Numerical results

Numerical experiment |

Model problem
@ p-Laplacian
V-(|VulP2vVu)=f inQ,
Uu=uy onoQ

@ weak solution (used to impose the Dirichlet BC)

p

1 1)2 112\ 200 1(1)P 7
U(X,}’):—pT((X—é) +-3) ) +pT<§>
@ tested values p=1.5and 10
@ nonconforming finite elements
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Estimate Stopping criteria & efficiency Numerical results

Analytical and approximate solutions

0.04

-0.02

-0.04

-0.06

Casep=15

Martin Vohralik
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step.
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Estimate Stopping criteria & efficiency Numerical results

Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh

Dual error
5

Dual error
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_ Estimate Stopping criteria & efficiency Numerical results
Error and estimators, p = 10
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Effectivity indices, p = 10
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Error distribution, p = 10
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N |
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Estimated error distribution
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Newton and algebraic iterations, p = 10

E[—=—full
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Error and estimators as a function of CG iterations,
p = 1.5, 6th level mesh, 1st Newton step.
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Error and estimators as a function of Newton
iterations, p = 1.5, 6th level mesh

Dual error
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_ Estimate Stopping criteria & efficiency Numerical results
Error and estimators, p = 1.5
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Effectivity indices, p = 1.5

Estimate Stopping criteria & efficiency Numerical results

Upper and lower dual erfor effeciivity indices
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Newton and algebraic iterations, p = 1.5
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Numerical experiment I

Model problem
@ p-Laplacian

V-(|VulP2vVu)=f inQ,
u=uy onoQ

@ weak solution (used to impose the Dirichlet BC)
u(r,0) = rs sin(6%)

@ p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
@ nonconforming finite elements
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Error distribution on an adaptively refined mesh
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Estimated and actual errors and the effectivity index
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Energy error and overall performance

Energy error
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Outline

Fully implicit CCFV lteratively coupled IMPES VCFV

Q Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Fully implicit cell-centered finite volumes

@ lteratively coupled implicit pressure—explicit saturation
vertex-centered finite volumes
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Two-phase flow

Horizontal two-phase flow in porous media

8t(¢sa) -V <M5Vpa) = 0,
S+ Sy =1,
Pn — Pw = 7(Sw)

v d
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Two-phase flow

Horizontal two-phase flow in porous media

ouos.) - v- (£ 2kewp, ) ~o.
Sn+Sw =1,
Pn — Pw = W(SW)

Mathematical issues
@ coupled system
@ unsteady, nonlinear
@ elliptic—parabolic degenerate type
@ dominant advection
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Two-phase flow

Horizontal two-phase flow in porous media

OH(954) ~ V- (kr’l(SW)KVPJ -
Sn+ Sy =1,
Pn — Pw = 7T('SW)

Mathematical issues
@ coupled system
@ unsteady, nonlinear
@ elliptic—parabolic degenerate type
@ dominant advection
Brooks—Corey model, s, := 24—
@ relative permeabilities
kew(Sw) = st Ken(Sw) = (1 — s.)?(1 - s2)
@ capillary pressure 1 -

m(Sw) = pase ? V2% 77 5
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Q Introduction

O Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Numerical results

e Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Fully implicit cell-centered finite volumes
@ lteratively coupled implicit pressure—explicit saturation
vertex-centered finite volumes

O Conclusions and future directions
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Two-phase flow in porous media

Theorem (A posteriori error estimate distinguishing the error

components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (s 377 o ’,‘7 "). Then

k k k, K, K,i
lll(sw — fth',Pw— QhT')\HIn<77s'Lk'+773n I+771’17 I+77:17g7l'

L d
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Two-phase flow in porous media

Theorem (A posteriori error estimate distinguishing the error

components)

Let
@ 1 be the time step,

@ k be the linearization step,

@ | be the algebraic solver step,
with the approximations (s 377 o ’,‘7 "). Then

n,k,i n,k,i n,K,i n,k,i

7k7' k K
”|(SW— \27h7{7pw_ WhT)|HIn </’75r;) I+77tm +77]1 +T’alg

Error components
nK,i.

® 7 . spatial discretization
° n{l’ni’ temporal discretization
@ n"': linearization
L d
° n”lk’ algebraic solver (25760
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Local estimators

@ spatial estimators

k k, Kol oMK
) =0 > (1Al —va (s st Ik
ac{n,w}
k K 2
+ hy/mllg — O (esil) — Vul|1x)

. . ;
+ (KW (SN + Aa(SEEDV (0(IAL, ST — B Ik (1)

1
2
7k7 ~ k 2

+ (IKV(a(slD) = ap)lk (1)) }
@ temporal estimators

k k K NN #|
nSHK’a( ):=1Va( V”VmﬁSQ,hT’)(f)—Va(PV”V,hT’,SZ,hT’)(f”)HK o € {n, w}
@ linearization estimators

k k
nlr:nKl(\ = ||<r:hl||K O[E{D,W}
@ algebraic estimators
i i T
n:lg,i’(,(\, = Ha(n\,hI” a € {n,w} 7@_
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Global estimators

Global estimators

ki . k
775{;) I': / Z(T/;’;” )

=

I”KeT”
1
2
nk,i . n,k,i 2
=[S kw2t
ae{n,w} "KGT”
1
2
nk,j . n,k,i 2
nhn T Z Z nlmKoz )
ac{nw}  KeT)
1
2
nk,i ,__ n,Kk,i
nalg Z Z nalg,Koz
ae{nw}  KeT] 4

h.ya.,,,,mmmm
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Quarter five spot test problem

Data from Klieber & Riviéere (2006)
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*%kgm~'s™!, 4, =2103kgm~ s,
Sw=5n=0, ps=2510°kgm~'s72
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Quarter five spot test problem

Data from Klieber & Riviéere (2006)
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*%kgm~'s™!, 4, =2103kgm~ s,
Sw=5n=0, ps=2510°kgm~'s72
Initial condition (I~< 18m x 18m lower left corner block)
X =020nKeTh K¢K,
2 =0950nKeTh KeK

L d
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Quarter five spot test problem

Data from Klieber & Riviéere (2006)
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*%kgm~'s™!, 4, =2103kgm~ s,
Sw=5n=0, ps=2510°kgm~'s72
Initial condition (R 18m x 18m lower left corner block)
X =020nKeTh K¢K,
2 =0950nKeTh KeK

Boundary conditions (R 18m x 18m upper right corner block)

@ no flow Neumann boundary conditions everywhere except
of 0K N 0Q and 90K N 0Q
® K —injection well: s, = 0.95, p,, = 3.45-108kgm~'s2
@ K —production well: s, = 0.2, p, = 2.41-10%kgm~ Y2575
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O Introduction

O Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Numerical results

e Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Fully implicit cell-centered finite volumes
@ lteratively coupled implicit pressure—explicit saturation
vertex-centered finite volumes

O Conclusions and future directions
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Cell-centered finite volume scheme

Cell-centered finite volume scheme
Forall1 < n< N, look for s] ;. p] , such that

sn K= san1
W, W, =
‘?577,7 K|+ Z Fy.o (Sg.p Pp) = 0,
JKLGS;“
M — st )
—¢ = n = K|+ Z Fn,aKL(S\z,mPQh) =0,
O'KLEg;?l

v d

f ln’/;anu 7 mathematics
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Cell-centered finite volume scheme

Cell-centered finite volume scheme
Forall1 < n < N, look for s ,.p , such that

" — s/
w, W, =
d’f”ﬂ + Z Fy.o (Sg.p Pp) = 0,
O.KLegint
n
K= Sox _
— %, 2 K|+ Z 0,0k W,h?p\?v,h) =0,
O.KLegml

where the fluxes are given by
Mrw(Sy k) + ew(S5 1) o Pat — Py k

Fu.o (Sup Pap) == — 5 K| Xk = X0| okl
_ Nen(SH k) + Men(SG 1)
Foow (Su.ns Py.p) = — = 5 == |K|

XpWL+7r(WL) (I_JQK+7F(SQV

, K )) P
Infravatics P mathematics
XKk — X | &L (—
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Linearization and algebraic solution

Linearization step « and algebraic step /
Couple s}, " such that

nk,i

s .
w,K wK k—1 nk/ =nk,iy n,kK,i
o ’K’ + Z FWG'KL wh ’pwh ) _RW,K7
U'KLEglm
Snk/ s 1
w,K wK K— 1 nk,i —nk,iy n,k,i
_¢ |K‘ + Z Fn O'KL wh ' Mw h ) _RII,K ’
O.KLEglnl

Ve

h,n,,;,nn,mmm
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Linearization and algebraic solution

Linearization step « and algebraic step /
Couple s}, " such that

Snk/
w,K wK k—1 nk/ =nk,iy n,k,i
p—"——— ‘K’—i_ E : FWO'KL 7p h) _R\LK’
O'KLEgml
nk,i s 1

s . . .
w,K w K k 1 n Koo =nkiiy n,kK,i
_¢ |K|+ Z FnaKL w,h ' Fw h ) _R[LK ’
O.KLE(S‘H][
where the linearized fluxes are given by

k—1 k kiiy . k=1 =nk—1
Foow ahlvpgh’) _FaUKL(Sn \Z,h )

Q,0KL
3Fa,o nk—1 =nk—1\ ; nki  nk—1
Z s “ (Sw,h »Mw,h ).(SW,M - SW,M )

Me{K,L}

8,:04,0 nk—1 —nk—1y /=nk,i =n,k—1
+ Z ap KL(SW,h 'y Mw,h )(pw,M’_‘pmw;M)
megk.Ly Cezia—~
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Fluxes reconstructions and pressure postprocessing

Fluxes reconstructions
n,k,i L nk,i =nk,i
(duh nK71)O'KL '_FaUKL(Swh ' Mw.h )

Kk, Kk,i k—1 k k
((dn / I(rz hl)'nKv 1)0KL =Fq O'KL( gvhlapgzhl)

n k,i . n, k NES% n, k NES% nk,i nk,i
a,n d I (dah +Io¢,h)

L d
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Fluxes reconstructions and pressure postprocessing

Fluxes reconstructions

k k k
(d: hl nK71)0'KL =Fq O'KL( \Zh”pgrhl)
k,i k—1 k k
((dn IZhI)'nK>1)0KL '_FaaKL( nhlvpgzhl)
nk/_ nk/+ nk/+ n,k nk,i
a , =d; . I Y (d I h)

Phase pressures postprocessmg

@ Piecewise constant p” ki postprocessed to piecewise
quadratic )’ ki,
—ew(Sui KV (0] 1) = A0 |

n,k,i =n.k,i

p\\:hT (XK) pw K>

—ea(Su KV (0] 1) = A Ik

n,k,i

pn‘.h, (XK) — 7T(S nkl y4

) + ,OW K &ZI?,
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Global pressure and Kirchhoff transform

Global pressure and Kirchhoff transform postprocessing

@ Piecewise quadratic global pressure and Kirchhoff
transform used in the estimators:

— (1 (ST (ST K (7 1) = (@7 + a0,
o ki) = PRSI,
KV (a7 1c) = m( LKV (0" 1) + dp |,

nk,i

ap" (xk) = (s

L d

Informatics g mathematics
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Water saturation/estimators evolution

informatics gFmathematics

24,
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Fully implicit CCFV lteratively coupled IMPES VCFV

Estimators and stopping criteria

Estimators
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GMRes relative residual/Newton iterations

Est. Fully implicit CCFV lteratively coupled IMPES VCFV

GMRes relative residual
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GMRes iterations

Est.  Fully implicit CCFV

Iteratively coupled IMPES VCFV

Number of GMRes iterations

—=— classical
- @ -adaptive

05 1 15 2 25
Time/Newton step o

Per time and Newton step

Martin Vohralik

Cumulated number of GMRes iterations
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Outline

0 Application to two-phase flow in porous media

@ lteratively coupled implicit pressure—explicit saturation
vertex-centered finite volumes
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Vertex-centered finite volumes

Implicit pressure equation on step k

((nrw( nk 1)+77rn(3nk 1))KvahnD
F1en(ST ”k  DKVA(sy ) N0, 1) ypipe =0 VD € DT

L d
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Vertex-centered finite volumes

Implicit pressure equation on step k

((nrw( nk 1)+nrn(snk 1))Kvp“hnD
F1en(ST ”k  DKVA(sy ) N0, 1) ypipe =0 VD € DT

Explicit saturation equation on step k
n

K k—1 1 int,
Swp = #1D] (ew(syy )Kprh N, 1) spon +Sup YD EDy !
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Linearization and algebraic solution

Iterative coupling step < and algebraic step /

((nrw( nk 1)+77rn( k= 1))KVp\'z/;,’n
+77fn(3nk KV7(s nll(7 1)“D,1)BD\aQ:_Rntl;'i vD € D"

t,

L d

h,n,,;,nu,mmm

Martin Vohralik A posteriori control and stopping criteria



| Adaptive inexact Newton method Two-phase flow C Est.  Fully implicit CCFV  lteratively coupled IMPES VCFV

Linearization and algebraic solution

Iterative coupling step < and algebraic step /

((nrw( nk 1)+77rn( nk 1))Kvp\f\7/;71n
+nen(S) ”" K KVE(s ”f, N0, 1) ypaq = —AlL YD DR

n
ki k—1 K, 1
Swp = (7 ( \rx]/h )KVpn "np, 1)30\39 + S\rx]/,D

D]
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Fluxes reconstructions

Total fluxes

(A7 00, 1) = = (S0 + mea(SET) KV L
+mea(S T YKVA(SER)- "071)07
(@7 +17)np, 1), = — ((nrw(s h ) ma(syy )KVRE D

+ nea(STE KVA(ST, ) np, 1)

a:’hk'i::dnkHW Inkz+u (dnkl Ink/)

O-’
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Fluxes reconstructions

Total fluxes

(dnk/nD,1) — ((nrw( nkl)+77rn( nkl))Kvpnk/
+T]rn( nkl)Kv ( nk/) nD,1) ,
(@ + 175" np, 1), = ((nrw( swh )+ (sl ))KVELL o
+ Tea(S] kv (s )np, 1),
[nhk/ — dnkz+u Inkz+u (dnk/ Ink/)
Wetting fluxes
(@75 p, 1)e == — (e (STEKVRTE np, 1)
(A5 + 1050, 1) = = (ma(sy), DKVE( np, 1),
nKk,i ,__ 4 nformatics JPmathematics
aw.hl =0 &1/74%-
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Est.

Fully implicit CCFV

Estimators and stopping criteria

Iteratively coupled IMPES VCFV
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Est. Fully implicit CCFV  Iteratively coupled IMPES VCFV

GMRes relative residual/iterative coupling iterations

GMRes relative residual

1
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Timel/iterative coupling step x10°

GMRes relative residual
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GMRes iterations

Est.  Fully implicit CCFV  lteratively coupled IMPES VCFV
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Q Introduction

Q Adaptive inexact Newton method
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Numerical results

Q Application to two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Fully implicit cell-centered finite volumes
@ lteratively coupled implicit pressure—explicit saturation
vertex-centered finite volumes

° Conclusions and future directions
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Conclusions

Entire adaptivity
@ only a necessary number of algebraic solver iterations
on each linearization step
@ only a necessary number of linearization iterations

@ “smart online decisions”: algebraic step / linearization
step / space mesh refinement / time step modification

@ important computational savings

@ guaranteed and robust error upper bound via a posteriori
estimates
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Conclusions

Entire adaptivity
@ only a necessary number of algebraic solver iterations
on each linearization step
@ only a necessary number of linearization iterations

@ “smart online decisions”: algebraic step / linearization
step / space mesh refinement / time step modification

@ important computational savings
@ guaranteed and robust error upper bound via a posteriori
estimates
Future directions

@ other coupled nonlinear systems
@ convergence and optimality

L d
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