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Nonsmooth and degenerate nonlinearities

Nonsmooth nonlinearities
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Nonsmooth and degenerate nonlinearities
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Nonsmooth and degenerate nonlinearities

Nonsmooth and degenerate nonlinearities
@ omnipresent in flows and transport in porous media
@ cause convergence troubles of standard iterative linearization schemes
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Nonsmooth and degenerate nonlinearities: common recipes

Nonsmooth and degenerate nonlinearities
@ omnipresent in flows and transport in porous media
@ cause convergence troubles of standard iterative linearization schemes
Common recipes
@ timestep cutting
@ damping
@ scheme switching (from Newton to fixed-point .. .)
@ semismooth methods
@ path finding
@ variable switching
° ...
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Example regularizations

T T T T 1.2 i =
11— €=0.0 O o - — =00
—=—¢=0.0125 1}|—E=-€=0.0125 -
08*+E:0'025 i —— ¢=10.025
) —— €¢=10.05 08 |—— €=0.05 .|
=01 ' e=01 4
s 06f / 7 = 06) .
el <
0.4 | 1 0.4 | - !
0.2 B 0.2 |- nl
5B
0 [ | | | | | | 0 [ j
-0.8 —-06 -04 -0.2 0 0.2 0.4 ‘1
s
BrOOkS—Corey ' ' Brooks_Corey
pressure—saturation functions saturation—relative permeability functions

M. Vohralik Adaptive regularization and linearization for nonsmooth and degenerate problems 3/48



| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C

Nonsmooth and degenerate nonlinearities: our approach

Algorithm
@ regularization parameter ¢, > 0
@ replace the nonsmooth and degenerate functions by smooth and
nondegenerate ¢;-approximations
© afew steps of Newton linearization (gentle nonlinearity, good initial guess)
@ decrease ¢; and go back to step @
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Nonsmooth and degenerate nonlinearities: our approach

Algorithm
@ regularization parameter ¢, > 0

@ replace the nonsmooth and degenerate functions by smooth and
nondegenerate ¢;-approximations
© afew steps of Newton linearization (gentle nonlinearity, good initial guess)

@ decrease ¢; and go back to step @

Steering
° of
° is below regularization: stop Newton iterations
° is below discretization: stop regularization (¢; is never brought
to zero)
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Nonsmooth and degenerate nonlinearities: our approach

Algorithm
@ regularization parameter ¢, > 0

@ replace the nonsmooth and degenerate functions by smooth and
nondegenerate ¢;-approximations
© afew steps of Newton linearization (gentle nonlinearity, good initial guess)

@ decrease ¢; and go back to step @

Steering
° of
° is below regularization: stop Newton iterations
° is below discretization: stop regularization (¢; is never brought
to zero)
° is below a specified tolerance: finish .

M. Vohralik Adaptive regularization and linearization for nonsmooth and degenerate problems 4 /48



T

?t =:0.0 t =1 Oé
1071 F 3
—e—nd’ﬂk 10—2;7 | é
—e— § b
g,k -3 E : E
nlma 10 i 3
~af o
1074 : o
10-6 ;7 ! ! ! ! ! ! ! ]

0 2 4 6 8 10 12 14

Cumulative Newton steps
Richards equation, unsaturated medium, 1 time step lonate :ﬁ?i;




| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C

Outline

@ Introduction

9 The Richards equation: adaptive regularization and linearization
@ Discretization
@ Regularization
@ Linearization
@ Flux reconstruction
@ A posteriori estimates of error components
@ Adaptive regularization and linearization
Numerical experiments

e Multi-phase flow with phase transition
@ The Richards equation: overall error certification

@ A posteriori error estimates
@ Numerical experiments

© Conclusions /R

M. Vohralik Adaptive regularization and linearization for nonsmooth and degenerate problems 5/48



| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Discretization Regularization Linearization Flux Estimates Adaptivity Numerics

Outline

9 The Richards equation: adaptive regularization and linearization
Discretization

@ Regularization

@ Linearization

@ Flux reconstruction

@ A posteriori estimates of error components
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°

Adaptive regularization and linearization
Numerical experiments
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Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that
9t5(p) — V- [Kr(S(p))(VPp+g)l =f inQx(0,T),
p=0 onoQx(0,T),
(S(p))(-,0) = s in .
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Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that

9S(p) — V-[Kx(S(p))(Vp+ @)l =f inQx(0,T),
p=0 onoQx(0,T),
(S(p))(-,0) =5y in.

Setting
@ p: pressure
@ S(p): saturation
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Modelling flow of water and air through soil

The Richards equation
Find p: @ x (0, T) — R such that

S(p) — V[Kr(S(p))(Vp+9)]=f inQx(0,T),
p=0 onoQx(0,T),
(S(p))(-,0) =s9 in Q.

Setting
@ p: pressure
@ S(p): saturation
@ Q c RY 1< d < 3, open polytope with Lipschitz boundary 6Q
@ T: final time
e diffusion tensor K, source term f € C'([0, 1]), gravity g, initial saturation
So € L*(Q),0< 5 <1
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Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that

S(p) — V[Kr(S(p))(Vp+9)]=f inQx(0,T),
p=0 onoQx(0,T),
(S(p))(-,0) =s9 in Q.

Setting
@ p: pressure
@ S(p): saturation
@ Q c RY 1< d < 3, open polytope with Lipschitz boundary 6Q
@ T:final time
e diffusion tensor K, source term f € C'([0, 1]), gravity g, initial saturation
So € L*(Q),0< 5 <1
@ nonlinear (nhonsmooth and degenerate) functions S and «
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Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that
9S(p) — VIKs(S(p))(Vp+@g)l=Ff inQx(0,T),
p=0 onoQx(0,T),
(S(P))(-,0) = 8o in Q.
Nonlinear (honsmooth and degenerate) functions S and «
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
Backward Euler & finite element discretization

Lowest-order continuous finite element space

Ve = {vh € H}(Q), Vhlx € P1(K) YK€ Th}
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Backward Euler & finite element discretization

Lowest-order continuous finite element space

Ve = {vh € H}(Q), Vhlx € P1(K) YK€ Th}

Discretization
Foreachne {1,...,N}, given p,_y € V9, find the approximate pressure

pn.n € VQ satisfying
1(S(Pnn) — S(Pn-1,), ¢n) + (F(Pnp). Vion) = (f(, tn), 0n)  Veon € V7,

where
F(q) = Kx(S(9))[Va + g].
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Example regularizations

Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
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Regularization

Regularization
Given pl, | € V7, find p’n , € VP satisfying

1SR — 8Py p)som) + (Fu(Ph ), Vion) = (FCotn).on) oo € VB,

where the regularized flux is given by

Fi(q) = Kr.(S.(9)[Va + gl.

lezia ~* e
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Regularization

Regularization
Given pl, | € V7, find p’n , € VP satisfying

LS (Phyp) = 8P4 ) ) + (FuBh ). Von) = (1), on)  Vion € VE,
where the regularized flux is given by

Fi(q) = Kr.(S.(9)[Va + gl.

@ ¢/: sequence of regularization parameters
@ /: stopping regularization index

-
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Linearization

Linearization
Given an initial guess , find

6 V? such that, for all ¢ € V7,

1(Su( g,k,,”)—sd-(d,';f1,,,),soh)+;(L( L= o), on) + (FE5. Von) = (-, ta). on),

where the linearized flux is given by
Flly = Krg (S (0L NIVeLs + a1+ <ol — ol ).

-
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Linearization

Linearization
Given an initial guess , find e V? such that, for all ¢ € V7,

1(8u( g,k,,”)—sg,-(d,';ﬁ,,,),soh)%(L( L= o), on) + (FE5. Von) = (-, ta). on),
where the linearized flux is given by
Fih = Krg(Sa(pfl NIVRL, + a1 + (ol — i)

@ k: stopping linearization index
@ modified Picard: ik
L:=8;(ppy ), £:=0
@ Newton’s method:

L= S,pi)

&= K(rg o S,) (P IVEL, ' + 4] )
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Flux reconstruction: —F% ¢ H(div, Q) — o’} € RTo(T) 11 H(dliv. Q)
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
A posteriori estimates of error components

A posteriori estimates of error components

s’ = |FL5 + ol (discretization)
K K ik . oL

i = |Fa(Ph) = Fol (linearization)
)')k o ',k ',k 3 o

77rne§ = ||F(pf,7h) — F€,~(p17,h)|| (regularization)
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Strictly unsaturated medium

° Q=0UQp, Q= (0, 1) (0,1/4],Q2 = (0,1) x (1/4,1)

e T=1,K=1g=(0,1)"
o effective saturation .#(s) = Ssv‘_ng
@ van Genuchten model

S) = ke/S .z )1/&)&)2
,)\2
{(1 + (—ap)' Az} P < Pwm;

P > Pwm
puv =0, Sg =0.026, Sy = 0.42, ke = 0.12,a = 0.551,\, = 0.655

x.y) = {o (x.y) € s,

®
—_

0.06cos(%7ry)sm( x) (x,y) €

_Jy—=1/4 (xy) e,

Po(x.¥) =14 (x.y) €

So = S(po) .

~ £\

uniform mesh with 40 x 40 x 2 elements, 75 = 1 leeia L2
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
Injection case

e Q=(0,1)?

e T=1,K=1g=(0,-1)"

o effective saturation .'(s) = 5 =&
@ Brooks—Corey model

(
S(p) - {S—P/PM)A‘ P < pwm,
P> Pwm

® py=-02, )\ =2.239

e f=0

@ po=—1

® 5o = S(po)

@ quasi uniform mesh with h=2.82-1072, 1y =2.82- 1072 Lovasan L
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
Do we reduce the computational cost?

Stepwise
T T

3009 *
0
=}
=]
=2
< 200 B
QL —H— Newton (adapt. reg., € =0.1)
o —4—  Modified Picard (no reg.)
o —&6— Newton (no reg., timestep cut)
z —o— Newton (no reg.)
< 100 |- *
g
=
Z

t (seconds)

Number of linearization iterations on

each time ste
p F. Févotte, A. Rappaport, M. Vohralik, Computational Geosciences (2024)
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tepwise .
Step Cumulative
T T 3700 Ne\’»’t()!.l (ada)].)t. reg., € =0.1) -
3004 —4—  Modified Picard (no reg.)
—&o— Newton (no reg., timestep cut)
—— Newton (no reg.)
2 £ 2,000 ]
Z 200) g7
9 Newton (adapt. reg., € = 0.1) E
o —4—  Modified Picard (no reg.) o~
a
o —6— Newton (no reg., timestep cut) e} JUS
= i e
5} —o— Newton (no reg.) b3} | P B
2 ool £ 1000 e
g A = i
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Do we lose precision?

Time: 0.282507 Time: 0.282507

Saturation field s = S(p{;”;) using Newton’s method and adaptive regularization
¢! = 0.1 (left) and modified Picard with no regularization (right)
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Realistic case

Discretization Regularization Linearization Flux Estimates Adaptivity Numerics

OQ:(O,1)2
e 7T =1
°g:(_‘lao)T

cos —sinf
°QZ(sinH cosG)
°K¢:0.1

e effective saturation .7(s) = SSV*_SSRR

@ Brooks—Corey model

y/
_ A1 < .
S(p){g p/pw) ™ p < pu,
P> pm
® py=-02 X\ =2
e f=0

@ quasi uniform mesh with h = 2.02- 1072, 7y = 2.02- 102

@ p(x)= (%) X, Pout = —2.0, pin = —0.2, pp = po|r,
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
Realistic case setting

I'y : No Flux ['D : P = pPout
i
=
F
o
Z.
= y
1 0 T
= Ky = K, K
K (0 0.5) 2 =K,QKiQ o
z
o
8
ﬁ“ so = S(pL(v)) 80 = S(Pout)
=y
A 0 =m/3
—
I'y : No Flux I'n : No Flux .

Cbreeia— o
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
Do we reduce the computational cost?

Stepwise
T T
3009 ]
—— Newton (adapt. reg., € =0.1)
—4—  Modified Picard (no reg.)
E —4— Newton (no reg., timestep cut)
S —— Newton (no reg.)
=
= 200 .
<)
h=1
[
[}
-
2100 :
g
=
Z
0 |

t (seconds)

Number of linearization iterations on

each time ste
p F. Févotte, A. Rappaport, M. Vohralik, Computational Geosciences (2024)
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Do we reduce the computational cost?

Stepwise

Cumulative
T T
B Newton (adapt. reg., € =0.1)
300¢- Newton (adapt. reg., € =0.1) 3,000] —=— Modified Picard (no reg.) .
—4—  Modified Picard (no reg.) —— Newton (no reg., timestep cut)
é) —o— Newton (no reg., timestep cut) 0 —5— Newton (no reg.)
S —o— Newton (no reg.) S
= 200 i | = 2,000 .
E w :?
X I\ =
B I 3
2 | g
= 100| 4 1 | 2 1,000 ,
= A E
Z Z
. 0# |
| | | | |
0 0.2 0.4 0.6 03 1 0 02 04 06 038 1
t (seconds) t (seconds)
Number of linearization iterations on Cumulative number of linearization
each time step iterations
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
Adaptive regularization and linearization
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F. Févotte, A. Rappaport, M. Vohralik, Computational Geoscwence§ (2024)
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| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Discretization Regularization Linearization Flux Estimates Adaptivity Numerics

Perched water table case

effective saturation . (s) = ;V__SSRR

van Genuchten model

*/\C / 7 % )1//\2)/\2)2’

,/\2
{(1 + (—ap)™- *2} p < pu,

@ Q=(-25m,25m) x (-3 m,0m)
@ T = 86400 s (one day)

e K=1

e g= (_170)T

o

°

1 P > pwm
ef=0
@ quasi uniform mesh with h = 8.2. 1072
@ 79 =60 s, (increase m, := 1.27,_1 for n > 1)
@ initial condition sy = S(pg) with py = —300 m /-
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Discretization Regularization Linearization Flux Estimates Adaptivity Numerics

Perched water table case setting

'y : Inflow

VWLVl b

1m Sand
Clay 3m
Sand
Material K 1) Sr |Sv| X a
Sand [6.262 x 10~°| 0.368 [0.07818] 1 | 0.553 | 2.8
Clay |1.516 x 10-6]/0.4686| 0.2262 | 1 |0.2835|1.04
M. Vohralik

-
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
Perched water table case saturation evolution

=

s
78002 02 03 04 05 06 07 08 09 1.0e+00
| I I

——

Saturation at t = 05s,21-10%s,41-10%s,86.1-10° s

;
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_ Discretization Regularization Linearization Flux Estimates Adaptivity Numerics
Performance: only adaptive regularization and linearization works

Stepwise

=

—— Newton (adapt. reg., € = 0.1)

2 100 s
2

=

g

3

5 50| B
el

=

=]

z \

L
0 0.2 0.4 0.6 0.8 1
t (seconds) .10°

Number of linearization iterations on

each time step
F. Févotte, A. Rappaport, M. Vohralik, Computational Geosciences (2024)
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Performance: only adaptive regularization and linearization works

Stepwise Cumulative
1 T T ‘ T T
{ ‘ Newton (adapt. reg., € = 0.1) ‘ Newton (adapt. reg., € = 0.1)
800 .
2 1001 2
S ks
= =
g £ 600 |
ks B
g S0r ) g 400 .
E s
j=] =
Z, Z.
200" g
01 - i
[» | | | | | ‘ | | | | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t (seconds) 105 t (seconds) .10°
Number of linearization iterations on Cumulative number of linearization
each time step iterations
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Complementarity problems

System of (nonlinear) algebraic equations with complementarity constraints

F(Xx) =0,
K(X) >0, G(X) > 0, K(X)- G(X)=0

-
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Complementarity problems

System of (nonlinear) algebraic equations with complementarity constraints

F(Xx) =0,
K(X) >0, G(X) > 0, K(X)- G(X)=0

Nonlinear algebraic inequalities — nonlinear algebraic equalities

-
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| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C

Complementarity problems

System of (nonlinear) algebraic equations with complementarity constraints

F(X) =0,
K(X) > 0, G(X) > 0, K(X)- G(X) =0
Nonlinear algebraic inequalities % nonlinear algebraic equalities

Complementarity functions: equivalent reformulation as algebraic equalities

nonlinear nonsmooth system

-
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Regularized complementary functions

. 35
\ ~
\\\\ - - CFB,L (x)
\JRY ~
I - CFB(.T)
S
A
\ A
\ N
AN
LU
\ \
N
\\ \\:u =1
\ ~
\ ~ ~
\\/,L :D‘5~ -
Regularized absolute value =03~
Newton-min) functions : - v
( ~15 15
HRegularized Fischer—Burmeister functions
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Numerical performances

Estimators
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| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Estimates Numerics

Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that
9:S(p) — V- [Kr(S(p)) (VP + g)] = f(S(p)) inQx(0,T),
p=0 on 902 x (0, T),
(S(p))(-,0) = so in €.
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| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Estimates Numerics

Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that
9S(p) — V-[Kx(S(p)) (VP +g)] = £(S(p)) inQx(0,T),
p=0 on 902 x (0, T),
(S(p))(-,0) = so in €.
Setting

@ p: pressure
@ S(p): saturation
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| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Estimates Numerics

Modelling flow of water and air through soil

The Richards equation
Find p: @ x (0, T) — R such that

9:S(p) — V- [Kr(S(p)) (VP + g)]
p
0)

f(S(p)) INnQx(0,T),
0 on 902 x (0, T),
So in €.

(S(P)(-,

Setting
@ p: pressure
@ S(p): saturation
@ Q c RY 1< d < 3, open polytope with Lipschitz boundary 6Q
@ T: final time
e diffusion tensor K, source term f € C'([0, 1]), gravity g, initial saturation
So € L*(Q),0< 5 <1

M. Vohralik Adaptive regularization and linearization for nonsmooth and degenerate problems  32/48



| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Estimates Numerics

Modelling flow of water and air through soil

The Richards equation
Find p: @ x (0, T) — R such that

9:S(p) — V- [Kr(S(p)) (VP + g)]
p
0)

f(S(p)) INnQx(0,T),
0 on 902 x (0, T),
So in €.

(S(P)(-,

Setting
@ p: pressure
@ S(p): saturation
@ Q c RY 1< d < 3, open polytope with Lipschitz boundary 6Q
@ T:final time
e diffusion tensor K, source term f € C'([0, 1]), gravity g, initial saturation
So € L*(Q),0< 5 <1
@ nonlinear (nhonsmooth and degenerate) functions S and «
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| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Estimates Numerics

Modelling flow of water and air through soil

The Richards equation
Find p: Q x (0, T) — R such that
9rS(p) — V- [Kr(S(P))(VP +g)] = f(S(p)) in€2x(0,T),
p=0 on 902 x (0, T),
(S(P))(-.0) = so in Q.
Nonlinear (honsmooth and degenerate) functions S and «

1 ——Brooks-Corey

----- van Genuchten

S (1;)

'S o

Saturation

)

Relative permeability x(s)

0 0 02 0.4 0.6 08 1
Pressure p Saturation s
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Spaces 5
X:=130, T H(Q), Z:=H'(0,T;H(Q))
Total pressure (Kirchhoff transform)
, 3 #(S(e)) do for p < pu, :
IC =< J0 ) Qo K=S
2 {Pmﬂﬁ)(ppm) for p > pu,



| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Estimates Numerics

Weak formulation

Spaces
X =130, T;H}(Q), Z:=H'(0,T;H'(Q)
Total pressure (Kirchhoff transform)
P k(S(0))d forp < p
K — fo"{( o 0 _M’7 0ok =S
) {PM F(1)(p - Pw) for p> pu

M. Vohralik Adaptive regularization and linearization for nonsmooth and degenerate problems 33 /48



| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Estimates Numerics

Weak formulation

Spaces
X =130, T;H}(Q), Z:=H'(0,T;H'(Q)
Total pressure (Kirchhoff transform)
_ ) J§ x(S(e))de for p < pu, Dk
ey {PM Fro-pw) forpspe 0TS
Weak formulation
VeX withs:=60(V)elZ, s(0)=sy inQ,

T T T
/<a,9(w),v>+/ (K(V\Il+g/<;(9(\U))),Vv):/ (FO(V)),v) WveX
0 0 0
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Weak formulation

Spaces » ] ’ |
X = L%(0, T; Hy(Q)), Z:=H'0,T,H ()
Total pressure (Kirchhoff transform)

P k(S(0))d forp < p
K e fO K/( o 0 >~ MM, 7 foK=3S8
°) {PM+/~:(1)(p—pM) for p > pu.

Weak formulation
VeX withs:=60(V)elZ, s(0)=sy inQ,
.

T T
/0 (016(V), v) +/0 (K(VV + gk(6(V))),Vv) = /0 (f(6(V)), v) Yve X
Residual R(\IlhT € X’ for v, € X such that s, :==0(Vy,) € Z

(R(Why), Vixrxi= / ((FOWh)), V) — (00 W hr), V) — (K (T 4+ g5(0(Wh))), VV) }(s)ds

M. Vohralik Adaptive regularization and linearization for nonsmooth and degenerate problems 33 /48



| Richards: adaptivity Multi-phase: adaptivity Richards: estimates C Estimates Numerics

Weak formulation

Spaces ] ’ |
X =120, T;H(Q), Z:=H'(,T;H(Q)
Total pressure (Kirchhoff transform)

P r(S(0))do forp < p
K(p) = Jo #(S(e =M o K=S8
°) {PM F(1)(p - Pw) for p> pu
Weak formulation
VeX withs:=60(V)elZ, s(0)=sy inQ,
.

T T
/0 (016(V), v) +/0 (K(VV + gk(6(V))),Vv) = /0 (f(6(V)), v) Yve X
Residual R(\IlhT € X’ for v, € X such that s, :==0(Vy,) € Z

(R(Wh.), V= / {(O(W ), V) — (D0(Vr), V) — (K(V W+ GR(O(Wrr))), V) } (5)ds
Dual norm of the residual
HR(th)HX’ = sup <R(\Uh7), V>X’,X
veX,|v]ix=1
M. Vohralik
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Time-integration functionals based on the sharp Gronwall lemma

Time-integration functionals, « : [0, T] — [0, o)

Ja : L([0, T]) — [0, 0),

70= [ow (< Jo) [ (20 atveo (fo) [ ) "’r
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Time-integration functionals based on the sharp Gronwall lemma

Time-integration functionals, « : [0, T] — [0, o)

Ja : L([0, T]) — [0, 0),

s [ex" (-1o) [ (20 +aten(Ja) [ ) dt] %

@ define norm on L?([0, T])
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Time-integration functionals based on the sharp Gronwall lemma

Time-integration functionals, « : [0, T] — [0, o)

Ja : L([0, T]) — [0, 0),

s [ex" (-1o) [ (20 +aten(Ja) [ ) dt] %

@ define norm on L2([0, T])
@ actually equivalent to the L2(]0, T]) norm

.
exp <_;ga) lellizqo.my = Jale) < llelizqo,my
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Time-integration functionals based on the sharp Gronwall lemma

Time-integration functionals, « : [0, T] — [0, o)

Ja : L([0, T]) — [0, 0),

e [ex" (-1o) [ (20 +aten(Ja) [ ) dt] %

@ define norm on L2([0, T])
@ actually equivalent to the L2(]0, T]) norm

.
exp <_;ga> lellizqo.my = Jale) < liellzqo.my

@ yield an almost constant value of error independent of T > 1 in applications
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Relation error — residual without e” by the sharp Gronwall lemma

Theorem (Relation error — residual without e”)
Let Wy, € X such that sp, := 0(Vy,) € Z. Then

2
— T ’ _l
& B +||(s — s ) (T -1 () + T v (%,EAHS—SMO

_1
< 50 — 8 (031 + Taves A IR s )2

>2
2
2 deg 2 *%
< liso = smr(O)I? + T, (1) +4 T e, ( DnZ IR(Y1:) -1y )

TI(19(5 = sr) |10
< 8|7V = W llg-1()? + €a(T) Ta (IS = Surll)? + TA(IR(Vry)

| )?
H-1 ( (9] ) .

.
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let Wy, € X such that sy, := 0(Vy,) € Z. Then

IR(War () lH-1(q) < nr(t)-
Consequently,
1
€%, = & RO — 5, )(T) 21 + Taees (B4 IS — Shrl])?

15 = 1
< ™R + Dare, A 2nR)? = 0,
_ (T 1 1
E5y = e 10 %2||(s — s, )(T)|12 + 3T, (|D(8) 22 V(W — Wy, )||)?

- 2 -1 )?
< ["EP + T, (ndeg) +4 T, < 27773) = .
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Degenerate case with known solution

@ unit square Q = (0, 1)?
o 7T=1
e K=1
@ nonlinearities
-1 if 1,
a(s) =1, S(p) — exp(p—1) o<1,
1 ifp>1
@ exact solution
Pexact(X, y, ) = 12(1 + tQ)Xy(1 -x)(1-y)
@ fand sy chosen accordingly
@ (h,7) = (ho,m0)/¢ with £ € {1,2,4}, hg = 0.2, 79 = 0.04
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Evolution of the solution and of the estimators

10°F 7]
L R A 00”"‘ 4
wn . 1| Degeneracy sets in i
10 1
2 1
= 1
£ |
F |
. -2 . i
4%10 nn,hﬂ |
3 —.—77d9g |
107 qd,t |
T h,0 !
1 N ; ] )
0 0.2 0.4 0.6 05 f 1

0 0
Saturation of the exact solution pexact and Principal estimators thQ(t) ndeg(t)
’77 s b b

the domain Q99(¢) at t = 1 "
and n,, o(t) for £ =2
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How large is the error?

Estimates  Numerics

4 x10°
Lot (=1
]

S| 0 =2

S —0=4

+ 4F

®

g sl

:‘3

»n ot

Slfe

l.
% 04 08 t 1

Overall n,2 a posteriori error estimator

M. Vohralik

Estimator n

S

o
o

S
=)
T

S
~
T

S
S}
T

0 5

(=1
—a—gz
—0 =4

0 0.2 0.4 0.6

0.8

t

1

Overall n1 a posteriori error estimator

(e
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Is our prediction efficient and robust wrt the final time?

7 ar
wWe - =2 Wt . p=1
~ ~

& —Ll=4 = |t =2
E st st
Fg 4& g 37 [Kemeesee
H:i 3r &’:4 36f
£ £

% 02 04 06 08 t 1 3 02 04 06 08 t i
&2 effectivity indices & effectivity indices
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Where (in space and time) is the error localized?

IsoValue y IsoValue

[$2}
(&)}

[}
(&)

(9]

N A= O™
o

ONOIRN =0

o

EEEEEEEEN
(X e eurtartar et S Yo
(&)

m0
m0
ni
mi
mi
mi
mi
mi
2

Elementwise effectivity indices (t = 1, Elementwise effectivity indices (t =1,
{=1) (=4)
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Realistic case

unit square Q = (0, 1)?
T=1

@ f =0, heterogeneous and anisotropic K, g = <_01)

Brooks—Corey-type saturation and permeability laws

1 ifp<T,
S(p) = { -p)3 , kK(s)=s°
1 ifp>1

unknown exact solution
(h,7) = (ho,m0)/¢ With ¢ € {1,2,4}, hy = 0.2, 7o = 0.04
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Realistic case

— NoFlux P = Pout

§ 5 15 t =¥ 1

2 B il n n

2 ; " ’ <

: = —
| 1 0 d |
Ki=(y o5) Ke=KsQFKiQ

=

) So = S(Pin) So = S(Pout)

I

(S8

No Flux No Flux

Numerical saturationfor ¢ =2 att = 1

Setting
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Where (in space and time) is the error localized?

IsoValue IsoValue

DO WADNWOON W
AOOI=O—=NONW

NOOONROINWOON &
NOIURIOAND D

o

Estimated local error (t =1, ¢ = 2) Exact local error (t =1, ¢ = 2)
K. Mitra, M. Vohralik, Mathematics of Computation (2024)
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Benchmark case (infiltration in a vadose zone from a water body)

e Q=(0,2) x(0,3)

o 7T=1

@ f=0,K=496x10"2l,g= (?)

@ van Genuchten saturation and permeability laws

S(p) = {1/(1 Flou—p) TR PSP g a1 (1 s ey
1 it p> pum

@ \=1-1/2.06, py =1
@ unknown exact solution
@ h=1/4,7=10/48
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Benchmark case

P =Pin(t) _ No Flux Pressure plot, £ =10/48  |soValue

Xn|4 oN

No Flux

So=S(1-y)

No Flux

Setting Numerical pressure at t = 10/48
breia—
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Where (in space and time) is the error localized?

IsoValue IsoValue

m-5.07 ’
m-4.57 - %’%8
m-4.08 m-3.54
m-3.59 m-3.18
m-3.09 m-2.82
m-2.60 m-247
m-2.11 m-2.11
u-1.61 m-1.75
m-1.12 m-1.39
Estimated local error (t = 10/48) Exact local error (t = 10/48)
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Adaptive regularization and linearization

@ Numerical experiments

© Multi-phase flow with phase transition

Q The Richards equation: overall error certification
@ A posteriori error estimates
@ Numerical experiments
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Conclusions

Conclusions
@ adaptive regularization: keep Newton linearization and avoid timestep
cutting, damping, scheme switching, or variable switching
@ steered by a posteriori estimates
@ certification of the overall error committed in the numerical simulation
@ sound numerical performance (Richards equation, multiphase flows,
multicompositional flows, complementarity problems)
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Thank you for your attention!
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