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@ highly contrasted, discontinuous coefficients

@ unstructured and nonmatching grids

Goals of this work

@ derive fully computable a posteriori error upper bounds
@ distinguish different error components
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The model
Darcy velocity u,
Kea(Su A
oos.) + V(- K(Vp, 4 ugV2)) ~ au e fnw)
«
Sp+ Sw = 1 )
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Global and complementary pressures

Global pressure

An(@)

(@) 1 (e @da

Sw
p(Sw, Pw) == Ppw + /0
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Global and complementary pressures

Global pressure

Sw
p(Sw, Pw) == P W

Complementary pressure

—_ [ (@)
q(sw) :== _/0 mpc(a)da
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Global and complementary pressures

Global pressure

Sw
p(Sw, Pw) == P W

Complementary pressure

—_ [ (@)
q(sw) :== _/0 mpc(a)da

Comments
@ phase mobilities \n(a) := k.o (@)/pta, @ € {n, W}
@ necessary for the correct definition of the weak solution
@ equivalent Darcy velocities expressions

Vw(Sw, Pw) == — K(AW(SW)VP(SWPW) + Va(sw) + )‘W(SW)PWQVZ)>
Va(Sw; Pw) = — K(Aa(8w) Vp(Sw, Pw) — Va(Sw) + Aa(Sw)2agV2)

informatics, 7 mathematics
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Energy space

X := [2((0, T); H)())




| Setting A posteriori estimates Applications & exps. C Two-phase fl. Pressures Weak formulation Error measure

Weak formulation

Energy space
X .= L%((0, T); H(Q))

Definition (Weak solution (Chen 2001))
Find (sw, pw) such that, with s, :=1 — s,
sw € C([0, T]; L3(R2)), su(:0) = 2,
drsw € L2((0, T); (HB(9))),
p(Sw, pw) € X,

b

/{af(sbsa — (Va(Sus ), V) = (Gas )}t = 0

Vo e X, a € {n,w}.
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Error measure Hl(sw — Sw,hr> Pw — pW,hT)lH

T :
+ { /O HK( ( W, h—) + /\n( W, h,—))V( )zdf}
T 2
; { /O 1KV )Zdt}
Comments

p(s\\:hT-p\\‘.hT) X =
q(S\v.hT) X = A

5 Informatics g mathematics
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Error measure

Error measure |||(S, — Sy hr. P — Ponr) |

;
{ > { sup /0{<6t(¢sa)_8t(¢sa,h’r)790>

ac{nw} veX, [lellx=1

2

2
_(VOl(SW7 pw) - Va(sw,hra pw,hr)a v@)}dt} }

=

T
+ {'3'2;(/0 HK()\W(SW,hT) + )\H(SW,hT))V(p(SW,hT?pW,hT) - ﬁ)”zdt}

.
i {a‘Qfx /0 1KV (a(50 ) — El)llzdt}

1
2

P
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Error measure

Error measure |H(SW — Sw,hry Pw — pw,hT)H|

;
{ > { sup / {(01(9Sa) — Ot(PSanr), @)
ac{n,w} 0

Soexﬂ ||90HX:1 |

2

2
_(VOl(SW7pW) - Va(sw,hra pW,hT)7 v@)}dt} }

1
T 2
+ { it | IR (Swr) + M S )V (B0 ) ~ ﬁ)szt}

T 2
+ { inf /0 ||Kv(q(sw,hr) o EI)HQ‘H}

gex
Comments
@ dual norm of the residual
@ p(Sw hr, Pw,hr) ¢ X = global pressure nonconformity
® q(Sw nr) € X = complementary pressure nonconformity
informatics gFmathematics
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Link to functional spaces error measure

Theorem (Link to energy-type error (Canceés, Pop, V. 2013))

Let (sw, pw) be the weak solution.
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Theorem (Link to energy-type error (Canceés, Pop, V. 2013))

Let (sw, pw) be the weak solution. Let (Sy pr, Pw,rr) e arbitrary
but such that p(Sy. hr, Pw,hr) © X @and q(Sy.pr) € X + IC.
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Link to functional spaces error measure

Theorem (Link to energy-type error (Canceés, Pop, V. 2013))

Let (sw, pw) be the weak solution. Let (Sy pr, Pw,rr) e arbitrary
but such that p(Sy pr, Pw,p-) © X @and q(Sy.nr) € X + IC. Then

18w = Sw.nrll 20,7y (H)y) + 19(Sw) — a(Sw,hr)ll 2@ (0,7))
+ ||p(Sw, Pw) — P(Sw,hmPw,hr)HLz((o,T);Hg(Q))

T
<C sup Ot($Sa) — Ot(HSahr),s
{(IG%W}{QOGK ||<Px—1/0 {< t( ) 1‘( h ) gp>

1

2

2
_(va(swa pw) - V(X(SW,hT7 pw,hr)7 Vgp)}dt} }
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M. Vohralik A posteriori estimates and stopping criteria for two-phase flows



| Setting A posteriori estimates Applications & exps. C Two-phase fl. Pressures Weak formulation Error measure

Link to functional spaces error measure

Theorem (Link to energy-type error (Canceés, Pop, V. 2013))

Let (sw, pw) be the weak solution. Let (Sy pr, Pw,rr) e arbitrary
but such that p(Sy pr, Pw,p-) © X @and q(Sy.nr) € X + IC. Then

18w = Sw.nrll 20,7y (H)y) + 19(Sw) — a(Sw,hr)ll 2@ (0,7))
+ ||p(Sw, Pw) — P(Sw,hmPw,hr)HLz((o,T);Hg(Q))

T
<C sup Ot($Sa) — Ot(HSahr),s
{(IG%W}{QOGK Il x=1 /0 {< t( ) 1‘( h ) gp>

1

2

2
_(va(swa pw) - vu(sw,hﬂ pw,hr)7 Vgp)}dt} }

Comments
@ conforming approximations: energy-type error contro d lllllll o
by the dual norm of the residual Zia—
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Pressure reconstructions

Definition (Global & complementary pressure reconstructions)
Piecewise affine-in-time scalar fields such that

ﬁh‘rG X7
ﬁhrg X.
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Pressure reconstructions

Definition (Global & complementary pressure reconstructions)
Piecewise affine-in-time scalar fields such that

ﬁh‘rG Xa
Comments
@ P, global pressure reconstruction if p(Sy pr, Pw.hr) & X
@ {p,: if q(Sw,nr) & X

@ continuity of traces as for the exact solution
@ practice: continuous, piecewise polynomials by averaging

L d
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Phase velocities reconstructions

Definition (Equilibrated phase velocities reconstructions)

Piecewise constant-in-time vector fields such that, for all
1<n<Nanda«ac {nw},

qu,hT’ln = H(diV, Q)

and such that

(qg - at(ﬁbsa,hT’ln) - v’ua,hT|ln7 1 )K =0 VK € 777,7'

L d
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Phase velocities reconstructions

Definition (Equilibrated phase velocities reconstructions)

Piecewise constant-in-time vector fields such that, for all
1<n<Nanda«ac {nw},

qu,hT’ln = H(diV, Q)

and such that

(qg - at(ﬁbsa,hT’ln) - v’ua,hT|ln7 1 )K =0 VK € 777,7'

Comments
® U, 5. nonwetting phase velocity reconstruction
® u, p-: wetting phase velocity reconstruction
@ continuity of normal traces and local conservation as for
the exact Darcy velocities u,
@ practice: discrete fields in Raviart-Thomas—Nédélec- .
spaces Zea—
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Basic a posteriori error estimate

Theorem (Basic a posteriori error estimate)
Let (sw, pw) be the weak solution.
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Basic a posteriori error estimate

Theorem (Basic a posteriori error estimate)

Let (sw, pw) be the weak solution. Let (S pr, Pw.hr) e arbitrary
(satisfying BC+IC).
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Theorem (Basic a posteriori error estimate)
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pressure and phase velocities reconstructions.
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Basic a posteriori error estimate

Theorem (Basic a posteriori error estimate)

Let (sw, pw) be the weak solution. Let (S pr, Pw.hr) e arbitrary
(satisfying BC+IC). Let $p;, Gpr, @nd U, p-, o € {n,w}, be the
pressure and phase velocities reconstructions. Then

’H(Sw - sw,hrapw - pw,hr)w

1
N 3
& A 2
< Z Z (n;}(sw,hﬂ pw,hm Phrs dhr, un,hT7 uw,hr))
n=1KeT)
V4
Informatics g mathematics
V2507 5
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Basic a posteriori error estimate

Theorem (Basic a posteriori error estimate)

Let (sw, pw) be the weak solution. Let (S pr, Pw.hr) e arbitrary
(satisfying BC+IC). Let $p;, Gpr, @nd U, p-, o € {n,w}, be the
pressure and phase velocities reconstructions. Then

H|(5w - sw,hrapw - pw,hr)m

1
N 2
A A~ 2
< § E (n;}(sw,hﬂ pw,hﬂ Phrs dhr, un,hT7 uw,hr))
n=1KeT)
Comments

@ overall error control
@ a posteriori error estimators 7y fully computable
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Estimate distinguishing different error components

Theorem (Distinguishing different error components)
Consider

@ fime step n,
@ linearization step k,
@ jterative algebraic solver step I,
and the corresponding approximations s” ko " and p” K1 Then

K, K, K, K K K
l(sw — s PNl < ng 4 nile! ol e,

th’pW WhT

L d
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Estimate distinguishing different error components

Theorem (Distinguishing different error components)
Consider

@ fime step n,
@ linearization step k,
@ jterative algebraic solver step i,
and the corresponding approximations s” kol " and p” K1 Then

k k k, k, K, K,
I(sw = SZT P — PEED 1 < 03T+ nl 4+ nil” + gl

Error components
n,k,i.

® 7 . spatial discretization

° n{I’nk’ temporal discretization

@ n': linearization

° 77;;’ algebraic solver &;7,
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Horizontal flow
n(95a) — V- ( “;fSW)KVpa) -0,
Sp+Sy=1,
Pn — Pw = Pc(Sw)
Brooks—Corey model
relative permeabilities
Kew(Sw) = 8¢, Kea(sw) = (1 = 8)°(1 — 87)

capillary pressure
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Model problem

Horizontal flow

kra W
6t(¢scx) -V <’M(S)Kv/3a) = 07
Sp+ Sw = 17
Pn — Pw = Pc(Sw)

Brooks—Corey model
@ relative permeabilities

kw(Sw) =8, Ken(Sw) = (1 — 8e)2(1 — 82)

@ capillary pressure
.

pc(sw) = PdSe 2

SW - srw
L d

1 —Sw — Sm s e
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@ Basic a posteriori error estimate
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@ lteratively coupled implicit pressure—explicit saturation

vertex-centered finite volumes
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Fully implicit cell-centered finite volume scheme

Fully implicit cell-centered two-point finite volumes
Forall1 < n < N, look for s ,.p , such that

Sl K — Suk
W, w, —_
I K|+ Z Fy e (S Py.n) =0,
eKLGS}?‘
" — s/ _
—¢ = n = K| + Z aneKL(s\?wh?pgv,h) =0,
eKLeé'}?‘

-

hgﬁm 7 mathematics
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Fully implicit cell-centered finite volume scheme

Fully implicit cell-centered two-point finite volumes
Forall1 < n < N, look for s ,.p , such that

n n—1

Sw,k ~ Sw.k _
¢ = n = ’K| + Z FW,GKL(ng,hvpgv,h) =0,
eKLGSi"‘
sn
K K —
— v, 2 K|+ Z HGKL w,h?pgv,h) =0,
eKLGS““

where the normal fluxes are given by

_ Arw(Sy k) + Aew(Sh 1) Pa L — Py k
Fu.ex (Su.ho Piu,n) = — - 5 —=~|K] &’K — XVZI ek,
_ Arn(Sy k) + Aen(SG 1)
Foen (S Pap) == — = 5 = K]

" Py .+ Pe(sy ) — (P k + Pe(Sg k)

w
: : [T R —
Xk — X¢| [ib’ﬁibz—
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Linearization and algebraic solution

Linearization step « and algebraic step /
Couple s}, " such that

Snk/
w,K wK k—1 nkl nk,iy _ n,k,i
¢ ‘K’—i_ Z FWeKL w,h 7lowh) _R\\'AK7
eKLeglnl
Sn,k,i s 1
w,K w,K k— nk/ =nK,iy _ n,k,i
_(b n ’K| + Z F eKL w,h ’pwh ) _Rn.K ’
eKLch;?l

Ve

h,n,,;,.,u,mmm
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Linearization and algebraic solution

Linearization step « and algebraic step /
Couple s}, " such that

nk,i

S’ :
¢ w,K WK‘KH' Z I_-kq nk: nk/)__Rn,k./

w eKL w h ,,OW h
eKLeé"“‘

nk,i _ "= 1
w,K w,K k nk/ nk,iy _ n,k,i
_¢T7’K|+ Z FGKL h’pwh) -R
eKLEf/‘;?l
where the linearized normal fluxes are given by

k—1 Kol Bk k=1 znk—1
FaE‘KL( \?vhl’ \rx’/,hl) :Fa,eKL(S\?/,h ) a,h )

aFa,e n,k—1 —n nk,i nk—1
D De syl L PUn (Sil — Sih )
Me{K,L}

oF, ok ke
> s P By Pl )
meik. M C5s
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Velocities reconstructions

Velocities reconstructions

K, k k
(d: hl nK71)eKL = aeKL( \?zhl’p\rzzh’)
n,k,i k—1 nk/ =n,Kk,i
((da7h (} h ) nK’ )eKL " FO( eKL( Wh ’pWh )
nk/ . dnk/+u Ink/+z/ (dn Ink/)

(1/’7

L d
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Velocities reconstructions

Velocities reconstructions

(d:,;l nK71)eKL =Fa eKL( \lel’p\rx]/ﬁ’)
(@5 + 105k e =Fil o (ST PLR,
:}/(7, . dnk/+u Ink/+u (dn Ink/)
Comments
@ phase velocities reconstructions:
k= At
dg’f;”, IZ’;’, n ';,” used to identify error components

L d
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Global and complementary pressure reconstructions

Global and complementary pressures reconstructions
@ piecewise quadratic global and complementary pressures:
—(Aw(suk) + (U RDKV (0] i) = (@05 +d7 I,
B k) = (B ’,2’, Swk )
KV (a7 16) = Aa(sy KV (07 1i) + diy .
0y (xi) = a(sik)

@ reconstructions:

azk/ — Iav(qz,k,i)

L d

Informatics g mathematics
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Global pressure reconstructions

00 3400

3300

2200

2000

2600

2700

2600

2500

Approximate global pressure Averaged approximate global
P(Sw,hr> Pw,hr) & X pressure pp. € X

L d
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*kgm~'s™! 4, =2.103%kgm~ s,
Sw=5m =0, ps=510°kgm's?

L d

&1}; ,,,,, 7 nathematics
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*%kgm~'s™!, 4, =2103kgm~ s,
Sw=5n=0, ps=2510°kgm~'s72
Initial condition (I~< 18m x 18m lower left corner block)
X =020nKeTh K¢K,
2 =0950nKeTh KeK

L d

Informatics g mathematics
V7577 5
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*%kgm~'s™!, 4, =2103kgm~ s,
Sw=5n=0, ps=2510°kgm~'s72
Initial condition (I~< 18m x 18m lower left corner block)
X =020nKeTh K¢K,
2 =0950nKeTh KeK

Boundary conditions (R 18m x 18m upper right corner block)

@ no flow Neumann boundary conditions everywhere except
of 0K N 0Q and 90K N 0Q
® K —injection well: s, = 0.95, p,, = 3.45-108kgm~'s2
@ K —production well: s, = 0.2, p, = 2.41-10%kgm~ Y2575
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Water saturation/estimators evolution

informatics gFmathematics

24,
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C

Fully implicit CCFV

Iteratively coupled IMPES VCFV Exts

Estimators and stopping criteria

Estimators

10
10° |, -
10° 4
107 B
—=—total
—A—spatial
10°H temporal |
—4— linearization
o +al‘gebraic . . . | |
0 0 200 400 600 800 1000 1200 1400 1600
GMRes iteration
Estimators in function of
GMRes iterations
M. Vohralik

Estimators

[|—=—total

|| —*— algebraic

—A—spatial
temporal
—4—linearization

Newton iteration

Estimators in function of
Newton iterations

L d
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GMRes relative residual/Newton iterations

10 1 ;
.’.w W’ —a— classical
e = f
107 Pee e LT g 2
E] Eua,‘.’i 212 g
3 g
2 100 19 i 2 W’.A.{
o < 101 i
g 107 i 5 8le B
£ g L
5 Eof 7
102 B 2 |ie
4fe seeees g
10 14 L L L L 1 1 1 2 | | | | .\..... | 1
0 05 1 15 2 25 3 35 4 0 05 1 15 2 25 3 35 4
Time/Newton step x10° Time x 10°
GMRes relative residual Newton iterations
P

h,n,,,m,.,,,,mm.mm
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GMRes iterations

Fully implicit CCFV

Iteratively coupled IMPES VCFV Exts

Number of GMRes iterations

—=— classical
- @ -adaptive

(] 05 1 15 2 25
Time/Newton step o

Per time and Newton step

M. Vohralik

Cumulated number of GMRes iterations

x10°

[
@

w

N
@

~

Il
@

-

o
@

T
—=— classical
daptive |

T eeespossegeseetsessarseseesss]
) 05 1 15 2 25 3 35 .
Time 10’

Cumulated
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© Applications and numerical experiments

@ Iteratively coupled implicit pressure—explicit saturation
vertex-centered finite volumes

rd

: informatics gFmathematics
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lteratively coupled vertex-centered finite volumes

Implicit pressure equation on step k

(e (25T + Aea(8ZA))KVR ) mp

+Aea(sy KVE, (s 1) np, 1) -0 vDeDM"

8D\

L d
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lteratively coupled vertex-centered finite volumes

Implicit pressure equation on step k

(e (25T + Aea(8ZA))KVR ) mp

+Aea(sy KVE, (s 1) np, 1) -0 vDeDM"

aD\oQ
Explicit saturation equation on step k

ko T et 1 int,
Swp = 3D (Arw(sy, )KvahnD’1)6D\8Q+ng,D vD e D"

L d

Informatics g mathematics
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Linearization and algebraic solution

Iterative coupling step < and algebraic step /

_((Ar, ( ﬂk 1)+)\rn( nk 1))Kvp\[:;;7’n
+Arn(S) ”" 5KV, (s 3771)'"0’1)@\@9: ~R"Y" wD e D"

t,

L d
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Linearization and algebraic solution

Iterative coupling step < and algebraic step /

_((Ar, ( ﬂk 1)+)\rn( nk 1))Kvp\fzf/(7/n
+Arn(S) ”" 5KV, (s 3771)'"0’1)@\@9: ~R"Y" wD e D"

t,

nk,i .

" ket K,
SW.D = ¢|D| ()‘r, ( n )Kvpn ’nD,1)

n—1
ap\oe T Sw.p

L d
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Velocities reconstructions

Total velocities reconstructions

(d”k’nD,1)e — _ (()\ ( nkl)+)\rn( nk’))KVpnkI
+ Aen(s ”k’)Kv/oc( o) nD,1)e,
(AP 175 np, e = — (e (ST ) + Aen(82))KVRIS np

+ Aen(Sy K= )KVﬁC(sgv@*‘)-nDJ)e,

atr?hk./::dnk/ﬂ/ Ink/+z/ (dnk/ Ink/)

L d
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Velocities reconstructions

Total velocities reconstructions

(dnkInD,1)e — _(()\ ( nkl)“‘Arn( nkl))Kvpnk/
+Arn( nkl)KvpC( nk/) nD,1) ’
((dnk/ nk/) nD,1) — _(()\rw( nk 1)+)\rn( nk 1))Kvpnk1

+ Aea(SPh 1)Kv/oc( gﬁ;‘)-nm)e,
n,K,i o dnk/+z/ Ink/+z/ (dnk/ Ink/)

a
Wetting phase v;/;ocitles reconstructlons
(Al np 1)e == — (\w(SEE KV np, 1),
((@yh + 1050, e = — (sl DKVRLE 0. 1),
all =0

Informatics g mathematics
V72,77 2
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Velocities reconstructions

Total velocities reconstructions

(dnkInD,1)e — _(()\ ( nkl)“‘Arn( nkl))Kvpnk/
+ Aea(S3 5 KVB(S) )N, 1)
((dnk/ nk/) nD,1) — _(()\rw( nk 1)+)\rn( nk 1))Kvpnk1

+ Aea(SPh 1)Kv/oc( gﬁ;‘)-nm)e,
n,K,i o dnk/+z/ Ink/+z/ (dnk/ Ink/)

a
Wetting phase v;/;ocitles reconstructlons
(Al np 1)e == — (\w(SEE KV np, 1),
((@yh + 1050, e = — (sl DKVRLE 0. 1),
all =0

Pressure reconstructions
@ conforming setting = no pressure reconstructions g e e
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Fully implicit CCFV  lteratively coupled IMPES VCFV  Exis

Estimators and stopping criteria

Estimators
=
S

-2
|~ | adaptive stopping criterion N

10 —
—=—total
—A— spatial
10°H temporal —
Imeanzgllon classical stopping criterion
algebraic
10° T T | I

1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200 220

GMRes iteration

Estimators in function of
GMRes iterations
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10
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—4—linearization
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iterative coupling iterations
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GMRes relative residual/iterative coupling iterations

Fully implicit CCFV  lteratively coupled IMPES VCFV  Exis

GMRes relative residual

1
2 2.05 21 215 22
Timel/iterative coupling step x10°

GMRes relative residual

M. Vohralik

Number of iterative coupling iterations
5
T
I

1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4
Time

Iterative coupling iterations
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GMRes iterations

Fully implicit CCFV  lteratively coupled IMPES VCFV  Exis

T
250} classical -
- ® -adaptive

N
S
3

1

1501

Number of GMRes iterations
e
1)
S
i

@
S
T

T\r.ne/n.era;lvze%oulplmlg sllep ’ x10°
Per time and iterative
coupling step

M. Vohralik

5% 10°

T
—=—classical
daptive

Cumulated number of GMRes itel

? T T I
0 05 1 15 2 25 3 35 4
Time x10°

Cumulated

L d

h,n,,,m,.,,,,mm.mm

A posteriori estimates and stopping criteria for two-phase flows



| Setting A posteriori estimates Applications & exps. C Fully implicit CCFV  lteratively coupled IMPES VCFV  Exis

Space/time/nonlinear solver/linear solver adaptivity

L d
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Extension to multiphase compositional flows

Multiphase compositional flows

@ Np phases, No components
@ miscible, compressible
@ isothermal/thermal

@ Ph.D. theses of Carole Heinry and Soleiman Yousef
(Paris 6/IFPEN)
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Extension to multiphase compositional flows

Multiphase compositional flows

@ Np phases, No components
@ miscible, compressible
@ isothermal/thermal
@ Ph.D. theses of Carole Heinry and Soleiman Yousef
(Paris 6/IFPEN)
Discretization and resolution

@ fully implicit cell-centered finite volumes
@ Newton linearization
@ GMRes with ILUO preconditioning
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Extension to multiphase compositional flows

Multiphase compositional flows

@ Np phases, No components
@ miscible, compressible
@ isothermal/thermal
@ Ph.D. theses of Carole Heinry and Soleiman Yousef
(Paris 6/IFPEN)
Discretization and resolution
@ fully implicit cell-centered finite volumes
@ Newton linearization
@ GMRes with ILUO preconditioning

Test case

@ two phases and three components
@ heterogeneous permeability distribution s’ e

M. Vohralik A posteriori estimates and stopping criteria for two-phase flows
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Newton iterations

Fully implicit CCFV lteratively coupled IMPES VCFV  Exts

Newton iterations

T T
—e—classical
—=—adaptive | |

Time -108
Per time step

M. Vohralik

T T
—e—classical
150 -| —=—adaptive :

Cumulated number of Newton iterations

100 B
50 - B
0 L Il Il Il Il Il i
0 2 4 6 8
Time 108
Cumulated
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GMRes iterations
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@ The two-phase flow model

@ Global and complementary pressures

@ Weak formulation

@ Error measure
Q A posteriori estimates

@ Pressure and phase velocities reconstructions

@ Basic a posteriori error estimate

@ Estimate distinguishing different error components
0 Applications and numerical experiments

@ Fully implicit cell-centered finite volumes
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Conclusions

Complete adaptivity

only a necessary number of algebraic solver iterations
on each linearization step

only a necessary number of linearization iterations
space-time mesh adaptivity

smart online decisions: algebraic step / linearization step /
time step refinement / space mesh refinement

important computational savings
error upper bound via a posteriori error estimates

L d
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Conclusions

Complete adaptivity
@ only a necessary nhumber of algebraic solver iterations
on each linearization step
@ only a necessary number of linearization iterations
@ space-time mesh adaptivity

@ smart online decisions: algebraic step / linearization step /
time step refinement / space mesh refinement

@ important computational savings
@ error upper bound via a posteriori error estimates

Future directions

@ practical implementations
@ other complex problems

L d
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