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The Stokes problem

Stokes problem
Find u and p such that

−∆u +∇p = f in Ω,

∇·u = 0 in Ω,

u = 0 on ∂Ω

Weak solution
Find (u,p) ∈ V×Q such that

a(u,v) + b(v,p) = (f,v) ∀v ∈ V,
b(u,q) = 0 ∀q ∈ Q

V := [H1
0 (Ω)]d , Q := L2

0(Ω)
a(u,v) := (∇u,∇v), b(v,q) := −(q,∇·v)

inf–sup condition

inf
q∈Q

sup
v∈V

b(v,q)

‖∇v‖ ‖q‖ = β
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Babuška–Brezzi splitting

Energy norm

|||(v,q)|||2 := ‖∇v‖2 + β2‖q‖2 (v,q) ∈ V×Q

Babuška–Brezzi splitting

B((v,q), (z, r)) := a(v, z) + b(z,q) + b(v, r)

equivalent formulation: find (u,p) ∈ V×Q such that

B((u,p), (v,q)) = (f,v) ∀(v,q) ∈ V×Q

inf–sup condition on V×Q

inf
(v,q)∈V×Q

sup
(z,r)∈V×Q

B((v,q), (z, r))

|||(z, r)||| |||(v,q)||| =

√
5− 1
2

=: CS

(β disappears thanks to the definition of the energy norm)
(value of CS communicated to us by J.-F. Maître)
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Discrete setting
Mesh Th

a polygonal (polyhedral) partition of Ω
elements T of Th can be nonconvex or non star-shaped
Th can be nonmatching

T−(F )

T+(F )
F

nF
Th

Nonmatching polygonal mesh Th

Broken Sobolev space
V(Th) := {vh ∈ L2(Ω); vh|T ∈ [H1(T )]d ∀T ∈ Th}

jump of vh over a side F : [[vh]]F := vh|T−(F ) − vh|T+(F )

average of vh on a side F : {{vh}}F := 1
2(vh|T−(F ) + vh|T+(F ))

Energy semi-norm
|||(v,q)|||2 := ‖∇v‖2 + β2‖q‖2 (v,q) ∈ V(Th)×Q
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Assumption 1: velocity and stress reconstructions

Velocity reconstruction

sh ∈ V

Stress reconstruction

stress reconstruction σh ∈ H(div,Ω)

elementwise local conservation holds:

(∇·σh + f,ei)T = 0, i = 1, . . . ,d , ∀T ∈ Th

or

(∇·σh −∇ph + f,ei)T = 0, i = 1, . . . ,d , ∀T ∈ Th
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Guaranteed upper bound

Theorem (A posteriori error estimate)

Let (u,p) ∈ V×Q be the weak solution. Let
(uh,ph) ∈ V(Th)×Q be arbitrary. Let the velocity
reconstruction sh and the stress reconstruction σh satisfy
Assumption 1. Then,

|||(u− uh,p − ph)|||

≤
{∑

T∈Th

η2
NC,T

}1/2

+
1

CS

{∑
T∈Th

{
(ηR,T + ηDF,T )2 + η2

D,T
}}1/2

.
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Estimators, σ = ∇u− pI

Estimators for T ∈ Th
diffusive flux estimator

ηDF,T := ‖∇sh − phI − σh‖T
residual estimator

ηR,T := CP,T hT‖∇·σh + f‖T
CP,T : Poincaré cnst (1/π when T convex); hT : cell diameter

nonconformity estimator
ηNC,T := ‖∇(uh − sh)‖T

divergence estimator

ηD,T :=
‖∇·sh‖T

β
Continuous level

constitutive law: ∇u− pI − σ = 0
equilibrium: ∇·σ + f = 0
constraints: u ∈ V and ∇·u = 0
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equilibrium: ∇·σ + f = 0
constraints: u ∈ V and ∇·u = 0
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Main steps of the proof, σ = ∇u− pI
Main steps of the proof, cf. Prager–Synge (1947), Repin (2002).

triangle inequality:
|||(u− uh,p − ph)||| ≤ ‖∇(uh − sh)‖+ |||(u− sh,p − ph)|||

stability estimate:
|||(u− sh,p − ph)||| ≤ 1

CS
sup

(ϕ,ψ)∈V×Q

B((u− sh,p − ph), (ϕ, ψ))

|||(ϕ, ψ)|||
definition of B and of the weak solution:

B((u− sh,p − ph), (ϕ, ψ))
= (f,ϕ)− (∇sh,∇ϕ) + (∇·ϕ,ph) + (∇·sh, ψ)

adding and subtracting (σh,∇ϕ), Green theorem:
B((u− sh,p − ph), (ϕ, ψ))

= (∇·σh + f,ϕ)− (∇sh − phI − σh,∇ϕ) + (∇·sh, ψ)
local cons. of σh, Poincaré and Cauchy–Schwarz ineq.:
B((u− sh,p − ph), (ϕ, ψ))

≤
{∑

T∈Th

{
(ηR,T + ηDF,T )2 + η2

D,T
}}1/2

|||(ϕ, ψ)|||
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Outline
1 Introduction
2 Setting
3 A posteriori error estimates and their efficiency

Velocity and stress reconstructions
A posteriori error estimates
Efficiency

4 Application to different numerical schemes
Discontinuous Galerkin methods
Conforming and conforming stabilized methods
Nonconforming methods
Finite volume and related locally conservative methods
Mixed finite element methods

5 Equilibration and local conservation of “nonconservative
schemes”

6 Numerical experiments
7 Conclusions and future work
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Assumption 2

Technical aspects
there exists a shape-regular matching simplicial submesh
Sh of Th such that, for each T ∈ Th, the number of
subelements T ′ ⊂ T , T ′ ∈ Sh, is uniformly bounded
uh ∈ [Pk (Th)]d , ph ∈ Pk (Th), f ∈ [Pk (Th)]d ,
σh ∈ [Pk (Sh)]d×d for some fixed k ≥ 1

Th

Sh

Nonmatching polygonal mesh Th and its simplicial submesh Sh
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Assumption 3

Approximation property
There holds

‖∇uh − phI − σh‖T . ηres,T ∀T ∈ Th,

or

‖∇uh − σh‖T . ηres,T ∀T ∈ Th,

where

η2
res,T :=

∑
T∈TT

{
h2

T‖f + ∆uh −∇ph‖2T + ‖∇·uh‖2T
}

+
∑

F∈Fint
T

hF‖[[(∇uh − phI)nF ]]‖2F +
∑

F∈FT

h−1
F ‖[[uh]]‖2F

is the classical local residual error indicator.
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Efficiency

Theorem (Local efficiency; bubble functions, Verfürth (1989))

Let Assumptions 2 and 3 hold. Let sh = Iav(uh) and let
(u,p) ∈ V×Q be the weak solution. Then,

ηNC,T + ηR,T + ηDF,T + ηD,T

. |||(u− uh,p − ph)|||TT +

{∑
F∈FT

h−1
F ‖[[uh]]‖2F

}1/2

.

Remark

h−1
F ‖[[uh]]‖F = 0 for conforming methods

h−1
F ‖[[uh]]‖F can be bounded by |||(u− uh,p − ph)|||TT in

MFEs, DGs
h−1

F ‖[[uh]]‖F = h−1
F ‖[[u− uh]]‖F can be added to the error

measure
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Discontinuous Galerkin method
Discontinuous approximation spaces

Vh := [Pk (Th)]d ,Qh := Pk−1(Th) ∩Q k ≥ 1

Bilinear and linear forms

ah(uh,vh) :=
∑

T∈Th

(∇uh,∇vh)T +
∑

F∈∂Th

γF h−1
F 〈[[uh]], [[vh]]〉F

−
∑

F∈∂Th

{
〈{{∇uh}}nF , [[vh]]〉F + θ〈{{∇vh}}nF , [[uh]]〉F

}
,

bh(vh,qh) :=−
∑

T∈Th

(qh,∇·vh)T +
∑

F∈∂Th

〈{{qh}}, [[vh]]·nF 〉F

Discontinuous Galerkin method
Find (uh,ph) ∈ Vh ×Qh such that

ah(uh,vh) + bh(vh,ph) = (f,vh) ∀vh ∈ Vh,

bh(uh,qh) = 0 ∀qh ∈ Qh
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Velocity and stress reconstructions in DG

Reconstructed velocity sh

sh = Iav(uh)

Reconstructed stress σh

σh ∈ Σl(Th) :=
{
υh ∈ H(div,Ω); υh|T ∈ Σl(T ) ∀T ∈ Th

}
,

Σl(T ) :=[Pl(T )]d×d + [Pl(T )]d ⊗ x,

Raviart–Thomas–Nédélec space of tensor functions of order l ,
l = k − 1 or k (simplicial meshes)

Introdu
tionLa méthode GDEstimations d'erreur a posteriori Pure di�usionADR: semi-robust estimatesADR: robust estimatesNumeri
al resultsLo
ally 
omputable estimate IIIRaviart�Thomas FE spa
es of degree l : RTlh
l = 0 l = 1Constru
tion of th ∈ RTlh (l = p or p − 1)dof's for normal 
omponent on ea
h fa
e: ∀qh ∈ Pl (F ),

(th·nF , qh)F = (−ntF{{K∇huh}}ω + γF [[uh]], qh)Fdof's in ea
h element: ∀rh ∈ Pdl−1(T ),
(th, rh)T = −(K∇uh, rh)T +

XF⊂∂T ωT ,F (ntFKrh, [[uh]])FAlexandre Ern Estimations d'erreur a posteriori pour les méthodes GD
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omputable estimate IIIRaviart�Thomas FE spa
es of degree l : RTlh
l = 0 l = 1Constru
tion of th ∈ RTlh (l = p or p − 1)dof's for normal 
omponent on ea
h fa
e: ∀qh ∈ Pl (F ),

(th·nF , qh)F = (−ntF{{K∇huh}}ω + γF [[uh]], qh)Fdof's in ea
h element: ∀rh ∈ Pdl−1(T ),
(th, rh)T = −(K∇uh, rh)T +

XF⊂∂T ωT ,F (ntFKrh, [[uh]])FAlexandre Ern Estimations d'erreur a posteriori pour les méthodes GD
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Velocity and stress reconstructions in DG

Specification of degrees of freedom of σh

for all F ∈ FT and all qh ∈ [Pl(F )]d

〈σhnF ,qh〉F = 〈{{∇uh − phI}}nF − γF h−1
F [[uh]],qh〉F

for all τ h ∈ [Pl−1(T )]d×d

(σh, τ h)T = (∇uh − phI , τ h)T − θ
∑

F∈FT

〈ωFτ hnF , [[uh]]〉F
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Application of the framework to DG

Lemma (Reconstructed stress in the DG method)
For all T ∈ Th, there holds

(∇·σh + f,vh)T = 0 ∀vh ∈ [Pl(T )]d .

In particular, Assumption 1 holds true.

Proof.
Green theorem, definition of σh, definition of the DG method:

−(∇·σh,vh)T =(σh,∇vh)T −
∑

F∈FT

〈σhnT ,vh〉F

+ (∇uh − phI ,∇vh)T − θ
∑

F∈FT

〈ωF∇vhnF , [[uh]]〉F

−
∑

F∈FT

〈{{∇uh − phI}}nF + γF h−1
F [[uh]],nT ·nF vh〉F

=ah(uh,vh) + bh(vh,ph) = (f,vh)T ∀vh ∈ [Pl(T )]d .
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Application of the framework to DG

Remark (Orthogonal projection)
We thus have σh ∈ Σl(Th) and (∇·σh)|T = −(Πl f)|T for
simplicial meshes (Πl is the L2-orthogonal projection onto
[Pl(Th)]d ), i.e., the same quality result as for mixed methods, by
local postprocessing.

Lemma (Approximation property)
Assumption 3 holds true.

Remark (General meshes)
For general polygonal nonmatching meshes, we reconstruct the
stress on a simplicial submesh Sh of Th.
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Outline
1 Introduction
2 Setting
3 A posteriori error estimates and their efficiency

Velocity and stress reconstructions
A posteriori error estimates
Efficiency

4 Application to different numerical schemes
Discontinuous Galerkin methods
Conforming and conforming stabilized methods
Nonconforming methods
Finite volume and related locally conservative methods
Mixed finite element methods

5 Equilibration and local conservation of “nonconservative
schemes”

6 Numerical experiments
7 Conclusions and future work
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Conforming and conforming stabilized methods
Conforming methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) = (f,vh) ∀vh ∈ Vh,

b(uh,qh) = 0 ∀qh ∈ Qh
Taylor–Hood family
mini element
cross-grid P1–P1 element
P1 iso P2–P1 element

Conforming stabilized methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) + th(uh,ph; vh) = (f,vh) ∀vh ∈ Vh,

sh(uh,ph; qh) + b(uh,qh) = 0 ∀qh ∈ Qh

th and sh: stabilization terms
Brezzi–Pitkäranta family
Hughes–Franca–Balestra family
Brezzi–Douglas family

Antti Hannukainen, Rolf Stenberg et Martin Vohralík Un cadre unifié pour les estimations a posteriori pour Stokes



I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Conforming and conforming stabilized methods
Conforming methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) = (f,vh) ∀vh ∈ Vh,

b(uh,qh) = 0 ∀qh ∈ Qh
Taylor–Hood family
mini element
cross-grid P1–P1 element
P1 iso P2–P1 element

Conforming stabilized methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) + th(uh,ph; vh) = (f,vh) ∀vh ∈ Vh,

sh(uh,ph; qh) + b(uh,qh) = 0 ∀qh ∈ Qh

th and sh: stabilization terms
Brezzi–Pitkäranta family
Hughes–Franca–Balestra family
Brezzi–Douglas family

Antti Hannukainen, Rolf Stenberg et Martin Vohralík Un cadre unifié pour les estimations a posteriori pour Stokes



I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Conforming and conforming stabilized methods
Conforming methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) = (f,vh) ∀vh ∈ Vh,

b(uh,qh) = 0 ∀qh ∈ Qh
Taylor–Hood family
mini element
cross-grid P1–P1 element
P1 iso P2–P1 element

Conforming stabilized methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) + th(uh,ph; vh) = (f,vh) ∀vh ∈ Vh,

sh(uh,ph; qh) + b(uh,qh) = 0 ∀qh ∈ Qh

th and sh: stabilization terms
Brezzi–Pitkäranta family
Hughes–Franca–Balestra family
Brezzi–Douglas family

Antti Hannukainen, Rolf Stenberg et Martin Vohralík Un cadre unifié pour les estimations a posteriori pour Stokes



I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Conforming and conforming stabilized methods
Conforming methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) = (f,vh) ∀vh ∈ Vh,

b(uh,qh) = 0 ∀qh ∈ Qh
Taylor–Hood family
mini element
cross-grid P1–P1 element
P1 iso P2–P1 element

Conforming stabilized methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) + th(uh,ph; vh) = (f,vh) ∀vh ∈ Vh,

sh(uh,ph; qh) + b(uh,qh) = 0 ∀qh ∈ Qh

th and sh: stabilization terms
Brezzi–Pitkäranta family
Hughes–Franca–Balestra family
Brezzi–Douglas family

Antti Hannukainen, Rolf Stenberg et Martin Vohralík Un cadre unifié pour les estimations a posteriori pour Stokes



I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Conforming and conforming stabilized methods
sh := uhConforming methods

Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that
a(uh,vh) + b(vh,ph) = (f,vh) ∀vh ∈ Vh,

b(uh,qh) = 0 ∀qh ∈ Qh
Taylor–Hood family
mini element
cross-grid P1–P1 element
P1 iso P2–P1 element

Conforming stabilized methods
Find (uh,ph) ∈ Vh ×Qh ⊂ V×Q such that

a(uh,vh) + b(vh,ph) + th(uh,ph; vh) = (f,vh) ∀vh ∈ Vh,

sh(uh,ph; qh) + b(uh,qh) = 0 ∀qh ∈ Qh

th and sh: stabilization terms
Brezzi–Pitkäranta family
Hughes–Franca–Balestra family
Brezzi–Douglas family

Antti Hannukainen, Rolf Stenberg et Martin Vohralík Un cadre unifié pour les estimations a posteriori pour Stokes
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Conforming and conforming stabilized methods

P1–P1 element (left) and P2–P1 element (right)

Cross-grid P1–P1 element (left) and P1 iso P2–P1 element (right)
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Local conservativity, lowest-order conforming methods

Dual mesh

Th

Dh

D

SD

Dual mesh Dh (left) and simplicial submesh SD of D ∈ Dh (right)
Normal flux functions
ΥF (uh) := (∇uhnF )|F F ∈ ∂S int

h such that F ⊂ ∂D, D ∈ Dh

Lemma (Conservativity on Dint
h ; ∼ Luce and Wohlmuth (2004))

For f piecewise constant on Th, there holds∑
F∈FD

〈ΥF (uh)nD·nF ,ei〉F − (∇ph,ei)D + (f,ei)D = 0,

i = 1, . . . ,d ∀D ∈ Dint
h .
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Stress reconstruction, lowest-order conf. methods

Local Raviart–Thomas–Nédélec spaces on each D ∈ Dh

Σ0
N(SD) := {υh ∈ Σ0(SD); υhnF = ΥF (uh) ∀F ∈ ∂S int

h , F ⊂ ∂D}

normal trace fixed on ∂D \ ∂Ω by the flux functions ΥF (uh):
Neumann data in equilibrium with the load ∇ph − f on
D ∈ Dint

h

Stress reconstruction σh

σh|D := arg inf
υh∈Σ0

N(SD),∇·υh=∇ph−f
‖∇uh − υh‖D

Equivalently
Find σh ∈ Σ0

N(SD) and rh ∈ [P∗0(SD)]d such that

(σh −∇uh,υh)D + (rh,∇·υh)D = 0 ∀υh ∈ Σ0
N,0(SD),

−(∇·σh,φh)D − (f−∇ph,φh)D = 0 ∀φh ∈ [P∗0(SD)]d
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Stress reconstruction, lowest-order conf. methods

D

SD

local Raviart–Thomas–Nédélec MFE problem on SD
(Neumann BC given by ΥF (uh) on ∂D \ ∂Ω, homogeneous
Dirichlet BC given on ∂D ∩ ∂Ω)
complementary energy minimization with constraints
both minimizer and constraint form our estimators
Poisson-type and not a local Stokes problem
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Application of the framework to CG

Lemma (Reconstructed stress in the CG method)
For f piecewise constant, there holds,

(∇·σh)|T = (∇ph − f)|T ∀T ∈ Sh.

In particular, Assumption 1 holds true.
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Application of the framework to CG

Lemma (Approximation property)
Assumption 3 holds true.

Main elements of the proof

construction of σh from uh and ph

local postprocessing of potentials in MFEs
duality
properties of Raviart–Thomas–Nédélec spaces, scaling
arguments, equivalence of norms on finite-dimensions
spaces
inverse inequality
Cauchy–Schwarz inequality, discrete Poincaré and
Friedrichs inequalities
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Crouzeix–Raviart nonconforming method
Discontinuous approximation space

Vh := {vh ∈ [P1(Th)]d ; 〈[[vh]],ei〉F = 0, i = 1, . . . ,d , ∀F ∈ ∂Th},
Qh := P0(Th) ∩Q

Crouzeix–Raviart nonconforming method
Find (uh,ph) ∈ Vh ×Qh such that

a(uh,vh) + b(vh,ph) = (f,vh) ∀vh ∈ Vh,

b(uh,qh) = 0 ∀qh ∈ Qh
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Local conservativity, Crouzeix–Raviart method

Dual mesh

Th
Dh

Dual mesh Dh and simplicial submesh Sh

Normal flux functions
ΥF (uh,ph) := (∇uh − phI)nF F ∈ ∂S int

h s.t. F ⊂ ∂D, D ∈ Dh

Lemma (Local conservativity on Dint
h )

For f piecewise constant on Th, there holds∑
F∈FD

〈ΥF (uh,ph)nD·nF ,ei〉F + (f,ei)D = 0,

i = 1, . . . ,d , ∀D ∈ Dint
h .
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Stress reconstruction, Crouzeix–Raviart method

Local Raviart–Thomas–Nédélec spaces on each D ∈ Dh

Σ0
N(SD) :={υh∈Σ0(SD); υhnF =ΥF (uh,ph) ∀F ∈∂S int

h , F ⊂∂D}

normal trace fixed on ∂D \ ∂Ω by the flux functions
ΥF (uh,ph): Neumann data in equilibrium with the load −f
on D ∈ Dint

h

Stress reconstruction σh

σh|D := arg inf
υh∈Σ0

N(SD),∇·υh=−f
‖∇uh − phI − υh‖D
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Application of the framework to the Crouzeix–Raviart
method

Lemma (Reconstructed stress in the CR method)
For f piecewise constant, there holds

(∇·σh)|T = −f|T ∀T ∈ Sh.

In particular, Assumption 1 holds true.

Lemma (Approximation property)
Assumption 3 holds true.

Antti Hannukainen, Rolf Stenberg et Martin Vohralík Un cadre unifié pour les estimations a posteriori pour Stokes



I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Application of the framework to the Crouzeix–Raviart
method

Lemma (Reconstructed stress in the CR method)
For f piecewise constant, there holds

(∇·σh)|T = −f|T ∀T ∈ Sh.

In particular, Assumption 1 holds true.

Lemma (Approximation property)
Assumption 3 holds true.

Antti Hannukainen, Rolf Stenberg et Martin Vohralík Un cadre unifié pour les estimations a posteriori pour Stokes



I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Outline
1 Introduction
2 Setting
3 A posteriori error estimates and their efficiency

Velocity and stress reconstructions
A posteriori error estimates
Efficiency

4 Application to different numerical schemes
Discontinuous Galerkin methods
Conforming and conforming stabilized methods
Nonconforming methods
Finite volume and related locally conservative methods
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5 Equilibration and local conservation of “nonconservative
schemes”

6 Numerical experiments
7 Conclusions and future work
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

A general locally conservative method
A general locally conservative method∑

F∈FT

Υi
F (nT ·nF ) + (f,ei)T = 0, i = 1, . . . ,d , ∀T ∈ Th

ΥF : side normal fluxes
velocities uh ∈ [P0(Th)]d and pressures ph ∈ P0(Th) are
typically also obtained

Stress reconstruction
σh ∈ Σ0(Th) such that

σhnF |F :=
ΥF

|F | ∀F ∈ FT , ∀T ∈ Th

Elementwise postprocessing of the velocity
∇uh = 0⇒ ũh ∈ [P2(Th)]d such that

∇ũh|T − phI |T = σh|T ∀T ∈ Th,

(ũh,ei)T

|T | = ui
h|T , i = 1, . . . ,d , ∀T ∈ Th
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Application of the framework to locally conservative
methods

Application of the framework

Assumption 1 immediate from the definition of σh and
local conservation of the scheme
Assumption 3 straightforward: ‖∇ũh − phI − σh‖T = 0 by
the definition of ũh

Remark (General meshes)
For general polygonal meshes, we reconstruct the stress and
the postprocessed velocity ũh on a simplicial submesh Sh of Th.

Antti Hannukainen, Rolf Stenberg et Martin Vohralík Un cadre unifié pour les estimations a posteriori pour Stokes



I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Application of the framework to locally conservative
methods

Application of the framework

Assumption 1 immediate from the definition of σh and
local conservation of the scheme
Assumption 3 straightforward: ‖∇ũh − phI − σh‖T = 0 by
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I Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Mixed finite element methods

Mixed finite element method
Find (σh,uh,ph) ∈ Σh × Vh ×Qh, the approximation to the
stress tensor σ, the velocity u, and the pressure p, respectively,
such that

(σh, τ h) + (uh,∇·τ h) = 0 ∀τ h ∈ Σh,

−(∇·σh,vh) + (∇ph,vh) = (f,vh) ∀vh ∈ Vh,

(uh,∇qh) = 0 ∀qh ∈ Qh

Approximation spaces
Σh := Σk (Th), Vh := [Pk (Th)]d , and Qh := Pk+1(Th) ∩C(Ω) ∩Q,
k ≥ 0
Application of the framework

σh directly constructed by the MFE⇒ Assumption 1
local postprocessing of uh into ũh ⇒ Assumption 3
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Equilibration

Locally conservative methods

locally conservative side fluxes readily at disposal

Nonconservative schemes

locally conservative side fluxes not at disposal at a first
sight
ready on a dual grid for lowest-order schemes
can be obtained by equilibration of the originally
nonconservative side fluxes (∼ Ainsworth and Oden
(1993))

hat basis functions on an element form a partition of unity
solution of a small (d + 1)× (d + 1) local system on each
T ∈ Th in order to redistribute the mass locally
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Equilibration in 2D

V1 V2

V3

F1

F2

F3

T

mV1,T,i mV2,T,i

mV3,T,i

υF1,i

υF2,i

υF3,i

Equilibration on a triangle

Linear system to solve 1 1 0
0 −1 1
−1 0 −1

 υF1,i
υF2,i
υF3,i

 =

 mV1,T ,i
mV2,T ,i
mV3,T ,i


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Setting

Model problem

Ω = (0,1)× (0,1)

f chosen according to the solution

u = ∇× (x − 1)2x1+α(y − 1)2y2e3, p = x + y − 1

regularity: [H
1
2+α(Ω)]d for α 6∈ N and [C∞(Ω)]d for α ∈ N
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Errors and estimates
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Estimated and exact errors, smooth case
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Effectivity indices
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Estimated and exact error distributions
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Figure: Estimated (left) and exact (right) error distributions, 2nd order
DG method, smooth test case
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Singular cases and adaptivity
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Adaptive mesh refinement
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test case
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Conclusions and future work

Conclusions

unified framework for major numerical methods
no discrete inf–sup condition needed
easily and fully computable estimates, locally efficient
estimates physically relevant
based on local conservation, built-in in any(?) scheme
(directly or after equilibration)

Future work

instationary Stokes problem
Navier–Stokes problem
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