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The Stokes problem

Stokes problem
Find u and p such that

—Au+Vp=f in Q
vVu=0 in Q,
u=0 on 99
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The Stokes problem

Stokes problem
Find u and p such that

—Au+Vp=f in Q
Vu=0 in Q

u=0 on 99
Weak solution

Find (u, p) € V x Q such that
a(u,v) + b(v,p) = (f,v) WweV,
b(u,q) =0 Vge Q
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The Stokes problem

Stokes problem
Find u and p such that

—Au+Vp=f in Q
Vu=0 in Q
u=0 on 090
Weak solution
Find (u, p) € V x Q such that

a(u,v) + b(v,p) = (f,v) WweV,
b(u,q) =0 Vge Q
o V:=[H}(Q)9 Q:=L3(Q)
@ a(u,v) := (Vu,Vv), b(v,q) := —(q,V-v)
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The Stokes problem

Stokes problem
Find u and p such that

—Au+Vp=f in Q
Vu=0 in Q,
u=0 on 90Q
Weak solution
Find (u, p) € V x Q such that
a(u,v) + b(v,p) = (f,v) wweV,
b(u,q) =0 Vge Q
= [H3 ()%, Q := L§(Q)
@ a(u,v) := (Vu,Vv), b(v,q) := —(q,V-v)
inf-sup condition

inf sup b(v, g)

geQvev VY[l [[ql
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Babuska—Brezzi splitting

Energy norm

v, I = [IVV]® + 5%[lql?  (v.q) eVxQ
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Babuska—Brezzi splitting

Energy norm
(v, @)l = Vv + 5%[gl?  (v,q) eV xQ
Babuska—Brezzi splitting

°® B((v,q),(z,r)) = a(v,z) + b(z,q) + b(v, r)
@ equivalent formulation: find (u, p) € V x Q such that

B((u,p), (v,q)) = (f,v) ¥(v,q) eV xQ
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Babuska—Brezzi splitting

Energy norm
(v, @)l = Vv + 5%[gl?  (v,q) eV xQ
Babuska—Brezzi splitting

°® B((v,q),(z,r)) = a(v,z) + b(z,q) + b(v, r)
@ equivalent formulation: find (u, p) € V x Q such that

B((u,p), (v,q)) = (f,v) ¥(v,q) eV xQ

@ inf-sup conditionon V x Q

B((v.q.@n) V51 _
.o

inf sup =
(v.9)eVxQznevxa lll(Z NIV, gl :

(8 disappears thanks to the definition of the energy norm)
(value of Cs communicated to us by J.-F. Maitre)
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Discrete setting

Mesh 7,
@ a polygonal (polyhedral) partition of Q
@ elements T of 7, can be nonconvex or non star-shaped
@ 7j can be nonmatching

TH(F)

nr

Nonmatching polygonal mesh 7,
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Discrete setting

Mesh 7,
@ a polygonal (polyhedral) partition of Q
@ elements T of 7, can be nonconvex or non star-shaped
@ 7j can be nonmatching

Nonmatching polygonal mesh 7,
Broken Sobolev space
V(Tp) := {vh € L3(Q); V4|7 € [H1(T)]d VT € Th}
@ jump of v, over a side F: [vy]F = | — Vp|T+(F)
@ average of vponaside F: {v,jir = (vh|T (F) +vh|T+ )
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Discrete setting

Mesh 7,
@ a polygonal (polyhedral) partition of Q
@ elements T of 7, can be nonconvex or non star-shaped
@ 7j can be nonmatching

Nonmatching polygonal mesh 7,
Broken Sobolev space
V(Th) = {vp € L2(Q); vpl7 € [H(T)]? VT € Th}
@ jump of v, over a side F: [v,|F := vh|T — Vp|T+(F)

@ average of vponaside F: {v,jir = 2(vh|T (F) +vh|T+ )
Energy semi-norm

(v, q)III? = IVvI® + 5%[lql  (v.q) € V(Tn) x Q
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e A posteriori error estimates and their efficiency
@ Velocity and stress reconstructions
@ A posteriori error estimates
@ Efficiency
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_ Velocity and stress reconstructions A post. est. Efficiency
Approximate potential and approximate flux (—Au = f)

Approximate potential up is not  Approximate flux —Vup is not in
in H (Q) H(div, Q)
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_ Velocity and stress reconstructions A post. est. Efficiency
Potential and flux reconstructions (—Au = f)

—— -exactflux
--- -approximate flux
-~ -postprocessed f

A postprocessed potential sy, is A postprocessed flux op is in
in HJ () H(div, Q)
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_ Velocity and stress reconstructions A post. est.  Efficiency
Assumption 1: velocity and stress reconstructions

Velocity reconstruction
@s,cV
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Assumption 1: velocity and stress reconstructions

Velocity reconstruction
@s,cV
Stress reconstruction
@ stress reconstruction o, € H(div, Q)
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Assumption 1: velocity and stress reconstructions

Velocity reconstruction
@s,cV
Stress reconstruction

@ stress reconstruction o, € H(div, Q)
@ elementwise local conservation holds:

(V.op,+fe)r=0, i=1,...,d, VT €T,
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Assumption 1: velocity and stress reconstructions

—Au+Vp=»f Vu — pl constitutive law

g =
V-a+f=0 equilibrium

Velocity reconstruction
@ s,cV
Stress reconstruction

@ stress reconstruction o, € H(div, Q)
@ elementwise local conservation holds:

(V.op,+fe)r=0, i=1,...,d, VT €Ty
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Assumption 1: velocity and stress reconstructions

Velocity reconstruction
@s,cV
Stress reconstruction

@ stress reconstruction o, € H(div, Q)
@ elementwise local conservation holds:

(V.op,+fe)r=0, i=1,...,d, VT €T,

or

(V-op,—Vpr+1e)r=0, i=1,....d, VT €T
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Assumption 1: velocity and stress reconstructions

—Au+Vp=f Vu constitutive law J

g =
V-a—-Vp+£f=0 equilibrium

Velocity reconstruction
@s,cV
Stress reconstruction

@ stress reconstruction o, € H(div, Q)
@ elementwise local conservation holds:

(V.op,+fe)r=0, i=1,...,d, VT €Ty

or

(V-op,—Vpr+te)r=0, i=1,....d, VT €Ty
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Guaranteed upper bound

Theorem (A posteriori error estimate)
Let (u,p) € V x Q be the weak solution.
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Guaranteed upper bound

Theorem (A posteriori error estimate)

Let (u,p) € V x Q be the weak solution. Let
(up, pr) € V(Tr) x Q be arbitrary.
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Guaranteed upper bound

Theorem (A posteriori error estimate)

Let (u,p) € V x Q be the weak solution. Let

(up, pn) € V(Tn) x Q be arbitrary. Let the velocity
reconstruction s;, and the stress reconstruction o ;, satisfy
Assumption 1.
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Guaranteed upper bound

Theorem (A posteriori error estimate)

Let (u,p) € V x Q be the weak solution. Let

(up, pr) € V(7r) x Q be arbitrary. Let the velocity
reconstruction s;, and the stress reconstruction o ;, satisfy
Assumption 1. Then,

[1(u —un, p— pn)lll
1/2 ’ 1/2
< { > ﬁﬁc,r} + E{ > {lwr +m0R7T)? + 77123,7}} :
TeT S \1er
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Estimators for T ¢ 7,
@ diffusive flux estimator

moE, T = ||VSh — ppl — a7
® residual estimator
nr,7 := Cp,7hr||[V-ap + 1|1
Cp 7: Poincaré cnst (1/m when T convex); hr: cell diameter
® nonconformity estimator
mne, T = |V(up —sp)l| 7
® divergence estimator

_ IV-shll7
D, T ‘= 3
Continuous level
° :Vu—-pl—-c=0
° :Vo+f=0
o :ueVandvVu=0



_ Velocity and stress reconstructions A post. est. Efficiency
Estimators, o = Vu — pl

Estimators for T ¢ 7,
@ diffusive flux estimator

nor,T 1= ||[VSh — pul — apllT

Continuous level
@ constitutive law: Vu—-pl—a =0
o
o
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Estimators, o = Vu — pl

Estimators for T ¢ 7,
@ diffusive flux estimator

nor,T 1= ||VSh — pul — apllT
@ residual estimator
mR,7 = Cprhr||V-ap+1|7
e Cp 1: Poincaré cnst (1/m when T convex); hr: cell diameter

Continuous level
@ constitutive law: Vu—pl—a =0
@ equilibrium: V.o +f=0
)
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Estimators, o = Vu — pl

Estimators for T ¢ 7,
@ diffusive flux estimator

nor,7 := || VSh — pal — apl|T
@ residual estimator
mR,7 = Cprhr||V-ap+1|7
e Cp 1: Poincaré cnst (1/m when T convex); hr: cell diameter
@ nonconformity estimator
nne,T = [[V(Up —sp)I7

Continuous level
@ constitutive law: Vu—pl—a =0
@ equilibrium: V.o +f=0
@ constraints:u eV
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Estimators, o = Vu — pl

Estimators for 7 € 7},

@ diffusive flux estimator

nor,7 := || VSh — pal — apl|T
@ residual estimator

mR,7 = Cprhr||V-ap+1|7

e Cp 1: Poincaré cnst (1/m when T convex); hr: cell diameter
@ nonconformity estimator
nne,T = [V (Up —sp)lIT
@ divergence estimator
_Vshlr

TIp,T - 3
Continuous level
@ constitutive law: Vu—pl—a =0
@ equilibrium: V.o +f=0
@ constraintstueVandV.u=0
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Estimators for T ¢ 7,
® diffusive flux estimator

mor,T = ||VSh — apllT

® residual estimator
nr,7 = Cp,7hr||V-ap — Vo +f||7

® nc.7 and np 7 as before

Continuous level

Qo Vu—c =0
° Vao-Vp+1f=0
) :ueVandVu=0



_ Velocity and stress reconstructions A post. est. Efficiency
Estimators, o = Vu

Estimators for T ¢ 7,
@ diffusive flux estimator
nor,7 = ||[VSh —apllT

Continuous level
@ constitutive law: Vu—-o =0
°
°
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Estimators, o — Vu

Estimators for T ¢ 7,
@ diffusive flux estimator
nor,7 = ||[VSh —apllT

@ residual estimator
nR,7 = Cp,7hr||V-ap — Von+1|7

Continuous level
@ constitutive law: Vu—-aog =0
@ equilibrium: V.o —Vp+£f=0
°
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Estimators, o — Vu

Estimators for T ¢ 7,
@ diffusive flux estimator
nor,7 = ||[VSh —apllT

@ residual estimator
nR,7 = Cp,7hr||V-ap — Von+1|7

@ 7nc, 7 and np, 1 as before

Continuous level
@ constitutive law: Vu—-o =0
@ equilibrium: V.o —Vp+£f=0
@ constraints:ueVandV.u=0
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Main steps of the proof, o = Vu — pl

Main steps of the proof, cf. Prager—Synge (1947), Repin (2002).

@ triangle inequality:
[1(u—un,p—pp)lll < [[V(un = sp)ll + [l (u = sn,p— pa)ll|
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Main steps of the proof, o = Vu — pl

Main steps of the proof, cf. Prager—-Synge (1947), Repin (2002).

@ triangle inequality:
[1(u —un, p=pp)lll < [[V(un = sp)ll + [l (u = sp, 0 — pa)ll
@ stability estimate: 1 B((U—$p, p— pn), (¢, 1))

U—spnp—pu)ll< 7 su
litw=snp—pn)ll < g sup “E=—rC=
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Main steps of the proof, & = Vu — pl

Main steps of the proof, cf. Prager—-Synge (1947), Repin (2002).

@ triangle inequality:
[1(u —un, p=pp)lll < [[V(un = sp)ll + [l (u = sp, 0 — pa)ll
@ stability estimate: 1 B((U—$p, p— pn), (¢, 1))

U—spnp—pu)ll< 7 su
litw=snp—pn)ll < g sup “E=—rC=

@ definition of B and of the weak solution:

B((u—sp,p— pn), (@, 1))
= (f,) = (Vsn, V) + (V. pn) + (V-8p, )
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Main steps of the proof, & = Vu — pl

Main steps of the proof, cf. Prager—-Synge (1947), Repin (2002).

@ triangle inequality:
[1(u —un, p=pp)lll < [[V(un = sp)ll + [l (u = sp, 0 — pa)ll
@ stability estimate: 1 B((U—$p, p— pn), (¢, 1))

u-—snp— <-— su
it —snp=palll < g sup =

@ definition of 5 and of the weak solution:
B((u —sp, p — pn), (¢, )
=(f.¢) = (Vsn, V) + (V-p,pn) + (V-8p, ¢)
@ adding and subtracting (o, V), Green theorem:
B((u —sp, p — pn), (¢, )
= (Viap+1.0) = (Vsnh—ppl — ap, Vo) + (V-sh,¢)

Antti Hannukainen, Rolf Stenberg et Martin Vohralik Un cadre unifié pour les estimations a posteriori pour Stokes




| Setting Est. & eff. Applications Equil. Num. exp. C Velocity and stress reconstructions A post. est. Efficiency

Main steps of the proof, & = Vu — pl

Main steps of the proof, cf. Prager—-Synge (1947), Repin (2002).

@ triangle inequality:
[1(u —un, p=pp)lll < [[V(un = sp)ll + [l (u = sp, 0 — pa)ll
@ stability estimate: 1 B((U—$p, p— pn), (¢, 1))

U—spnp—pu)ll< 7 su
litw=snp—pn)ll < g sup “E=—rC=

@ definition of B and of the weak solution:
B((u —sp,p—pn), (¢,v))
=t e) = (Vsn, V) + (V-o,on) + (V-8p, ¥)
@ adding and subtracting (o, V), Green theorem:
B((u —sn, p— pn), (¥, ¢))
= (Viap+1.0) = (Vsnh—ppl — ap, Vo) + (V-sh,9)
@ local cons. of o, Poincaré and Cauchy—Schwarz ineq.:
B((u —Sp, P — Ph)7 (Soa Q/)))

1/2
< Z{(ﬁR,T+77DF,T)2+77]2),T}} 11 (25 )|
TeTh

Antti Hannukainen, Rolf Stenberg et Martin Vohralik Un cadre unifié pour les estimations a posteriori pour Stokes




Q Introduction
Q Setting
© A posteriori error estimates and their efficiency
@ Velocity and stress reconstructions
@ A posteriori error estimates
@ Efficiency
Q Application to different numerical schemes
@ Discontinuous Galerkin methods
@ Conforming and conforming stabilized methods
@ Nonconforming methods
@ Finite volume and related locally conservative methods

Mixed finite element methods
Q Equilibration and local conservation of “nonconservative

schemes”
0 Numerical experiments
Q Conclusions and future work

®



| Setting Est. & eff. Applications Equil. Num. exp. C Velocity and stress reconstructions A post. est. Efficiency

Assumption 2

Technical aspects
@ there exists a shape-regular matching simplicial submesh
Sy of Th such that, for each T € 7p, the number of
subelements T' C T, T’ € Sy, is uniformly bounded
® Uy € [Pu(Th)1%, pn € Pi(Th), T € [Pk(Th)]%,
ap € [Px(S54)]9% for some fixed k > 1

Nonmatching polygonal mesh 73 and its simplicial submesh Sy,
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_ Velocity and stress reconstructions A post. est. Efficiency
Assumption 3

Approximation property
There holds

“vuh_ph!_thT gnres,T VT e Tp,

or

Hvuh_QhHTsnres,T vT e Th,

_ Un cadre unifié pour les estimations a posteriori pour Stokes
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Assumption 3

Approximation property
There holds

Hvuh_ph!_QhHTgnres,T VT € Th,

or

Hvuh_thTfsnres,T VT e 777a

where

Mas1 =Y {MEllf+ Aup — Vpu| 5 + | V-us|F}

TeXT
+ > hel(Vus = pel)nellE + D b uall?
Fe&i?t FEST

is the classical local residual error indicator.
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Efficiency

Theorem (Local efficiency; bubble functions, Verfirth (1989))
Let Assumptions 2 and 3 hold.
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Efficiency

Theorem (Local efficiency; bubble functions, Verfirth (1989))
Let Assumptions 2 and 3 hold. Let sy, = Z,,(up)
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Efficiency

Theorem (Local efficiency; bubble functions, Verfirth (1989))

Let Assumptions 2 and 3 hold. Lets) = Z,,(uy) and let
(u,p) € V x Q be the weak solution.

Antti Hannukainen, Rolf Stenberg et Martin Vohralik Un cadre unifié pour les estimations a posteriori pour Stokes



| Setting Est. & eff. Applications Equil. Num. exp. C Velocity and stress reconstructions A post. est. Efficiency

Efficiency

Theorem (Local efficiency; bubble functions, Verfirth (1989))

Let Assumptions 2 and 3 hold. Lets) = Z,,(uy) and let
(u,p) € V x Q be the weak solution. Then,

1NC,T + MR, T + DE,T + "D, T
1/2

Slu=unp—pa)llls; +4 Y he'llualliz
Fegr
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Efficiency

Theorem (Local efficiency; bubble functions, Verfirth (1989))

Let Assumptions 2 and 3 hold. Lets) = Z,,(uy) and let
(u,p) € V x Q be the weak solution. Then,

1NC,T + MR, T + DE,T + "D, T

1/2
S li(u = up, p— pn)lllsr + { > hE! H[[Un]]H/zr} :

Fegr

Remark
@ h:'|[[up]|lF = O for conforming methods

o hi'||[us]llF can be bounded by [[|(u — us, p — pp)llls; in
MFEs, DGs

o hg'|[[un]lle = hg'||[[u — up]||F can be added to the error
measure
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Outline

@ Application to different numerical schemes
Discontinuous Galerkin methods

@ Conforming and conforming stabilized methods
@ Nonconforming methods
°
°

Finite volume and related locally conservative methods
Mixed finite element methods

Antti Hannukainen, Rolf Stenberg et Martin Vohralik Un cadre unifié pour les estimations a posteriori pour Stokes



o Introduction
Q Setting
O A posteriori error estimates and their efficiency
@ Velocity and stress reconstructions
@ A posteriori error estimates
@ Efficiency
e Application to different numerical schemes
@ Discontinuous Galerkin methods
@ Conforming and conforming stabilized methods
@ Nonconforming methods
@ Finite volume and related locally conservative methods

@ Mixed finite element methods
o Equilibration and local conservation of “nonconservative

schemes”
O Numerical experiments
Q Conclusions and future work



| Seiting Est &eff. Applications Equil. Num.exp. G = DG Conf. &conf. stab. Nonconf. FV MFE
Discontinuous Galerkin method

Discontinuous approximation spaces
Vi = [Pe(Th)]%, Qn = Pu_1(TH) N Q  k>1
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Discontinuous Galerkin method

Discontinuous approximation spaces
Vi = [Ph(Th)]%, Qn :=Px1(Th) N Q k=1
Bilinear and linear forms

an(Un,Vh) == > (Vun, Va7 + Y vehe ([usl, [Val)F
TeTh FeoTs

— > Ll VuRng, [val)F + 0 VValng, [ual)F}

FedTn

bn(Vh Gr) == Y _ (Gn, VVR) T+ > ({an}, [Val-ne)F

TeTy FedTh
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Discontinuous Galerkin method

Discontinuous approximation spaces
Vi = [Ph(Th)]%, Qn :=Px1(Th) N Q k=1
Bilinear and linear forms

an(Un,Vh) == > (Vun, Va7 + Y vehe ([usl, [Val)F
TeTh FeoTs

— > Ll VuRng, [val)F + 0 VValng, [ual)F}

FedTn

bn(Vh Gr) == Y _ (Gn, VVR) T+ > ({an}, [Val-ne)F

TeTy FedTh

Discontinuous Galerkin method
Find (up, pn) € Vi x Qp such that

an(Up, Vp) + bn(Vh, pn) = (f,vn) Vv € Vp,
bn(up,qn) =0 Van € Qp
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Velocity and stress reconstructions in DG

Reconstructed velocity s,
Sp = Iav(uh)
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Velocity and stress reconstructions in DG

Reconstructed velocity s,
Sh = Luw(Up)
Reconstructed stress o,
ahGZ (Th) : {’UhGH(dlv Q); ’Uh|T€E(T) VT€777},
S(T) :=[PTN + [B(T)] @ x,

Raviart—-Thomas—Nédélec space of tensor functions of order /,
| = k — 1 or k (simplicial meshes)
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Velocity and stress reconstructions in DG

Specification of degrees of freedom of o,
e forall F € Fr and all q, € [P)(F)]¢

(opnF.an) e = (Vun — prl}ng — vehe ' [usl, an) F
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Velocity and stress reconstructions in DG

Specification of degrees of freedom of o,
e forall F € Fr and all q, € [P)(F)]¢

(apnr. dn)F = ({VUp — palkne — yehz'[up]. an)e
e forall ), € [P,_1(T)]9*¢

(0p7h)7 = (VUp— Pab, Tp)7 — 0 D (werhnF, [Unl)F
FeFr
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Application of the framework to DG

Lemma (Reconstructed stress in the DG method)

For all T € Ty, there holds
(Von+fva)r=0 Vv e [B(T)°.
In particular, Assumption 1 holds true.
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Application of the framework to DG

Lemma (Reconstructed stress in the DG method)
For all T € Ty, there holds

(Vion+ V)T =0 WV, [P(T))°
In particular, Assumption 1 holds true.

<

v
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Application of the framework to DG

Lemma (Reconstructed stress in the DG method)
For all T € Ty, there holds

(Vion+ V)T =0 WV, [P(T))°
In particular, Assumption 1 holds true.

v

Green theorem,

—(V-ap,Vp)7=(ap, VVn)T — > (GpNT,Vh)F
FeFr

v
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Application of the framework to DG

Lemma (Reconstructed stress in the DG method)
For all T € Ty, there holds

(Vion+ V)T =0 WV, [P(T))°
In particular, Assumption 1 holds true.

Proof.
Green theorem, definition of o,

—(V-ap,Vp)7=(ap, VVn)T — > (GpNT,Vh)F

| \

FeFr
+ (Vup — pal, VVR)T — 0 ) (WEVVANE, [usl)F
FeFT
— > ({Vun — palng + yeh [upl, nrnpvs)

FeFr

v
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Application of the framework to DG

Lemma (Reconstructed stress in the DG method)
For all T € Ty, there holds

(Vion+ V)T =0 WV, [P(T))°
In particular, Assumption 1 holds true.

Proof.
Green theorem, definition of o, definition of the DG method:

—(V-ap,Vn)r=(ap, VVn)T — > (GpNT,Vh)F

| \

FeFr
+ (Vup — pal, VVR)T — 0 ) (WEVVANE, [usl)F
FeFT
— > ({Vun — palng + yeh [upl, nrnpvs)

FeFr
=an(Un, Vi) + bu(Vh, Pn) = (F,v4) 7 Vv € [P/(T)]%.

v
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Application of the framework to DG

Remark (Orthogonal projection)

We thus have o, « 2/(7,) and (V-a,,)|+ = —(I1/f)| 7 for
simplicial meshes (II; is the L2-orthogonal projection onto
[P/(TH)]9), i.e., the same quality result as for mixed methods, by
local postprocessing.
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Application of the framework to DG

Remark (Orthogonal projection)

We thus have o, « 2/(7,) and (V-a,,)|+ = —(I1/f)| 7 for
simplicial meshes (II; is the L2-orthogonal projection onto
[P/(TH)]9), i.e., the same quality result as for mixed methods, by
local postprocessing.

Lemma (Approximation property)
Assumption 3 holds true.
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Application of the framework to DG

Remark (Orthogonal projection)

We thus have o, « 2/(7,) and (V-a,,)|+ = —(I1/f)| 7 for
simplicial meshes (II; is the L2-orthogonal projection onto
[P/(TH)]9), i.e., the same quality result as for mixed methods, by
local postprocessing.

Lemma (Approximation property)
Assumption 3 holds true.

Remark (General meshes)
For general polygonal nonmatching meshes, we reconstruct the
stress on a simplicial submesh Sy, of 7.
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Conforming and conforming stabilized methods

Conforming methods
Find (up, pp) € V), x Qp < V x Q such that

a(uh,vh) + b(Vh,ph) = (f, Vh) YVh € Vp,
b(up,qn) =0 Yan € Qn
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Conforming and conforming stabilized methods

Conforming methods
Find (up, pp) € V), x Qp < V x Q such that
a(un,Vp) + b(Vh, pn) = (f,vh) VVh € Vp,
b(up,qn) =0 Yan € Qn
@ Taylor—Hood family
@ mini element

@ cross-grid P1—Py element
@ P, iso Po—P4 element
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Conforming and conforming stabilized methods

Conforming methods
Find (up, pp) € V), x Qp < V x Q such that
a(un,Vp) + b(Vh, pn) = (f,vh) VVh € Vp,
b(up,qn) =0 Yan € Qn
@ Taylor—Hood family
@ mini element

@ cross-grid P1—Py element
@ P, iso Po—P4 element

Conforming stabilized methods
Find (up, pp) € Vi, x Q € V x Q such that

a(up, vp) + b(Vh, pr) + th(un, prive) = (F,vh)  Yvp € Vp,
Sh(Un, Pr; Gn) + b(Up, gn) =0 Van € Qp
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Conforming and conforming stabilized methods

Conforming methods
Find (up, pp) € V), x Qp < V x Q such that
a(un,Vp) + b(Vh, pn) = (f,vh) VVh € Vp,
b(up,qn) =0 Yan € Qn
@ Taylor—Hood family
@ mini element
@ cross-grid P1—P; element
@ P, iso Po—P4 element
Conforming stabilized methods
Find (up, pp) € Vi, x Q € V x Q such that

a(up, vp) + b(Vh, pr) + th(un, prive) = (F,vh)  Yvp € Vp,

Sn(Un, Pn; Gn) + b(Un, Gn) = 0 Vagh € Qn
@ {; and sj: stabilization terms
@ Brezzi—Pitk&ranta family
@ Hughes—Franca—Balestra family
@ Brezzi—Douglas family
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Conforming and conforming stabilized methods

Conforming methods Sp = Up
Find (up, pp) € Vi, x Qp < V x Q such that
a(up,Vp) + b(Vh, pn) = (f,vn) VVh € Vp,
b(up,qn) =0 vagn € Qp
@ Taylor—Hood family
@ mini element
@ cross-grid P1—Py element
@ P, iso P>—P4 element
Conforming stabilized methods
Find (up, pp) € V, x Qp C V x Q such that
a(up,Vp) + b(Vh, pr) + th(un, pp;va) = (F,vp) Vv € Vp,
Sn(Un, Ph; Gn) + b(Uk, gn) = 0 Van € Qp
@ {; and sj: stabilization terms
@ Brezzi—Pitk&ranta family
@ Hughes—Franca—Balestra family
@ Brezzi—Douglas family
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Conforming and conforming stabilized methods

AVAVAVAN

P1—Py element (left) and Po—Py element (right)

VAVA VAN

Cross-grid P1—P; element (left) and Py iso Po—Py element (right)
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Local conservativity, lowest-order conforming methods

Dual mesh

Dual mesh Dy, (left) and simplicial submesh Sp of D € Dy, (right)
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Local conservativity, lowest-order conforming methods

Dual mesh

Dual mesh Dy, (left) and simplicial submesh Sp of D € Dy, (right)

Normal flux functions
Yr(up) := (Vupne)|g F € 0Si™ such that F 9D, D € Dy,
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Local conservativity, lowest-order conforming methods

Dual mesh

Dual mesh Dy, (left) and simplicial submesh Sp of D € Dy, (right)

Normal flux functions
Yr(up) := (Vupne)|g F € 0Si™ such that F 9D, D € Dy,

Lemma (Conservativity on D};’t; ~ Luce and Wohimuth (2004))

For t piecewise constant on Ty, there holds

> (Xr(up)np-ne,e)r — (Vonei)p + (f,e7)p =0,
Fero i=1,...,d VDeD
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Stress reconstruction, lowest-order conf. methods

Local Raviart-Thomas—Nédélec spaces on each D € Dy,
Z%(SD) = {yh S ZO(SD); vNE = TF(Uh) VF € 88}1m, Fc 8D}
@ normal trace fixed on 9D \ 99 by the flux functions Y £(up):

Neumann data in equilibrium with the load Vpy, — f on
D e D™
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Stress reconstruction, lowest-order conf. methods

Local Raviart-Thomas—Nédélec spaces on each D € Dy,
Z%(SD) = {yh S ZO(SD); vNE = TF(Uh) VF € 88}1m, Fc 8D}

@ normal trace fixed on 9D \ 99 by the flux functions Y £(up):
Neumann data in equilibrium with the load Vpy, — f on

D e Dt
Stress reconstruction o),
oplp:=arg inf IVup — vyllp

VREER(Sp), V-u,=Vpy—t
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Stress reconstruction, lowest-order conf. methods

Local Raviart-Thomas—Nédélec spaces on each D € Dy,
Z%(SD) = {yh S ZO(SD); vNE = TF(Uh) VF € 88}1m, Fc 8D}

@ normal trace fixed on 9D \ 99 by the flux functions Y £(up):
Neumann data in equilibrium with the load Vpy, — f on

D e D™
Stress reconstruction o),
oplp:=arg inf IVup — vyllp
vpeZR(Sp), V-v,=Vpp—t
Equivalently

Find o, € 2%(Sp) and ry, € [P5(Sp)]? such that

(Qh - VUh,Qh)D + (rh7 V‘Qh)D — 0 th € E%7O(SD)7
—(V-ap, dn)p — (F=Vpp,dn)p=0 Vo € [P5(Sp)]?

Antti Hannukainen, Rolf Stenberg et Martin Vohralik Un cadre unifié pour les estimations a posteriori pour Stokes



| Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Stress reconstruction, lowest-order conf. methods

——-~_D
: \

@ local Raviart—-Thomas—Nédélec MFE problem on Sp
(Neumann BC given by Y £(uy) on 9D \ 992, homogeneous
Dirichlet BC given on 9D N 09)

@ complementary energy minimization with constraints

@ both minimizer and constraint form our estimators

@ Poisson-type and not a local Stokes problem
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Application of the framework to CG

Lemma (Reconstructed stress in the CG method)

For f piecewise constant, there holds,
(Veap)lr=(Vpn=flr VT € Sp.

In particular, Assumption 1 holds true.
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Application of the framework to CG

Lemma (Approximation property)

Assumption 3 holds true.
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Application of the framework to CG

Lemma (Approximation property)

Assumption 3 holds true.

Main elements of the proof

@ construction of o, from up, and py,
@ local postprocessing of potentials in MFEs

@ duality

@ properties of Raviart—-Thomas—Nédélec spaces, scaling

arguments, equivalence of norms on finite-dimensions
spaces

inverse inequality

Cauchy—Schwarz inequality, discrete Poincaré and
Friedrichs inequalities

Antti Hannukainen, Rolf Stenberg et Martin Vohralik Un cadre unifié pour les estimations a posteriori pour Stokes



o Introduction
Q Setting
O A posteriori error estimates and their efficiency
@ Velocity and stress reconstructions
@ A posteriori error estimates
@ Efficiency
e Application to different numerical schemes
@ Discontinuous Galerkin methods
@ Conforming and conforming stabilized methods
@ Nonconforming methods
@ Finite volume and related locally conservative methods

@ Mixed finite element methods
o Equilibration and local conservation of “nonconservative

schemes”
O Numerical experiments
Q Conclusions and future work



| Setting Est. & eff. Applications Equil. Num. exp. C DG Conf. & conf. stab. Nonconf. FV MFE

Crouzeix—Raviart nonconforming method

Discontinuous approximation space

Vh—{VhE[P1(777 IIVh]] e,,:fO i=1,...,d, VFGO’Th}
Qn:=Po(7Th) N Q
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Crouzeix—Raviart nonconforming method

Discontinuous approximation space

Vhf{vhe[IE%(Th ; ([vel,e)e =0, i=1,...,d, VF €T},
Qn :=Po(Th) N Q

Crouzeix—Raviart nonconforming method

Find (up, pn) € Vi x Qp such that

a(up,Vp) + b(Vh, pn) = (f,vn)  YVh € Vp,
b(up,gn) =0 Van € Qn
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Local conservativity, Crouzeix—Raviart method

é%

Dual mesh Dy, and simplicial submesh Sy,
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Local conservativity, Crouzeix—Raviart method

A%m

Dual mesh Dy, and simplicial submesh Sy,

Normal flux functions
Yr(up, pp) i= (VUp — ppl)ne  F € dS™s.t. F c D, D € Dy,
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Local conservativity, Crouzeix—Raviart method

Dual mesh Dy, and simplicial submesh Sy,

Normal flux functions
Yr(up, pp) i= (VUp — ppl)ne  F € dS™s.t. F c D, D € Dy,

Lemma (Local conservativity on Di,;”)

For t piecewise constant on Ty, there holds
> (XE(up pr)np-ne,e)F + (f.6/)p =0,

FeFp ) .
i=1,...,d, VvVDeD"
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Stress reconstruction, Crouzeix—Raviart method

Local Raviart-Thomas—Nédélec spaces on each D € Dy,

%(Sp):={vreXZ%(Sp); vunF="r(Up,pp) VFEIS™, FCOD}

@ normal trace fixed on 9D \ 992 by the flux functions
Y £(up, pr): Neumann data in equilibrium with the load —f
on D € DI
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Stress reconstruction, Crouzeix—Raviart method

Local Raviart-Thomas—Nédélec spaces on each D € Dy,

%(Sp):={vreXZ%(Sp); vunF="r(Up,pp) VFEIS™, FCOD}

@ normal trace fixed on 9D \ 992 by the flux functions
Y £(up, pr): Neumann data in equilibrium with the load —f
on D € DI

Stress reconstruction o,

aplp = arg inf Vup — ppl — vyllp
Qhezl%(SD):v‘Eh:*f
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Application of the framework to the Crouzeix—Raviart
method

Lemma (Reconstructed stress in the CR method)

For f piecewise constant, there holds
(Viap)lr=—fr VT €Sh

In particular, Assumption 1 holds true.
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Application of the framework to the Crouzeix—Raviart
method

Lemma (Reconstructed stress in the CR method)

For f piecewise constant, there holds
(Viap)lr=—fr VT €Sh

In particular, Assumption 1 holds true.

Lemma (Approximation property)
Assumption 3 holds true.
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A general locally conservative method

A general locally conservative method
> Yk(nrng) +(fe)r=0, i=1,...,d, VTeT,
FeFr
@ Y fr: side normal fluxes

@ velocities up, € [Po(75)]? and pressures py, € Po(75) are
typically also obtained
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A general locally conservative method

A general locally conservative method
> Yk(nrng) +(fe)r=0, i=1,...,d, VTeT,
FeFr
@ Y fr: side normal fluxes

@ velocities up, € [Po(75)]? and pressures py, € Po(75) are
typically also obtained

Stress reconstruction
o, € X°(Tp) such that

88
ghn,:|,:::ﬁ VFeFr, VTeT;
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A general locally conservative method

A general locally conservative method
> Yk(nrng) +(fe)r=0, i=1,...,d, VTeT,
FeFr
@ Y fr: side normal fluxes

@ velocities up, € [Po(75)]? and pressures py, € Po(75) are
typically also obtained

Stress reconstruction
oy, € X9(7p) such that
Y

oNE|F = ﬁ VFeFr, VTeT;
Elementwise postprocessing of the velocity
Vup =0 = iy < [P2(75)]9 such that

Vit —pullr =aplr VT €Th,
(Up, €)1
7]
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Application of the framework to locally conservative
methods

Application of the framework

@ Assumption 1 immediate from the definition of o}, and
local conservation of the scheme

@ Assumption 3 straightforward: || Vi, — ppl — o,/|7 = 0 by
the definition of Gy,
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Application of the framework to locally conservative
methods

Application of the framework
@ Assumption 1 immediate from the definition of o}, and
local conservation of the scheme
@ Assumption 3 straightforward: |[Vuy, — pyl — o4||7 = 0 by
the definition of Gy,

Remark (General meshes)
For general polygonal meshes, we reconstruct the stress and
the postprocessed velocity Uy, on a simplicial submesh Sy, of 7j.
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Mixed finite element methods

Mixed finite element method

Find (o p, upn, pn) € Xj, x Vi x Qp, the approximation to the
stress tensor o, the velocity u, and the pressure p, respectively,
such that

(apTh) + (Up, V1) =0 VT € X,
—(V-ap,Vh) + (Vpn,vp) = (f,vn) Vv € Vp,
(up,Vagn) =0 Van € Qp
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Mixed finite element methods

Mixed finite element method

Find (o p, upn, pn) € Xj, x Vi x Qp, the approximation to the
stress tensor o, the velocity u, and the pressure p, respectively,
such that

(apTh) + (Up, V1) =0 VT € X,
—(V-ap,Vh) + (Vpn,vp) = (f,vn) Vv € Vp,
(up,Vagn) =0 Van € Qp

Approximation spaces
2= ;k('rh), V= [Pk('Th)]d, and Q = Pyt1 (77,) N C(Q) NQ,
k>0
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Mixed finite element methods

Mixed finite element method

Find (o p, upn, pn) € Xj, x Vi x Qp, the approximation to the
stress tensor o, the velocity u, and the pressure p, respectively,
such that

(apTh) + (Up, V1) =0 VT € X,
—(V-ap,Vh) + (Vpn,vp) = (f,vn) Vv € Vp,
(up,Vagn) =0 Van € Qp

Approximation spaces
2= ;k('rh), V= [Pk('Th)]d, and Qp = Pyt1 (77,) N C(Q) NnQ,
k>0
Application of the framework
@ o, directly constructed by the MFE = Assumption 1
@ local postprocessing of uy into Gy, = Assumption 3
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Equilibration

Locally conservative methods

@ locally conservative side fluxes readily at disposal
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Equilibration

Locally conservative methods
@ locally conservative side fluxes readily at disposal
Nonconservative schemes

@ locally conservative side fluxes not at disposal at a first
sight
@ ready on a dual grid for lowest-order schemes
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Equilibration

Locally conservative methods
@ locally conservative side fluxes readily at disposal
Nonconservative schemes
@ locally conservative side fluxes not at disposal at a first
sight
@ ready on a dual grid for lowest-order schemes

@ can be obtained by equilibration of the originally
nonconservative side fluxes (~ Ainsworth and Oden
(1993))

e hat basis functions on an element form a partition of unity
e solution of a small (d + 1) x (d + 1) local system on each
T € Ty in order to redistribute the mass locally
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Equilibration on a triangle
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Equilibration in 2D

Equilibration on a triangle

Linear system to solve

1 1 0 (W my, 1,
o -1 1 Vi | = | M,
—1 0 —1 UF,.i m\/377'7,'
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Setting

Model problem
e Q=(0,1) x(0,1)
@ f chosen according to the solution

u=Vx(x—17>x""(y—1)°y’e;, p=x+y—1

e regularity: [Hz+%(Q)]9 for a ¢ N and [C*=(Q)]9 for & € N
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Errors and estimates

FIRST-ORDER DG SECOND-ORDER DG

ERROR
ERROR

10 10 xu Bl 0 10° 10 10 10 1 10° 0 10° 10
NUMBER OF NODES NUMBER OF NODES
s Prsop2L \ =
it 1
0 107
g 8 -
£ \\\ g
10° 10°
w! o 2 « w0’ o 2
w 1 2 2 w o
NUMBER OF NoDES NUMBER OF NODES

Estimated and exact errors, smooth case
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Effectivity indices
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Estimated and exact error distributions

ESTIMATED ERROR M EXACT ERROR x10°°
1 5 1
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3
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1 2
0
0 0
0 05 1 0 05 1

Figure: Estimated (left) and exact (right) error distributions, 2nd order
DG method, smooth test case
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Estimated and exact error distributions

Applications  Equil.

Setting Est. & eff.
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ESTIMATED ERROR
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Figure: Estimated (left) and exact (right) error distributions, Py iso

P>—P; method, smooth test case
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Estimated and exact error distributions

ESTIMATED ERROR M EXACT ERROR x107*

| B

250009

SRR m&m@

B 35
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Figure: Estimated (left) and exact (right) error distributions,
Crouzeix—Raviart, smooth test case

Antti Hannukainen, Rolf Stenberg et Martin Vohralik Un cadre unifié pour les estimations a posteriori pour Stokes



| Setting Est. & eff. Applications Equil. Num. exp. C

Singular cases and adaptivity
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Estimated and exact errors in uniform/adaptive refinement (left)
and components of the estimator in adaptive refinement (right),
first-order DG method, singular test case
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Adaptive mesh refinement

Applications  Equil.

Setting Est. & eff.
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Conclusions and future work

Conclusions

@ unified framework for major numerical methods

@ no discrete inf-sup condition needed

@ easily and fully computable estimates, locally efficient
@ estimates physically relevant

@ based on local conservation, built-in in any(?) scheme
(directly or after equilibration)
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Conclusions and future work

Conclusions

@ unified framework for major numerical methods

@ no discrete inf-sup condition needed

@ easily and fully computable estimates, locally efficient
@ estimates physically relevant

@ based on local conservation, built-in in any(?) scheme
(directly or after equilibration)

Future work

@ instationary Stokes problem
@ Navier—Stokes problem
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