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Motivation

@ —V-Svp=f
o flow in porous media
oS

@ -V -SVp+V-(pw)+rp=f
e transport in porous media
("]
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Motivation

Mixed finite elements / finite

@ —V-Svp=f
_ . volumes
o flow in porous media .
oS @ accurate for inhomogeneous

and anisotropic pbs
@ —V-SVp+V-(pw)+rm=f @ upwinding for

e transport in porous media convection-dominated pbs
]
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Motivation

Problems

Mixed finite elements / finite

@ —V-Svp=f
_ . volumes
o flow in porous media .
oS @ accurate for inhomogeneous

and anisotropic pbs
@ —V-SVp+V-(pw)+rm=f @ upwinding for

e transport in porous media convection-dominated pbs
]

V.

need for good a posteriori error control
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Outline
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What is an a posteriori error estimate

A posteriori error estimate

@ Let p be a weak solution of a PDE.
@ Let py, be its approximate numerical solution.

@ A priori error estimate: ||p — pplla < f(p)h9.
Useful in theory.

@ A posteriori error estimate: ||p — pnlla < f(ph)-
Great in practice.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let p be a weak solution of a PDE.
@ Let py, be its approximate numerical solution.

@ A priori error estimate: ||p — pplla < f(p)h9.
Useful in theory.

@ A posteriori error estimate: ||p — pnlla < f(ph)-
Great in practice.

Usual form
® f(pn)? = Y ker, mk(Pn)?, Where 1k (py) is an

@ Can be used to determine mesh elements with large error.
@ We can then refine these elements:
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)
® [[p—pnllg < CXker, mk(pn)?
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)

® [[p—pnllg < CXker, mk(pn)?
@ Problems:
o Whatis C?
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)

® [[p—pnllg < CXker, mk(pn)?
@ Problems:

e What is C?
o What does it depend on?
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)

® [[p—pnllg < CXker, mk(pn)?
@ Problems:

e What is C?
o What does it depend on?
e How does it depend on data?
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)

® [[p—pnllg < CXker, mk(pn)?
@ Problems:

e What is C?
o What does it depend on?
e How does it depend on data?

@ Mathematicians often do not care about constants...
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)

® [[p—pnllg < CXker, mk(pn)?
@ Problems:

e What is C?
o What does it depend on?
e How does it depend on data?

@ Mathematicians often do not care about constants...
(Real-life) reliability (global upper bound)

® |lp—pnll < X ker, mk(Pn)?
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)

® [[p—pnllg < CXker, mk(pn)?
@ Problems:

e What is C?
o What does it depend on?
e How does it depend on data?

@ Mathematicians often do not care about constants...
(Real-life) reliability (global upper bound)

® |lp—pnll < X ker, mk(Pn)?
@ Real life depends on constants very much!
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)

® [[p—pnllg < CXker, mk(pn)?
@ Problems:

e What is C?
o What does it depend on?
e How does it depend on data?

@ Mathematicians often do not care about constants...
(Real-life) reliability (global upper bound)

® [p—pnllg < Yker, mk(Pn)?

@ Real life depends on constants very much!
Global efficiency (global lower bound)

° ZKeTh nk(Pr)? < Cesz,QHP — PhH?z
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What an a posteriori error estimate should fulfill

(Mathematical) reliability (global upper bound)

® [[p—pnllg < CXker, mk(pn)?
@ Problems:

e What is C?
o What does it depend on?
e How does it depend on data?

@ Mathematicians often do not care about constants...
(Real-life) reliability (global upper bound)

® [p—pnllg < Yker, mk(Pn)?

@ Real life depends on constants very much!
Global efficiency (global lower bound)

® Y ker, Mk(Pn)? < Carqllp — pall3
Local efficiency (local lower bound)

° nK(ph)z < Ce2ff,K ZLclosetoK Hp - ph”%
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What an a posteriori error estimate should fulfill

Semi-robustness

@ Ceirk depends on
(Bernardi and Verfirth '00, Galerkin FEMs)
@ Ceir k dependence on the

around K (energy norm), Pey := hK%, (Verflirth 98,
Galerkin FEMs)
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Previous works on a posteriori error estimates for
FVMs and MFEMs

Previous works on FVMs ...
@ Ohlberger ’01
@ Lazarov and Tomov '02

@ Achdou, Bernardi, and
Coquel '03

@ Nicaise '05
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Previous works on a posteriori error estimates for
FVMs and MFEMs

Previous works on MFEMs ...
Previous works on FVMs ... @ Alonso '96
@ Ohlberger '01 Braess and Verfiirth ’96
@ Lazarov and Tomov '02 Carstensen '97

°
°

@ Achdou, Bernardi, and @ Kirby '03

Coquel '03 @ El Alaoui and Ern’04

()

°

@ Nicaise '05 Wheeler and Yotov ’05
Lovadina and Stenberg 06
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Previous works on a posteriori error estimates for
FVMs and MFEMs

Previous works on MFEMs ...

Previous works on FVMs ... @ Alonso "96
@ Ohlberger '01 @ Braess and Verfiirth '96
@ Lazarov and Tomov '02 @ Carstensen '97
@ Achdou, Bernardi, and @ Kirby '03
Coquel '03 @ El Alaoui and Ern’04
@ Nicaise 05 @ Wheeler and Yotov '05
°

Lovadina and Stenberg 06
...do not cover

@ evaluation of the constants (with the exception of Nicaise)

@ a proper analysis of inhomogeneous (with the exception of
El Alaoui and Ern ’04) and anisotropic problems
@ a proper analysis of the convection—diffusion case

M. Vohralik Estimations d’erreur a posteriori pour les VF et les EFM



| Pb_Estimates MFEs Estimates FVs Remarks Exp C | Problem FVschemes MFE schemes
Outline

Q Problem and schemes
@ A convection—diffusion—reaction problem
@ Finite volume schemes
@ Mixed finite element schemes
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A convection—diffusion—reaction problem

Problem
-V -SVp+V.-(pw)+rp = f inQ,
p = g onlp,
—-8SVp-n = u only
Assumptions
@ Q CRY d=2,3,is apolygonal domain

@ data related to a basic triangulation 7 of Q

@ S|k is a constant SPD matrix, cg k its smallest, and Cs x
its largest eigenvalue on each K € Th

® (AV-wW+r)|k > cwrk > 0 (from pure diffusion to
convection—diffusion—reaction cases)

Difficulties
@ S inhomogeneous and anisotropic
@ w dominates
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Bilinear form, weak solution, energy (semi-)norm

Definition (Bilinear form B)

We define a bilinear form B for p, ¢ € H'(7,) by

B(p,¢) == Y {(SVP, Ve)k + (V- (pW), ©)x + (P, )k} -
KeT,
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Bilinear form, weak solution, energy (semi-)norm

Definition (Bilinear form B)
We define a bilinear form B for p, ¢ € H'(7,) by

B(p,¢) == Y {(SVP, Ve)k + (V- (pW), ©)x + (P, )k} -
KeT,

| A\

Definition (Weak solution)
Weak solution: p € H'(Q) with p|r, = g such that
B(p,¢) = (f,p)a — (U:p)ry Vo € H(Q). J
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Bilinear form, weak solution, energy (semi-)norm

Definition (Bilinear form B)

We define a bilinear form B for p, ¢ € H'(7,) by

B(p,¢) == Y {(SVP, Ve)k + (V- (pW), ©)x + (P, )k} -
KeT,

Definition (Weak solution)

Weak solution: p € H'(Q) with p|r, = g such that
B(p,o) = (f,0)a — (U, 0)ry Vi € HH(Q).

Definition (Energy (semi-)norm)

We define the energy (semi-)norm for ¢ € H'(7,) by

1 2 1 2 |2
llella = Y= Ml Mell = |82 V||, +| (5v-w+r) "¢
KeTh
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General finite volume scheme

Definition (FV scheme for -V - SVp+ V - (pw) + rp = f)

Find px, K € 75, such that

Z Sk.o + Z Wk - + rkpx|K| = fk|K| VK € Ty.

oc&k o€k
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General finite volume scheme

Definition (FV scheme for -V - SVp+ V - (pw) + rp = f)

Find px, K € 75, such that

S Sko+ > Wiy +rkpklKl = fklK| VK €Ty

oc€EK o€k
Sk, : diffusive flux no specific form,
Wk - convective flux just conservativity needed
® rk:=(r,1)/|K]|

o i := (F.1)/IK|
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General finite volume scheme

Definition (FV scheme for -V - SVp + V - (pw) + rp = f)

Find px, K € 75, such that

Z Sk.o + Z Wk - + rkpx|K| = fk|K| VK € Tp.

oc&k o€k
Sk : diffusive flux no specific form,
° ’ : . o
Wk, : convective flux just conservativity needed

® rx:=(r,1)/IK|
o fx :=(f,1)/|IK] |
Example

@ Sk, = SKL dK (o, — pk)
@ Wk, = ps(w-n,1),: weighted-upwind L

XL
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First-order system reformulation

Second-order PDE

-V -SVp+V.-(pw)+rmp=f

4

First-order system

u=-SVp,
V-u+V-(pw)+rmp="f

'p = 00 and g = 0 for the sake of simplicity
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A centered scheme

Definition (A centered mixed finite element scheme)
Find u;, € RT%(7;) and py, € &(75) such that

(S 'up,Vh)a — (Pn. V- Va)a =0 Vv, €RT(Tp),
(V- Up, dn)a — (S 'Upw, én)a + ((r + V - W)ph, dn)g
=(f,on)a  Von <€ ®(7n).

Basis of RT%(7j,) Basis of ®(75)

ok = 1|k
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An upwind-weighted scheme

Definition (An upwind-weighted mixed finite element scheme)
Find us, € RT%(7;,) and py, € ®(75) such that

(S 'un Vh)a — (bn. V- Vh)a =0 Vv, € RT(T),
(V-Undn)a+ Y D PoWkodk + (IPh Ph)a

KeT,oelk
=(f,on)a  Von € ®p.
@ Wk, = (w-n,1),: flux of w through a side o
@ p,: weighted upwind value,

o | (A =ve)pk +vepr if wx,>0
P = (1 —ve)pL +vepk if Wwks <O

@ v,: coefficient of the amount of upstream weighting, e.g.
Ve := Min{Cs ;|0|/(hs|Wk ), 1/2}
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A locally postprocessed scalar variable py

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,
o —SKV[N)MK = uh|K ﬂUX of f)h is Uh)
@ (Pn. 1)k/|K| = px (mean of p, on K'is px).
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,
o —SKV[N)MK = uh|K ﬂUX of f)/-, is Uh)
@ (Pn. 1)k/|K| = px (mean of p, on K'is px).

Properties of py,
@ Dp and is (itisa )
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,
o —SKV[N)MK = uh|K ﬂUX of f)/-, is Uh)
@ (Pn. 1)k/|K| = px (mean of p, on K'is px).

Properties of py,
@ Dp and is (itisa )
@ pyis , & H{(Q), only € H'(7) in general
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,
@ —SxVpnlk = up|k (flux of py is up),
® (Pn, 1)k/|K| = px (mean of p, on K is pk).

Properties of py,

® Py and is (itis a )

@ pyis , & H1(Q), only € H'(75) in general

° of P, on the sides , Pnh € Wo(Th)
Proof: 0 = —(VPn,Vox, koL — (Pn: V- Vor )KL

= _<V(TK_L : nvbh>5K < OK,L -n, ph>
= (Vo "Nk, PrlL — Palk)ox,
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A locally postprocessed scalar variable py

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,
o —SKvbh|K = uh|K ﬂUX of [3/-, is Uh)
@ (Pn. 1)k/|K| = px (mean of p, on K'is px).

Properties of py,

@ Dp and is (itisa )
@ pyis , & H{(Q), only € H'(7) in general

) of pj on the sides , Pn € Wo(7p)
@ the means are the from the

hybridized forms of the schemes
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A locally postprocessed scalar variable py

Definition (Postprocessed scalar variable pp)

We define pj such that, separately on each K € 7p,
o —SKVth|K = uh|K ﬂUX of [3/-, is Uh)
@ (Pn. 1)k/|K| = px (mean of p, on K'is px).

Properties of py,

@ Dp and is (itisa )
@ pyis , & H{(Q), only € H'(7) in general
) of pj on the sides , Pn € Wo(7p)
@ the means are the from the
hybridized forms of the schemes
Remarks

@ Dp is a connection of p, and up
@ basis of our a posteriori error estimates
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A posteriori error estimate for the centered scheme

Theorem (A posteriori error estimate for the centered scheme)

There holds

1 1
2 2
llp— Prllla < { > m%c,K} + { > (mx +nc,K>2} :

KeTy KeTy,
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A posteriori error estimate for the centered scheme

Theorem (A posteriori error estimate for the centered scheme)

There holds

1 1
2 2
1P — Prlla < { 5 77} ; { S (e +nc,K>2} |

KeTy KeTy,

@ nonconformity estimator
]
@ Tmo(Pn): modified Oswald int. (preserves means of traces)
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A posteriori error estimate for the centered scheme

Theorem (A posteriori error estimate for the centered scheme)

There holds

1 1
2 2
1P — Prlla < { 5 77} ; { S (e +nc,K>2} |

KeTy KeTy,

@ nonconformity estimator

]

@ Tmo(Pn): modified Oswald int. (preserves means of traces)
@ residual estimator

]

2 hg 1
® mi :=min {Cp,d S’ Gurr
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A posteriori error estimate for the centered scheme

Theorem (A posteriori error estimate for the centered scheme)

There holds

1 1
2 2
lllp = Prllla < { Z nI%IC,K} + { Z (R,k +7IC,K)2} :

KeTy KeTy,

@ nonconformity estimator

]

@ Tmo(Pn): modified Oswald int. (preserves means of traces)
@ residual estimator

]

2 oo Mg 1
® mi :=min {Cp,d oo’ Gk

@ convection estimator

® V= Pn— Ino(pn)
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A posteriori error estimate for the centered scheme

Sketch of proof.

° Il = Pallle < lllp = sllla + llls — Pallla
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A posteriori error estimate for the centered scheme

Sketch of proof.

° Il = Ballla < |llp = sllle + IS — Pallle
® (p—s) e H\(Q): implies

B(p—s,p—s
lp—slle < BP=5P=9) o g Bp-sy)

lllp = sllla PEH} (), lllelllo=1

= sup {B(p — bn, ) + B(bn—s,0)}
PEHL(Q), llella=1
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A posteriori error estimate for the centered scheme

Sketch of proof.

° 2l = Pnllla < llp — sllla + [IIs — Prllla
® (p—s) e H\(Q): implies

B(p—s,p—s
lp—slle < BP=5P=9) o g Bp-sy)

lllp = sllla PEH} (), lllelllo=1

= sup {B(p — bn, ) + B(bn—s,0)}
PEHL(Q), llella=1

° and : B(p — Pa, #)
= (f.9)a— D {(SVPn Vo)k + (V- (BrW). ¢) + (b, 2)k }
KeTh
— Z (f—i—V-SKVﬁh—V-(ﬁhW) — f'f)h,(,O)K"F Z <uh'n790>8K
KeTy KeTp
=Y (F+V-SkVpn— V- (BrW) — rPn, ¢)
KeT,
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A posteriori error estimate for the centered scheme

Sketch of proof (cont.)

) of the centered :
(f+V -SkVpPr—V - (PrW) — rpp, vk) =0 VK e T
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A posteriori error estimate for the centered scheme

Sketch of proof (cont.)

) of the centered :
(f+V -SkVpPr—V - (PrW) — rpp, vk) =0 VK e T
@ hence:
B(p—pn, ) = Y (F+V-SkVbn—V-(BrW) —rbn, o — ¢k
KeTy,
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A posteriori error estimate for the centered scheme

Sketch of proof (cont.)

) of the centered :
(f+V -SkVpPr—V - (PrW) — rpp, vk) =0 VK e T
@ hence:
B(p—Pn, @) = > (F+V-SkVPn—V-(BrW) — P, o — k) ¢
KeTy,
o the and terms
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A posteriori error estimate for the centered scheme

Sketch of proof (cont.)

) of the centered :
(f+V-SkVpn—V - (PnW) — rpp, ok)c =0 VK eTj
@ hence:
B(p—Pn, @) = > (F+V-SkVPn—V-(BrW) — P, o — k) ¢
KeTy,
o the and terms
Remarks

@ completely based on the primal abstract framework

@ generalization of the techniques due to Verfiirth '98 for
Galerkin FEMs

@ nonconformity (techniques due to El Alaoui and Ern ’04,
Karakashian and Pascal '03)
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A posteriori error estimate for the upwind-weighted
scheme

Theorem (A posteriori error estimate for the upwind-weighted

scheme)
There holds ; .
2 2
llp — Brllle < { > nﬁc,K} + { S (o + nek + W)Z} :
KeTy, KeTp
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A posteriori error estimate for the upwind-weighted
scheme

Theorem (A posteriori error estimate for the upwind-weighted

scheme)
There holds ; .
2 2
llp — Brllle < { > n’ﬁ}c,K} + { S (o + nek + W)Z} :
KeTy, KeTp

@ upwinding estimator

"]

e p,: the weighted upwind value

e p,: the mean of py, over the side o

e m,: function of ¢s k, Cw,rk = (3V - W+T1)|k, d, hk, ||, |K|
e all dependencies evaluated explicitly
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Local efficiency of the estimates

Theorem (Local efficiency of the residual estimator)

There holds

. Cwrk .
NRK < |||P—Ph!||KC{maX{1,w’r’} + mln{PemQK}} :
Cw,r.K

@ residual estimator is (lower bound for
error on K), with respect to S, and
with respect to w
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Local efficiency of the estimates

Theorem (Local efficiency of the residual estimator)

There holds
- G .
mex < |l — BrlllkC {max {1QVN”K} + min{Pex, gK}} .

r.K
@ residual estimator is (lower bound for
error on K), with respect to S, and
with respect to w
o CefﬁK:
e C independent of hk, S, w, and r
° dependency on and
° % < 2 for r nonnegative
o C. k depends affinely on Pex
° Wikl prevents C. x from exploding in

oKk -= Vw,r,k+/Cs,K ]
convection-dominated cases on rough grids
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Local efficiency of the estimates

Theorem (Local efficiency of the nonconformity and convection

estimators)
There holds

NRextiex <a Yy llp=Pullf+6  inf > sl

shEP2(Tp)NH]

LiLAKD 1. lnk20

@ nonconformity and convection estimators are
(up to higher-order terms if ¢y  k # 0) and
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Local efficiency of the estimates

Theorem (Local efficiency of the nonconformity and convection

estimators)
There holds

NRextiex <a Yy llp=Pullf+6  inf > sl

shEP2(Tp)NH]

LiLAKD 1. lnk20

@ nonconformity and convection estimators are
(up to higher-order terms if ¢y  k # 0) and

@ Ceirk:
e depends on of
e depends on by %
@ again min{PeL, QL} in each L around K prevents 'Ceff,K from
exploding in convection-dominated cases on rough grids
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)
We define pj such that, separately on each K € 7p,

V-SVB = o Ska.
‘K| o€k
(1 — k) (Pr, Vi /IK| + pxPr(Xk) = Pk,
—SVpnlk-n = Sko/lo| Voeék.

M. Vohralik Estimations d’erreur a posteriori pour les VF et les EFM
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)
We define pj such that, separately on each K € 7p,

V-SVB = o Ska.
‘K| o€k
(1 — k) (Pr, Vi /IK| + pxPr(Xk) = Pk,
—SVpnlk-n = Sko/lo| Voeék.

Properties of py,
@ Py and is
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| Pb Estimates MFEs Estimates FVs Remarks Exp C A postprocessed scalar variable Estimates

A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)
We define pj such that, separately on each K € 7p,

V-SVB = o Ska.
‘K| o€k
(1 — k) (Pr, Vi /IK| + pxPr(Xk) = Pk,
—SVpnlk-n = Sko/lo| Voeék.

Properties of py,
@ Dp and is
° of Py, is given by Sk, by px
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| Pb Estimates MFEs Estimates FVs Remarks Exp C A postprocessed scalar variable Estimates

A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)
We define pj such that, separately on each K € 7p,

V-SVB = o Ska.
‘K| o€k
(1 — k) (Pr, Vi /IK| + pxPr(Xk) = Pk,
—SVpnlk-n = Sko/lo| Voeék.

Properties of py,

@ Dp and is
° of Py, is given by Sk, by px
@ Dpis , & H'(Q), ¢ Wo(7p), only € H'(7p)
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A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)
We define pj such that, separately on each K € 7p,

V-SVB = o Ska.
‘K| o€k
(1 — k) (Pr, Vi /IK| + pxPr(Xk) = Pk,
—SVpnlk-n = Sko/lo| Voeék.

Properties of py,

@ Py and is
° of p is given by Sk, by pk
® pris ¢ H'(Q), & Wo(Th), only € H'(Th)
o for or
i Pppis a
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| Pb Estimates MFEs Estimates FVs Remarks Exp C A postprocessed scalar variable Estimates

A locally postprocessed scalar variable py,

Definition (Postprocessed scalar variable pp)
We define pj such that, separately on each K € 7p,

V-SVB = o Ska.
‘K| o€k
(1 — k) (Pr, Vi /IK| + pxPr(Xk) = Pk,
—SVpnlk-n = Sko/lo| Voeék.

Properties of py,

@ Py and is
° of p is given by Sk, by pk
® pris ¢ H'(Q), & Wo(Th), only € H'(Th)
o for or
i Pppis a

@ basis of our a posteriori error estimates
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A posteriori error estimate

Theorem (A posteriori error estimate)

There holds

2

. 2 2
llo—Prllla <4 D ke kp+9 > _(TR.K+1C.K+NUK+HNRQKHNy K)
KeTy, KeTn
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A posteriori error estimate

Theorem (A posteriori error estimate)

There holds

1

1
|||p—bh|r|9s{Znﬁc,K}+{Z(nR,K+nc,K+nU,K+nRQ,K+nrN,K)Z}-

KeTy, KeTn

@ nonconformity estimator
o
@ Zos(pr): Oswald int. operator (Burman and Ern ’07)
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A posteriori error estimate

Theorem (A posteriori error estimate)

There holds

1

1
: 1
lllp—Pnllla S{ Zﬂﬁc,K}Jr{ Z(HR,K+77C,K+TIU,K+77RQ,K+77FN,K)2}-

KeTy, KeTn

@ nonconformity estimator
o
@ Zos(pr): Oswald int. operator (Burman and Ern ’07)

@ residual estimator

o he 4
@ myj :=min {Cp,d oo Tk
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A posteriori error estimate

Theorem (A posteriori error estimate)

There holds

1

1
: 1
lllp—Pnllla S{ Zﬂﬁc,K}Jr{ Z(HR,K+77C,K+TIU,K+77RQ,K+77FN,K)2}-

KeTy, KeTn

@ nonconformity estimator
o
@ Zos(pr): Oswald int. operator (Burman and Ern ’07)

@ residual estimator
o
. h2
o m :=min {Cp,dﬁ, cij}

@ convection estimator

® Vv = Pn — Zos(Pn)
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A posteriori error estimate

@ upwinding estimator

p,: the weighted upwind value

Tos(Pr)o: the mean of Zos(pn) over the side o

m,: function of cs k, Cw.rk = (3V-W+7r)|k, d, h, |o], |K|
all dependencies evaluated explicitly

@ reaction quadrature estimator

"]
e disappears when r pw constant and py, fixed by mean

@ Neumann boundary estimator
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Outline

e Remarks
@ Comments on the estimates and their efficiency
@ Pure diffusion problem
@ Relation of mixed finite elements to finite volumes
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Comments on the estimates and their efficiency

no saturation assumption

p € H'(Q), no additional regularity

no convexity of Q needed

no “monotonicity” hypothesis on inhomogeneities
distribution as El Alaoui and Ern '04 or Bernardi and
Verflrth ’00

the only important tool: optimal discrete
Poincaré—Friedrichs inequalities (Vohralik, NFAO 2005)
holds from diffusion to convection—diffusion—reaction cases
no efficiency for the upwinding estimator (since the
upwind-weighted scheme does not change to the centered
one; improvement: smooth transition upwind-weighted —
centered scheme)

no efficiency for the reaction quadrature and Neumann
boundary estimators
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_ Comments Diffusion problem Relations MFEs—FVs
Comparison with Galerkin FEMs

@ residual estimator (||f + V - SxVpy — V - (PrW) — rpnllk)

e very good sense in MEEM/FVM (py, is piecewise quadratic)
® V- SxVphnlk = 0 in piecewise linear Galerkin FEM

_ Estimations d’erreur a posteriori pour les VF et les EFM
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Comparison with Galerkin FEMs

@ residual estimator (||f + V - SxkVpy — V - (DnW) — rpnllk)

e very in / (pn is piecewise quadratic)
° in
@ edge mass balance estimator (||[SVp, - n]|,)
° in / (mass conservation)
° in
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Comparison with Galerkin FEMs

@ residual estimator (||f + V - SxVpy — V - (DnW) — rpnl|k)

e very in / (pn is piecewise quadratic)
° in
@ edge mass balance estimator (||[SVp, - n]|,)
° in / (mass conservation)
° in

@ nonconformity estimator (|||p, — Z(Pn)|l|k)

° in /
° in
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Comparison with Galerkin FEMs

@ residual estimator (||f + V - SxVpy — V - (PaW) — rPpl k)

e very in / (pn is piecewise quadratic)
° in
@ edge mass balance estimator (||[SVp, - n]|,)
° in / (mass conservation)
° in

@ nonconformity estimator (||/|o, — Z(pn)|||x)
° in /
° in

@ upwinding estimator (||(p, — p,)W - n||,)

e when local Péclet number gets small, in
and gets a in
° (Verfurth *98): different form,
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Pure diffusion problem —V - SVp=f,Tp =902,9g=0

Theorem (A posteriori error estimate for the diffusion problem)
There holds

2 2
llp — Prllla < { Z 771€IC,K} + { Z U}%,K} .

1 1

KeTy KeT,
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Pure diffusion problem —V - SVp=f,Tp =902,9g=0

Theorem (A posteriori error estimate for the diffusion problem)
There holds

2 2
llp — Prllla < { Z 771€IC,K} + { Z U}%,K} .

1 1

KeTy, KeTy

@ nonconformity estimator

]
@ Z(pn): Oswald or modified Oswald interpolate

M. Vohralik Estimations d’erreur a posteriori pour les VF et les EFM



| Pb Estimates MFEs Estimates FVs Remarks Exp C Comments Diffusion problem Relations MFEs—FVs

Pure diffusion problem —V -SVp=f,Tp =0Q,9g=0

Theorem (A posteriori error estimate for the diffusion problem)
There holds

3 2
llp — Prllla < { Z 771€IC,K} + { Z nﬁ,K} :

1 1

KeTy KeTy

@ nonconformity estimator

]
@ Z(pn): Oswald or modified Oswald interpolate

@ residual estimator

° (fx is the mean of f over K)
e only dependent on sources f
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Pure diffusion problem —V - SVp=f,Tp =902,9g=0

Theorem (A posteriori error estimate for the diffusion problem)
There holds

. _ h2 2
llp — Prllle < em Ith—SIIIQ+{Z Cpg—F Hf—fxlli} :

KeT, 2
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Pure diffusion problem —V - SVp=f,Tp =902,9g=0

Theorem (A posteriori error estimate for the diffusion problem)
There holds

. _ h2 2
llp — Prllle < em Ith—SIIIQJr{Z Cpg—F Hf—fxlli} :

KeT, 2

@ asymptotically with for
and

nt _llPn = sllla < TP — Pallla
Q)

€My
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Pure diffusion problem —V -SVp=f,Tp =0Q,9g=0

Theorem (A posteriori error estimate for the diffusion problem)
There holds

. _ h2 2
e — Prllle < seg}f( lon — sllla + { > Coa—If - fKII%} :

0 KeTy ’

@ asymptotically with for
and

nt _llPn = sllla < TP — Pallla
Q)

€My

o is in fact also an

qu) [1Bn = sllla < [[[Br — Zmo(Pn)llle < Ch

0
using that p, € Wy(75) (cont. means of traces)
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Pure diffusion problem —V - SVp=f,Tp =902,9g=0

Theorem (Mixed FEM for the diffusion problem)

There holds 42 -
B < inf —§||lo + Co g—L||f — fic|2
lllp — Pnllla e lon — sllla {K;rh pdC& | KHK}
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Pure diffusion problem —V -SVp=f,Tp =0Q,9g=0

Theorem (Mixed FEM for the diffusion problem)

There holds 2

:

2

lllp = Prllle < i 1Pr = sllla+9 Y Coa—NIf =l ¢ -
seHy () KeT, K

Theorem (Galerkin FEM for the diffusion problem)
There holds

llp = prllle < _inf llo— shllla-
sheVp
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Pure diffusion problem —V -SVp=f,Tp =0Q,9g=0

Theorem (Mixed FEM for the diffusion problem)
There holds

:
h2 2

—Blllo < inf —8|lla + O A s
lllp pth_seH( lon — sllla {Z P.d KH KHK}

1
0 KeTy ’

Theorem (Galerkin FEM for the diffusion problem)
There holds

llp = prllle < _inf llo— shllla-
sheVp

Mixed FEM 1D:

° , Pr € H}(Q)
° when
° , the exact solution, for (arbitrary

inhomogeneities) and
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Pure diffusion problem —V -SVp=f,Tp =0Q,9g=0

Theorem (Mixed FEM for the diffusion problem)

There holds

:
h2 2

— B < inf |||Pn = s|llq + O A s
lllp pth_seH Q)|th Il {Z P.d 7KH KHK}

3
0 KeT,

<

Theorem (Galerkin FEM for the diffusion problem)
There holds

llp = prllle < _inf llo— shllla-
sheVp

Mixed FEM 1D:

° , Pr € H}(Q)
° when
° , the exact solution, for (arbitrary

inhomogeneities) and

Galerkin FEM 1D:
@ [[|[p—Pnllla < Ch
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Pure diffusion problem —V - SVp=f,Tp =902,9g=0

Definition (Generalized weak solution)

Generalized weak solution: p € Wy(75) such that
B(p,¢) = (f,o)a Ve € Wo(Tn).
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Pure diffusion problem —V -SVp=f,Tp =0Q,9g=0

Definition (Generalized weak solution)

Generalized weak solution: p € Wy(75) such that
B(p,¢) = (fo)a Vo€ Wo(Tp).

Theorem (A posteriori error estimate for mixed FEM and the

generalized weak solution of the pure diffusion problem)

There holds

2
P — Prllla < {Z 771%,;(} :

KeTy
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Pure diffusion problem —V -SVp=f,Tp =0Q,9g=0

Definition (Generalized weak solution)

Generalized weak solution: p € Wy(75) such that
B(p,¢) = (fo)a Vo€ Wo(Tp).

Theorem (A posteriori error estimate for mixed FEM and the

generalized weak solution of the pure diffusion problem)

There holds

2
P — Prllla < {Z 771%,;(} :

KeTy

@ residual estimator
]
e only dependent on sources f
° =
o if f piecewise constant = with p for
and
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Relations of mixed finite elements to finite volumes

. [ A C uy [ F
MFEmatnxprobIem.(B D><P>_<G>

°
° ' Vohralik (M2AN, 2006): local
linear problem My Uy = Fy — Ay Py for each vertex V

@ = the matrix problem can be , Without any
numerical integration, rewritten as

° is thus to a particular

@ Sis , in general but

@ works from pure diffusion to convection—diffusion—reaction

cases, for upwind schemes, in 2D and 3D, for nonlinear
cases
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Problem with discontinuous and inhomogeneous
diffusion tensor: finite volumes

@ consider the pure diffusion equation
—V-SVp=0 in Q=(-1,1)x(-1,1)

@ discontinuous and inhomogeneous S, two cases:

1 1

s,=1 s,=5 s,=1 s,=100

$;=5 s,=1 §,=100 s,=1

- 0 i 0 1

@ analytical sol_ution: singularity_/ at the origin
p(r,0) = r*(a;sin(ad) + b;cos(ab))

e (r,8) polarcoordinates in Q
e a;, b constants depending on Q;
e « regularity of the solution
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Analytical solutions

O
A
(R
(s

i
i

L
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Estimated and actual error distribution on an
adaptively refined mesh, case 1
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Approximate solution and the corresponding
adaptively refined mesh, case 2
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Estimated and actual error against the number of
elements in uniformly/adaptively refined meshes
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Global efficiency of the estimates
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Convection-dominated problem: mixed finite elements

@ consider the convection—diffusion—reaction equation
—eAp+V-(p(0,1))+p=Ff in Q=(0,1)x(0,1)

@ analytical solution: layer of width a

p(x,y)=0.5 (1 - tanh(O‘Sa_ X))

@ consider

ec=1,a=05
e c=10"2,a=0.05
e c=10"*%a=0.02

@ unstructured grid of 46 elements given,
uniformly/adaptively refined
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Analytical solutions, e =1, a=0.5and ¢ = 104,
a=0.02
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Estimated and actual error distribution, e =1, a=0.5
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Modified Oswald interpolate: estimated and actual
error against the number of elements and global
efficiency of the estimates, e =1,a=0.5
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Oswald interpolate: estimated and actual error against
the number of elements and global efficiency of the
estimates,c =1,a=0.5
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Estimated and actual error distribution, e = 1072,
a=0.05
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Approximate solution and the corresponding
adaptively refined mesh, e = 104, a = 0.02
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Estimated and actual error against the number of
elements in uniformly/adaptively refined meshes,
e=102,a=0.05ands =104 a=0.02
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Global efficiency of the estimates, ¢ = 1072, a = 0.05
ande =10"%, a=0.02
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Conclusions and future work

Conclusions

° , , and

estimates for and
problems

@ directly computable—

@ works for mixed finite elements and finite volumes
@ based on conformity of the flux variable

@ connections mixed finite elements — finite volumes
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Conclusions and future work

Conclusions

° , , and

estimates for and
problems

@ directly computable—

@ works for mixed finite elements and finite volumes
@ based on conformity of the flux variable

@ connections mixed finite elements — finite volumes

Future work

@ a unified a priori and a posteriori error analysis of mixed
finite element / finite volume methods

@ nonlinear case
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