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Oil production

Oil production
@ oil — one of the major energy supply of today’s world
@ need for efficient production
@ high prices — question of rentability
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Changing the viscosity by heating

Changing the viscosity by heating
@ inject steam into the reservoir
@ increase the pressure
@ heat the oll
@ objective: viscosity reduction of the oil
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Efficient oil production

Efficient oil production

@ capture the heated oil
@ increase the production efficiency

Steam-assisted gravity drainage P

: Informatics gPmathematics



Q Introduction and motivation
@ Basic mathematical model
Q Numerical difficulties

Q A posteriori error estimates

Q Extension to multiphase compositional flows




Introduction Model Difficulties A posteriori Extension

Basic mathematical model: two-phase flow

Mathematical model
Darcy velocity u,

oos.) + V(- K(Vp, 4 ugV2)) ~ au e fnw)

0%

Sn+ Sw =1,
Pn — Pw = Pe(Sw)
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Basic mathematical model: two-phase flow

Mathematical model
Darcy velocity u,

0t(PSa) + V-(—kr’CL(SW)K(Vpa + ,oasz)> = Qu, a € {n,w},

So+Sw=1,
Pn — Pw = Pe(Sw)
@ two immiscible, incompressible fluids

@ space-time domain Q x (0, T)
@ + initial & boundary conditions
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Basic mathematical model: two-phase flow

Mathematical model
Darcy velocity u,

kr,a(sw)

0%

Or(h80) + v.(— K(Vpa + pang)) —qu. acnwl,

Sn+ Sw =1,
Pn — Pw = Pe(Sw)

@ two immiscible, incompressible fluids

@ space-time domain Q x (0, T)

@ + initial & boundary conditions

@ P, Pyw: unknown nonwetting and wetting phase pressures
@ 5., Sy: unknown nonwetting and wetting phase saturations
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Basic mathematical model: two-phase flow

Mathematical model
Darcy velocity u,

kr,a(sw)

0%

O($Sa) + V- (— K(Vpa + pang)) —qu. acnwl,

Sn+ Sw =1,
Pn — Pw = Pe(Sw)

@ two immiscible, incompressible fluids

@ space-time domain Q x (0, T)

@ + initial & boundary conditions

@ P, Pyw: unknown nonwetting and wetting phase pressures
@ 5., Sy: unknown nonwetting and wetting phase saturations
@ p.(-): the nonlinear capillary pressure

@ K ,(-): the nonlinear relative permeability
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Basic mathematical model: two-phase flow

Mathematical model
Darcy velocity u,

kr,a(sw)

0%

Or(h80) + v.(— K(Vpa + pang)) —qu. acnwl,

Sn+ Sw =1,
Pn — Pw = Pe(Sw)

@ two immiscible, incompressible fluids

@ space-time domain Q x (0, T)

@ + initial & boundary conditions

@ P, Pyw: unknown nonwetting and wetting phase pressures
@ 5., Sy: unknown nonwetting and wetting phase saturations
@ p.(-): the nonlinear capillary pressure

@ Kk ,(-): the nonlinear relative permeability

@ ¢ porosity; K permeability tensor; jia, pa, gu: Viscosities,

densities, sources; z vertical coordinate; g gravity &'L? aaaa S
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Geometry and meshes

SRRSO [
Geometry and meshes example
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@ highly nonlinear (degenerate) system of partial differential
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Numerical difficulties

Numerical difficulties
@ highly nonlinear (degenerate) system of partial differential
equations
@ coupled with nonlinear algebraic equations
@ involves phase transitions

@ different time and space scales (orders of magnitude
difference)

@ highly contrasted, discontinuous coefficients

M. Vohralik Numerical simulation of flow and contaminant transport



- Intoduction Model Diffiulties A posteriori Extension
Numerical difficulties

Numerical difficulties
@ highly nonlinear (degenerate) system of partial differential
equations
@ coupled with nonlinear algebraic equations
@ involves phase transitions

@ different time and space scales (orders of magnitude
difference)

@ highly contrasted, discontinuous coefficients
@ complicated 3D geometries

rd

: Informatics #Zmathematics



- Intoduction Model Diffiulties A posteriori Extension
Numerical difficulties

Numerical difficulties
@ highly nonlinear (degenerate) system of partial differential
equations
@ coupled with nonlinear algebraic equations
@ involves phase transitions

@ different time and space scales (orders of magnitude
difference)

@ highly contrasted, discontinuous coefficients
@ complicated 3D geometries
@ unstructured and nonmatching grids

rd

: Informatics #Zmathematics



- Intoduction Model Diffiulties A posteriori Extension
Numerical difficulties

Numerical difficulties
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Numerical difficulties

Numerical difficulties
@ highly nonlinear (degenerate) system of partial differential
equations
@ coupled with nonlinear algebraic equations
@ involves phase transitions

@ different time and space scales (orders of magnitude
difference)

@ highly contrasted, discontinuous coefficients
@ complicated 3D geometries
@ unstructured and nonmatching grids
@ presence of evolving sharp fronts
@ combination of diffusive, advective, and reactive effec’ts
&1/,", ,,,,,,,, ;S mathematics
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Tools

@ a posteriori error estimators for determining the parts of
the spatio-temporal domain with increased error (material
discontinuities, sources and sinks, moving sharp fronts)

@ adaptive stopping criteria
@ adaptive mesh refinement
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Tools and goals

Tools

@ a posteriori error estimators for determining the parts of
the spatio-temporal domain with increased error (material
discontinuities, sources and sinks, moving sharp fronts)

@ adaptive stopping criteria
@ adaptive mesh refinement
Goals

@ increase the precision while simultaneously decreasing the
cost (increase efficiency)
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Tools and goals

Tools

@ a posteriori error estimators for determining the parts of
the spatio-temporal domain with increased error (material
discontinuities, sources and sinks, moving sharp fronts)

@ adaptive stopping criteria
@ adaptive mesh refinement
Goals
@ increase the precision while simultaneously decreasing the
cost (increase efficiency)
@ guarantee a user-given precision of the calculation

L d
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Estimate distinguishing different error components

Theorem (Distinguishing different error components)
Consider

@ fime step n,
@ linearization step k,
@ jterative algebraic solver step I,
and the corresponding approximations s” ko " and p” K1 Then

K, K, K, K K K
l(sw — s PNl < ng 4 nile! ol e,

th’pW WhT
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Estimate distinguishing different error components

Theorem (Distinguishing different error components)
Consider

@ fime step n,
@ linearization step k,
@ jterative algebraic solver step i,
and the corresponding approximations s” kol " and p” K1 Then

k k k, k, K, K,
I(sw = SZT P — PEED 1 < 03T+ nl 4+ nil” + gl

Error components
n,k,i.

® 7 . spatial discretization

° n{I’nk’ temporal discretization

@ n': linearization

° 77;;’ algebraic solver &;7,
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Local estimators

@ spatial estimators

k k, ki ki
) =0 > (1Al —va (s st Ik
ac{n,w} ,
k k
+ hy/mllg — O (esil) — Vul|1x)

| . ,
+ (KW ) + Mn(S0 D)V (00 St k) = B (D)

;
2
7k7 ~ k 2

+ (IKV(a(slD) = ap)lk (1)) }
@ temporal estimators

k k K NN #|
nSHK’a( ):=1Va( V”VmﬁSQ,hT’)(f)—Va(PV”V,hT’,SZ,hT’)(f”)HK o € {n, w}
@ linearization estimators

k k
nlr:nKl(\ = ||<r:hl||K O(E{D,W}
@ algebraic estimators
7k7' . 7k7' informatics g mathematics
Mgk = 180 ac{nw  LrFia
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Horizontal flow
n(95a) — V- ( “;fSW)KVpa) -0,
Sp+Sy=1,
Pn — Pw = Pc(Sw)
Brooks—Corey model
relative permeabilities
Kew(Sw) = 8¢, Kea(sw) = (1 = 8)°(1 — 87)

capillary pressure
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Model problem

Horizontal flow

kra W
6t(¢scx) -V <’M(S)Kv/3a) = 07
Sp+ Sw = 17
Pn — Pw = Pc(Sw)

Brooks—Corey model
@ relative permeabilities

kw(Sw) =8, Ken(Sw) = (1 — 8e)2(1 — 82)

@ capillary pressure
.

pc(sw) = PdSe 2

SW - srw
L d

1 —Sw — Sm s g
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Fully implicit cell-centered finite volume scheme

Fully implicit cell-centered two-point finite volumes
Forall1 < n < N, look for s ,.p , such that

s — s
W, W, =
¢7¢” K|+ Z Fu.ex (Sw.ns Pa.n) = 0,
eKLGS}?‘
1
SwK S\Z,K K = n o =n
0 K]+ Z n,ex (Sw,h Pw.n) = 0,
eKLeé'}?‘

-
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Fully implicit cell-centered finite volume scheme

Fully implicit cell-centered two-point finite volumes
Forall1 < n < N, look for s ,.p , such that

n n—1

Sw.K ~ SwK _
¢ = n = ’K| + Z FWaeKL(S\?v,mpgv,h) =0,
eKLGS;?t
—1
SwK ~ Swk K £ noo=n oy
—¢ n ‘ ‘ + Z nveKL(sw,h7pw,h) =0,
eKLeé'}?‘

where the normal fluxes are given by

_ Arw(Sy k) + Aew(Sh 1) Pa L — Py k
Fu.ex (Su.ho Piu,n) = — - 5 —=~|K] &’K — XVZI ek,
_ Arn(Sy k) + Aen(SG 1)
Foen (S Pap) == — = 5 = K]
y Py .+ Pe(sy ) — (P k + Pe(Sg k) vl
Km ies g mathematics
Xk — X¢| [iL a—
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Linearization and algebraic solution

Linearization step « and algebraic step /
Couple s}, " such that

Snk/
w,K wK k—1 nkl nkiy n,k,i
¢ ‘K’—i_ Z FWeKL w,h 7lowh) _R\\'AK7
eKLeglnl
Sn,k,i s 1
w,K w,K k— nk/ =nK,iy _ n,k,i
_(b n ’K| + Z F eKL w,h ’pwh ) _Rn.K ’
eKLEf/‘;?l

Ve

hwym,mmm
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Linearization and algebraic solution

Linearization step « and algebraic step /

Couple s}, " such that

nk,i

S’ .
w,K wK k—1 nk: —nK,iy n,kK,i
o———— ‘K’ + Z FW eKL wh 7lowh ) _'q\\xK7
eKLegml
nk,i Sn—1
w,K w,K k—1 nk/ —nK,iy n,k,i
_d) n ’K| + Z F eKL( w,h ’pwh ) _Rn.K ’
eKLEf/‘;?l

where the linearized normal fluxes are given by

k—1 nk,i =n,k,iy . nk—1 =nk—1
Fo eKL( w,h w,h) :Fa,em(sw,h ' Pw.h )

aFa,e n,k—1 —n, nk,i nk—1
D De syl L PUn (Sil — Sih )

Me{K,L}

OF,, k=1 =nk—1 ki =nk—
> Ty % (s B ) (B, e ):
mek.Ly M Crzici—
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Velocities reconstructions

Velocities reconstructions

K, k k
(d: hl nK71)eKL = aeKL( \?zhl’p\rzzh’)
K, k k—1 Kk k
((dn I Zhl) nK’ )eKL . Fa eKL( \?vhl’p\,z/hl)
nk/ . dnk/+z/ Ink/+z/ (dn Ink/)

(\/’7

L d

hh,,;,.,,,,mmmm

M. Vohralik Numerical simulation of flow and contaminant transport



Introduction Model Difficulties A posteriori Extension

Velocities reconstructions

Velocities reconstructions

kK, k k
(d:hl nK71)eKL = aeKL( \?zhl’p\rzzh’)

,k,' k—1 k k
((dg,hl «, h ) nK? )eKL . Fa eKL( n hl’p\,z/hl)

nk/_ nk/+u nk/+z/ n,k nk,i
(1 h d I (d I )
Comments
@ phase velocities reconstructions:
n k,i . n,k n,k n,k,i
U,p =dy e ah "+aly

dmsr IZ’;’, ! used to identify error components
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*kgm™'s™",  p, =2103kgm~'s7",

Sw=5m =0, ps=510°kgm's?

L d
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*%kgm~'s™!, 4, =2103kgm~ s,
Sw=5n=0, ps=2510°kgm~'s72
Initial condition (I~< 18m x 18m lower left corner block)
X =020nKeTh K¢K,
2 =0950nKeTh KeK

L d

Informatics g mathematics
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T = 4-105s,
$p=02 K=10""Im?
pw =510"*kgm™'s™",  p, =2103kgm~'s7",
Sw=5n=0, ps=2510°kgm~'s72
Initial condition (R 18m x 18m lower left corner block)
X =020nKeTh K¢K,
2 =0950nKeTh KeK

Boundary conditions (R 18m x 18m upper right corner block)

@ no flow Neumann boundary conditions everywhere except
of 0K N 0Q and 90K N 0Q
® K —injection well: s, = 0.95, p,, = 3.45-108kgm~'s2
@ K —production well: s, = 0.2, p, = 2.41-10%kgm~ Y2575
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Water saturation/estimators evolution
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Estimators and stopping criteria

10 10*
107 B 10" =
o
@ i 10
o 0
g 10" 0w
Zuo T e
8 810 temporal
107k _ —4— linearization
—=—total 107° || —*— algebraic
—&— spatial
107° temporal . "
—4—linearization 10
—*—algebraic
10 : : I I I | 107 | | I | | | | | I
0 200 400 600 800 1000 1200 1400 1600 1 2 3 4 5 6 7 8 9 10 11
GMRes iteration Newton iteration
Estimators in function of Estimators in function of
GMRes iterations Newton iterations
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GMRes relative residual/Newton iterations

10 1 .
.’.w W’ —a— classical
L ot : ]
_10% Gy o AT 2
%" *“‘Q".H‘ % 12 4
‘B 3
210 | Bl z
o < 101 Y Y i
g 107 i 5 8le B
4 5 '
H £ 6 i
- 1z .
4fe seeees g
10 14 L L L L L L L 2 | | | | .T.... | |
0 0.5 1 15 2 25 3 35 4 0 05 1 15 2 25 3 35 4
Time/Newton step x10° Time x 10°
GMRes relative residual Newton iterations
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GMRes iterations

Number of GMRes iterations

—=— classical
- @ -adaptive

05 1 15 2 25
Time/Newton step o

Per time and Newton step

M. Vohralik

Cumulated number of GMRes iterations

x10°

[
@

w

N
@

~

Il
@

-

o
@

— T
—=—classical

daptive |

o0

Mot?oooo?o.oo?ooooo‘ooaca‘
0 05 1 15 2 25 3 35 .
Time 10’

Cumulated
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Extension to multiphase compositional flows

Multiphase compositional flows

@ Np phases, No components
@ miscible, compressible
@ isothermal/thermal

@ Ph.D. theses of Carole Heinry and Soleiman Yousef
(Paris 6/IFPEN)

L d
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Multiphase compositional flows

Unknowns
@ phase saturations Sp
@ component molar fractions Cp ¢
@ reference pressure P

L d

h,n,,;,nu,mmm

M. Vohralik Numerical simulation of flow and contaminant transport



Introduction Model Difficulties A posteriori Extension

Multiphase compositional flows

Unknowns
@ phase saturations Sp
@ component molar fractions Cp ¢
@ reference pressure P
Constitutive laws
@ phase pressures — reference pressure — capillary pressure

Pp:= P+ P, (S)
@ Darcy’s law
Vp(Pp, Cp) := —A(VPp — pp(Pp, Cp)g)
@ component fluxes
o= Ppe, Ppo=p(Pp, S, Cp)Cp.cVp(Pp, Cp)
peEPe
@ amount of moles of component ¢ per unit volume

le .= ¢ Cp(Pp, Cp)SpCp,c B
D;c &Zol«a/-
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Multiphase compositional flows

Governing partial differential equations
@ conservation of mass

8[‘/(; “l’ VQC == (JC7 VC G C
@ + boundary & initial conditions

L d
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Multiphase compositional flows

Governing partial differential equations
@ conservation of mass
8[‘/(; + v(ﬁc == (JC7 VC E C
@ + boundary & initial conditions

Closure algebraic equations
@ conservation of pore volume

peP
@ conservation of the quantity of the matter
celp
@ thermodynamic equilibrium
> (Np, — 1) equations .
ce C : lnlnéau;,manmmamx
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