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Context and goals
General polygonal/polyhedral meshes, arbitrary scheme

mimetic finite differences (Brezzi, Lipnikov, Shashkov, Beirão da Veiga, Manzini . . . )
finite volumes/gradient schemes (Droniou, Eymard, Gallouët, Guichard, Herbin . . . )
multi-point flux approximations (Aavatsmark, Eigestad, Klausen, Wheeler, Yotov . . . )
virtual elements (Beirão da Veiga, Brezzi, Cangiani, Marini, Manzini, Russo . . . )
hybrid high-order/hybridizable discontinuous Galerkin discretizations (Cockburn,
Di Pietro, Ern, Lemaire . . . )
compatible discrete operator schemes (Bossavit, Bonelle, Ern . . . )
mixed finite elements (Kuznetsov, Repin, Jaffré, Roberts, V., Wohlmuth . . . )
. . .

Multi-phase, multi-compositional flows
unsteady nonlinear degenerate coupled systems of PDEs
algebraic constraints, phase appearance/disappearance

Goals
simple estimates: easy coding, fast evaluation, cosy use
in practical simulations
guaranteed a posteriori error estimates on

∣∣∣∣u|In − un,k ,i
h

∣∣∣∣,
valid at each step: time n, linearization k , linear solver i
distinguishing different error components: full adaptivity

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 2 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Context and goals
General polygonal/polyhedral meshes, arbitrary scheme

mimetic finite differences (Brezzi, Lipnikov, Shashkov, Beirão da Veiga, Manzini . . . )
finite volumes/gradient schemes (Droniou, Eymard, Gallouët, Guichard, Herbin . . . )
multi-point flux approximations (Aavatsmark, Eigestad, Klausen, Wheeler, Yotov . . . )
virtual elements (Beirão da Veiga, Brezzi, Cangiani, Marini, Manzini, Russo . . . )
hybrid high-order/hybridizable discontinuous Galerkin discretizations (Cockburn,
Di Pietro, Ern, Lemaire . . . )
compatible discrete operator schemes (Bossavit, Bonelle, Ern . . . )
mixed finite elements (Kuznetsov, Repin, Jaffré, Roberts, V., Wohlmuth . . . )
. . .

Multi-phase, multi-compositional flows
unsteady nonlinear degenerate coupled systems of PDEs
algebraic constraints, phase appearance/disappearance

Goals
simple estimates: easy coding, fast evaluation, cosy use
in practical simulations
guaranteed a posteriori error estimates on

∣∣∣∣u|In − un,k ,i
h

∣∣∣∣,
valid at each step: time n, linearization k , linear solver i
distinguishing different error components: full adaptivity

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 2 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Context and goals
General polygonal/polyhedral meshes, arbitrary scheme

mimetic finite differences (Brezzi, Lipnikov, Shashkov, Beirão da Veiga, Manzini . . . )
finite volumes/gradient schemes (Droniou, Eymard, Gallouët, Guichard, Herbin . . . )
multi-point flux approximations (Aavatsmark, Eigestad, Klausen, Wheeler, Yotov . . . )
virtual elements (Beirão da Veiga, Brezzi, Cangiani, Marini, Manzini, Russo . . . )
hybrid high-order/hybridizable discontinuous Galerkin discretizations (Cockburn,
Di Pietro, Ern, Lemaire . . . )
compatible discrete operator schemes (Bossavit, Bonelle, Ern . . . )
mixed finite elements (Kuznetsov, Repin, Jaffré, Roberts, V., Wohlmuth . . . )
. . .

Multi-phase, multi-compositional flows
unsteady nonlinear degenerate coupled systems of PDEs
algebraic constraints, phase appearance/disappearance

Goals
simple estimates: easy coding, fast evaluation, cosy use
in practical simulations
guaranteed a posteriori error estimates on

∣∣∣∣u|In − un,k ,i
h

∣∣∣∣,
valid at each step: time n, linearization k , linear solver i
distinguishing different error components: full adaptivity

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 2 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Context and goals
General polygonal/polyhedral meshes, arbitrary scheme

mimetic finite differences (Brezzi, Lipnikov, Shashkov, Beirão da Veiga, Manzini . . . )
finite volumes/gradient schemes (Droniou, Eymard, Gallouët, Guichard, Herbin . . . )
multi-point flux approximations (Aavatsmark, Eigestad, Klausen, Wheeler, Yotov . . . )
virtual elements (Beirão da Veiga, Brezzi, Cangiani, Marini, Manzini, Russo . . . )
hybrid high-order/hybridizable discontinuous Galerkin discretizations (Cockburn,
Di Pietro, Ern, Lemaire . . . )
compatible discrete operator schemes (Bossavit, Bonelle, Ern . . . )
mixed finite elements (Kuznetsov, Repin, Jaffré, Roberts, V., Wohlmuth . . . )
. . .

Multi-phase, multi-compositional flows
unsteady nonlinear degenerate coupled systems of PDEs
algebraic constraints, phase appearance/disappearance

Goals
simple estimates: easy coding, fast evaluation, cosy use
in practical simulations
guaranteed a posteriori error estimates on

∣∣∣∣u|In − un,k ,i
h

∣∣∣∣,
valid at each step: time n, linearization k , linear solver i
distinguishing different error components: full adaptivity

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 2 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Outline

1 Introduction
Context and goals of the talk
Mixed finite elements on general polytopal meshes

2 Steady linear Darcy flow
Discretizations
A posteriori ingredients
A posteriori estimate
Numerical experiments

3 Steady nonlinear Darcy flow
Discretizations
A posteriori ingredients and estimate

4 Unsteady multi-phase multi-compositional Darcy flow
A posteriori ingredients and estimate
Numerical experiments

5 Conclusions

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 2 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Linear Darcy flow

Steady linear Darcy flow

−∇·(K∇p) = f in Ω,

p = 0 on ∂Ω

Ω ⊂ Rd , d ≥ 1, be an open interval/polygon/polyhedron or
polytope in general
f ∈ L2(Ω) source term, pw polynomial for simplicity
K ∈ [L∞(Ω)]d×d diffusion-dispersion tensor (pw constant)

Unknowns

p pressure head
u := −K∇p Darcy velocity (flux)
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A general polytopal mesh
A general polytopal mesh

ΩTH

nonconvex and non star-shaped elements in TH

TH can be nonmatching
maximal number of faces of K ∈ TH is not limited
only assumption: existence of a shape-regular simplicial
submesh Th
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Mixed finite elements on general polytopal meshes

••

•
•

•
•

• •

•
•

•

•

•
•

Static condensation
local Dirichlet problems
reconstruction from Lagrange
multipliers Λσ on boundary of K
k unknowns per face

V. & Wohlmuth (2013)
equivalent to simplicial MFEs
⇒ optimal a priori error estimates
no stabilization, no parameter to tune

Static condensation
local Neumann problems
reconstruction from fluxes
Uσ on boundary of K
uh|K :=arg min

vh∈VK
(vh·n)|σ=(U)σ
∇·vh=f

∥∥∥K−
1
2 vh

∥∥∥
K

k unknowns per face plus
1 unknown per element
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Guaranteed and k -robust a posteriori error estimates
Guaranteed bound for any uh ∈ Vh ⊂ H(div,Ω), ∇·uh = f

There holds for any sh ∈ Vh ⊂ H1
0 (Ω)∥∥∥K−

1
2 (u−uh)

∥∥∥︸ ︷︷ ︸
unknown error

= min
v∈H1

0 (Ω)

∥∥∥K−
1
2 uh +K

1
2∇v

∥∥∥≤ ∥∥∥K−
1
2 uh +K

1
2∇sh

∥∥∥︸ ︷︷ ︸
computable estimate

Prager & Synge (1947), Dari, Durán, Padra, & Vampa
(1996), Kim (2007), V. (2007), Ainsworth (2007)

Efficiency (& robustness wrt polynomial degree k for d ≤ 3)
For polytopal MFE and suitable sh, there holds (simplifying)∥∥∥K−

1
2 uh + K

1
2∇sh

∥∥∥ ≤ C(κTh ,K,d)
∥∥∥K−

1
2 (u− uh)

∥∥∥
C(κTh ,K,d) only depends on the shape-regularity of Th,
the diffusion tensor K, and the space dimension d
Braess, Pillwein, & Schöberl (2009) (conforming setting),
Ern & V. (2015) (unified framework including MFEs)
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Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Context and goals MFEs on general polytopal meshes

Multi-phase, multi-compositional flows discussion

Mathematician

all ingredients are ready to design an a posteriori error
estimate, let us make it work in the given case

Engineer

What is a Raviart–Thomas space?
I do not have a simplicial mesh and cannot/do not want to
build a simplicial submesh.
I do not want to implement the Raviart–Thomas space.
I do not want to implement (new) quadrature rules.
I do not want to solve local problems.
My polynomial degree is zero (no interest in
polynomial-degree-robustness).
I want the overall procedure to be simple and cheap!

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 7 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients Estimate Numerics

Outline

1 Introduction
Context and goals of the talk
Mixed finite elements on general polytopal meshes
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Discretizations
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Numerical experiments
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Numerical experiments
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Linear Darcy flow

Steady linear Darcy flow

−∇·(K∇p) = f in Ω,

p = 0 on ∂Ω

Ω ⊂ Rd , d ≥ 1, polytope
f ∈ L2(Ω) source term, pw constant for simplicity
K ∈ [L∞(Ω)]d×d diffusion-dispersion tensor (pw constant)

Unknowns

p pressure head
u := −K∇p Darcy velocity (flux)
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General discretizations

Assumption A (Locally conservative discretization)
1 There is one normal flux (U)σ ∈ R per face σ ∈ EH and one

pressure (P)K ∈ R per element K ∈ TH .
2 The flux balance is satisfied, with (F)K := (f ,1)K :∑

σ∈EK

(U)σnK ,σ·nσ = (F)K , ∀K ∈ TH .

(P)K

(U)σ1

(U)σ2
(U)σ3

(U)σ4

(U)σ5

(U)σ6

(U)σ7

any (lowest-order) locally
conservative method
how (U)σ obtained from (P)K
is not important for the a
posteriori error estimate upper
bound

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 9 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients Estimate Numerics

General discretizations

Assumption A (Locally conservative discretization)
1 There is one normal flux (U)σ ∈ R per face σ ∈ EH and one

pressure (P)K ∈ R per element K ∈ TH .
2 The flux balance is satisfied, with (F)K := (f ,1)K :∑

σ∈EK

(U)σnK ,σ·nσ = (F)K , ∀K ∈ TH .

(P)K

(U)σ1

(U)σ2
(U)σ3

(U)σ4

(U)σ5

(U)σ6

(U)σ7

any (lowest-order) locally
conservative method
how (U)σ obtained from (P)K
is not important for the a
posteriori error estimate upper
bound

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 9 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients Estimate Numerics

General discretizations

Assumption A (Locally conservative discretization)
1 There is one normal flux (U)σ ∈ R per face σ ∈ EH and one

pressure (P)K ∈ R per element K ∈ TH .
2 The flux balance is satisfied, with (F)K := (f ,1)K :∑

σ∈EK

(U)σnK ,σ·nσ = (F)K , ∀K ∈ TH .

(P)K

(U)σ1

(U)σ2
(U)σ3

(U)σ4

(U)σ5

(U)σ6

(U)σ7

any (lowest-order) locally
conservative method
how (U)σ obtained from (P)K
is not important for the a
posteriori error estimate upper
bound

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 9 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients Estimate Numerics

Saddle-point discretizations

Assumption B (Saddle-point discretization)

The scheme writes: find U := {(U)σ}σ∈EH ∈ R|EH | and
P := {(P)K}K∈TH ∈ R|TH | such that(

A Bt

B 0

)(
U
P

)
=

(
0
F

)
;

A defined by the element matrices ÂK ∈ R|EK |×|EK | of the
given method;
B: entries 1, −1, 0;
F := {(F)K}K∈TH ∈ R|TH |.

satisfied by MFDs, HFVs, MVEs, HDGs, HHOs, MFEs . . .
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Ingredient 1: element matrices

a a′

K

finite element stiffness matrix

(ŜFE,K )a,a′ := (K∇ψa′ ,∇ψa)K a,a′ ∈ VK ,h

finite element mass matrix

(M̂FE,K )a,a′ := (ψa′ , ψa)K a,a′ ∈ VK ,h

mixed finite element local static condensation matrix

ÂMFE,K

obtained by local Neumann MFE problem in the polytope K
MFEs on general polytopal meshes (V. & Wohlmuth (2013))

under Assumption B, ÂK can be used in place of ÂMFE,K
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Ingredient 1: element matrices (easily computable)

a a′
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finite element stiffness matrix
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Ingredient 2: pressure vertex values

•(SK )σ1

•
(SK )σ2

•
(SK )σ3

• (SK )σ4

•
(SK )σ5

• (SK )σ6 •
(SK )σ7 Sext

K = {(SK )σi}7i=1

Assumption A: (SK )σi local averages of neighbor (P)K ′

Assumption B: Lagrange multipliers on faces instead
(SK )a8 := (P)K

SK = {(SK )ai}7i=1 constructed by local averaging
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Linear Darcy flow estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds∥∥∥K−

1
2 (u− uh)

∥∥∥ ≤ {∑
K∈TH

η2
K

} 1
2

,

where
η2

K :=(Uext
K )tÂMFE,K Uext

K + St
K ŜFE,K SK

+ 2(Uext
K )tSext

K − 2(F)K |K |−11tM̂FE,K SK .

Comments
guaranteed upper bound on the Darcy velocity error
price: matrix-vector multiplication on each element

ũh: continuous fictitious Darcy velocity (local Neumann
problem on K ) ≈ abstract MFD lifting operator of ÂK (Brezzi,

Lipnikov, & Shashkov (2005)); impossible to construct ũh in practice
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K
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,

where
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∥∥∥K−
1
2 vh

∥∥∥
K

;

not constructed in practice, unless in the test cases

ũh: continuous fictitious Darcy velocity (local Neumann
problem on K ) ≈ abstract MFD lifting operator of ÂK (Brezzi,

Lipnikov, & Shashkov (2005)); impossible to construct ũh in practice
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Linear Darcy flow estimate

Corollary (Linear Darcy flow)
Under Assumption B, there holds∥∥∥K−

1
2 (u− ũh)

∥∥∥ ≤ {∑
K∈TH

η̃2
K

} 1
2

,

where
η̃K

2 :=(Uext
K )tÂK Uext

K + St
K ŜFE,K SK

+ 2(Uext
K )tSext

K − 2(F)K |K |−11tM̂FE,K SK .
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M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 13 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients Estimate Numerics

Proof (1)

Prager–Synge equality:∥∥∥K−
1
2 (u− uh)

∥∥∥ = inf
v∈H1

0 (Ω)

∥∥∥K−
1
2 uh + K

1
2∇v

∥∥∥
consequently, for an arbitrary sh ∈ H1

0 (Ω):∥∥∥K−
1
2 (u− uh)

∥∥∥ ≤ ∥∥∥K−
1
2 uh + K

1
2∇sh

∥∥∥
choose sh continuous and piecewise affine wrt simplicial
submesh Th, given by the nodal values of the vector S
developing for each K ∈ TH∥∥∥K−

1
2 uh + K

1
2∇sh

∥∥∥2

K
=
∥∥∥K−

1
2 uh

∥∥∥2

K
+2(uh,∇sh)K +

∥∥∥K
1
2∇sh

∥∥∥2

K
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Proof (2)

V. & Wohlmuth (2013): for the MFE element matrix ÂMFE,K , there
holds, under Assumption A:∥∥∥K−

1
2 uh

∥∥∥2

K
= (Uext

K )tÂMFE,K Uext
K

use the scheme element matrix ÂK under Assumption B
finite elements assembly:∥∥∥K

1
2∇sh

∥∥∥2

K
= SK

tŜFE,K SK ;

Green theorem:

(uh,∇sh)K = 〈uh·n, sh〉∂K − (∇·uh, sh)K

= (Uext
K )tSext

K − (F)K |K |−11tM̂FE,K SK
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holds, under Assumption A:∥∥∥K−

1
2 uh

∥∥∥2

K
= (Uext
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Numerical experiment

Setting

−∆p = f
Ω = (0,1)2

analytic solution 24αxα(1− x)αyα(1− y)α, α = 200
hybrid finite volume (HFV) discretization (Droniou, Eymard, Gallouët,

Herbin (2010))
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Energy error & reference estimate (triangular submesh)

Energy error

Estimate with sh
pw. quadratic
over simplicial
submesh (V. (2008))
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Simple polygonal estimates

Using ÂMFE,K

Using ÂK

Energy error

Estimate with sh
pw. quadratic
over simplicial
submesh (V. (2008))
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Uniform mesh refinement
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Adaptive mesh refinement
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Nonlinear Darcy flow
Steady nonlinear Darcy flow

−∇·(K(∇p)∇p) = f in Ω,

p = 0 on ∂Ω.
Weak solution
p ∈ H1

0 (Ω) such that

(K(∇p)∇p,∇v) = (f , v) ∀v ∈ H1
0 (Ω)

Darcy velocity

u := −K(∇p)∇p ∈ H(div,Ω)

Inverse relation
∇p = −K̃(u)u
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Discretization, linearization, and algebraic resolution
Discretization∑

σ∈EK

(U(P))σnK ,σ·nσ = (F)K ∀K ∈ TH

system of |TH | nonlinear algebraic equations
Linearization (step k ≥ 1)∑

σ∈EK

(Uk−1(Pk ))σnK ,σ·nσ = (F)K ∀K ∈ TH

linearized face normal fluxes Uk−1(Pk ): affine fcts of Pk

system of |TH | linear algebraic equations
Algebraic resolution (step i ≥ 1)∑

σ∈EK

(Uk−1(Pk ,i))σnK ,σ·nσ = (F)K − (R)k ,i
K ∀K ∈ TH

(R)k ,i : algebraic residual vector
j ≥ 1 additional algebraic solver steps:∑
σ∈EK

(Uk−1(Pk ,i+j))σnK ,σ·nσ = (F)K − (R)k ,i+j
K ∀K ∈ TH
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Face fluxes

Discretization face normal flux

(Uk ,i
K )σ := (U(Pk ,i))σ

Linearization error face normal flux

(Uk ,i
lin,K )σ := (Uk−1(Pk ,i))σ − (U(Pk ,i))σ

Algebraic error face normal flux

(Uk ,i
alg,K )σ := (Uk−1(Pk ,i+j))σ − (Uk−1(Pk ,i))σ�

�
�
One number per face immediately available

from the scheme on each step k ≥ 1, i ≥ 1.
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Nonlinear Darcy flow estimate

Theorem (Nonlinear Darcy flow)
Under Assumption A, there holds

c
1
2

K̃

∥∥∥u− uk ,i
h

∥∥∥
L2(Ω)

≤ ηk ,i
sp + ηk ,i

lin + ηk ,i
alg+ηk ,i

rem

with ηk ,i
• =

{∑
K∈TH

(
ηk ,i
•,K

)2
} 1

2

, • = {sp, lin, alg, rem}, and

(
ηk ,i

sp,K

)2
:=
(
Uk ,i

K

)tÂMFE,K Uk ,i
K + (Sk ,i

K )tŜFE,K Sk ,i
K

+2c−1
K̃

CK̃

[
(Uk ,i,ext

K )tSk ,i,ext
K − (F)K |K |−11tM̂FE,K Sk ,i

K

]
,(

ηk ,i
lin,K

)2
:= (Uk ,i

lin,K )tÂMFE,K Uk ,i
lin,K ,(

ηk ,i
alg,K

)2
:= (Uk ,i

alg,K )tÂMFE,K Uk ,i
alg,K ,

ηk ,i
rem,K :=c

− 1
2

K̃
CK̃CFhΩ|K |−

1
2 |(R)k ,i+j

K |.
M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 22 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients and estimate

Nonlinear Darcy flow estimate

Theorem (Nonlinear Darcy flow)
Under Assumption A, there holds

c
1
2

K̃

∥∥∥u− uk ,i
h

∥∥∥
L2(Ω)

≤ ηk ,i
sp + ηk ,i

lin + ηk ,i
alg+ηk ,i

rem

with ηk ,i
• =

{∑
K∈TH

(
ηk ,i
•,K

)2
} 1

2

, • = {sp, lin, alg, rem}, and

(
ηk ,i

sp,K

)2
:=
(
Uk ,i

K
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)tÂMFE,K Uk ,i
K + (Sk ,i
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Nonlinear Darcy flow estimate

Comments
guaranteed upper bound on the Darcy velocity error
price: matrix-vector multiplication on each element
uk ,i

h |K : discrete fictitious Darcy velocity on the submesh TK

(linear MFE local Neumann problem with matrix ÂMFE,K )
(not constructed in practice)
error components distinction

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 23 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Discretizations Ingredients and estimate

Nonlinear Darcy flow estimate

Comments
guaranteed upper bound on the Darcy velocity error
price: matrix-vector multiplication on each element
uk ,i

h |K : discrete fictitious Darcy velocity on the submesh TK

(linear MFE local Neumann problem with matrix ÂMFE,K )
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Some proof ingredients
definition of uk ,i

h : linear local Neumann problem

uk ,i
h |K := c

− 1
2

K̃
CK̃ arg min

vh; 〈vh·n,1〉σ=(Uk,i
K )σ ,∇·vh=constant

‖vh‖K

error structure: residual dual norm + distance to H1
0 (Ω)

c
1
2

K̃

∥∥∥u− uk ,i
h

∥∥∥
L2(Ω)

≤ c
− 1

2

K̃
sup

v∈H1
0 (Ω), ‖K(∇v)∇v‖L2(Ω)

=1
(u− uk ,i

h ,∇v)

+ c
− 1

2

K̃
inf

v∈H1
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I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Ingredients and estimate Numerics

Multi-phase multi-compositional flows
Unknowns

reference pressure P
phase saturations S := (Sp)p∈P
component molar fractions Cp := (Cp,c)c∈Cp of phase
p ∈ P

Constitutive laws
phase pressure = reference pressure + capillary pressure

Pp := P + Pcp (S)

Darcy’s law
vp(Pp) := −K (∇Pp + ρpg∇z)

component fluxes

θc :=
∑
p∈Pc

θp,c , θp,c := θp,c(X) = νpCp,cvp(Pp)

amount of moles of component c per unit volume

lc = φ
∑
p∈Pc

ζpSpCp,c
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I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Ingredients and estimate Numerics

Multi-phase multi-compositional flows
Governing PDE

conservation of mass for components

∂t lc +∇·θc = qc , ∀c ∈ C
+ boundary & initial conditions

Closure algebraic equations
conservation of pore volume:

∑
p∈P Sp = 1

conservation of the quantity of the matter:
∑

c∈Cp
Cp,c = 1

for all p ∈ P
thermodynamic equilibrium (fugacity equations)

Mathematical issues

coupled system PDE – algebraic constraints
unsteady, nonlinear
elliptic–degenerate parabolic type
dominant advection

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 26 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Ingredients and estimate Numerics

Multi-phase multi-compositional flows
Governing PDE

conservation of mass for components

∂t lc +∇·θc = qc , ∀c ∈ C
+ boundary & initial conditions

Closure algebraic equations
conservation of pore volume:

∑
p∈P Sp = 1

conservation of the quantity of the matter:
∑

c∈Cp
Cp,c = 1

for all p ∈ P
thermodynamic equilibrium (fugacity equations)

Mathematical issues

coupled system PDE – algebraic constraints
unsteady, nonlinear
elliptic–degenerate parabolic type
dominant advection

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 26 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Ingredients and estimate Numerics

Multi-phase multi-compositional flows
Governing PDE

conservation of mass for components

∂t lc +∇·θc = qc , ∀c ∈ C
+ boundary & initial conditions

Closure algebraic equations
conservation of pore volume:

∑
p∈P Sp = 1

conservation of the quantity of the matter:
∑

c∈Cp
Cp,c = 1

for all p ∈ P
thermodynamic equilibrium (fugacity equations)

Mathematical issues

coupled system PDE – algebraic constraints
unsteady, nonlinear
elliptic–degenerate parabolic type
dominant advection

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 26 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Ingredients and estimate Numerics

Outline

1 Introduction
Context and goals of the talk
Mixed finite elements on general polytopal meshes

2 Steady linear Darcy flow
Discretizations
A posteriori ingredients
A posteriori estimate
Numerical experiments

3 Steady nonlinear Darcy flow
Discretizations
A posteriori ingredients and estimate

4 Unsteady multi-phase multi-compositional Darcy flow
A posteriori ingredients and estimate
Numerical experiments

5 Conclusions

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 26 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Ingredients and estimate Numerics

Face fluxes

Xn,k,i
TH

:= (Xn,k,i
K )K∈T n

H
,Xn,k,i

K := (Pn,k,i
K , (Sn,k,i

p,K )p∈P , (Cn,k,i
p,c,K )p∈P,c∈Cp )

(Un,k,i
K ,p )σ :=

t − tn−1

τn

∑
K ′∈SL

σ

τσK ′Pn,k,i
p,K ′ +

tn − t
τn

∑
K ′∈SL

σ

τσK ′Pn−1
p,K ′ ,

(Θn,k,i
upw,K ,c)σ := θc,K ,σ(Xn,k,i

TH
)−

∑
p∈Pc

(νn,k,i
p,K Cn,k,i

p,c,K )θp,K ,σ(Xn,k,i
TH

),

(Θn,k,i
tm,K ,c)σ :=

tn − t
τn

∑
p∈Pc

[
νn,k,i

p,K Cn,k,i
p,c,K θp,K ,σ(Xn,k,i

TH
)− νn−1

p,K Cn−1
p,c,K θp,K ,σ(Xn−1

TH
)
]
,

(Θn,k,i
lin,K ,c)σ := θn,k,i

c,K ,σ − θc,K ,σ(Xn,k,i
TH

),

(Θn,k,i
alg,K ,c)σ := θ

n,k,i+j
c,K ,σ − θ

n,k,i
c,K ,σ�

�
�
One number per face immediately available from the scheme

on each step n ≥ 1, k ≥ 1, i ≥ 1.
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Estimators
spatial estimators

ηn,k,i
sp,K ,c := ηn,k,i

upw,K ,c +

{ ∑
p∈Pc

(
ηn,k,i

NC,K ,c,p

)2
} 1

2

,

upwinding estimators(
ηn,k,i

upw,K ,c

)2
:= (Θn,k,i

upw,K ,c)tÂMFE,K (Θn,k,i
upw,K ,c),

nonconformity estimators(
ηn,k,i

NC,K ,c,p

)2
:=

(
νn,k,i

p,K Cn,k,i
p,c,K

)2
[(

Un,k,i
K ,p

)tÂMFE,K Un,k,i
K ,p +

(
Sn,k,i

K ,p

)tŜFE,K Sn,k,i
K ,p

+2
(
Un,k,i

K ,p

)tSext,n,k,i
K ,p − 2

∑
σ∈EK

(Un,k,i
K ,p )σ |K |−11tM̂FE,K Sn,k,i

K ,p

]
,

temporal estimators (
ηn,k,i

tm,K ,c

)2
:= (Θn,k,i

tm,K ,c)tÂMFE,K Θn,k,i
tm,K ,c ,

linearization estimators

ηn,k,i
lin,K ,c := {(Θn,k,i

lin,K ,c)tÂMFE,K Θn,k,i
lin,K ,c}

1
2 + hK (τn)−1

∥∥∥lc,K (Xn,k,i
K )− ln,k,ic,K

∥∥∥
L2(K )

,

algebraic estimators

ηn,k,i
alg,K ,c := {(Θn,k,i

alg,K ,c)tÂMFE,K }
1
2 Θn,k,i

alg,K ,c + hK (τn)−1
∥∥∥ln,k,i+j

c,K − ln,k,ic,K

∥∥∥
L2(K )

,

algebraic remainder estimators

ηn,k,i
rem,K ,c := min{CFhΩc

− 1
2

K , hK }|K |−
1
2 |Rn,k,i+j

c,K |.
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Multi-phase multi-compositional Darcy flow estimate

Theorem (Multi-phase multi-compositional Darcy flow)
Under Assumption A, there holds

N n,k ,i ≤
{∑

c∈C

(
ηn,k ,i

sp,c + ηn,k ,i
tm,c + ηn,k ,i

lin,c + ηn,k ,i
alg,c +ηn,k ,i

rem,c
)2

} 1
2

with ηn,k ,i
•,c :=

{
δ•

∫
In

∑
K∈T n

H

(
ηn,k ,i
•,K ,c

)2dt

} 1
2

, •=sp, tm, lin, alg, rem, δ•=2/4.

Comments
immediate extension of the results of the steady case
still matrix-vector multiplication on each element
same element matrices ŜFE,K , M̂FE,K , and ÂMFE,K or ÂK

input: normal face fluxes, reference pressure Pn,k ,i
K , phase

saturations Sn,k ,i
K , and component molar fractions (Cp)n,k ,i

K
same physical units of estimators of all error components
naturally relative stopping criteria
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input: normal face fluxes, reference pressure Pn,k ,i
K , phase

saturations Sn,k ,i
K , and component molar fractions (Cp)n,k ,i

K
same physical units of estimators of all error components
naturally relative stopping criteria

M. Vohralík & S. Yousef A posteriori error estimates on polytopal meshes 29 / 34



I Linear Darcy Nonlinear Darcy Multi-phase-compositional C Ingredients and estimate Numerics

Outline

1 Introduction
Context and goals of the talk
Mixed finite elements on general polytopal meshes

2 Steady linear Darcy flow
Discretizations
A posteriori ingredients
A posteriori estimate
Numerical experiments

3 Steady nonlinear Darcy flow
Discretizations
A posteriori ingredients and estimate

4 Unsteady multi-phase multi-compositional Darcy flow
A posteriori ingredients and estimate
Numerical experiments

5 Conclusions
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Two-phase flow: porosity & permeability (10th SPE)
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Two-phase flow: water saturation, adaptive mesh, 400
days and 1100 days
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Two-phase flow: uniform vs adaptive mesh refinement
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Three-phases, three-components (black-oil) problem:
permeability
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Three-phases, three-components (black-oil) problem:
gas saturation and a posteriori estimate
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Three-phases, three-components (black-oil) problem:
solver & mesh adaptivity
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Two-phase flow in porous media

Two-phase flow in porous media

∂t (φsα) +∇·uα = qα, α ∈ {o,w},
−λα(sw)K(∇pα + ραg∇z) = uα, α ∈ {o,w},

so + sw = 1,
po − pw = pc(sw)

+ boundary & initial conditions
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Two-phase flow: global and complementary pressures

Global pressure

p(sw,pw) := pw +

∫ sw

0

λo(a)

λw(a) + λo(a)
p′c(a)da

Complementary pressure

q(sw) := −
∫ sw

0

λw(a)λo(a)

λw(a) + λo(a)
p′c(a)da

Comments
necessary for the correct definition of the weak solution
equivalent Darcy velocities expressions

uw(sw,pw) :=− K
(
λw(sw)∇p(sw,pw) +∇q(sw) + λw(sw)ρwg∇z

)
,

uo(sw,pw) :=− K
(
λo(sw)∇p(sw,pw)−∇q(sw) + λo(sw)ρog∇z

)
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Two-phase flow: weak formulation

Energy space
X := L2((0,T ); H1

D(Ω))

Definition (Weak solution (Arbogast 1992, Chen 2001))

Find (sw,pw) such that, with so := 1− sw,

sw ∈ C([0,T ]; L2(Ω)), sw(·,0) = s0
w,

∂tsw ∈ L2((0,T ); (H1
D(Ω))′),

p(sw,pw) ∈ X ,
q(sw) ∈ X ,∫ T

0

{
〈∂t (φsα), ϕ〉 − (uα(sw,pw),∇ϕ)− (qα, ϕ)

}
dt = 0

∀ϕ ∈ X , α ∈ {o,w}.
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Two-phase flow: error↔ dual norm of the residual
Dual norm of the residual on the time interval In

J n
sw,pw

(sw,hτ ,pw,hτ ) :=

{ ∑
α∈{o,w}

{
sup

ϕ∈Xn, ‖ϕ‖Xn=1

∫
In

{
〈∂t (φsα)−∂t (φsα,hτ ), ϕ〉

− (uα(sw,pw)− uα(sw,hτ ,pw,hτ ),∇ϕ)
}

dt

}2} 1
2

Theorem (Link energy-type error – dual norm of the residual)

Let (sw,pw) be the weak solution. Let (sw,hτ ,pw,hτ ) be arbitrary
such that p(sw,hτ ,pw,hτ ) ∈ X and q(sw,hτ ) ∈ X (and satisfying
the initial and boundary conditions for simplicity). Then

‖sw − sw,hτ‖L2((0,T );H−1(Ω)) + ‖q(sw)− q(sw,hτ )‖L2(Ω×(0,T ))

+ ‖p(sw,pw)− p(sw,hτ ,pw,hτ )‖L2((0,T );H1
0 (Ω))

≤ C

{
N∑

n=1

J n
sw,pw

(sw,hτ ,pw,hτ )2

} 1
2
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Multi-phase multi-compositional flow: weak solution

Function spaces

X := L2((0, tF); H1(Ω)),

Y := H1((0, tF); L2(Ω))

Weak solution – we assume that

lc ∈ Y ∀c ∈ C,
Pp(P,S) ∈ X ∀p ∈ P,
θc ∈ [L2((0, tF); L2(Ω))]d ∀c ∈ C,∫ tF

0
{(∂t lc , ϕ)− (θc ,∇ϕ)} dt =

∫ tF

0
(qc , ϕ)dt ∀ϕ ∈ X , ∀c ∈ C,

the initial condition holds,
the algebraic closure equations hold
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Multi-phase multi-compositional flow: error measure
Localized space
X n := L2(In; H1(Ω)) with

‖ϕ‖2X n :=

∫
In

∑
K∈T n

H

{
h−2

K ‖ϕ‖
2
L2(K ) +

∥∥∥K
1
2∇ϕ

∥∥∥2

L2(K )

}
dt

Localized error measure

N n,k ,i :=

{∑
c∈C

(
N n,k ,i

c
)2

} 1
2

+

{∑
p∈P

(
N n,k ,i

p
)2

} 1
2

,

where

N n,k ,i
c := sup

ϕ∈X n,‖ϕ‖Xn =1

∫
In

{
(∂t lc − ∂t l

n,k ,i
c,hτ , ϕ)−

(
θc − θn,k ,i

c,hτ ,∇ϕ
)}

dt

and

N n,k ,i
p := inf

δp∈X n

{∑
c∈Cp

∫
In

{∑
K∈T n

H

(
νn,k ,i

p,K Cn,k ,i
p,c,K

)2 ∥∥∥un,k ,i
p,hτ + K∇δp

∥∥∥2

K−
1
2 ;L2(K )

}
dt

} 1
2

.
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Fully adaptive algorithm
Set n := 0.
while tn ≤ tF do {Time}

Set n := n + 1.
loop {Spatial and temporal errors balancing}

Set k := 0.
loop {Newton linearization}

Set k := k + 1; set up the linear system; set i := 0.
loop {Algebraic solver}

Perform an algebraic solver step; set i := i + 1; evaluate the estimators.
Terminate (algebraic solver) if ηn,k,i

alg,t ≤ γalgη
n,k,i
sp,t .

end loop
Terminate (Newton linearization) if ηn,k,i

lin,t ≤ γlinη
n,k,i
sp,t .

end loop
Terminate (spatial & temporal errors balancing) if

ηn,k,i
sp,K ,t≥ ζref max

K ′∈T n
H

{
ηn,k,i

sp,K ′,t

}
∀K ∈ T n

H ,

γtm
(
ηn,k,i

sp,t
)
≤ ηn,k,i

tm,t ≤ Γtm
(
ηn,k,i

sp,t
)
;

else refine the cells K ∈ T n
H such that ηn,k,i

sp,K ,t ≥ ζref maxK ′∈T n
H

{
ηn,k,i

sp,K ′,t

}
.

Derefine the cells K ∈ T n
H such that ηn,k,i

sp,K ,t ≤ ζderef maxK ′∈T n
H

{
ηn,k,i

sp,K ′,t

}
.

Refine In if ηn,k,i
tm,t > Γtmη

n,k,i
sp,t , derefine if γtmη

n,k,i
sp,t > ηn,k,i

tm,t .
end loop

end while
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