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Residual and its dual norm for Laplacian

The Laplace problem

—Au=f in Q,
u=2~0 on 00

@ polytope Q c RY, d > 1, f € L3(Q)
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Residual and its dual norm for Laplacian

The Laplace problem
—Au=f in Q,
u=0 on 012
@ polytope Q C RY, d > 1, f € L3(Q)

Weak formulation
Find u € H}(Q) such that

(Vu,Vv) = (f,v)  VveHI(Q)
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The Laplace problem
—Au=f in Q,
u=0 on 012
@ polytope Q C RY, d > 1, f € L3(Q)

Weak formulation
Find u € H}(Q) such that

(Vu,Vv) = (f,v)  VveHI(Q)
Residual R (u,) ¢ H1(Q)
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Residual and its dual norm for Laplacian, u;, « H; (<)

The Laplace problem
—Au=f in Q,
u=0 on 012
@ polytope Q C RY, d > 1, f € L3(Q)

Weak formulation
Find u € H}(Q) such that

(Vu,Vv) = (f,v)  VveHI(Q)
Residual 2(u,) ¢ H'(Q) and its dual norm

(R(up), v) = (f,v) — (Vup, VVv), veHI(Q) weakform. misfit

IR(un)[|-1 == sup (R(up), v)
veH}(Q), IV v||=1
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The Laplace problem
—Au=f in Q,
u=0 on 012
@ polytope Q C RY, d > 1, f € L3(Q)

Weak formulation
Find u € H}(Q) such that

(Vu,Vv) = (f,v)  VveHI(Q)
Residual 2(u,) ¢ H'(Q) and its dual norm

(R(up), v) = (f,v) — (Vup, VVv), veHI(Q) weakform. misfit

IR(up)|| -1 := sup (R(up),v) size of the misfit
veH}(Q), IV v||=1
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Equivalence energy error—dual norm of the residual

Theorem (Equivalence energy error—dual norm of the residual)
Let u, © H}(2). Then

IR(un)ll-1 = [IV(u = un)]-
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Theorem (Equivalence energy error—dual norm of the residual)
Let up, HO1 (Q) Then localization

-~

[R(un)|[-1 = [V(u— un)|| = { D V(U - up ||K} :

KeTh

Proof
@ residual and its dual norm definition

IR(Un)l|-1 = sup {(f,v) = (Vun, Vv)}
vEH(‘)(Q), (IVv||=1

@ weak solution definition
(f,v) =(Vu,Vv)
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The nonconforming case, vy, ¢ H, (%)

Theorem (Energy error in the nonconforming case)
Let up & H}(Q). Then

IV(u=un)P= " sup {(f,v)—(Vun, Vv)}*+ min [|V(v—up)|?*.
veH}(Q); [V v||=1 veHy ()

/

IR (up)l|—1, dual norm of the residual distance of up, to H} ()
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Theorem (Energy error in the nonconforming case)
Let up & H}(Q). Then

IV(u=un)P= " sup {(f,v)—(Vun, Vv)}*+ min [|V(v—up)|?*.
veH}(Q); [V v||=1 veHy ()

/

IR (up)l|—1, dual norm of the residual distance of up, to H} ()
Proof.

e define s € H}(Q) by (projection)
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
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IV(u=un)P= " sup {(f,v)—(Vun, Vv)}*+ min [|V(v—up)|?*.
veH}(Q); [V v||=1 veHy ()

/

IR (up)l|—1, dual norm of the residual distance of up, to H} ()

e define s € H}(Q) by (projection)
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The Laplace equation

How to give tight computable bounds on

IR(un)ll -1 ?
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The Laplace equation

How to give tight computable bounds on

IR(un)lIZ1 + min [[V(v — up)]*?
veH ()
Robustness: overestimation independent of (2, v, and the poly-

nomial degree of uj,.
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The Laplace equation

How to give tight computable bounds on

IR(un)lIZ1 + min [[V(v — up)]*?
veH ()
Robustness: overestimation independent of (2, v, and the poly-

nomial degree of uj,.

Braess, Pillwein, & Schoberl (2009)
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Laplace eigenvalues

Energy minimization
Find u; € H}(Q) such that (us,1) > 0 and

1
Uq := ar min —|IVv 2}.
1 gveHA(n),||v||=1 {2” |

_ Estimations a posteriori robustes et solveurs adaptifs 7 /52



Dual norms Laplace Eigenvalues Nonlinear Laplace C&B Laplace Eigenvalues Nonlinear Laplace

Laplace eigenvalues

Energy minimization
Find u; € H}() such that (us, 1) > 0 and

. 1
Uy =arg  min {HVVHZ} .
veH (), Ivi=1 (2

Euler-Lagrange conditions, full problem, weak formulation
Find (uk, Ak) € HI(R) x RF, k > 1, with ||u|| = 1, such that

(Vug, Vv) = MUk, v) Vv e H(Q).

Q0 <M << ... <>
@ uy, k > 1, form an orthonormal basis of L?(Q)
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Laplace eigenvalues, (up, \p) € H) () x BT

Energy minimization
Find u; € H}() such that (us, 1) > 0 and

. 1
Uy =arg  min {HVVHZ} .
veH (), Ivi=1 (2

Euler-Lagrange conditions, full problem, weak formulation
Find (uk, Ak) € HI(R) x RF, k > 1, with ||u|| = 1, such that

(Vug, Vv) = MUk, v) Vv e H(Q).
Q0 <M << ... <>
@ uy, k > 1, form an orthonormal basis of L?(Q)
Residual (v, \,) € H'(Q) and its dual norm
(R(Un, An), V) := An(Un, V) = (VUp, VV), v € H3(Q)

IR(un, An)||—1 = sup (R(un, An), V)
veHl(Q), [V v]=1
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The Laplace eigenvalue problem

How to link

IV(u1 — un)| with [R(un, An)ll-1 ?
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The Laplace eigenvalue problem

How to link

IV(u1 — un)| with [R(un, An)ll-1 ?

How to give tight and robust computable bounds on ||V(u; —
up)|l (from above) and /A, — ¢ (from above & below)?
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The Laplace eigenvalue problem

The game
How to link

IV(u1 — un)| with [R(un, An)ll-1 ?

How to give tight and robust computable bounds on ||V(u; —
up)|l (from above) and /A, — ¢ (from above & below)?

Carstensen and Gedicke (2014), Hu, Huang, Lin (2014), Sebestova and Vejchodsky (2014), Kuznetsov and Repin
(2013), Liu and Oishi (2013)

“ s -
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Nonlinear Laplacian

Quasi-linear elliptic problem
—-Vo(u,Vu)=f in Q,
u=0 on 0f2
o p>1,q:= 52, felIQ)
@ example: p-Laplacian with &(u, Vu) = |Vul|P~2Vu
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Nonlinear Laplacian

Quasi-linear elliptic problem
—-Vo(u,Vu)=f in Q,
u=0 on 0f2
°ep>1,q9:=35 Po, fel9(Q)
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(@(u, Vu),Vv) = (f,v)  VYve W,”(Q)
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Nonlinear Laplacian, ;' < 1//,”(Q) (Newton
linearization step k, algebraic solver step /)
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Nonlinear Laplacian, ;' < 1//,”(Q) (Newton
linearization step k, algebraic solver step /)

Quasi-linear elliptic problem

—-Vo(u,Vu)=f in Q,
u=20 on 0f2
°ep>1,q9:=35 Po, fel9(Q)
@ example: p-Laplacian with &(u, Vu) = |Vul|P~2Vu
Weak formulation
Find v « W, ”(Q) such that

(@(u, Vu),Vv) = (f,v)  VYve W,”(Q)
Residual %(u/') ¢ W.*(Q) and its dual norm
<7e(u,€”>, v) = (f,v) = (@(uy", Vup"), V), ve WP(Q)

IR (U™ W sup (R(up"), v)
@' 1.0(0).
vew0 (Q); [ Vv]|p=1
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The nonlinear Laplace equation

Is it possible to localize the dual norm of the residual

Ql—=

K,i - )
HR(uh )HW(;’p(Q), -~ ZHR(U W1P '

’
acVy )
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The nonlinear Laplace equation

Is it possible to localize the dual norm of the residual

1

q

IR o f~{ZHR(u o, } ?
acVy

@ V), vertices, wa patches of elements of a partition 7, of Q;

@ the constant hidden in ~ must not depend on p, (2, and the
regularity of w.
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The nonlinear Laplace equation

Is it possible to localize the dual norm of the residual

1
q
HR(U 1p ’N{ZHR(U W1p ,} 7

acVy

@ V), vertices, wa patches of elements of a partition 75 of €2;
@ the constant hidden in ~ must not depend on p, (2, and the
regularity of w.
How to give tight and robust computable bounds on
HR( )H y on each Newton step k and algebraic step /?
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The nonlinear Laplace equation

Is it possible to localize the dual norm of the residual

1
q
IR 0 f~{ZHR(u 15,05, } ?

acVy

@ V), vertices, wa patches of elements of a partition 7, of Q;

@ the constant hidden in ~ must not depend on p, (2, and the
regularity of w.

How to give tight and robust computable bounds on
HR( )H y on each Newton step k and algebraic step /?

How to steer adaptlvely (adaptive stopping criteria, adaptive
mesh refinement) the inexact Newton solver ?
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The nonlinear Laplace equation

Is it possible to localize the dual norm of the residual

IRy W{Z\\R(u oo, }°

acVy

@ V), vertices, wa patches of elements of a partition 7, of Q;

@ the constant hidden in ~ must not depend on p, (2, and the
regularity of w.

How to give tight and robust computable bounds on
HR( )H y on each Newton step k and algebraic step /?

How to steer adaptlvely (adaptive stopping criteria, adaptive
mesh refinement) the inexact Newton solver ?

Eisenstat and Walker (1994), Deuflhard (1996), Chaillou and Suri (2006, 2007), Kim (2007)
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9 The Laplace equation
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications of the unified framework
@ Numerical results
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A posteriori estimate via flux & potential reconstruction

Weak formulation
Find u € H}(Q) such that

(Vu,Vv) = (f,v) Vve H(Q)
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A posteriori estimate via flux & potential reconstruction

Weak formulation Weak solution properties
Find u € Hj(Q) such that @ u e H}(Q) (constraint)
(Vu,Vv) = (f,v) YveH)(Q) ® o:=—-Vu (constitutive relation)
@ V.o = f (equilibrium)
@ o < H(div, Q) (constraint)
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Weak formulation Weak solution properties
Find u € Hj(Q) such that @ u e H}(Q) (constraint)

(Vu,Vv) = (f,v) Vve H}(Q) @ o:=—Vu(constitutive relation)
@ V.o = f (equilibrium)
@ o < H(div, Q) (constraint)

Theorem (A pOSteriOI’i eStimate, ~ Prager and Synge (1947), Ladevéze (1975), Dari et

al. (1996), Repin (1997), Destuynder and Métivet (1999), Ainsworth (2005), Kim (2007))

o Letu e H}(Q) be the weak solution;
@ uy € H'(Ty) (piecewise H'(K)) be arbitrary;
@ Sy € HS(Q), Oh € H(div, Q), (Vﬂ'h, 1)K = (f 1 )K VK e 77,
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Theorem (A pOSteriOI’i eStimate, ~ Prager and Synge (1947), Ladevéze (1975), Dari et

al. (1996), Repin (1997), Destuynder and Métivet (1999), Ainsworth (2005), Kim (2007))

o Letu e H}(Q) be the weak solution;
@ uy € H'(Ty) (piecewise H'(K)) be arbitrary;
@ Sy € HS(Q), Oh € H(diV,Q), (Vﬂ'h, 1)K = (f.1)K VK e 77,
Then h 5
IV =)< S ([ Vtn+ anllk +-51f = V-onlk)
D e ™
KeTh constitutive relation

+ D [V(un—sn)li -
—_—

erc
KeTh constraint y ki

equilibrium

M. Vohralik Estimations a posteriori robustes et solveurs adaptifs 11 /52



Dual norms Laplace Eigenvalues Nonlinear Laplace C&B Reliability Efficiency Applications Numerics

A posteriori error estimate

@ we know from the Introduction

IV(u=un)[?=sup {(f,v)=(Vup, Vv)}?+ min VV(V—uh)H2
vEH}(Q); [V v|=1 veH; (@
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@ we know from the Introduction

IV(u=un)[?=sup {(f,v)=(Vup, Vv)}?+ min VV(V—uh)H2
vEH}(Q); [V v|=1 veH; (@

@ nonconformity upper bound:

min_[|V(v — up)|| < [IV(up — sl
veH}(Q)

@ equilibrated flux, Green theorem:
(f,v) = (Vup, Vv) = (f =V-op,v) — (Vup+ op, VV)
@ Cauchy-Schwarz

—(Vup+op, Vv) < Z [Vun + anllklIVV]k,
KeTh

(f=Veonv)=> (f-Vonv )k
KeTh
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@ we know from the Introduction

IV(u=un)[?=sup {(f,v)=(Vup, Vv)}?+ min VV(V—uh)H2
vEH}(Q); [V v|=1 veH; (@

@ nonconformity upper bound:

min_[|V(v — up)|| < [IV(up — sl
veH}(Q)

@ equilibrated flux, Green theorem:
(f,v) = (Vup, Vv) = (f = V-op,v) — (Vup+ op, VV)

@ Cauchy-Schwarz , equilibration:
—(Vup+op, Vv) < Z [Vun + anllkIVV]k,
KeTh
(f=Veonv)=> (f=V-on v Vvi)k
KeTh
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A posteriori error estimate

@ we know from the Introduction

IV(u=un)[?=sup {(f,v)=(Vup, Vv)}?+ min VV(V—uh)H2
vEH}(Q); [V v|=1 veH; (@

@ nonconformity upper bound:

min [|V(v — up)[| < [IV(un = sn)
veH}(Q)

@ equilibrated flux, Green theorem:
(f,v) = (Vup, Vv) = (f = V-op,v) — (Vup+ op, VV)
@ Cauchy—Schwarz and Poincaré inequalities , equilibration:

—(Vup+op, Vv) < Z [Vun + anllklIVV]k,
KeTh

(f=V-opv)=> (f-V-onv- VK)K<Z If=V-anlklVVvlkl.
KeTh KeTh

M. Vohralik Estimations a posteriori robustes et solveurs adaptifs 12/ 52




_ Reliability Efficiency Applications Numerics
Global potential and flux reconstructions

Ideally

op = ar min Vup+vVv
h thGVh,V-ththf” h h”

Sp = arg Vgéif\)hHV(Uh — V)

@ V, C H(div,Q), Qy C L3(Q), Vi C HI(Q)
@ too expensive, global minimization problems (the
hypercircle method)

_ Estimations a posteriori robustes et solveurs adaptifs 13 /52
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Local potential and flux reconstructions

Partition of unity localization

o2 :=ar min aVUp + Val|w
h gvheva,Vvh:?H aVUp + Vpllw,

s2:=arg min |V (vaup — Vp) ||
vheVﬁ

@ cut-off by hat basis functions v € P1(7) N H'(Q)

ay

patch wy ) -
a Ya(a) = 1, Ya(a.) =0 &7‘/2&0/
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o2 :=ar min aVUp + Val|w
h gvheva,Vvh:?H aVUp + Vpllw,

s2:=arg min |V (vaup — Vp) ||
vher;‘

@ cut-off by hat basis functions v € P1(7) N H'(Q)

OO'h::ZO'g, ShZ:ZS?) X

acVy acVy

patch w,
- (@) = 1, ¥a(a.) = 0 A G
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Local potential and flux reconstructions

Partition of unity localization

o2 :=ar min aVUp + Val|w
h gvheva,Vvh:?H aVUp + Vpllw,

s2:=arg min |V (vaup — Vp) ||
vheVﬁ

@ cut-off by hat basis functions v € P1(7) N H'(Q)

OO'h::ZO'g, ShZ:ZS?) X

acVy acVy
@ local minimizations

patch w,
- (@) = 1, ¥a(a.) = 0 A G
M. Vohralik Estimations a posteriori robustes et solveurs adaptifs
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

V2 x @Q2: MFE spaces (hom. Neumann BC fora € V",
homogeneous Dirichlet BC on dwa N 02 fora € ;")

Definition (Constr. of o, pestuynder and Metivet (1999) & Braess and Schaberl (2008))

Let Assumption A be satisfied. For each a € V), prescribe
o2 € V2 and 72 € Q2 by solving the local mixed FE problem

o2 = arg min )WaVUh + Vhllwa
h

VhEVE, V~vh:HQ?(uaf7Vua-Vu
n
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Local equilibrated flux reconstruction

Assumption A (Galerkin orthogonality wrt hat functions)

There holds vy, < H'(7,) and
(VUn, Via)ue = (f,%a)s VA€ VM.

V2 x @Q2: MFE spaces (hom. Neumann BC fora € V",
homogeneous Dirichlet BC on dwa N 02 fora € ;")

Definition (Constr. of o, pestuynder and Metivet (1999) & Braess and Schaberl (2008))

Let Assumption A be satisfied. For each a € V), prescribe
o2 € V2 and 72 € Q2 by solving the local mixed FE problem

a 0
oh:=ar min YaVup + Vp
4 gvheV";,V~vhzﬂoﬁ(z,vaffvc’a-Vuh)H Hwa

a —a a

(O'h,Vh)wa - (rha V'Vh)wa = —(wavuh»vh)wa vvh € th
a aly 0 j
(V-O’h, qh)wa = (l af — Viha-Vup, qh)wa th € Qﬁ erc
M. Vohralik Estimations a posteriori robustes et solveurs adaptifs - 1 5/£2



V2. FE space (hom. Dirichlet BC on 0w, for alla € V)

0
(VS%, Vvh)wa = (V(l,“i’auh), VVh)wa Vvp € V,?
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Local potential reconstruction

VE: FE space (hom. Dirichlet BC on dw, for alla € V)

Definition (Construction of Sh, ~ Carstensen and Merdon (2013))

Let uy, « H'(75). For each a € Vp, prescribe s2 € V2 by solving
the local conforming finite element problem

s :=arg min ||V (¢atp — Vh)l|ws
VhEVﬁ

&1/7 ,,,, P
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Local potential reconstruction

VE: FE space (hom. Dirichlet BC on dw, for alla € V)

Definition (Construction of Sh, ~ Carstensen and Merdon (2013))

Let uy, « H'(75). For each a € Vp, prescribe s2 € V2 by solving
the local conforming finite element problem

s :=arg min ||V (¢atp — Vh)l|ws
VhEVﬁ

()
(VS2, VVh)wa = (V(¥alp), VVh)wa Vvp € VE. ]

: &iua/

Estimations a posteriori robustes et solveurs adaptifs
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Assumptions

Assumption B (Weak continuity)

There holds ([up, Ve =0 Ve € &,
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Assumptions

Assumption B (Weak continuity)

There holds ([up, Ve =0 Ve € &,

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum | are piecewise
polynomial. The degrees of the MFE reconstructions o, and s,
are chosen correspondingly. The meshes 7T, are shape-regular.

: &z"ua/
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)
Let u be the weak solution. Under Assumptions A, B, and C,

”VUh aF U'hHK < CstccontfPF Z ||V(U - Uh)”waa
acVyx

“V(Uh - Sh)HK < Cslccom.bl’l-' Z HV(U - Uh)Hwa'

acVy

5 T - ) i
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)
Let u be the weak solution. Under Assumptions A, B, and C,

||VUh o UhHK < CstccontﬁPF Z ||V(U - uh)Hwav

acVyg

HV(Uh — Sh)HK < Cst Ceont,bPF Z HV(U - uh)Hwa'

acVyg

Remarks

@ Ceonipr: & 1+ 2/m on convex patches wa
@ C, can be bounded by solving the local Neumann
problems by conforming FEs: find r2 € V2 C H] (wa) s.t.

(VI2,VVh)wa = —(¥aVUup, VVh)wa+(af —Vba-VUup, Vh)w, Vv, € VB,

then Cy < |[YaVup + 08 |lwa/IIV | wa
@ = maximal overestimation factor guaranteed L
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Conforming finite elements
Find u, € Vj, such that

(Vup, V) = (f, vp) Yvp € Vp.
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Conforming finite elements

Conforming finite elements
Find up € Vj such that

(VUh,VVh) = (f, Vh) Vv, € Vh.
® Vy:=Tp(Th) N HI(Q), p > 1

@ Assumption A: take v, = ¥4
® V}, C H{(Q): sp := up, no need for Assumption B

&i
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Nonconforming finite elements

Nonconforming finite elements
Find u, € Vj, such that

(Vunp, Vvp) = (f,vn) Yvp € Vi

_ Estimations a posteriori robustes et solveurs adaptifs 20/ 52
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(VUh,VVh) = (f, Vh) Yvp € Vi

@ Vp:=Pu(Th), p>1, vy € V) satisfy
(Ivel,gn)e =0 Van € Pp_1(€), Ve € &,

@ Assumption A: take vy = 13
@ Assumption B: building requirement for the space Vj,

&’i

M. Vohralik Estimations a posteriori robustes et solveurs adaptifs 20 /52
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

D (Vun Vvi)k— Y {{Vun}-ne, [vil)e+6({VVn} e, [Unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vi

ecéy

&’L“
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

D (Vun Vvi)k— Y {{Vun}-ne, [vil)e+6({VVn} e, [Unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vi

ecéy
@ Assumption A: take vj, = 4 for 8 = 0,

A &’L’? ,,,,,,,,,,,,,,,,,
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, Vi)=Y {{{Vund-ne, [Val)e+-0({VVh}-Ne, [unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vi

ecéy
@ Assumption A: take vi = 14 for 8 = 0, otherwise estimates
for the discrete gradient &(up) := Vup — 03¢, le([Un])
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Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, Vi)=Y {{{Vund-ne, [Val)e+-0({VVh}-Ne, [unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vi

ecéy
@ Assumption A: take vi = 14 for 8 = 0, otherwise estimates
for the discrete gradient &(up) := Vup — 03¢, le([Un])
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, Vi)=Y {{{Vund-ne, [Val)e+-0({VVh}-Ne, [unl)e}

KeTh ecéy
+ > {ahg '[upl, [Val)e = (f. V) YVh € Vi

ecéy
@ Assumption A: take vi = 14 for 8 = 0, otherwise estimates
for the discrete gradient &(up) := Vup — 03¢, le([Un])

@ NIPG, IIPG: broken Poincaré—Friedrichs inequality & jumps
@ symmetric version:

||(’5(Uh) + U'h”K < Csthom,PF Z H®(U - Uh)Hwa’

acVy
H@(Uh - Sh)HK < Cslcuml.l’ Z ”Qi(u - Uh)”wa

acVy

M. Vohralik
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Model problem

—Au=f inQ:=]0,1]2
u=up on 9N
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Numerics: smooth test case

Model problem

~Au=f inQ:=]0,1
u=up on 0N

Exact solution

u(x) = (¢1 + c2(1 — x1) + e M) (¢ + (1 — x2) + €7%)
cr=-e% c=-1-0c, a=10
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Numerics: smooth test case

Model problem

—Au=f inQ:=]0,1]?
u=up on oQ

Exact solution

u(x) = (c1 + ca(1 —x1) + &)1 + Go(1 — xp) + &%)
cir=—-€% ec=-1-¢, a=10

Discretization

@ incomplete interior penalty discontinuous Galerkin method
@ unstructured nested triangular grids
@ uniform refinement

@ simulations by V. Dolejsi (Charles University Prague)
M. Vohralik
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Estimates, errors, and effectivity indices

h oIVt 16— tnloa [IV U tonl 19 G —sn)l o 7 ma | 7RG
ho/T 1] 1.2TE+00  1.22E+00 | 1.24E+00 07E-01  5.56E-02|1.30E+00 1.31E+00|1.07 1.07
hg/2 6.18E-01 6.22E-01 6.38E-01 5.09E 02  7.02E-03|6.47E-01 6.50E-01 |1.05 1.05
(0.97) (0.97) (0.96) (1.07) (2.99) | (1.01) (1.01)

ho/4 3.12E-01 3.13E-01 3.22E-01 2.43E-02  8.80E-04 |3.24E-01 3.25E-01 |1.04 1.04
(0.99) (0.99) (0.99) (1.07) (3.00) | (1.00) (1.00)

ho/8 1.56E-01 1.57E-01 1.61E-01 1.18E-02  1.10E-04 | 1.62E-01 1.63E-01 |1.04 1.04
(1.00) (1.00) (1.00) (1.05) (3.00) | (1.00) (1.00)

ho/T 2| 1.50E-01 1.53E-01 1.49E-01 2.76E-02  5.10E-03| 1.56E-01 1.59E-01 | 1.04 1.04

hy/2 3.85E-02  3.92E-02 | 3.83E-02 7.99E-03  3.22E-04 | 3.94E-02 4.01E-02 |1.03 1.02
(1.96) (1.96) (1.96) (1.79) (3.98) | (1.98) (1.98)

ho/4 9.70E-03  9.88E-03 | 9.68E-03 2.12E-03  2.02E-05|9.93E-03 1.01E-02 |1.02 1.02
(1.99) (1.99) (1.98) (1.92) (4.00) | (1.99) (1.99)

ho/8 2.43E-03  248E-03 | 2.43E-03 5.42E-04  1.26E-06|2.49E-03 2.54E-03 |1.02 1.02
(1.99) (1.99) (1.99) (1.96) (4.00) | (1.99) (1.99)

ho/T 3| 1.32E-02 1.34E-02 | 1.29E-02 2.52E-03  3.58E-04| 1.35E-02 1.37E-02 [1.03 1.03

ho/2 1.67E-03 1.69E-03 | 1.65E-03 3.13E-04  1.13E-05|1.70E-03 1.71E-03 [ 1.01 1.01
(2.98) (2.98) (2.97) (3.01) (4.99) | (3.00) (3.00)

ho/4 2.11E-04  2.13E-04 | 2.09E-04 3.83E-05  3.53E-07 |2.12E-04 2.15E-04 |1.01 1.01
(2.99) (2.99) (2.99) (3.03) (5.00) | (3.00) (3.00)

ho/8 2.64E-05  2.67E-05 | 2.61E-05 4.69E-06  1.10E-08 | 2.66E-05 2.69E-05|1.01 1.01
(3.00) (3.00) (3.00) (3.03) (5.00) | (3.00) (3.00)

ho/1 4| 9.36E-04  9.54E-04 | 9.05E-04 2.41E-04  2.12E-05|9.57E-04 9.74E-04 [1.02 1.02

hy/2 5.93E-05  6.05E-05 | 5.77E-05 1.68E-05  3.36E-07 | 6.04E-05 6.16E-051.02 1.02
(3.98) (3.98) (3.97) (3.84) (5.98) | (3.99) (3.98)

ho/4 3.72E-06  3.80E-06 | 3.63E-06 1.10E-06  5.31E-09 | 3.80E-06 3.87E-06 | 1.02 1.02
(3.99) (3.99) (3.99) (3.94) (5.98) | (3.99) (3.99)

ho/8 2.33E-07  2.38E-07 | 2.27E-07 7.02E-08  8.30E-11|2.38E-07 2.43E-07 |1.02 1.02
(4.00) (4.00) (4.00) (3.97) (6.00) | (4.00) (3.99)

ho/1T 5| 5.41E-05  5.50E-05 | 5.22E-05 1.38E-05  1.06E-06 | 5.50E-05 5.58E-05|1.02 1.02

ho/2 1.70E-06 1.72E-06 | 1.65E-06 4.39E-07  9.35E-09| 1.72E-06 1.74E-06 | 1.01 1.01
(4.99) (5.00) (4.98) (4.98) (6.82) | (5.00) (5.00)

ho/4 5.32E-08  5.39E-08 | 5.19E-08 1.40E-08  7.67E-11|5.38E-08 5.45E-08 | 1
(5.00) (5.00) (4.99) (4.97) (6.93) | (5.00) (5.00)

ho/8 1.66E-09 1.69E-09 | 1.62E-09 441E-10  5.99E-13|1.68E-09 1.70E-09 |1
(5.00) (5.00) (5.00) (4.99) (7.00) | (5.00) (5.00)
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Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on o
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Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on o

Exact solution
u(r, 6) = r*?sin(2¢/3)
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Numerics: singular test case & hp-adaptivity

Model problem

~Au = 0 inQ:=Q:=]-1,1[3\[0,1]?,
u = up on 9
Exact solution
u(r, 6) = r*?sin(2¢/3)
Discretization

@ incomplete interior penalty discontinuous Galerkin method
@ unstructured non-nested triangular grids
@ hp-adaptive refinement

M. Vohralik
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Estimates, errors, and effectivity indices

lev [Tl DOF|[[V(u— up)|[ [IVUn+opll  Mose IV (Up —Sp)ll_ mBC n !
0 114 684| 6.22E-02 6.63E-02  1.89E-15 4.48E-02 3.81E-02 1.05E-01|1.69
1 122 1180| 4.28E-02 4.27E-02  1.18E-14 3.08E-02 2.92E-02 7.29E-02|1.70
2 139 1919| 3.28E-02 3.37E-02  8.21E-14 2.09E-02 2.12E-02 5.36E-02|1.64
3 165 2573| 2.32E-02 2.30E-02  3.88E-13 1.50E-02 1.03E-02 3.41E-02|1.47
4 174 2858 1.02E-02 1.01E-02  4.48E-13 8.22E-03 9.19E-03 1.99E-02|1.96
5 199 3351 6.27E-03 6.21E-03  1.12E-12 4.81E-03 6.18E-03 1.25E-02(2.00
6 237 3926| 4.21E-03 4.23E-03  1.98E-12 3.15E-03 3.29E-03 7.66E-03|1.82
7 285 4537| 2.84E-03 2.91E-03  7.47E-12 2.13E-03 2.42E-03 5.33E-03|1.88
8 338 5257| 2.04E-03 2.19E-03  4.63E-11 1.45E-03 1.32E-03 3.51E-03|1.72
9 372 5658 1.21E-03 1.23E-03  1.11E-11 9.07E-04 9.99E-04 2.26E-03|1.87
10 426 6500| 7.70E-04 7.69E-04  5.69E-11 5.55E-04 6.95E-04 1.46E-03|1.89

11 453 7010| 4.95E-04 5.04E-04  9.77E-11 3.97E-04 4.74E-04 9.91E-04(2.00

12 469 7308| 3.41E-04 3.47E-04  1.13E-10 2.55E-04 2.88E-04 6.40E-041.88
13 463 7286| 2.42E-04 2.42E-04  1.39E-10 1.73E-04 1.94E-04 4.37E-04|1.81
14 458 7215| 1.69E-04 1.69E-04  1.23E-10 1.19E-04 1.53E-04 3.17E-04|1.88
15 440 6955| 1.29E-04 1.31E-04  1.45E-10 9.21E-05 9.10E-05 2.24E-04|1.73
16 435 7035| 9.71E-05 9.91E-05  1.39E-10 6.89E-05 7.63E-05 1.74E-04(1.79
17 434 7167| 8.52E-05 8.97E-05  1.41E-10 5.76E-05 5.47E-05 1.42E-04(1.67
18 419 6960| 7.51E-05 7.97E-05 1.44E-10 5.00E-05 4.15E-05 1.21E-04|1.60
19 410 6838| 6.06E-05 6.35E-05 1.47E-10 3.87E-05 3.65E-05 9.69E-05]|1.60
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hp-refinement grids

level 1

level 12

total view

1OE+00 0.0E400 LOE+00  ~1.0E+00 0.0E+00 LOE+00  ~1.0E+00 0.0E400 LOE+00

zoom 10x

~1OE-01 0.0E+00 LOE-01  ~1.0E-01 0.0E+00 LOE-01  ~1.0E-01 0.0E+00
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hp-adaptive refinement algorithms

Algorithm 1, estimate ‘ ‘ Algorithm 2, error PSS
Algorithm 2, estimate ---x--- Algorithm 2, estimate ---x---
0.1 iy 0.1 T
—x_ T
ha \'\\x%
X
.3 X
0.01 % 0.01 %
e X
X
0.001 % 0.001 3
. A . \
X
g ]
0.0001 % 0.0001
7
1000 10000 1000 10000

Algorithm 1 (only refinement)
and Algorithm 2 (refinement &
derefinement) wrt DoF

Exponential convergence of
Algorithm 2 wrt DoF

‘ &1,””7 .... y —

M. Vohralik Estimations a posteriori robustes et solveurs adaptifs

27/52



Q
o

@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications of the unified framework
@ Numerical results
e The Laplace eigenvalue problem
@ Three equivalence results
@ Guaranteed bounds
Numerical results
Q

Localization of the dual residual norm
Guaranteed upper bound

Stopping criteria, efficiency, and robustness
Numerical results

O r%wr

®© ©6 6 ¢




Weak formulation
Find (uk, Ax) € V .= Hg(Q) x RT with |luk|]| =1, k> 1,s. L.

(Vuk, Vv) = Me(Uk, v) YveV




Dual norms Laplace Eigenvalues Nonlinear Laplace C&B Equivalences Bounds Numerics

Setting

Weak formulation
Find (ux, M) € V := HI(Q) x R with |luk|| =1, k > 1, s. t.

(Vuk, Vv) = M(uk, v) VveV

Assumption A (Conforming variational approximation of the first

eigenvalue — eigenvector pair (uq, \1))
There holds

@ (Up,Ap) € VxR

© |lupll =1

@ (up,1)>0

® ||[Vup[® = An
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_ Equivalences Bounds Numerics
L2(Q) bound

Riesz representation of the residual ¢ € V

(Vny, Vv) = (R(Un, An), V) YveV

(note that ||V 2 || = IR(tn, An)lI-1)
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L2(Q) bound

Riesz representation of the residual ¢ € V
(Vi(hﬁ VV) = <R(Uh, >‘h)7 V> eV
(note that ||V ¢ [| = [|R(Un, An)ll-1)

Lemma (L?(£2) bound via a quadratic residual inequality)
Let Assumption A hold and let

Ap < Ao

v
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L2(Q) bound

Riesz representation of the residual ¢ € V

(Vny, Vv) = (R(Un, An), V) YveV
(note that ||V ¢ [| = [|R(Un, An)ll-1)
Lemma (L?(£2) bound via a quadratic residual inequality)

Let Assumption A hold and let
Ap < Ao

and

— (12 B 1
Bh = bW el <1,

afi=2(1-1= ) < 10w 1)

erc
e
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L2(Q) bound

Riesz representation of the residual ¢ € V
(Vi(hﬁ VV) = <R(Uh, >‘h)7 V> eV
(note that ||V ¢ [| = [|R(Un, An)ll-1)

Lemma (L?(£2) bound via a quadratic residual inequality)

Let Assumption A hold and let
Ap < Ao
and
An) !
o= (1-32) lewll <1,
02 =2 (1 — o — 5,%) <197 (up, 1)?.
Then
lur — unll = an. erc

v
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(2ny, k) = )\*k(VUmVi(h)) = % (An(uUn, uk) = (Vun, Vug))

= (i\\: - 1) (Un, Uk)

erc
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(2hy, Uk) = )\*k(VUmVi(h)) = % (An(un, uk) = (Vun, Vug))

= (i\\: - 1) (Un, Uk)

Parseval equality for )

legmlI? = > (2ny» k)

k>1

erc
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(2hy, Uk) = )\*k(VUmVi(h)) = % (An(un, uk) = (Vun, Vug))

= (i\\: - 1) (Un, Uk)

Parseval equality for )

2_ A\ 2
ETIEEDD 1—)\k (un, uk)

k>1

erc
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L2(Q) bound via a quadratic residual inequality

Equivalences Bounds Numerics

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

]
(2hy, Uk) = 7(VUK7V¢(h)) = % (An(un, uk) = (Vun, Vug))
_ (M
= ()\k 1) (Uh,Uk)
Parseval equality for )
A
| 2mlI? = (:7 - 1> Up, 12+ < > Up, Ug)?

k>2

M. Vohralik
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L2(Q) bound via a quadratic residual inequality

Equivalences Bounds Numerics

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

= l(vuk,w(h)) = (Vun, Vu))

= (i\\: - 1) (Un, Uk)

Parseval equality for ), ux orthonormal basis:

)\ 2
||Z(h)H2 <1—1> Up, U1) +Z< ) (Up— U1, Ug)?

k>2

~— (An(un, uk) —

(2(hy» Uk) p

M. Vohralik
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof I.

weak solution, residual, and Riesz representation definitions:

1 1
(2hy, Uk) = )\*k(VUmVi(h)) = % (An(Un, Uk) — (Vup, Vuk))

= (i\\: - 1) (Un, Uk)

Parseval equality for ), ux orthonormal basis:

2 Ah 2 2 An)? 2
l2m < = /\*1—1 (un, uy) +Z 1—)\7 (un — Uy, uk)
—_———

k>2

assumption Ap < Ao:

. A2 A2
m(-5) =(-3) =@

erc
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof Il.

Parseval equality for (up — 1), (Up — Uy, ur) = —3||ur — upl|*:

A 2 C
ol 2 (32 =1) (un0n)? + Gl — unl = s — e

erc
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof Il.

Parseval equality for (up — 1), (Up — Uy, ur) = —3||ur — upl|*:
lemllP = (57 =1) (Un )+ Cllun = unll® = 72 lus = unl

dropping the first term above, e, :— [[u; — uy|:
Ch

7l €5 — Chen + || 4n)? = 0

erc
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L2(Q) bound via a quadratic residual inequality

Sketch of the proof Il.

Parseval equality for (up — 1), (Up — Uy, ur) = —3||ur — upl|*:
lemllP = (57 =1) (Un )+ Cllun = unll® = 72 lus = unl

dropping the first term above, e, :— [[u; — uy|:
Ch
4
quadratic residual inequality in e, under assumption on gp:

eh<2<1\/1ﬁ,27) or e,>2(1+4/1-p%)

&, — Chen + [lqn)lI? = 0

erc

M. Vohralik Estimations a posteriori robustes et solveurs adaptifs 31 /52



Dual norms Laplace Eigenvalues Nonlinear Laplace C&B Equivalences Bounds Numerics

L2(Q) bound via a quadratic residual inequality

Sketch of the proof Il.

Parseval equality for (up — 1), (Up — Uy, ur) = —3||ur — upl|*:
lemllP = (57 =1) (Un )+ Cllun = unll® = 72 lus = unl

dropping the first term above, e, :— [[u; — uy|:
Ch
4

quadratic residual inequality in e, under assumption on gp:

eh<2<1\/1ﬁ,27) or e,>2(1+4/1-p%)

sign condition (up, 1) > 0, assumption on ay:

eh52<1—,/1—ﬁ,§)

M. Vohralik Estimations a posteriori robustes et solveurs adaptifs 31 /52
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O Residuals and their dual norms
O The Laplace equation
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications of the unified framework
@ Numerical results
e The Laplace eigenvalue problem
@ Three equivalence results
@ Guaranteed bounds
@ Numerical results
O The nonlinear Laplace problem
@ Localization of the dual residual norm
@ Guaranteed upper bound
@ Stopping criteria, efficiency, and robustness
@ Numerical results
O Conclusions and ongoing work
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Eigenvalue and eigenvector error equivalences

Theorem (Eigenvector error — dual norm of the residual

equivalence)
Under the above assumptions, there holds

(||V(U1 — up)|?
M

1
; 1) 1R (s A2

2 An) 72 af - 2
< IV(uy —up)l|* < (1 - " 1- 2 IR (un, An)lI=4-

O e
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Eigenvalue and eigenvector error equivalences

Theorem (Eigenvector error — dual norm of the residual
equivalence)

Under the above assumptions, there holds

V(ur — up)l? -
(w +1> 1R (ups An)II2 4

2 An) 2 o B 2
< IVQur = un)l® = (1= — 7 | IRunAn)IZ-
2

Theorem (Eigenvalue error — eigenvector error equivalence)
Under the above assumptions, there holds

1 A 04% 2 2
1220 (1= =2 ) IV(u—un)l? < An=M < ||V (us—up)|?.
2 A2 4

O
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Dual norm of the residual equivalences

Theorem (Dual norm of the residual equivalences)
Let (up, A\p) € V x R verifying Assumption B be arbitrary. Then
IR(un An)ll—1 < [VUn + oal-
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Dual norm of the residual equivalences

Theorem (Dual norm of the residual equivalences)

Let (up, A\p) € V x R verifying Assumption B be arbitrary. Then
IR(Un, An)ll-1 < [[Vun + op]|.

Moreover, under Assumption C, there holds

||VUh < O'h“ < (d + 1)Csthont,PF”R(uha >‘h)Hf1 °

erc
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Dual norm of the residual equivalences

Theorem (Dual norm of the residual equivalences)

Let (up, A\p) € V x R verifying Assumption B be arbitrary. Then
IR(Un, An)ll-1 < [[Vun + op]|.

Moreover, under Assumption C, there holds

||VUh < O'h“ < (d + 1)Csth0nt7PF”R(uh7 >‘h)Hf1 °

@ Cy, Ceonpr; independent of p, computable upper bounds

erc

M. Vohralik Estimations a posteriori robustes et solveurs adaptifs 33 /52



Dual norms Laplace Eigenvalues Nonlinear Laplace C&B Equivalences Bounds Numerics

Dual norm of the residual equivalences

Theorem (Dual norm of the residual equivalences)

Let (up, A\p) € V x R verifying Assumption B be arbitrary. Then
IR(Un, An)ll-1 < [[Vun + op]|.

Moreover, under Assumption C, there holds

||VUh < O'h“ < (d + 1)Csth0nt7PF”R(uh7 >‘h)Hf1 °

@ Cy, Ceonpr; independent of p, computable upper bounds

Assumption B (Galerkin orthogonality of the residual to 3)
There holds, for alla € V™,

)\h(Uhﬂba)wa - (VUh, v¢a)Wa = <R(Uh7 /\h) 1"‘a> =0.

erc
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Dual norm of the residual equivalences

Theorem (Dual norm of the residual equivalences)

Let (up, A\p) € V x R verifying Assumption B be arbitrary. Then
IR(Un, An)ll-1 < [[Vun + op]|.

Moreover, under Assumption C, there holds

||VUh < O'h“ < (d + 1)Csth0nt7PF”R(uh7 >‘h)Hf1 °

@ Cy, Ceonpr; independent of p, computable upper bounds

Assumption B (Galerkin orthogonality of the residual to 3)
There holds, for alla € V™,
An(Un; Ya)wa — (VUn, Viha)ws = (R(Un, An), ta) = 0.

Assumption C (Piecewise polynomial form)

up € Po(Tn), p > 1, oy is chosen correspondingly. The meshes
T, are shape-regular. erc
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Guaranteed bounds for the first eigenvalue

Theorem (Eigenvalue bounds)

Let0 < Ap < X and 0 < Ay < \y. Let Assumptions A and B
hold and let \p, < Ap.

yi
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Guaranteed bounds for the first eigenvalue

Theorem (Eigenvalue bounds)

Let0 < Ap < X and 0 < Ay < \y. Let Assumptions A and B
hold and let \, < A\p. Let o, be an equilibrated flux and let

1 A,,>1
=—(1-—= Vup+opl <1,
B, ﬁ< 2) Vi ol
. —1 2
i% .:2<1—,/1—ﬁ,§)g|m (up, 1)2.
0
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Guaranteed bounds for the first eigenvalue

Theorem (Eigenvalue bounds)

Let0 < Ap < X and 0 < Ay < \y. Let Assumptions A and B
hold and let \, < A\p. Let o, be an equilibrated flux and let

1 A,,>1
=—(1-—= Vup+opl <1,
2 ﬁ< 2) I+l
af =2 <1 —\/1- ﬁ,%) < 19| (up, 1)
~—
N0
Then 0’
-2 2 —1
M= (1-22) (1-22) | Tup+ onl?,
Ao 4
N———
no if elliptic reg. 1
A < Ay — i
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Guaranteed bounds for the first eigenvector

Theorem (Eigenvector bounds)

Let the assumptions of the eigenvalue theorem be verified.
Then

IV (uy — up)l| < n.
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Guaranteed bounds for the first eigenvector

Theorem (Eigenvector bounds)

Let the assumptions of the eigenvalue theorem be verified.
Then

IV (ur = un)|l < n.
Moreover, under Assumption C,

\V4 _ 2 2
n < (d+ 1)Ccont,PFCst <||(U1)\1Uh)” + 1>

Nyl

—1 e _%
(1-2) (—;) V(s - un)l

%T
~(-3)
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Q The Laplace equation
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
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@ Numerical results
e The Laplace eigenvalue problem
@ Three equivalence results
@ Guaranteed bounds
@ Numerical results
O The nonlinear Laplace problem
@ Localization of the dual residual norm
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_ Equivalences Bounds Numerics
Errors and estimators, unit square (elliptic reg.)

0.001
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Structured meshes

0.001

2
—_—
—_—o Ap — A1

=2
—_— ]
a1

IV (w1 — up)|l

0.01 0.1

h

Unstructured meshes
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Errors and estimators, unit square (elliptic reg.)

N h ndof A An An— 772 An = 772 Il\b,eff Iil\b,eff IS ,El,)erf

10 0.1414 121 19.7392 20.2284 19.5054 19.8667 1.35 1.48 1.84E-02 1.21

]
20 0.0707 441 19.7392 19.8611 19.7164 19.7486 1.08 1.19 1.63E-03 1.09
40 0.0354 1,681 19.7392 19.7696 19.7356 19.7401 1.03 1.12 2.28E-04 1.06
80 0.0177 6,561 19.7392 19.7468 19.7384 19.7393 1.02 1.10 4.56E-05 1.05

160 0.0088 25,921 19.7392 19.7411 19.7390 19.7392 1.02 1.10 1.01E-05 1.05

Structured meshes

N h ndof A Ah M=17 A= Beg B Exce e

10 0.1698 143 19.7392 20.0336 18.8265 -  —4.10 - 2.02

20 0.0776 523 19.7392 19.8139 19.6820 19.7682 1.63 1.77 4.37E-03 1.33
40 0.0413 1,975 19.7392 19.7573 19.7342 19.7416 1.15 1.28 3.75E-04 1.13
80 0.0230 7,704 19.7392 19.7436 19.7386 19.7395 1.07 1.14 4.56E-05 1.07
160 0.0126 30,666 19.7392 19.7403 19.7391 19.7393 1.06 1.10 1.01E-05 1.05

Unstructured meshes
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Errors and estimators, L-shaped domain (no el. reg.)

100 b 2 b 2

f —&—— 7 —_—

F—— 3 = b3 ——Ap — M1
o —— 17 [ —V—T_]2

E Y 10F Y

1V (uy = up)ll / N 1V (uy —up)ll

F 1/(ndos)1/2
01 _ / 0.1 — %\ﬁ

001 — 0.01 —
0.001 _ 0.001 —
: 0.0001 ;—
0.0001 L L Bl L
0.01 0.1 1000 10000
h ndof
Unstructured meshes Adaptively refined meshes

“ s 7
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Errors and estimators, L-shaped domain (no el. reg.)

N h ndof A Mo A= A= Ry By Exea [l

30 0.1038 826 9.63972 9.72744 6.88126 9.72064 12.90 32.45 3.42E-01 5.72
60 0.0608 3,154 9.63972 9.66968 8.81618 9.66705 11.39 28.49 9.21E-02 5.38
120 0.0299 12,747 9.63972 9.65032 9.35716 9.64937 11.08 27.65 3.07E-02 5.32
240 0.0164 49,119 9.63972 9.64367 9.53508 9.64331 11.03 27.51 1.13E-02 5.49
360 0.0104 9.63972 9.64192 9.58128 9.64173 11.08 6.29E-03 5.40

Unstructured meshes

Level ndof A1 Ah A =12 An— i Igj,eff I‘;l\b,eff Ex rei /'L‘:l,’eff

2 1,282 9.63972 9.70858 7.56083 9.70303 12.39 31.19 2.48E-01 5.62
6 1,294 9.63972 9.68971 8.35342 9.68509 10.83 26.73 1.48E-01 5.19
10 1,396 9.63972 9.67581 8.77643 9.67225 10.12 24.92 9.71E-02 4.98
14 2,792 9.63972 9.65137 9.37756 9.65016 9.63 23.51 2.87E-02 4.80
18 7,538 9.63972 9.64438 9.53634 9.64389 9.44 23.19 1.12E-02 4.60
22 20,071 9.63972 9.64137 9.60336 9.64122 10.30 3.93E-03 4.16

Adaptively refined meshes
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@ Numerical results
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Localization of the dual residual norm

Weak formulation
Find u € V== W, ”(Q) such that

(e(u,Vu),Vv)=(f,v) VvveV
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Localization of the dual residual norm

Weak formulation
Find u € V== W, ”(Q) such that
(o(u,Vu),Vv) = (f,v) VveV
Residual and its dual norm (v, < V, R(up) € V')
(R(up), V) := (f,v) — (a(un, Vup), Vv), veV

|R(up)||v: := sup (R(up), v)
vev; |Vvp=1

erc
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Localization of the dual residual norm

Weak formulation
Find u € V== W, ”(Q) such that
(o(u,Vu),Vv) = (f,v) VveV
Residual and its dual norm (v, < V, R(up) € V')
(R(up), V) := (f,v) — (a(un, Vup), Vv), veV

|R(up)||v: := sup (R(up), v)
vev; |Vvp=1

Theorem (Localization of || R|v)

Let (R,a) = O for alla € Vi™. Then, with V@ .= W, (wa)

1
q
[Rllv < (d+1)» comPF{ZR vay } ;

1 acVy

1
{an’wy} < (d+1)F[[R]ly-.

acVy
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Localization of the dual residual norm

Upper bound.

@ partition of unity, the linearity of R, orthogonality wrt ;:

(R,v)=> (R,paV) = > (R,a(v—Tlou,V)) + > (R, vaV)

achy aeyn acypt
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Localization of the dual residual norm

Upper bound.

@ partition of unity, the linearity of R, orthogonality wrt ;:

(R,v)=> (R,paV) = > (R,a(v—Tlou,V)) + > (R, vaV)

acVy, acyint acys
@ stability:
IV (¥a(V — Mo waV))llpwa < CeontpEl| V'V pwa
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Localization of the dual residual norm

Upper bound.

@ partition of unity, the linearity of R, orthogonality wrt ;:

(R,v)=> (R,paV) = > (R,a(v—Tlou,V)) + > (R, vaV)

acVy, aeV}]‘“ aEVﬁ"“
@ stability:
IV(¥a(v = MowaV))llpwa < Ceontprl|VVpwa

@ Holder inequality: 1 ;

a
(R, V) < Ceont,pF Z ”RH?va)/ Z HVVHg,m

acV, acyy
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Localization of the dual residual norm

Upper bound.

@ partition of unity, the linearity of R, orthogonality wrt ;:

(R,v)=> (R,paV) = > (R,a(v—Tlou,V)) + > (R, vaV)

acVy, aeV}]‘“ aEVﬁ"“
@ stability:
IV(¥a(v = MowaV))llpwa < Ceont PRIV V[ p.wa

@ Holder inequality: 1

a
(R, V) < Ceont,pF Z ”RH?va)/ Z HVVHEM

acV, acyy
@ overlapping of the patches: IvvE
—
D IVVIgw =D D IVVIp (< (d+1) Y IIVVID«
acVy KeThacVyg KeTh
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Localization of the dual residual norm

@ p-Laplacian lifting of the residual on the patch wj:
A € V@ = W, P(wa) such that

(VAP 2VA,VV), =(R,v) VYvelV

erc
e
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Localization of the dual residual norm

@ p-Laplacian lifting of the residual on the patch wj:
A € V@ = W, P(wa) such that

(VAP 2VA,VV), =(R,v) VYvelV

@ energy equality:
IV A(pwe = (IVAPEVE, V) = (R, #) = [RII{ys

erc
e
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Localization of the dual residual norm

@ p-Laplacian lifting of the residual on the patch wj:
A € V@ = W, P(wa) such that

(VAP 2VA,VV), =(R,v) VYvelV

@ energy equality:
IV A(pwe = (IVAPEVE, V) = (R, #) = [RII{ys

@ setting 2:= ) ,c, £ € V:
DRI ay = D (R, &) = (R, ) <I[Rllv[Velp

acVy, acVy

erc
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Localization of the dual residual norm

@ p-Laplacian lifting of the residual on the patch wj:
A € V@ = W, P(wa) such that

(VAP 2VA,VV), =(R,v) VYvelV

@ energy equality:
IV A(pwe = (IVAPEVE, V) = (R, #) = [RII{ys

@ setting 2:= ) ,c, £ € V:
DRI ay = D (R, &) = (R, ) <I[Rllv[Velp

acVy, acVy
@ overlapping of the patches:
IVelp < (d+ 1P Y IIVAp e

acVy

erc
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Abstract assumptions

Numerical approximation

@ simplicial mesh 7, linearization step k, algebraic step /
o U eV(Ty) = {velP(Q), vk e WP(K) YKeTp} ¢ V
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Abstract assumptions

Numerical approximation

@ simplicial mesh 7, linearization step k, algebraic step /
o U eV(Ty) = {velP(Q), vk e WP(K) YKeTp} ¢ V

Assumption A (Total flux reconstruction)

There exists o' € H(div, Q) such that

V'O'z’l = f
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Abstract assumptions

Numerical approximation

@ simplicial mesh 7, linearization step k, algebraic step /
o U eV(Ty) = {velP(Q), vk e WP(K) YKeTp} ¢ V

Assumption A (Total flux reconstruction)

There exists o' < H9(div, Q) and pi' € L9(Q) such that

K,i K,i
Vo, " =fh— p,
~—
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Abstract assumptions

Numerical approximation

@ simplicial mesh 7, linearization step k, algebraic step /

o U eV(Ty) = {velP(Q), vk e WP(K) YKeTp} ¢ V
Assumption A (Total flux reconstruction)

There exists o' < H9(div, Q) and pi" € L9(Q) such that

K,i K,i
Vo, " =fh— p,
~—

Assumption B (Discretization, linearization, and alg. fluxes)

There exist fluxes di”' 15 al" € [L9(Q)]¢ such that

: Kk,i K,i K,i Kii.
(i) ofl = df 415 4 akd;

(i) as the linear solver converges, ||a’,§” lg = 0;

(ii) as the nonlinear solver converges, ||If7” qg— 0. erc

<
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)
Let

@ u € V be the weak solution,

° u’,j’i € V(Ty) be arbitrary,

@ Assumptions A and B hold.
Then there holds

K,i K,i K,i K,i K,i K,i
ju(uh ) S ']disc + Min + '/ulg + Trem + nquad+nOSC'
~— ~— ~—~—

dual norm of the residual + NC

K,i P K, i
"Nl (1% q Follen”lla.x

: &iua/

M. Vohralik Estimations a posteriori robustes et solveurs adaptifs 44 / 52




O Residuals and their dual norms
O The Laplace equation
@ Guaranteed upper bound
@ Polynomial-degree-robust local efficiency
@ Applications of the unified framework
@ Numerical results
O The Laplace eigenvalue problem
@ Three equivalence results
@ Guaranteed bounds
@ Numerical results
@ The nonlinear Laplace problem
@ Localization of the dual residual norm
@ Guaranteed upper bound
@ Stopping criteria, efficiency, and robustness
@ Numerical results
O Conclusions and ongoing work




Dual norms Laplace Eigenvalues Nonlinear Laplace C&B Localization Reliability Stop. criteria & efficiency Numeric

Stopping criteria and efficiency

Global stopping criteria (~ secker, Johnson, and Rannacher (1995), Arioli (2000's) )
ki K,i
Trem < Yrem max{ndlsm nhn ’ nalg}
nalg < Yalg max{ndlsc’ Min } Yrem; Yalgs Vin =~ 0.1
nliﬁ < 71in77dfsc
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Stopping criteria and efficiency

Global stopping criteria (~ secker, sohnson, and Rannacher (1995), Arioii (2000'))
ki K,i
Trem < Yrem max{ndlbc7 nhn ’ nalg}
nalg < Yalg max{ndlsc’ Min } Yrem; Yalgs Vin =~ 0.1
nlir; = ’7lin77di;c

Theorem (Global efficiency)
Under the global stopping criteria and the usual assumptions,

k7. k’.
77d1sc + nlm + nalg + nrel < C(ju(uh I) + nqu;d + nosc)’

where C is independent of & and q.
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Stopping criteria and efficiency

Global stopping criteria (~ secker, sohnson, and Rannacher (1995), Arioii (2000'))
ki K,i
Trem < Yrem max{ndlbc7 nhn ’ nalg}
nalg < Yalg max{ndlsc’ Min } Yrem; Yalgs Vin =~ 0.1
nlir; = ’7lin77di;c

Theorem (Global efficiency)
Under the global stopping criteria and the usual assumptions,

k7. k’.
77d1sc + nlm + nalg + nrel < C(ju(uh I) + nqu;d + nosc)’

where C is independent of & and q.

@ local (elementwise) stopping criteria = local efficiency
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Stopping criteria and efficiency

GIObaI stopping Criteria (z Becker, Johnson, and Rannacher (1995), Arioli (2000’3))
ki K,i
Trém < Vrem max{ndlbc7 nhn ) nalg}
nalg < Yalg max{”dlso’ Min } Yrem; Yalgs Vin =~ 0.1

771151 < Min ndfsc

Theorem (Global efficiency)
Under the global stopping criteria and the usual assumptions,

k7. k"
77d1sc + nlm + nalg + nrel < C(ju(uh I) + nqu;d + nosc)’

where C is independent of & and q.

@ local (elementwise) stopping criteria = local efficiency
@ robustness with respect to the nonlinearity thanks to the
choice of 7, as error measure
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Error and estimators as a function of CG iterations,
regular 10-Laplacian, 6th level mesh, 6th Newton step.
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Error and estimators as a function of CG iterations,
regular 10-Laplacian, 6th level mesh, 6th Newton step.
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Error and estimators as a function of Newton
iterations, regular 10-Laplacian, 6th level mesh
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Error and estimators as a function of Newton

iterations, regular 10-Laplacian, 6th level mesh
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Overall algebraic solver iterations, regular
10-Laplacian
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Effectivity indices (robustness)
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Full adaptivity, singular 4-Laplacian
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Conclusions and future directions

Conclusions

@ guaranteed energy error and first eigenvalue bounds
@ robustness (polynomial degree, nonlinearity)

@ full adaptivity (linear solver, nonlinear solver, mesh)
@ unified framework for all classical numerical schemes

: &’Z’Z&CI/
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Conclusions and future directions

Conclusions

@ guaranteed energy error and first eigenvalue bounds
@ robustness (polynomial degree, nonlinearity)

@ full adaptivity (linear solver, nonlinear solver, mesh)
@ unified framework for all classical numerical schemes

Ongoing work
@ multigrid as a linear solver

@ convergence and optimality
@ higher-order time discretizations
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