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Context — steady case

Hybridized formulation of mixed finite element methods
@ Fraeijs de Veubeke (1960’s)
@ Arnold and Brezzi (1985)

@ Arbogast and Chen (1995)
e interface mesh given by the neighboring subdomains
e interface: same mesh and same polynomial degree as in the subdomains
e hybridized and initial problems equivalent
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Setting

The heat equation
Findp:Qx[0,T] = Rand u:Q x [0, T] = RY such that

g'?JrV-u:q in Q x (0, T],
u=-KVp inQx(0,T],
p=0 on 99 x (0, T],

p=po(X) ong.

@ g€ L?0,T;L3(Q)), po € HI(Q), V- KVpg € L3(Q)
@ K: time-independent, uniformly bounded, symmetric, and positive definite
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Setting

The heat equation
Findp:Qx[0,T] = Rand u:Q x [0, T] = RY such that
op

E‘FV'U:Q in Q x (0, T],
u=-KVp inQx(0,T],
p=0 on 99 x (0, T],

p=po(X) ong.
@ g€ L?0,T;L3(Q)), po € HI(Q), V- KVpg € L3(Q)
@ K: time-independent, uniformly bounded, symmetric, and positive definite
Weak solution
Find u € L2(0, T; H(div; Q)), p € H'(0, T; L?(Q)) s.t. p(-,0) = po & a.e. in (0, T),
(K'u,v)q — (p,V-V)q =0 Vv e H(div;Q),
(0o, W) + (V-u,w)g = (g, W) Yw e L3(Q).

@ actually also u € L>(0, T;L2(Q)) and p € H'(0, T; H}(2)) Lovada e
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Space-time subdomains, forms, and spaces

Space-time subdomains
QT :=Qx(0,7),Q == x(0,T),[]:=0;x(0,T),[]:=T;x(0,T)

Space-time bilinear forms

a’(u,v) = /‘TZ(KW Vg, bT(v,w) = — /'Tz(v.v w)
) = Jo : s V) Qs ) = Jo : P Qs

T
bl (v, ) == /O Z<V'“ivu>ri
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Space-time subdomains, forms, and spaces

Space-time subdomains
QT :=Qx(0,7),Q :=Q;x(0,T),[]:=Tx(0,T), ] :=T;x(0,T)
Space-time bilinear forms

a’(u,v) = /‘TZ(KW Vg, bT(v,w) = — /'Tz(v.v w)
) = Jo : s V) Qs ) = Jo i P Qs
T
/O Z<V~nf,u>r,

Tensor product space-time spaces on each space-time subdomain Q,T
At - At At . .
Vili= V@ % , W= Wi ; o WAL

1

bl (v, ) :

N——
MFE spaces  discontinuous pw polynomials in time  discontinuous pw polynomials in space

AT . _ Lo NAT
NHj = NH,j
————
continuous or discontinuous pw polynomials in space and in time s, rc
Creia—*-
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VAt @th . @ hAlt’ AAT @AHU
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Global spaces and time stepping

Global space-time finite element spaces
ING A NS A AT . AT
Vh e @th, Wh t e @ Wh’,‘t, /\H = @AHJ]
Space of velocities with space-time weakly continuous normal components

VAL = {vevﬁf b (V, 1) = 0 \me/\ﬁT}
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Global spaces and time stepping

Global space-time finite element spaces
vpt:=Epval, wit = wr, AT =]
Space of velocities with space-time weakly continuous normal components
VAL = {v VAL pT(v,p) =0 VYpue /\ﬁT}

Discontinuous Galerkin time stepping

T N; tik N;
/O pd=3 /t o+ k1 dn 1,
k=1 i k=1

with
[elk =of —¢r,

bezia—~
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Space-time multiscale mortar mixed finite element method

Definition (Space-time multiscale mortar mixed finite element method)

Find uftt € VAL, pit e WAL and A" € AGT such that
a’ (utt,v) + b7 (v, p5) + bl (v,\57) =0 Vv e Vet
(5“0#1" W)QT - bT(uﬁta W) = (qa W)QT Vwe WAI’
b (up', 1) =0 Viueny'.
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Assumptions

Assumption (Mortar grids)

For C independent of the spatial mesh sizes h and H as well as of the temporal
mesh sizes At and AT, there holds

Vi€ N, Vij, ey < CUIQn, pliry +112n, pllry),
Vij, A;TC WAt WAL
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Assumptions

Assumption (Mortar grids)

For C independent of the spatial mesh sizes h and H as well as of the temporal
mesh sizes At and AT, there holds

V€ Ny, Vij, |elry < C(1Qnipllry +112n,) £llr,),
Vij, AT c WA WAL

Comments

@ Ay = @AH,ij

@ Op;: L2(09;) — Vp; - n;is the L2-orthogonal projection

@ the spatial mortar assumption as previously: in particular satisfied with C = %
when Ty j is a coarsening of both 7p, ; and 75 ; on I'; & the space Ay j consists
of discontinuous pw polynomials contained in V- n; and Vi, ;- njon [ in
general, it requests the mortar space /\, to be sulfficiently coarse

@ the temporal mortar assumption: control of the mortar by the subdomain time
discretizations; mortar time discretization is a coarsening of each subdomain
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Two inf—sup inequalities

Lemma (Discrete divergence inf—sup condition on V%)

Let the mortar assumptions hold. Then

b (v, w
Ywe WA sup (v, w)
0#veVAL 1Vl 20, 7:m;H(aiv:2:))

> Blwll 20, T;12(02))-

Cezia L2 7"
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Two inf—sup inequalities

Lemma (Discrete divergence inf—sup condition on Vﬁé)

Let the mortar assumptions hold. Then

b’ (v
Ywe WA sup %77

> Blwll2(0,7:120)-
0#veVRE HVHLz(O,T;I'I,-H(div;Q,)) (0,T:L2(9))

Lemma (Discrete mortar inf-sup condition on V)
Let the mortar assumptions hold. Then

bl (v
VueAST,  sup (Y, 1)
0£vVEVA! HVHLQ(O,T;I'I,'H(div;Q,-))

> Brllpllzo, 1:2(ry)-

-
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Existence, uniqueness, and stability

Theorem (Existence and uniqueness of the discrete solution, stability wrt data)

Let the mortar assumptions hold. Then the space-time multiscale mortar MFE
method has a unique solution. Moreover,

15 llpG + Ui llar + 1PR llar + AT llrr < CUlgllar + IV - KVpoll)-

-
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Existence, uniqueness, and stability

Theorem (Existence and uniqueness of the discrete solution, stability wrt data)

Let the mortar assumptions hold. Then the space-time multiscale mortar MFE
method has a unique solution. Moreover,

15 llpG + Ui llar + 1PR llar + AT llrr < CUlgllar + IV - KVpoll)-

Comments

_ N;
o [lvlide = 2 (llon 1B, + Xlq Melk—11l3,)
@ no control of divergence (shown later in a simplified setting)

-
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A priori error estimate

Theorem (A priori error estimate)

Let the mortar assumptions hold and let the weak solution be sufficiently smooth.
Let the space and time meshes Ty, ; and 77A’ be quasi-uniform and let h < Ch; and
At < CAt; foralli. Then

lp — PRl + Ilu — upllor + [P — PR llor + 1A = AR [Irr

= C(Z Ul a0, Tohrc () (M + A7) + [u (h*H? + At)
i

Ha(0,T:Hk* 2 (Q))

4 1
+ ) lPlwaso,mmi@y At 2 (W + AED) + > [ Mlrs(o, Tk, 2 (H™ +AT{S))7
i

i’j
O<rorix<k+1,0<n</4+1,0<rg<g+1,0<rm<m+1,0<rs<s+1.
MFE space pw pols space pw pols time mortars space mortars time
Creeia— il
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A priori error estimate

Comments

@ the term h*%(Hfm + AT") appears from the discrete trace (inverse) inequality
and is suboptimal; can be made comparable to the other error terms by
choosing m and s sufficiently large (if the solution is sufficiently smooth)

@ the term At*%(h” + At'7) is suboptimal
@ both improved if a bound on ||V - (u — u8t)| o7 is available, using the normal
trace inequality for H(div; ;)

-

Y/ -

M. Jayadharan, M. Kern, M. Vohralik, |. Yotov A space-time multiscale mortar mixed finite element method 14 /31



| Space-time MMFEM Reduction to interface problem Numerical experiments C Cont. set. Disc. set. Space-time MMFEM Ex., un., and stability

Improved stability

Radau reconstruction operator
o for p(x,-) € WA, Too(x,-) € H'(0, T), Zo(X, )| (ph—1 gky € Pg1, such that

tk

tk
/tk1 Oy ¢ = . e o+ [plk1di_y Yo(x,:) e WA

e thus equivalently, ;p>! replaced by 9;ZpAt:

(é)fz-pfet7 W)QT - bT(uﬁt7 W) = (q’ W)QT Vwe WhAtl
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Improved stability

Radau reconstruction operator
o for p(x,-) € WA, Too(x,-) € H'(0, T), Zo(X, )| (ph—1 gky € Pg1, such that

tk

tk
/tk1 Lo = . e o+ [plk1di_y Yo(x,:) e WA

e thus equivalently, ;p>! replaced by 9;ZpAt:

(fjfzplét7 W)QT - bT(uﬁt7 W) = (q’ W)QT Vwe WhAll

Theorem (Control of divergence)

Let WAT = /\fT = WA (same time discretization everywhere) hold. Then

10.Zps llar + [V - up o7 + luptlive < C(llgllor + IV - KVpolla)-
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Improved a priori error estimate

Cont. set. Disc. set. Space-time MMFEM Ex., un., and stability

Theorem (Improved a priori error estimate)

Let the mortar space assumption and WA! = /\AT WA hold and let the weak
solution be sufficiently smooth. Then

lu(tY) = (uptylle + llu = ugfllr + [V - (U~ up")lor
+1e(tY) = (oh nlla + 1P = P llar + 1A = AGT llrr

7 1
< C(Z Iullwr= o 7im ) (" + ALY H U e et ) (T H +AL7)
+ > Pl waes o, 7y (M7 + AE9) + > 1A s o, Tsbrm(ry) (H™ 2+ AT")
, i

: /'m—1
+Z”””HWOJ;H’k(Q,-))”r“ T ||u||H1(0,T;H7k+%(Q))hrkH2 +Z”M|H1(°’T;”’m(rﬂ))H 2)’
! 5 i
O<rcorfg<k+1,0<n</+1,0<rg<q+1, J<rm<m+1,1<r<s+1.

MFE space pw pols space pw pols time mortars space mortars time e

M. Jayadharan, M. Kern, M. Vohralik, |. Yotov A space-time multiscale mortar mixed finite element method 16/ 31




Q Introduction

Q Space-time multiscale mortar mixed finite element method
@ Continuous setting
@ Discrete setting
@ Space-time multiscale mortar mixed finite element method
@ Existence, uniqueness, and stability

e Reduction to an interface problem

O Numerical experiments

Q Conclusions and future directions




| Space-time MMFEM Reduction to interface problem Numerical experiments C

Decomposition of the solution

Decomposition of the solution

o upt =up™ (M) + 8", PRt =pp (A7) + bR’

o for each O, Up'|or € VAL, BR'|or € WA is the solution to (zero Dirichlet data
on the space-time interfaces and the prescribed source term g, initial data po,
and 0 boundary data on the external boundary)

al Uy, v) + b/ (v.pp") =0 VveVp!
(&ﬁﬁt? W)Q,.T - biT(Hﬁt’ W) = (qv W)Ql.T Vwe Wf%it

e fora given ;1 € A4, for each O/, uﬁt’*(u)bir e Ve, th’*(u)lgir € W is the

solution to (Dirichlet data ., zero source term, initial data, and boundary data)

al (Up™" (1), v) + b] (v, ™" (1)) = —(v -y, pyer - ¥V € VRl

(8o (1), W)gr — b] (U™ (1), w) =0 Yw € WhY

@ both above problems are posed in the individual space-time subdomains Q,T
and can thus be solved in parallel (no synchronization on time stepgj, _ - erc
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Space-time Steklov—Poincaré operator

Lemma (Equivalence)

The MMMFE method is equivalent to: find \&T € A5T such that

—bf (UR™ (AET), 1) = bl (R, 1) Ve ART.
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Space-time Steklov—Poincaré operator

Lemma (Equivalence)

The MMMFE method is equivalent to: find \&T € A5T such that
—bf (U™ (AET) ) = b (UR", p) Ve AT
Space-time Steklov—Poincaré operator

@ S:AST 5 AT

(SA p)pr = Z<Si)\aﬂ>rfa <Si/\:M>rf = _<uﬁt’*()\) : niaM>riT VA ue /\ﬁT

l

e gc A5T isdefined as (g, u)rr == br(Up',u)  YueAgT

‘erc
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Space-time Steklov—Poincaré operator

Lemma (Equivalence)

The MMMFE method is equivalent to: find \&T € A5T such that
—bf (U™ (AET) ) = b (UR", p) Ve AT
Space-time Steklov—Poincaré operator

@ S:AST 5 AT

(SA p)pr = Z<Si)\aﬂ>rfa <Si/\:M>rf = _<uﬁt’*()\) : niaM>riT VA ue /\ﬁT

l

e gc A5T isdefined as (g, u)rr == br(Up',u)  YueAgT

Lemma (Operator form)

Equivalent operator form is: find \§™ € A5 such that
SXeT =g.

‘erc

M. Jayadharan, M. Kern, M. Vohralik, |. Yotov A space-time multiscale mortar mixed finite element method 18/ 31



| Space-time MMFEM Reduction to interface problem Numerical experiments C

Spectral bound, space-time domain decomposition algorithm

Theorem (Spectral bound)

Let the mortar assumptions hold. Then the operator S is positive definite. Let

moreover Ty ; be quasi-uniform and h < Ch; for all i. Then the following spectral
bound holds:

Yue NG, Collullfr < (Su,phrr < Crhullfr.

-

Y/ -
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Spectral bound, space-time domain decomposition algorithm

Theorem (Spectral bound)

Let the mortar assumptions hold. Then the operator S is positive definite. Let
moreover Ty ; be quasi-uniform and h < Ch; for all i. Then the following spectral
bound holds:

Yue NG, Collullfr < (Su,phrr < Crhullfr.

Comments
@ well-posed space-time interface problem
@ leads to a space-time domain decomposition algorithm
@ GMRES can be applied; convergence through the field-of-values estimates:

k
Irell < (V1= (Co/C1PP2) " Irol
@ on all iterations: problems posed in the individual space-time subdomains
Q! and solved in parallel (no synchronization on time steps) Lovece erc
LA —
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Numerical experiments

Setting
ed=2
@ Vi x Wy ;on each Q; is the lowest-order Raviart=Thomas pair RTq x DGQq
(k=1=0)

@ backward Euler time discretization in each Q] (g = 0)

@ mortar finite element space Aﬁfj: discontinuous bilinear (m=s=1, H=2h
and AT = 2Af) and discontinuous biquadratic (m = s = 2, H = v/h and
AT = +/At) mortars

@ GMRES without preconditioner for the space-time interface problem

@ deal.ll package

1 . . . .
@ At 2 loss in convergence rate in the theoretical bound not observed in the
numerical results

-
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Example 1, smooth solution, Q"

X Axis0.6
04

: S e,
Time Axis enmmemen,
0.2 2 B

= —
S
e

0o

Pressure, bilinear mortars m = s = 1, space-time grid at refinement S,XLhoI,e Q
LA —
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Example 1

Y Axis
4 0.6

03 1.0e+00
Time Axis e

03 02
Time Axis
0.2

0.3

Time Axis
0.2

03 0.5
Time Axis

0

[ -0.5
-1.0e+00

0

Pressure detail on Q] U Q]
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Example 1

05
05

04
1.7e+01

04 03

Time Axis

03 038
Time Axls Time Axis s
02 Time Axds
0
iz
v
5
iz
[ I
« 116401

0

x-velocity detail on Q] UQ] x-velocity detail on QJ U Q]
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Example 1

Ref. Ql Qr Ql Qr Mm=1) | TT(m=2)

No. n N1 #DoF | 2 N2 #DoF | N3 N3 #DoF Ny N4 #0oF | N | N | #0oF | Nr | N | #DoF
0 |3|3|33|2|2|16 |4|4| 56 |33 33 (11|16 |1]|1|36
1 1|6|6|120 |4 |4 | 56 |8 |8 | 208 |6 |6 |120 | 2|2 | 64
2 |12]12| 456 | 8 | 8 | 208 |16|16| 800 (1212|456 |4 | 4 | 256 |2 | 2 |144
3 |24|24|1776|16|16| 800 (32|32 | 3136 |24 |24 |1776| 8 | 8 | 1024
4 |48|48|7008|32|32|3136 (64|64 |12416|48 |48 |7008|16|16|4096| 4 | 4 | 576

Meshes, polynomial degrees, and number of degrees of freedom

M. Jayadharan, M. Kern, M. Vohralik, |. Yotov
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Example 1: m = s = 2 betterthan m=s =1

Ref. | # GMRES | [u — up|[20. 2@y | 1P = PR'lIbe [ 1lP — PR lzco.row | 1A = AR T Il 20.7mv)
0 |11 | Rate | 6.50e-01 Rate |1.21e+00 | Rate |7.91e-01 | Rate |7.98e-01 | Rate
1 |23 |-1.06 |3.63e-01 0.84 7.21e-01 |0.75 |4.76e-01 | 0.73 |5.11e-01 0.64
2 |39 |-0.76 | 1.74e-01 1.06 3.19e-01 [1.18 |2.46e-01 | 0.95 |2.34e-01 | 1.13
3 |59 |-0.60 |8.63e-02 | 1.02 1.46e-01 |1.13 |1.25e-01 | 0.98 |1.20e-01 | 0.96
4 186 |-0.54 |4.29e-02 | 1.01 6.93e-02 |1.08 |6.25e-02 | 1.00 |6.11e-02 | 0.97
Convergence with bilinear mortars m=s =1
&’7/ L erc
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Example 1: m = s = 2 betterthan m=s =1

Ref. | # GMRES | [u — up|[20. 2@y | 1P = PR'lIbe [ 1lP — PR lzco.row | 1A = AR T Il 20.7mv)
0 |11 | Rate | 6.50e-01 Rate |1.21e+00 | Rate |7.91e-01 | Rate |7.98e-01 | Rate
1 |23 |-1.06 |3.63e-01 0.84 7.21e-01 |0.75 |4.76e-01 | 0.73 |5.11e-01 0.64
2 |39 |-0.76 | 1.74e-01 1.06 3.19e-01 |1.18 |2.46e-01 | 0.95 |2.34e-01 | 1.13
3 |59 |-0.60 |8.63e-02 | 1.02 1.46e-01 |1.13 | 1.25e-01 | 0.98 |1.20e-01 | 0.96
4 |86 |-0.54 |4.29e-02 | 1.01 6.93e-02 |1.08 |6.25e-02 | 1.00 |6.11e-02 | 0.97

Convergence with bilinear mortars m=s =1

Ref. | # GMRES | lu — up'|l 20,72y | 1P = Ph'liog | 1P — Bptllizo, rawy | 1A — A5 [l 20,72,
0 |18 | Rate|6.81e-01 Rate |1.35e+00 |Rate|8.39e-01 | Rate |2.13e+00 | Rate
2 |34 |-0.46 |1.70e-01 1.00 3.51e-01 | 0.97 | 2.51e-01 | 0.87 | 2.82e-01 1.46
4 |57 |-0.37 | 4.48e-02 0.96 |8.59e-02 |1.02|6.59e-02 | 0.96 | 9.20e-02 | 0.81

Convergence with biquadratic mortars m = s = 2 lreia gre
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Example 2, sharp boundary layer, discontinuous bilinear mortars
(m=s=1)

08 i
XAxis 0.8 06 Y Axis

05
0.4
0.5
03

04

Time Axis
0.2

03
0.5 01

Time Axis
0.

1.5

0.5
0.0e+00

Pressure, cut along the plane x = 0.25

M. Jayadharan, M. Kern, M. Vohralik, |. Yotov A space-time multiscale mortar mixed finite element method 26/ 31



| Space-time MMFEM Reduction to interface problem Numerical experiments C

Example 2

0.8 i
XAxis 08 06 YAXs

05

04
05

3.6e+01
e B 0s — 30
05 01 '
Time Axis 02 — 25
04 9 °
o or B 20
i & N
02
4 < X 10
4 I: 5
o 0.0e+00
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Example 2, QT

Time Axis

w

L 1.5

0.0e+00

Pressure, mortar multiscale method
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Pressure, fine-scale method
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Example 2, QT

3.6e+01

30
25 Time Axis
° 20

15
10 »

L t 5
0.0e+00

Velocity magnitude, mortar multiscale method  Velocity magnitude, fine-scale method

Time Axis
Time Axis
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Example 2
Method |# GMRES | [[u — U820, 7.L2()) | 1P — PR lIb | 1P — PE | 20,7y | 1A — A5 [l 12(0,7:00)
multiscale 102 5.657e-02 8.425e-02 6.319e-02 5.796e-02
fine-scale 140 1.524e-02 2.234e-02 2.154e-02 3.016e-02

Errors and GMRES iterations for the multiscale and fine-scale methods

M. Jayadharan, M. Kern, M. Vohralik, |. Yotov
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Conclusions and future directions

Conclusions
@ standard building blocks: DG time stepping on individual subdomains
@ mortar coupling: space-time interface problem
@ mortars: coarse mesh / high polynomial degree: multiscale approximation
@ leads to a space-time domain decomposition algorithm

-
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Conclusions and future directions

Conclusions
@ standard building blocks: DG time stepping on individual subdomains
@ mortar coupling: space-time interface problem
@ mortars: coarse mesh / high polynomial degree: multiscale approximation
@ leads to a space-time domain decomposition algorithm

Future directions
@ developing a preconditioner for the space-time interface iterative solver
@ dedicated a posteriori error analysis

-
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Conclusions and future directions

Conclusions
@ standard building blocks: DG time stepping on individual subdomains
@ mortar coupling: space-time interface problem
@ mortars: coarse mesh / high polynomial degree: multiscale approximation
@ leads to a space-time domain decomposition algorithm

Future directions
@ developing a preconditioner for the space-time interface iterative solver
@ dedicated a posteriori error analysis
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Conclusions and future directions

Conclusions
@ standard building blocks: DG time stepping on individual subdomains
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Thank you for your attention! Lovade

M. Jayadharan, M. Kern, M. Vohralik, |. Yotov A space-time multiscale mortar mixed finite element method 31 /31



	Introduction
	Space-time multiscale mortar mixed finite element method
	Continuous setting
	Discrete setting
	Space-time multiscale mortar mixed finite element method
	Existence, uniqueness, and stability

	Reduction to an interface problem
	Numerical experiments
	Conclusions and future directions

