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Inexact iterative linearization
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Nonlinear operator A:RN— RN, vector F e RN: find U € RN s.t.
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System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k :=1.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,
Q@ O SetUKC:=UkTandi:=1.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F¥—: find U s.t
ARk~ PR,

Q O SetU®=U'andi:=1. ,
@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)

@ Choose initial vector U°. Set k := 1.

Q@ UK = matrix A" and vector F*': find U” s.t.
AR-TUK ~ FR1

Q O SetU®=U'andi:=1. ,

@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)

@ Choose initial vector U°. Set k := 1.

Q@ UK = matrix A" and vector F*': find U” s.t.
AR-TUK ~ FR1

Q O SetU®=U'andi:=1. ,

@ Do 1 algebraic solver step = U"' s.t. (R*' algebraic res.)

Ak71 Uk,i _ Fk71 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO=i:=i+1, back
fo 3.2.

© Convergence? OK = finish. KO = k := k+ 1, backto 2. | _.
oI
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
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@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?
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Context and questions

Approximate solution
@ approximate solution U does not solve A(U*') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?

Question (Error)

@ How big is the error ||u — u,’j” || on Newton step k and
algebraic solver step i, how is it distributed?
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Previous results

Inexact Newton method

@ Eisenstat and Walker (1990’s) (conception, convergence, a
priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
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priori error estimates)
@ Moret (1989) (discrete a posteriori error estimates)
Adaptive inexact Newton method
@ Bank and Rose (1982), combination with multigrid
@ Hackbusch and Reusken (1989), damping and multigrid
@ Deuflhard (1990’s, 2004 book), adaptivity
Stopping criteria for algebraic solvers
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid
stopping criterion
@ Arioli (2000’s), comparison of the algebraic and .
discretization errors h’”’z
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Previous results

A posteriori error estimates for numerical discretizations
of nonlinear problems

@ Ladeveéze (since 1990’s), guaranteed upper bound

@ Han (1994), general framework

@ Verfirth (1994), residual estimates

@ Carstensen and Klose (2003), guaranteed estimates

@ Chaillou and Suri (2006, 2007), distinguishing
discretization and linearization errors

@ Kim (2007), guaranteed estimates, locally conservative
methods
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A posteriori error estimate, —Au = fin Q, u = 0 on 902

Theorem (A guaranteed a posteriori error estimate)
@ Letu € H}(Q) be the weak solution,
@ uyc H'(Th):={v € L2(Q),v|k e H(K) VYK €Ty} be arbitrary,
@ s, € HI(Q) and o, € H(div, Q) with (V-op, 1)k = (f, 1)k for
all K € Ty, be arbitrary.
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A posteriori error estimate, —Au = fin Q, u = 0 on 902

Theorem (A guaranteed a posteriori error estimate)
@ Letu € H}(Q) be the weak solution,
@ uyc H'(Th):={v € L2(Q),v|k e H(K) VYK €Ty} be arbitrary,
@ s, € HI(Q) and o, € H(div, Q) with (V-op, 1)k = (f, 1)k for
all K € Ty, be arbitrary. h )
Then |[V(u—un)? < Y (IVun+nllk + —|If = V-anlx)
KeTh

+ ) IV (un — sn)llk-

KeTh
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A posteriori error estimate, —Au = fin Q, u = 0 on 902

Theorem (A guaranteed a posteriori error estimate)
@ Letu € H}(Q) be the weak solution,
® upc H'(Tn):={v € L3(Q),v|x € H'(K) VYK € T} be arbitrary,
@ s, € HI(Q) and o, € H(div, Q) with (V-op, 1)k = (f, 1)k for
all K € Ty be arbitrary. h »
Then |[V(u—un)|2 < Y (IVun+anllk + —|If = V-ornllx)
7T
KeTh
+ ) IV (un — sn)llk-
KeTh
Proof (Spirit of Prager—Synge (1947)).
e define s € HJ(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)l? = IV (u— 8)|? + V(s — up)|?
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A posteriori error estimate, —Au = fin Q, u = 0 on 902

Proof (continuation).
@ projection:

IV(u—un)|? = sup (V(u— un), V)? + min_[[V(v — up)
PEH(Q); IV oll=1 ver ()

I?

dual norm of the residual distance of u to H ()
@ minimization upper bound:

min ||V(v —up)|| < ||V(up — s
i IV (v = un)ll < 19 (un = sw

@ weak solution definition, equilibrated flux:
(V(u=un), Vo) = (f,0)=(Vun, Vo) = (f=V-an, 0)=(VUrton, Vo)
@ Cauchy—Schwarz and Poincaré inequalities:

—(VUn+0n, Vo) < Y ||Vun + onllxl[Vellx,
KeTh h

(F=V-one)=>  (F=V-one—pr)k < Z?K\\f—V-UhHKIIVM\K

KeTh KETh —
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_ Estimate Efficiency Application and numerical results
Potential and flux reconstruction

Ideally

op = ar min Yup+vVv
h thEVh,V-ththf” h+ h”

Sp = arg min |V (un = va)|

@ too expensive

v d
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Potential and flux reconstruction

Ideally

op = ar min Vup+Vv
h thGVh,V-VhZHthH h hH

Sy :=arg min |[V(up — va)|
h h

@ too expensive
Partition of unity

a ;
oy .= ar min Vup+Vv
h gv,,eV?,, Vi ?Hl/fa h hHwa

32 = arg min HV(waUh - Vh)Hwa
VhEVﬁ

°0'h1:ZO'2, sh;:ZS?]
acVy acVy .,
@ local minimizations g s
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Practical flux reconstruction

Assumption A (Galerkin orthogonality)

There holds
(VUh, Vtoa)us = (f,0a)w, ~ Va e Vit
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Practical flux reconstruction

Assumption A (Galerkin orthogonality)
There holds
(VUh, Va)us = (f,0a)es VA€ V"

Definition (Construction of o, Destuynder and Métivet (1999) &

Braess and Schéberl (2008))

Let Assumption A be satisfied. For each a € V, prescribe
¢f € V8 and 12 € @2 by solving the local MFE problem

(ngvh)wa - (?27 v'vh)wa - _('lv'vavufhvh)wa vvh S Vla77
(V{g, gh)wa = (Vaf — Voa-Vup, gnlws Yqn € Qﬂ,

with V3 x Qf mixed finite element spaces (hom. Neumann BC
fora e V},“‘, hom. Dirichlet BC on dwa N 02 for a € Vi*').
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Practical flux reconstruction

Assumption A (Galerkin orthogonality)
There holds
(VUh, Va)us = (f,0a)es VA€ V"

Definition (Construction of o, Destuynder and Métivet (1999) &

Braess and Schéberl (2008))

Let Assumption A be satisfied. For each a € V, prescribe
¢f € V8 and 12 € @2 by solving the local MFE problem

(ngvh)wa - (?27 v'vh)wa - _('lv'vavufhvh)wa vvh S Vla77
(V{g, gh)wa = (Vaf — Voa-Vup, gnlws Yqn € Qﬂ,

with V3 x Qf mixed finite element spaces (hom. Neumann BC
fora ¢ V},“t, hom. Dirichlet BC on dwa N 0N for a € V;*). Set

Oh .= Z g‘,?.

acVy
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Practical potential reconstruction (d = 2)

Definition (Construction of sp)

For each a € Vy, prescribe ¢f € V& and r? € Q7 by solving the
local MFE problem

(B> Vh)wa — (TR, V-Vh)wa = —(Rz V(1alh),Vh)wa  YVh € V],
(vgfa'n qh)wa = (07 qh)wa VQh € Q?))

with V2 x Q7 mixed finite element spaces (hom. Neumann BC
for all a € V).

L d
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Practical potential reconstruction (d = 2)

Definition (Construction of sp)

For each a € Vy, prescribe ¢f € V& and r? € Q7 by solving the
local MFE problem
(B> Vh)wa — (TR, V-Vh)wa = —(Rz V(1alh),Vh)wa  YVh € V],
(vgfa'n qh)wa = (07 qh)wa VQh € Q?))
with V2 x Q7 mixed finite element spaces (hom. Neumann BC
for alla € V). Set
—Rng?, =S Cg,
sp = 0 0n dwa,

Sp = Z Sﬂ.

acVy

L d
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VX 77
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Practical potential reconstruction (d = 2)

Definition (Construction of sp)

For each a € Vy, prescribe ¢f € V& and r? € Q7 by solving the
local MFE problem
(B> Vh)wa — (TR, V-Vh)wa = —(Rz V(1alh),Vh)wa  YVh € V],
(vgfa'n qh)wa = (07 qh)wa VQh € Q?))
with V2 x Q7 mixed finite element spaces (hom. Neumann BC
for alla € V). Set
—Rng?, =S Cg,
sp = 0 0n dwa,

Sp = Z Sﬂ.

acVy

Remark 4 Informatics gFmathematics
@ The same problems, only RHS/BC different. &Z’Im/—
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Flux reconstruction

Theorem (Continuous efficiency, Carstensen & Funken (1999),

Braess, Pillwein, and Schoberl (2009))

Let u be the weak solution and let u, = H'(T}) be arbitrary. Let
acVyandletr, € H(wa) solve

(Vra, V), = —(1aVp, VV)ut(Vaf —Viha-Vup,V)w, YV EH] (wa)

with H! (wa) := {v € H'(wa); (v, 1)., = 0/v = 0 0n dwa N 9Q}.
Then there exists a constant Ceon pr > 0 0Only depending on the
shape-regularity parameter 1 such that

IVrallwa < Ceontpr || V(U = Un)||wa-
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Potential reconstruction (d = 2)

Assumption B (Weak continuity)

There holds ([up], Ye =0 Ve € &

: :,.,/;auu 7 mathematics
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Potential reconstruction (d = 2)

Assumption B (Weak continuity)

There holds ([u],1)e =0 Ve € &,

N

Theorem (Continuous efficiency)

Let u be the weak solution and let u, < H'(7},) satisfying
Assumption B be arbitrary. Leta € Vy, and let ra € H] (wa) solve

(V"a; vV)wa = —(R%V(l ’aUh), vV)wa + (07 V)wa VV € Hl (wa)
with H} (wa) := {v € H'(wa); (v, 1)., = 0}. Then there exists a

constant Ceoni o > 0 only depending on the shape-regularity
parameter k1 such that

[Vrallwa < Ceontbpr||V(U = Un)|lwa-

v

mwgmm 7 mathematics
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Mixed finite elements stability (d = 2)

Theorem (MFE stability, Braess, Pillwein, and Schéberl (2009))

Let u be the weak solution and let uy, and f be piecewise

polynomial. Consider corresponding polynomial degree MFE

reconstructions. Then there exists a constant Cy > 0 only
depending on the shape-regularity parameter x+ such that

||Cfa7 + Tf?HWa < CStHvrana?

with 77 — 2\ Uy, for the flux reconstruction and
T = Rz V(iaup) for the potential reconstruction.
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)

Let u be the weak solution and let uy, and f be piecewise
polynomial. Let uy, satisfy Assumptions A and B. Then, for
corresponding polynomial degree MFE reconstructions,

||VUh aF 0'/1||K < Csthont,PF Z ||V(U - Uh)Hwa’

acVy

IV (un — sn) Ik < CatCeontopr Y V(U = Up) |-

acVyg
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency)

Let u be the weak solution and let uy, and f be piecewise
polynomial. Let uy, satisfy Assumptions A and B. Then, for
corresponding polynomial degree MFE reconstructions,

||VUh aF 0'h||K < Csthont,PF Z ||V(U - uh)Hwa’

acVy

“V(Uh - sh)HK S Csthont,bPF Z HV(U - Uh)”wa-

acVyg

Remarks

@ C, can be bounded by solving the local Neumann
problems by a conforming FEs

@ maximal overestimation factor guaranteed
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Conforming finite elements

Conforming finite elements
Find u, € V}, such that

(VUh,VVh) = (f, Vh) Vv, € Vh.
o Vi = Pp(Th) N H(Q), p > 1

@ Assumption A: take v, = ¥4
@ V}, C H{(Q): sp:= up, no need for Assumption B
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Nonconforming finite elements

Nonconforming finite elements
Find up € V}, such that

(VUh, VVh) = (f, Vh) YVvp € Vp.

L d

hh,,;,.,,,,mmmm

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



Biblio Laplace Nonlinear Laplace Two-phase Conclusions Estimate Efficiency Application and numerical results

Nonconforming finite elements

Nonconforming finite elements
Find up € V}, such that

(VUh,VVh) = (f, Vh) YVvp € Vp.
@ Vi =Py(Th), p > 1, vy € V) satisfy
(Ivel, gn)e =0 Vg € Pp_1(e), Ve € &y

@ Assumption A: take v, = ¥4
@ Assumption B: building requirement for the space Vj,
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € V}, such that

> (Vun Vvi)k— > {{{Vun}-ne, [val)e+0({VVn} e, [unl)e}

KeTn ecéy
+ ) {ahg [unl. [Val)e = (f.vh)  Yvh € Vj
ecéy
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € V}, such that

> (Vun Vvi)k— > {{{Vun}-ne, [val)e+0({VVn} e, [unl)e}

KeTn ecéy
+ 3 (ah [unl, [vel)e = (. v)  Vvh € Vi
ecéy

@ Vh:=Pp(Th), p>1
@ Assumption A: take v, = 5 for 6 = 0, otherwise consider
the discrete gradient

@ Assumption B not satisfied, but an easy adjustment by
including the jump terms in the norm

L d

Informatics g mathematics
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € V x Qp such that
(oh,Vn) — (Up, V-vp) =0 W € Vp,
(V-on,aqn) = (f,qn)  Van € Qp.

L d
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € V x Qp such that

(oh,Vh) — (Up, V-vp) =0 Wp € Vp,
(V-on,agn) = (f,qn)  VYgn € Q.

@ postprocessed solution up € Vi, Vi :=Pp(Tp), p > 1,
vy € V), satisfy

([vel.gn)e =0  Vagn € Py(e), Ve € &,

@ Assumption A: no need for flux reconstruction, o}, comes
from the discretization

@ Assumption B satisfied, building requirement for the
space Vj, -

Informatics g mathematics
V72,77 2
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Numerics: discontinuous Galerkin

Model problem

—Au = f in Q:=]0,1[x]0,1],
u = up on o
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Numerics: discontinuous Galerkin

Model problem

—Au = f in Q:=]0,1[x]0,1],
u = up on o

Exact solution

U(X) = (C1 + 02(1 — x1) + 870‘)“)(01 + 02(1 _ X2) + e*axz)
cr=—-e% G=-1-¢, a=10
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Numerics: discontinuous Galerkin

Model problem

—Au = f in Q:=]0,1[x]0,1],
u = up on o

Exact solution

U(X) = (C1 + 02(1 — x1) + 670‘)“)(01 + 02(1 _ X2) + e*axz)
cr=—-e% G=-1-¢, a=10

Discretization
incomplete interior penalty discontinuous Galerkin method

L d
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Estimates, errors, effectivity indices (calc. V.

Estimate Efficiency Application and numerical results

Dolejsi)

o plllu—upll [IV(u—up)ll | IVUs + opll hTKHf — Veopll IV(up — sp)ll n st
T3E01 1] 1.39E-02  4.98E-01 5.32E-01 434E-02 352E-02 5.71E-01|1.15
6.3E-02 |3.85E-03  2.67E-01 2.80E-01 6.29E-03 196E-02  2.86E-01]1.07

(EOC) | (1.85) (0.90) (0.93) (2.79) (0.85) (1.00)
31E-02 |9.90E-04  1.37E-01 1.42E-01 8.19E-04 1.01E-02  1.43E-01|1.04

(EOC) | (1.96) (0.97) (0.98) (2.94) (0.96) (1.00)
1.6E-02 | 2.49E-04  6.89E-02 7.12E-02 1.03E-04 501E-03  7.15E-02|1.04

(EOC) | (1.99) (0.99) (0.99) (2.99) (1.01) (1.00)
T3E-01 2] 2.08E-03  9.38E-02 9.48E-02 8.83E-03 T27E-02  1.03E-01]1.10
6.3E-02 | 4.02E-04  2.61E-02 2.62E-02 6.37E-04 4.07E-03  2.71E-02[1.04

(EOC) | (237) (1.84) (1.85) (3.79) (1.65) (1.93)
31E-02 |8.26E-05  6.75E-03 6.76E-03 4.13E-05 1.19E-03  6.90E-03|1.02

(EOC) | (2.28) (1.95) (1.96) (3.95) (1.77) (1.97)
1.6E-02 | 1.85E-05  1.71E-03 1.71E-03 2.61E-06 3.22E-04  1.74E-03|1.02

(EOC) | (2.16) (1.98) (1.99) (3.99) (1.88) (1.99)
T3E-01 3] 2.09E-04  1.55E-02 T51E-02 1.38E-03 236E-03  1.66E-02]1.07
6.3E-02 | 1.65E-05  2.20E-03 2.15E-03 4.98E-05 3.85E-04  2.23E-03|1.01

(EOC) | (3.80) (2.81) (2.81) (4.79) (2.62) (2.89)
31E-02 | 1.08E-06  2.85E-04 2.80E-04 1.62E-06 525E-05  2.86E-04|1.01

(EOC) | (3.94) (2.95) (2.94) (4.94) (2.87) (2.97)
1.6E-02 | 6.77E-08  3.58E-05 3.54E-05 5.10E-08 6.62E-06  3.60E-05|1.01

(EOC) | (3.99) (2.99) (2.98) (4.99) (2.99) (2.99)
T3E-01 4] 2.64E-056  2.08E-03 2.17E-03 7.69E-04 346E-04  2.37E-03|1.04
6.3E-02 | 1.08E-06  1.63E-04 1.57E-04 3.05E-06 3.25E-05  1.63E-04 [1.00

(EOC) | (4.61) (3.80) (3.79) (5.79) (3.41) (3.86)
31E-02 | 4.70E-08  1.05E-05 1.02E-05 4.96E-08 2.46E-06  1.05E-05|1.00

(EOC) | (452) (3.95) (3.94) (5.94) (3.73) (3.95)
T3E01 5] 2.69E-06  2.78E-04 2.60E-04 7.69E-05 439E-05  2.81E-04[1.01
6.3E-02 | 4.92E-08  9.98E-06 9.46E-06 1.53E-07 191E-06  9.80E-06|0.98

(EOC) | (5.77) (4.80) (4.78) (6.78) (4.53) (4.84)
31E-02 | 7.58E-10  3.22E-07 3.10E-07 1.77E-09 6.46E-08  3.18E-07|0.99

(EOC) | (6.02) (4.95) (4.93) (6.44) (4.88) (4.94)
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Outline

© Quasi-linear elliptic problems
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(u, Vu) = in €,
= on 0N
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)¢  V(v,£) eR xR
@ Leray—Lions problem

o(v,6) =A(£)¢  VEeR?
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem
o(v.6) = A()¢  VEER?
° p>1,q:= 52, feLYQ)
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)¢  V(v,£) eR xR
@ Leray—Lions problem
o(v.6) = A()¢  VEER?

° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
a(v.€) =A(V)E  V(v.§) eRx R
@ Leray—Lions problem
o(v.6) = A()¢  VEER?
° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
Nonlinear operator A: V .= W, P(Q) — V'
(A(u), vy v = (o(u,Vu),Vv)
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
~Veo(u,Vu)=f  inQ,
u=20 on 90N

@ quasi-linear diffusion problem
o(v,&) =A(v)¢  V(v,£) eR xR
@ Leray—Lions problem
o(v,¢) =A€)¢  VEeR?
e p>1,q:= p%,feLq(Q)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
Nonlinear operator A: V .= W, P(Q) — V'
(A(u), vy v = (o(u,Vu),Vv)
Weak formulation

Find u € V such that A(w) = fin V'

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods
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Approximate solution
° u’,j’i e V(Tn) ¢ V, u;;’i not necessarily in V
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Approximate solution and error measure

Approximate solution

° u;,(’i e V(Tn) ¢ V, u,';’i not necessarily in V
° V(Tp) :={velP(Q),vlk e WPK) VKe T}

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



Biblio Laplace Nonlinear Laplace Two-phase Conclusions Estimate Stoping criteria & efficiency Appl. & num. res.

Approximate solution and error measure

Approximate solution
° u,k,” e V(Tn) ¢ V, uﬁ’i not necessarily in V
° V(Tp) :={velP(Q),vlk e WPK) VKe T}

Error measure

Ju(ug’) = sup  (o(u,Vu)—a(uy’ Vuy"), V) + Tunc(uy)
PeV; [[Vollp=1
1/9
K,y . 1— K,i
Junc(up') = Z Z he ?||[u - up ’]]Hg,e
KeTh ecélk
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Approximate solution and error measure

Approximate solution

° u,’;” e V(Tn) ¢ V, u,';’i not necessarily in V
° V(Tp) :={velP(Q),vlk e WPK) VKe T}

Error measure

Ju (Ufl;’) = sup (O'(U,VU) (Uh ,VUh ) v‘P)"‘juNC(Uz )
PeV; [[Vollp=1
1/9
Tuxc(Up) =4 3" 3" Al v — uf il e
K€777 eGSK

@ dual norm of the residual + nonconformity
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Approximate solution and error measure

Approximate solution
° u,/;” e V(Tn) ¢ V, u,';’i not necessarily in V
° V(Tp) :={velP(Q),vlk e WPK) VKe T}

Error measure

ju(uﬁ”) ‘= sup (a(u,Vu)—a(u,’;”,Vu,f”),ch)+.7u7Nc(u,’f,’i)
weV; |[Velp=1
1/9
Kiy 1— ki
Junc(uy') = Z Z he [y — up'Tlde
KeT, ecéx

@ dual norm of the residual + nonconformity
@ there holds .7, (1)) = 0 if and only if v — v’
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Approximate solution and error measure

Approximate solution
° u,/;” e V(Tn) ¢ V, u,';’i not necessarily in V
° V(Tp) :={velP(Q),vlk e WPK) VKe T}

Error measure

Ju(ug’) = sup  (o(u,Vu)—a(uy’ Vuy"), V) + Tunc(uy)
PeV; [[Vollp=1
1/9
kiiy . 1- ki
Junc(up') = Z Z he ?||[u - up ’]]Hg,e
KeTh ecélk

@ dual norm of the residual + nonconformity
@ there holds .7, (1)) = 0 if and only if v — v’
@ link: strong difference of the fluxes + nonconformity

......................
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction o' € H(div, Q) and an
algebraic remainder pl* € L9(Q) such that

V-or' = fh—pp,
with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction cr,’;” € H9(div, Q) and an
algebraic remainder p!' € L9(Q) such that
K,i K,i
V.o, = fn — Phla

with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.

Theorem (A guaranteed a posteriori error estimate)

Let
@ u € V be the weak solution,

° u,’j” € V(Tn) be arbitrary,
@ Assumption A hold.

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods
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A posteriori error estimate

Assumption A (Total quasi-equilibrated flux reconstruction)

There exists a flux reconstruction cr,f” € H9(div, Q) and an
algebraic remainder pf' e Lq(Q) such that

with the data approximation f, s.t. (fn, 1)k = (f,1)x VK € Tp.

Theorem (A guaranteed a posteriori error estimate)

Let
o u e V be the weak solution,

° uh € V(Tn) be arbitrary,
@ Assumption A hold.
Then there holds

Tu(uf i)<ﬁk d
where 7 is fully computable from u}’, o', and plt

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxesd LT @l € [L9(Q)] such that
(i) df 15 4 all = o
(i) as the linear solver converges, Haﬁ’i lg = 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.

L d
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxesd LT @l € [L9(Q)] such that
(i) dp' +15" +af' = o'

(i) as the linear solver converges, Haﬁ’i lg = 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.

Comments

° dg”: discretization flux reconstruction
o IX: linearization error flux reconstruction

e a\’: algebraic error flux reconstruction

L d
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.
Then there holds

K,i ki ._ ki K, ki K, i K,i ki
ju(uh ) S n T ,/disc + Min + ”ulg + Them + nquad + Tosc

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods
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Estimators

@ discretization estimator

1/q
—k,i ki 1 K,i
ndm K= — 25 o+ dy gk + Z he qH[[Uh I]]”g,e
ecéy
@ linearization estimator / .
Mink = IV [lg.k
@ algebraic estimator . i
7/‘111, = ||ah7 ||q,K
@ algebraic remainder est/mator
nremK hﬂ”ph an
@ quadrature estimator
k,i L k,i
nquadK T HU(Uh ,VU ) Ohp HCI,K
@ data oscillation est/mator
77050 K: CP,thHf - fh”q,K
1/9
K,i ki
o =0 > ()" ~
KeT V2% 77,

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods
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Stopping criteria

Global stopping criteria

@ stop whenever:

ki ki ki
Them > < “Yrem max{ndlsc’ nhn ) nalg}’

k,i
77dlg < Talg max{ndmc’ 7711n }
771i1; < ’ylinnd{sc

@ Yrem; Valg, Nin ~ 0.1

v d
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Stopping criteria

Global stopping criteria

@ stop whenever:

ki ki ki ki
nrem S 'Yrem max{ndlsc7 nhn ) na]g}

ki
,/ulg < Valg max{’/dlSL r/]m }’

Ki_ ki
Min = Nin"gise
@ Yrem, Valg, Vin A 0.1

Local stopping criteria

@ stop whenever:
K,i
nrem K —= '7rem K max{ndlsc K> nlm K> na]g K} VK € 7773
77311§=K = Valg,K max{ndi’sc.K nlm K} VK € 77'77

ki ki
Min, K < 7'11“:K]}disc,K VK e 777

L d

informatics gZmathematics
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Assumption for efficiency

Assumption C (Approximation property)
For all K € T, there holds

[

K,i K,i
q,K 5 nﬁ,‘ZK + 77OSC,TK7

where

ki . —k,i __k,i
Towe =13 Y Walfa+ Va3 + D hellley nelllde

K'eTk ecel

1/q
1— k,i
+ ) he Uy e
ecéy

L d
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Global efficiency

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping
criteria hold.

L d
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Global efficiency

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that J,(uf™") < k.

L d
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Global efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

ﬁk" rg ju( ) + nquad + 770507

where < means up to a constant independent of o and q.
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Global efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

ﬁk" rg ju( ) + nquad + 770507

where < means up to a constant independent of o and q.

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norm as error measure
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Local efficiency

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold.

L d
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Local efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,‘IK(uh ) + nquad,TK + nosc,‘IK

forall K € T.

L d

h,n,,;,nu,mmm
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Local efficiency

Estimate Stoping criteria & efficiency Appl. & num. res.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,‘IK(Uh ) + nquad,TK + nosc,‘IK

forall K € T.

@ robustness and local efficiency for an upper bound on the
dual norm

L d

h,n,,;,.,,,,mmm

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



@ Bibliography

Q Laplace equation
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

o Quasi-linear elliptic problems
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

O Two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Applications and numerical results

Q Conclusions and future directions .

5 Informatics g mathematics



Biblio Laplace Nonlinear Laplace Two-phase Conclusions Estimate Stoping criteria & efficiency Appl. & num. res.

Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.

L d
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Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding

Ak71 Uk,i+l/ — ka1 o Rk,iJru
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Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak71 Uk,iJrl/ _ Fk71 _ Rk,/+u_

@ Construct the function ;" from the algebraic residual
vector R+ (lifting into appropriate discrete space).

L d
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Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak71 Uk,iJrl/ _ Fk71 _ Rk,/+u_

@ Construct the function ;" from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions d’, I¥” on each algebraic step.

L d
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VX 77

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



Biblio Laplace Nonlinear Laplace Two-phase Conclusions Estimate Stoping criteria & efficiency Appl. & num. res.

Algebraic error flux reconstruction and remainder

. k,i k,i
Construction of a," and p,,
@ On linearization step k and algebraic step /i, we have

Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak71 Uk,iJrl/ _ Fk71 _ Rk,/+u_

@ Construct the function ;" from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions d',ﬁ”, I',§” on each algebraic step. Then set

aﬁ({i — (d/f(].f+1/ Jr IZ./«H,/) - (d/;ll Jr I;(]I)

Informatics g mathematics
V72,77 2
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Algebraic error flux reconstruction and remainder

Construction of a;” and p}”

@ On linearization step k and algebraic step /i, we have
Ak_1 Uk’i _ Fk—1 o Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Ak71 Uk,i+n _ Fk71 o Rk,/+u_

@ Construct the function /' from the algebraic residual
vector R+ (lifting into appropriate discrete space).

@ Suppose we can obtam discretization and linearization flux
reconstructions d ! I / on each algebraic step. Then set

aﬁ({/ - (dk i+v + Ik /+1/) (dl;ll + I/;]I)

@ Independent of the algebraic solver. s’ B
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj such that

(O'(Vuh), VVh) = (fh, Vh) Yvp € Vp.
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Nonconforming finite elements for the p-Laplacian

Discretization
Find u, € Vj such that

(O'(Vuh), VVh) = (fh, Vh) Yvp € Vp.
(*] O'(VUh) = \Vuh\P*Vuh
@ Vj, the Crouzeix—Raviart space

Qo fn:= nof
@ leads to the system of nonlinear algebraic equations

A(U) = F

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



Linearization
Find uf € Vi such that

(X UVUE), Vibe) = (fn,0e) Ve e &M

ud € Vj, yields the initial vector U°
fixed-point linearization

o (&) = [Vup P
Newton linearization
(&) = [Vuy P PE+ (p—2)| Vs P
(Vug ' @ Ve (€ - Vui)
leads to the system of

Ak—Tyk = pk-1 A
&LW
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Linearization

Linearization
Find uf € Vj, such that

("N (VUf), Vipe) = (Ffa,1e) Ve € EM.
e u? € V), yields the initial vector U°
@ fixed-point linearization

o) = [Vup P

@ Newton linearization

o (&) = [Vuy PR+ (p - 2)|Vup TPt

(VU o vuk—") (¢ - vul )

@ leads to the system of linear algebraic equations

AK-Tyk = Fk=1 7 e
Crsia
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Algebraic solution

Algebraic solution
Find u,’j” € V,, such that

(1 (VU Vpe) = (Faythe) — RET Ve e &



_ Estimate Stoping criteria & efficiency Appl. & num. res.
Algebraic solution

Algebralc solution
Find uh € V}, such that

(" (Vug"), Vibe) = (fnt0e) — RET Ve &
@ algebraic residual vector A%/ = {R'g”'}eegzm
@ discrete system

Ak 1uk Fk 1 Rk’i

rd
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Flux reconstructions

Definition (Construction of (d + 117
For all K € Tp,
(A o (T P )5 T

. eclx
where, R&" = (fo, 00e) — (X (VUl'), Vye) Ve e &M,

(x—x |

eeeeeee
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Flux reconstructions

Definition (Construction of (d + 117

For all K € T,
R/(I

AN [ = — o (T 4 K (¢ (x—x
( h+h )|K (e ( h )|K+ d ( K eezgd|De| K)|Ke7

(Fa, o) — (1 (VUE), Vipe) Ve € &M

where, RS’ =

Definition (Construction of dﬁ”)

For all K € T,

ki K,i fh\
dh ‘K S O'(VUh )’K—i_ d g; d’D ‘ X XK)‘KQ,
where BE" = (fy, ve) — (a(vU,T"), Vie) Vee &,
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Flux reconstructions

Definition (Construction of (d + 117

For all K € T, .
, R i

dk’+lk’ = — k(v +M X—X (X—x |

( )| ( h )|K d ( K e%;d|De| K)|Ke

where, R&" = (fo, 00e) — (X (VUl'), Vye) Ve e &M,

Definition (Construction of dﬁ”)

For all K € T,

ki K,i fh\
dh ‘K S O'(VUh )’K—i_ d g; d’D ‘ X XK)‘KQ,
where BE" = (fy, ve) — (a(vU,T"), Vie) Vee &,

Definition (Construction of &%)

Set ?Z,/ — O'(VU,/; ) ConSeqUenHYs quad

K:OforaIIKeTh.
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)

Assumptions A and B hold.
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)
Assumptions A and B hold.

Comments
@ [|al’]|q.k — 0 as the linear solver converges by definition.
@ |14,k — O as the nonlinear solver converges by the
construction of I’,‘,”.
@ Both (d}' + 1) and d' belong to RTNo(S) =
ay’ € RTNy(Sh) and o' € RTN(Sp).

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



Biblio Laplace Nonlinear Laplace Two-phase Conclusions Estimate Stoping criteria & efficiency Appl. & num. res.

Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.

L d

hw"mnn,mm.mm
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Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.

Comments

e d' close to o(Vu')
@ approximation properties of Raviart—-Thomas—Nédélec
spaces

L d

h,n,,;,nu,mmm
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

L d

h,n,,;,nu,m..mm
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton

L d

hw,é,.m,mmm
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Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations
@ fixed point
@ Newton

Linear solvers

@ independent of the linear solver

L d

Informatics g mathematics
V72,77 2

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



Biblio Laplace Nonlinear Laplace Two-phase Conclusions Estimate Stoping criteria & efficiency Appl. & num. res.

Summary

Discretization methods

@ conforming finite elements

@ nonconforming finite elements

@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements
Linearizations

@ fixed point

@ Newton
Linear solvers

@ independent of the linear solver
...all Assumptions A to C verified &Zt&/—

2z
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Numerical experiment |

Model problem
@ p-Laplacian
V-(|VulP2vVu)=f inQ,
u=up onoQ2

@ weak solution (used to impose the Dirichlet BC)

p

1 1)2 112\ 200 1(1)P 7
U(X,}’):—pT((X—é) +-3) ) +pT<§>
@ tested values p=1.5and 10
@ nonconforming finite elements

L d

h.n,;m,mmmm
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Analytical and approximate solutions

0.04 0.4
0.02 03
0 0.2
-0.02 0.1
-0.04 o
-0.06 01

Casep=15 Casep=10

L d
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step.

Dual error

0 100

Dual eror

[[~=arrorup
[| —=- estmate

L{—#—lin. est

—A—disc. est.

alg. est.
alg. rem. est. | | | |

1
200 300 400
Algebraic iteration

Newton
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Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh

Dual error
5

Dual error

10°

—e—errorup
; Et

1
14 16 18 20

8 10 12
Newton iteration

Newton

1
10 20 30 70 8 90 100

40 50 60
Newton teration

ad. inexact Newton

inexact Newton
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Error and estimators, p = 10

10° 10° 10° ey
E —e—errorup ]
L £ —di. flux est. ]
107 - 4wl B F ——nonc. est. ]
8 ——lin.est |

-
el i 0l alg.est. ||

Dual error
e e
5 5,
T T
1
Dual error
8,
T
I
Dual error

12| n 1 1 1

L ol il el vl IR R UTIT R
n 5 10 1 @ S 1011

10
Number of faces

Newton inexact Newton ad. inexact Newton

10° 10°
Number of faces Number of faces

rd
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Effectivity indices, p = 10

18— T 18— 28— T
P P P —=—effectivity ind. up
L1 4 & <4 Sas- effectivity ind. low
216 - z 16 - zo24f -
s s s
g1l 4 Sisk 4 B2 B
5 3 3
814 - Baaf EER B
5 5 5
S 13- — S 13- — S 18- —
3 3 3
S12- - 212 — 216 -
RRI - Bauf - Buia- B
I g 8
g -+ & 4 B .,,,,_1-/\-—7/' N
5 E Ei
ookl vl il oob—nil w il B ST e s ST )
10 10 10 10 10 10 10 10 10 10 10

10 10 10
Number of faces Number of faces Number of faces

Newton inexact Newton ad. inexact Newton
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Error distribution, p = 10

Ko7
N |

4} 'ﬂN‘ 1}\
%

Estimated error distribution
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Newton and algebraic iterations, p = 10

E[—=—full
F|—e—inex
[[| —4—adapt. inex.

——full
—e—inex. H
—A—adapt. inex.|]

—a— full T
90 inex.
—&—adapt. inex.

Number of Newton iterations
g

Number of algebraic solver iterations
Total number of algebraic solver iterations

1 M| M 10t | | I |
3 4 o 10 10° 1 2 3 4 5 3
Refinement level Newton iteration Refinement level

Newton it. / refinement alg. it. / Newton step  alg. it. / refinement
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Error and estimators as a function of CG iterations,
p = 1.5, 6th level mesh, 1st Newton step.

40 60 80 100
Algebraic iteration

Newton inexact Newton ad. inexact Newton

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



Biblio Laplace Nonlinear Laplace Two-phase Conclusions
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Error and estimators as a function of Newton
iterations, p = 1.5, 6th level mesh

Dual error
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| 107 -
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Error and estimators, p = 1.5
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Effectivity indices, p = 1.5

Estimate Stoping criteria & efficiency Appl. & num. res.

Upper and lower dual erfor effeciivity indices

.

T 1 L e e e ] e AL 15— T
o 2 —a—effectivity ind. up
S 8 145~ effectivity ind. low
12— - B 12 +4 2
2 2 M- -
2 3
150 - st 4 8%
2 2 13- -
13 5
11— -1 2 11 a4 Sis- =
El El
g g
c T o1 -
05— — 105 -4 2
H 21151 —
s § 11 -
I . e 4 5 1 e a—a -4 3
£ S105- —
Y T T ERRUTTIY R VT B OYoT B T P S OO S s EARPOTHY
10 10 10 10 10 10 10 10

10
Number of faces

Newton

Alexandre Ern and Martin Vohralik

10
Number of faces

inexact Newton

10
Number of faces

ad. inexact Newton

L d

hw"mnn,mm.mm

Adaptive inexact Newton methods



Biblio Laplace Nonlinear Laplace Two-phase Conclusions Estimate Stoping criteria & efficiency Appl. & num. res.

Newton and algebraic iterations, p = 1.5

E 3 10" T o
E o T E E == El
inex 3 - —e—inex
[-[——adapt. inex. 4 . —A—adapt. inex.
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Refinement level Newton iteration
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Numerical experiment I

Model problem

@ p-Laplacian

V-(|VulP2vVu)=f inQ,
u=up ono

@ weak solution (used to impose the Dirichlet BC)
u(r,0) = rs sin(6%)

@ p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
@ nonconforming finite elements
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Error distribution on an adaptively refined mesh
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Estimated and actual errors and the effectivity index
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Energy error and overall performance

Energy error
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_ Estimate Applications and numerical results
Outline

° Two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Applications and numerical results

v d
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Two-phase flow in porous media

Two-phase flow in porous media

0t($Sa) + V-Uy = Qa, a € {n,w},
—Xa(Sw)K(VPa + pagVZ) = u,, a € {n,w},
Sh+ Sy =1,

Pn — Pw = Pe(Sw)

L d
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Two-phase flow in porous media

Two-phase flow in porous media

0t($Sa) + V-Uy = Qa, a € {n,w},
—Xa(Sw)K(VPa + pagVZ) = U, a € {n,w},
Sh+ Sy =1,

Pn — Pw = Pe(Sw)
Mathematical issues

@ coupled system

@ unsteady, nonlinear

@ elliptic—degenerate parabolic type
@ dominant advection
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Link energy-type error — dual norm of the residual

Theorem (Link energy-type error — dual norm of the residual)
Let (sw, pw) be the weak solution.

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



Biblio Laplace Nonlinear Laplace Two-phase Conclusions Estimate Applications and numerical results

Link energy-type error — dual norm of the residual

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy pr, Pw,n-) bE @
vertex-centered finite volume / backward Euler approximation.
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Link energy-type error — dual norm of the residual

Theorem (Link energy-type error — dual norm of the residual)
Let (sw, pw) be the weak solution. Let (Sy pr, Pw,n-) bE @

vertex-centered finite volume / backward Euler approximation.
Then

[Sw — Sw.hrll2((0,7):H-1()) + 1a(Sw) — a(Sw.ar)ll 2(2x (0,7))
+ e (sw: Pw) = (Sw.trr Pw.ir )l 20,7y 1 ()

N
< C{Z H|(SW — Sw,hr> Pw — pw,hT)Hﬁn}
n=1

1
2
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,

@ Kk be the linearization step,
@ | be the algebraic solver step,

with the approximations (!, pis!). Then
K k K, K, K, ,
ll(sw — s oo = DGl 775'13 e el +

Alexandre Ern and Martin Vohralik
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,

@ Kk be the linearization step,
@ | be the algebraic solver step,
with the approximations (s™%' p™: ’) Then

wh7'7

k k K, k, K, k
l(sw — s, ow = PZEDII, ns"p ot el T !

Error components
nk,i.

® 7 ' . spatial discretization

e n™k!: temporal discretization

o %" linearization

° nglgk - algebraic solver &'1/7,

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



@ Bibliography

Q Laplace equation
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

Q Quasi-linear elliptic problems
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

e Two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Applications and numerical results

Q Conclusions and future directions .

5 Informatics g mathematics



Biblio Laplace Nonlinear Laplace Two-phase Conclusions

Estimate Applications and numerical results

Estimators and stopping criteria

Estimators
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Estimate Applications and numerical results

GMRes relative residual/iterative coupling iterations

GMRes relative residual
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GMRes iterations

Estimate Applications and numerical results

Number of GMRes iterations
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Space/time/nonlinear solver/linear solver adaptivity

Fully adaptive computation

Alexandre Ern and Martin Vohralik Adaptive inexact Newton methods



@ Bibliography

Q Laplace equation
@ A guaranteed a posteriori error estimate
@ Polynomial-degree-robust local efficiency
@ Application and numerical results

Q Quasi-linear elliptic problems
@ A guaranteed a posteriori error estimate
@ Stopping criteria and efficiency
@ Application and numerical results

O Two-phase flow in porous media
@ A guaranteed a posteriori error estimate
@ Applications and numerical results

e Conclusions and future directions .

Crozia—
"~ MexandreEmand MartinVohralik  Adaptive inexact Newton methods



~ Biblio Laplace Noniinear Laplace Two-phase Conclusions
Conclusions

Entire adaptivity
@ only a necessary number of algebraic/linearization
solver iterations

@ “online decisions™: algebraic step / linearization step /
space mesh refinement / time step modification

@ important computational savings
@ guaranteed and robust a posteriori error estimates
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Conclusions

Entire adaptivity
@ only a necessary humber of algebraic/linearization
solver iterations

@ “online decisions™: algebraic step / linearization step /
space mesh refinement / time step modification

@ important computational savings
@ guaranteed and robust a posteriori error estimates
Future directions

@ other coupled nonlinear systems
@ convergence and optimality

L d
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