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What is an a posteriori error estimate

A posteriori error estimate

@ Let p be a weak solution of a PDE.
@ Let py, be its approximate numerical solution.

@ A priori error estimate: ||p — pp|la < f(p)h9. Dependent on
p, not computable. Useful in theory.

@ A posteriori error estimate: ||p — pnlla < f(pn). Only uses
pp, computable. Great in practice.
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What is an a posteriori error estimate

A posteriori error estimate

@ Let p be a weak solution of a PDE.
@ Let py, be its approximate numerical solution.

@ A priori error estimate: ||p — pp|la < f(p)h9. Dependent on
p, not computable. Useful in theory.

@ A posteriori error estimate: ||p — pnlla < f(pn). Only uses
pp, computable. Great in practice.
Usual form

® f(pn)? = Y ker, Mk (Pn)?, where nk(pp) is an element
indicator.

@ Can be used to determine mesh elements with large error.
@ We can then refine these elements: mesh adaptivity.
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Example of an a posteriori error estimator
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
Local efficiency (local error lower bound)

2 2
® nK(ph) < Ceff,K ZLclosetoK ”p_ th%
@ necessary for optimal mesh refinement
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
Local efficiency (local error lower bound)

® nK(ph)z < Cgff,K ZLclosetoK ”p_ th%
@ necessary for optimal mesh refinement
Asymptotic exactness

® Y wer, mk(Pn)?/llP — pnllg — 1
@ overestimation factor goes to one with mesh size
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
Local efficiency (local error lower bound)

° UK(Ph)Z < Cesz,K ZLclosetoK ”p - th%

@ necessary for optimal mesh refinement
Asymptotic exactness

S xer mk(Pn)?/ 1P~ palf — 1

@ overestimation factor goes to one with mesh size
Robustness

@ C. k does not depend on data, mesh, or solution
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What an a posteriori error estimate should fulfill

Guaranteed upper bound (global error upper bound)

® [p—pnllg < Yker, mk(Pn)?
@ no undetermined constant: error control

o remark (reliability): [|o — pall4 < C > ke nk(Pn)?
Local efficiency (local error lower bound)

® 7k(Pn)? < Clrk tetoserok 1P = Pallf

@ necessary for optimal mesh refinement
Asymptotic exactness

Y uer, ik(pn)?/ P — pallf — 1

@ overestimation factor goes to one with mesh size
Robustness

@ C. k does not depend on data, mesh, or solution
Negligible evaluation cost

@ estimators can be evaluated locally
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients

-V.-(avp) = f inQ,
p = 0 onodQ
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V.-(avp) = f inQ,
p = 0 onodQ

Assumptions
@ Q cRY d=2,3,is apolygonal domain
@ ais a piecewise constant scalar, inhomogeneous
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V.-(avp) = f inQ,
p = 0 onodQ

Assumptions

@ Q cRY d=2,3,is apolygonal domain

@ ais a piecewise constant scalar, inhomogeneous
Bilinear form 5

B(p, ) :=(avVp,Ve),  p,p <€ H)(Q).
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V.-(avp) = f inQ,
p = 0 onodQ
Assumptions

@ Q CRY d=2,3,is a polygonal domain
@ ais a piecewise constant scalar, inhomogeneous
Bilinear form B

B(p, ) :=(avVp,Ve),  p,p <€ H)(Q).
Weak solution
Find p € H}(Q) such that B(p, ) = (f,) Vo € H}(Q).
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A model problem with discontinuous coefficients

Model problem with discontinuous coefficients
-V.-(avp) = f inQ,
p = 0 onodQ
Assumptions

@ Q CRY d=2,3,is a polygonal domain
@ ais a piecewise constant scalar, inhomogeneous
Bilinear form B

B(p,¢) = (aVp, V),  p,p € Hy(Q).
Weak solution
Find p € H}(Q) such that B(p, ) = (f,) Vo € H}(Q).
Energy norm
.
llell? = llazVel?, ¢ € HY(Q).
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Opt. framework Opt. est. Est. FEs Efficiency Exp.

Properties of the weak solution

—— exactsolution

Solution pis in H} ()

M. Vohralik
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necessarily in H(div, )
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Properties of the weak solution

—— exact solution

Solution pis in H} ()

10

05

00

05

10

15 T T T T T T T T T ]
00 01 02 03 04 05 06 07 08 08 10

Flux —aVp is in H(div, Q)

A posteriori estimates for adaptivity and error control



Q Introduction

e Pure diffusion and conforming methods
@ Optimal abstract framework and a first estimate
@ Optimal a posteriori error estimate
@ Estimates for finite elements
@ Efficiency of the a posteriori error estimate
@ Numerical experiments

O Convection—-reaction—diffusion and nonconforming methods
@ Semi-robust energy norm estimates for DGs
@ Fully robust augmented norm estimates for DGs
@ Numerical experiments (FVs & DGs)

Q Estimates including the algebraic error
@ Problem and estimates
@ Numerical experiments

Q Conclusions and future work



| Dif. & conforming CRD & nonconforming Alg. error C Opt. framework Opt. est. Est. FEs Efficiency Exp.

Optimal abstract framework for —V - (aVp) = f

Theorem (Optimal abstract framework, conf. & pure dif. case)

Let p, pn € H}(Q2) be arbitrary. Then

e — palll < sup  B(p—pn,#) < llp— palll.
pEH (), llgll=1
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Optimal abstract framework for —V - (aVp) = f

Theorem (Optimal abstract framework, conf. & pure dif. case)
Let p, pn € H}(Q2) be arbitrary. Then

e — palll < sup B(p — pn,¢) < |llp — Palll-
weH} (), lllell|=1

| A

Proof.
We have
P —Pn
loe—pulll = B (P—Pm)
Il = el o pull
< sup B(p — pn, ¢)
PeH (), lllellI=1
< |l —pnlll sup lslll
PeHI (), [llellI=1
= |llp = pnlll-
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let p, € H} () be arbitrary.
Then

lllo = prlll < inf sup {(f—=V-t,¢)—(aVpn+t,Vo)}
tEH(div.Q)pe (@), [lle]l=1

< [llp = palll-
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let py, € Hg (Q2) be arbitrary.
Then

lllo = prlll < inf sup {(f—=V-t,¢)—(aVpn+t,Vo)}
tEH(div.Q)pe (@), [lle]l=1

< [llo = palll-

Proof.

Upper bound: put ¢ := p — pn/|||p — pnl|| and take t € H(div, 2)

arbitrary. Then

B(p—pn ) = (f,p)—(aVpn, V) //Blin., weak sol. def.
= (f,p)—(aVpn+1, Vo) + (L, Vy) // = (1, V)
= (F-V-tv)—(aVpy+t,Vy). //Green th.

Lower bound: put t = —aVp and use the Schwarz inequality.
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let p, € H} () be arbitrary.
Then

o= palll < inf sup {(f—V-t,0)—(aVpn +t,Vy)}
teR(dvDyer (@), o=t
< lllp = palll- )
Properties

@ Guaranteed upper bound (no undetermined constant).
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let p, € H} () be arbitrary.
Then

o= palll < inf sup {(f—V-t,0)—(aVpn +t,Vy)}
teR(dvDyer (@), o=t
< lllp = palll- )
Properties

@ Guaranteed upper bound (no undetermined constant).
@ Exact and robust.
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Optimal abstract estimate for —V - (aVp) = f

Theorem (Optimal abstract estimate, conf. & pure dif. case)

Let p be the weak solution and let p, € H} () be arbitrary.
Then

o= palll < inf sup {(f—V-t,0)—(aVpn +t,Vy)}
teR(dvDyer (@), o=t
< lllp = palll- )
Properties

@ Guaranteed upper bound (no undetermined constant).
@ Exact and robust.

@ Not computable (infimum over an infinite-dimensional
space).
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
1/2
Q 1 1
llp =Pl < =7 If = V- tall + @2 Vpy + &t
a,0
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
C1/2hQ 1 1
llp = prlll < == I1f = V -t + @2 Vpn + a2t
a,0

Proof.

o |[[p—ppll| < sup {(F=V-th,0)—(aVpn+ty, Vo) };
eeHL(Q), lllelll=1

| 0
A\
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
C1/2h ) P
llp = pulll < —57=If = V-t + |a2Vpn + a2ty
CaQ

Proof

® [llp—palll < sup  {(f=V-th,0)—(aVpr+tn, Vo)};
peH(@), llll=1

o Friedrichs inequality: ||l < Ci/ahal| Vel < Ff}fll\so!l\

a,Q
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
C1/2h ) P
llp = pulll < —57=If = V-t + |a2Vpn + a2ty
CaQ

Proof

® [llp—palll < sup  {(f=V-th,0)—(aVpr+tn, Vo)};
peH(@), llll=1

o Friedrichs inequality: ||l < Ci/ahal| Vel < Ff}fll\so!l\

@ use this and the Schwarz inequality: iz
cl/2n,
(F =V th,0) < If = V- tallllell < I = V- tall =5 [l ol
aQ
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
C1/2h ) P
llp = pulll < —57=If = V-t + |a2Vpn + a2ty
CaQ

Proof

® [llp—palll < sup  {(f=V-th,0)—(aVpr+tn, Vo)};
e (). llell=1
o Friedrichs inequality: ||l < Ci/ahal| Vel < Ff}fll\so!l\

a,Q

@ use this and the Schwarz inequality:
C/2h
(F=V th ) < [If =V tallliell < If =V - tall 5=l
@ use the Schwarz mequahty for the second term:
—(aVph + tn, Vo) < @2 Vpn + a 2|l

M. Vohralik A posteriori estimates for adaptivity and error control




| Dif. & conforming CRD & nonconforming Alg. error C Opt. framework Opt. est. Est. FEs Efficiency Exp.

A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
/2,
Q 1 1
llp = pall < =75~ If = V -t + |8 Vn -+ a3t
a,Q

Properties
@ Guaranteed upper bound (Cgq < 1, Friedrichs constant).
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
/2,
Q 1 1
llp = pall < =75~ If = V -t + |8 Vn -+ a3t
a,Q

Properties
@ Guaranteed upper bound (Cgq < 1, Friedrichs constant).

e |a2Vpy, + a zty| penalizes —avp, ¢ H(div. Q).
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
/2
ol 1 _1
o = palll < 1;19/2 [f =V -tpll + [[@2Vpp + & 2ty |.
a,Q

Properties
@ Guaranteed upper bound (Cgq < 1, Friedrichs constant).

° Ha%Vph + a*%thH penalizes —aVp, ¢ H(div, Q).
@ ||[f — V-1, is aresidual term, evaluated for t,.
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A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
/2
ol 1 _1
o = palll < 1;19/2 [f =V -tpll + [[@2Vpp + & 2ty |.
a,Q

Properties
@ Guaranteed upper bound (Cgq < 1, Friedrichs constant).
° Ha%Vph + a*%thH penalizes —aVp, ¢ H(div, Q).
@ ||[f —V -1, is aresidual term, evaluated for ty.
@ Advantage: scheme-independent (works for all schemes)
(promoted by Repin).

M. Vohralik A posteriori estimates for adaptivity and error control



| Dif. & conforming CRD & nonconforming Alg. error C Opt. framework Opt. est. Est. FEs Efficiency Exp.

A first computable estimate for —V - (aVp) = f

Theorem (A first computable estimate, conf. & pure dif. case)

Let p be the weak solution and let p, = HJ () be arbitrary.
Take any tj, € H(div, Q). Then
/2
ol 1 _1
o = palll < 1;19/2 [f =V -tpll + [[@2Vpp + & 2ty |.
a,Q

Properties
@ Guaranteed upper bound (Cgq < 1, Friedrichs constant).
° Ha%Vph + a*%thH penalizes —aVp, ¢ H(div, Q).
@ ||[f —V -1, is a residual term, evaluated for 1.
@ Advantage: scheme-independent (works for all schemes)
(promoted by Repin).
@ Disadvantage: scheme-independent (no information from

the computation used), Cllfghg/c;fé may be too big.
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A first computable estimate for —V - (aVp) = f

— exactfx
— — -approximate flux

—— exact solution
— — _approximate solution

Approximate solution pp, is in Approximate flux —aVpy, is not
H () in H(div, Q)
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A first computable estimate for —V - (aVp) = f

—— exact solution — exact flux
— —_approximate solution ~---approximate flux

postprocessed flux

Approximate solution pp, is in Construct a postprocessed flux
H () t, in H(div, Q)
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Optimal a posteriori error estimate for —V - (aVp) = f

Theorem (Optimal a posteriori error estimate)
Let
@ p be the weak solution,
@ py € H}(Q) be arbitrary,
@ D, = D™ U DM be a partition of ,
® t, € H(div, 2) be arbitrary but such that
(V -tp,1)p = (f,1)p for all D € D}".

Then

1/2
llp = palll < { Z (77R,D+77DF,D)2} :

DeDy,

M. Vohralik A posteriori estimates for adaptivity and error control



_ Opt. framework Opt. est. Est. FEs Efficiency Exp.
Optimal a posteriori error estimate for —V - (aVp) = f

Estimators
@ diffusive flux estimator

® npr,p = ||@2 Vs + a o
e penalizes the fact that —aVp, ¢ H(div, Q)
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Optimal a posteriori error estimate for -V - (aVp) = f

Estimators
@ diffusive flux estimator

® npr,p = ||@2 Vs + a o
e penalizes the fact that —aVp, ¢ H(div, Q)

@ residual estimator

® Nr.p = Mpallf =V -t4lp
e residue evaluated for t,
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Optimal a posteriori error estimate for -V - (aVp) = f

Estimators
@ diffusive flux estimator
® npr.p = ||@a2Vpp + a zty|p
e penalizes the fact that —aVp, ¢ H(div, Q)
@ residual estimator

"] "R.D ‘= mplaHf —-V- thHD

residue evaluated for t,

m? .= Cp.php?/cap for D € DY, Cp p = 1/x? if D convex
m3 , = Ce.php?/cap for D € DY, Cep = 1 in general
Ca,p is the smallest value of aon D
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Optimal a posteriori error estimate for —V - (aVp) = f

Estimators
@ diffusive flux estimator
® nprp = ||@a2Vpp + a2t p
e penalizes the fact that —aVp, ¢ H(div, Q)
@ residual estimator

Q@ IR D= mglaHf —-V- thHD

residue evaluated for t,

m? .= Cp.php?/cap for D € DY, Cp p = 1/x? if D convex
m3 , := Cr,php?/c.p for D € D5, Cep = 1in general
Ca,p is the smallest value of aon D

Comparison with the first computable estimate
Recall that
1/2h
Q' 1 1
Il = pll < = 7= If = V-1l + |2 Vn + &2t
a,N
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 1.

@ Recall that

llp—pnlll < sup {(f = V-tn, @) — (aVPr +th, V) };
P} (@), llell=1
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 1.

@ Recall that

lle=pnlll < sup {(f—V-tn ) —(aVps+th, Vo)t
PeH}(Q), lllellI=1
@ Poincaré inequality, D € Din
le — @oll3 < Co.phplIVel3,
where ¢p is the mean value of ¢ over D;
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 1.

@ Recall that
llp—palll < sup {(f = V-tn,¢) —(aVpp +th, Vo)};
PEH(Q), lllelll=1
@ Poincaré inequality, D € Din
le = ¢plls < Co.ph3|Vell5,

where ¢p is the mean value of ¢ over D;

@ Friedrichs inequality, D € D
lell3 < Ce.poahplVells,
where ¢ = 0 on 9Q N D # 0;
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 1.

@ Recall that
e —pnlll < sup {(f—Vin ) —(aVpn+ts, Vo)t
weH(Q), llell=1

@ Poincaré inequality, D € Din

le — eolp < CoohplVel3,
where ¢p is the mean value of ¢ over D;
@ Friedrichs inequality, D € D

lell5 < CrpoahBl Vel
where ¢ = 0 on 9Q N D # 0;
@ energy norm:
]

2
2 )
ol

2
[Vellp <
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 2.

@ D < Dj": conservativity of ty, i.e. (V-tp, 1)p = (f, 1)p,
Schwarz inequality, and Poincaré inequality:

(f = Vtn,¢)p =(f = V-th,o — op)p < ||f = V|l — epllp
1
<[[f = V|| pCS phol Vel

<mpallf = V-ts|plll¢lllo;
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 2.

@ D < Dj": conservativity of ty, i.e. (V-tp, 1)p = (f, 1)p,
Schwarz inequality, and Poincaré inequality:

(f = Vtn 9)p =(f = V-th, 0 —wp)p < If = Vtallolle — ¢pllo
<IIf = V44lloGi pholl Veello
<mp a||f — V-ts|lplllelllo;

@ D < Dy*': Schwarz and Friedrichs inequalities:

1
(F=Vtn, 0)p <IIf=Vtpllpllello < If =Vl oCE p go ol Vello

<mp,al|f = V-tn|pllell

D»
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Proof of the optimal estimate for —V - (aVp) = f

Proof, part 2.

@ D < Dj": conservativity of ty, i.e. (V-tp, 1)p = (f, 1)p,
Schwarz inequality, and Poincaré inequality:

(f = Vtn,¢)p =(f = V-th,o — op)p < ||f = V|l — epllp
1
<[[f = V|| pCS phol Vel

<mpallf = V-ts|plll¢lllo;

@ D < Dy*': Schwarz and Friedrichs inequalities:

1
(F=Vtn, 0)p <[If=Vtpllpllello < If =Vl oCE p ool Vello

<mp,al|f = V-tn|pllell

D;
@ the Schwarz inequality for the second term:
1 1
—(aVpn +th, Vo)p < [|azVpp + a 2t plll¢ll o
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Finite elements for —V - (aVp) = f

Finite element method

@ Find pp € V} such that
(@Vpn, Vn) = (f,on)  Von € Vi

@ py € H)(Q):

M. Vohralik A posteriori estimates for adaptivity and error control
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Local conservativity of finite elements

Equivalent form of the FE method
Find p, € V}, such that

(avVpn, Vo)1, = (fv), YV eV

@ ¢y — FE basis function associated with vertex V
@ 7y —simplices of 7 sharing V
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Local conservativity of finite elements

Equivalent form of the FE method
Find p, € V}, such that

(avVpn, Vo)1, = (fv), YV eV

@ ¢y — FE basis function associated with vertex V
@ 7y —simplices of 7 sharing V
Construct a dual mesh Dy,
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Local conservativity of finite elements

Equivalent form of the FE method
Find p, € V}, such that

(@aVpn, Vov)1, = (f,ev)r, YV eVt
@ ¢y — FE basis function associated with vertex V
@ 7y —simplices of 7 sharing V
Construct a dual mesh D,

&P

(aVpn, Viv,)1, = —(@Vpn-n,1)op VD€ D'

(f, o)z, = (f,1)p VD e Dy
for f piecewise constant on 7
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Local conservativity of finite elements

Equivalent form of the FE method
Find p, € V}, such that

(aVpn, Viv)1, = (fdv)n, YV eVt
@ 1y — FE basis function associated with vertex V
@ 7y —simplices of 7 sharing V
Construct a dual mesh Dy,

Thus a locally conservative form of the FE method
Find pp € V}, such that

—(aVpp-n,)op=(f,1)p VDe DM

M. Vohralik A posteriori estimates for adaptivity and error control
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Choice of t, € H(div, Q)

Raviart-Thomas—Nédélec space

Construct a ternary mesh Sy,

Choice of t, € RTN(S;)

@ t,-n, = —{aVp,-n,} for all sides o of Sh
° <th'n-1>()D* (V-th,1)p=(f,1)p VD e D"

M. Vohralik A posteriori estimates for adaptivity and error control
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Local efficiency of the estimates for —V - (aVp) = f

Theorem (Local efficiency)

Lett, € RTN(Sp), ty-n, .= —{aVpy, - n,}., for all sides o of Sp.
Then

R0 + 1oF,0 < Cll|p = palll73,
where C depends only on the space dimension d, on the shape
regularity parameter ., and on the polynomial degree m of f.
Moreover, when a = 1, one actually has
nr,0 + 1Mor,0 < Cll|p — pall|o-
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).

e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).
e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%
< Chi 3 geemen IV n,]lI2 = 7ok, p is a lower bound
for the classical mass balance estimator
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).
e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%
< Chg Zaegng%m I[VPh - Ns1|12 = npE.p is a lower bound
for the classical mass balance estimator

@ side bubble functions technique of Verfurth:
1 :
hgllIVPn - Nollle < C3yeqk iy 1IlP— Palllm for o € Ex N EF
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).

e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%

< Chg Zaegmg%m I[VPh - Ns1|12 = npE.p is a lower bound
for the classical mass balance estimator

@ side bubble functions technique of Verfurth:

1 .
hgllIVen - Nollle < CXyeqk iy 1IlP— Palllm for o € Ex N EFT
Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V -tallk < Chi! VP + thll
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Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).

e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%

< Chg Zaegmg%m I[VPh - Ns1|12 = npE.p is a lower bound
for the classical mass balance estimator

@ side bubble functions technique of Verfurth:

1 .
hgllIVen - Nollle < CXyeqk iy 1IlP— Palllm for o € Ex N EFT
Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V -tallk < Chi! VP + thll

@ |[Vp+tullp < lllp—palllo + | Von + thllp

M. Vohralik A posteriori estimates for adaptivity and error control



| Dif. & conforming CRD & nonconforming Alg. error C Opt. framework Opt. est. Est. FEs Efficiency Exp.

Local efficiency of the estimates for —V - (aVp) = f

Proof (diffusive flux estimator, case a = 1).

e for each v, € RTN(K), [|v4|[& < Chk Y- ce, lIVa- N3
(equivalence of norms on finite-dimensional spaces)
@ put v, = Vpp, + ty; then ||V, + th||% = [|V4||%

< Chg Zaegmg%m I[VPh - Ns1|12 = npE.p is a lower bound
for the classical mass balance estimator

@ side bubble functions technique of Verfurth:

1 .
hgllIVen - Nollle < CXyeqk iy 1IlP— Palllm for o € Ex N EFT
Proof (residual estimator, case a = 1).

@ element bubble functions technique of Verfirth:
If =V -tallk < Chi! VP + thll

@ |[Vp+talp < lllp— palllo + IVPn +tallo
@ complete the proof by the previous result
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Local efficiency of the estimates for —V - (aVp) = f

Proof (case a # 1).
@ the discontinuities have to be aligned with the dual mesh

@ harmonic averaging has to be used in the scheme

@ harmonic averaging has to be used in the construction
of tp: th N = —{Vpp-ns .
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Local efficiency of the estimates for —V - (aVp) = f

Proof (case a # 1).
@ the discontinuities have to be aligned with the dual mesh

@ harmonic averaging has to be used in the scheme

@ harmonic averaging has to be used in the construction
of tp: th N = —{Vpp-ns .

Properties
@ guaranteed upper bound
@ local efficiency
@ full robustness
@ negligible evaluation cost
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Local efficiency of the estimates for —V - (aVp) = f

Proof (case a # 1).
@ the discontinuities have to be aligned with the dual mesh

@ harmonic averaging has to be used in the scheme

@ harmonic averaging has to be used in the construction
of tp: th N = —{Vpp-ns .

Properties
@ guaranteed upper bound
@ local efficiency
@ full robustness
@ negligible evaluation cost

@ locally, our estimator is a lower bound for the classical
residual one

M. Vohralik A posteriori estimates for adaptivity and error control
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Model problem

//

—p" = =2sin(zx) in]0,1],
p = 0 inO01
Exact solution
p(x) = sin(mx)
Discretization
Ngiven,h:1/(N+1)xkfkh k=0,..., N+ 1 (xo=0and

XNA1:1),X_2 (k+ Yh, k=0,..., N,x%:O,xNH 1 =1
Choice of t,
th(X, 1) = —Ph(Xy, %) k=0,..., N,
th(Xk) —(Phlp 1l T Phlpaoxea)/2  k=1,..., N,
th(X0) = —Phlxox[
th(XN+1) = —Phlpoyxal



_ Opt. framework Opt. est. Est. FEs Efficiency Exp.
The estimate in 1D

Model problem
—p" = =2sin(zx) in]0,1],
p = 0 inO01
Exact solution
p(x) = sin(mwx)
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The estimate in 1D

Model problem

—p" = n®sin(zx) in]0,1],

p = 0 in0,1
Exact solution
p(x) = sin(mx)

Discretization
N given, h=1/(N+1), xx = kh, k=0,...,
Xnat = 1), X1 = (k+3)h k=0,....,N, x
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The estimate in 1D

Model problem

—p" = n®sin(zx) in]0,1],

p = 0 in0,1
Exact solution
p(x) = sin(mx)

Discretization
N given, h=1/(N+1), xx = kh, k=0,...,
Xnat = 1), X1 = (k+3)h k=0,....N,x
Choice of t;,

th(Xk_,_%) = _p/h(xk+%) k=0,...,N,
th(Xk) — _(p;‘l‘]Xk,th[+p;7‘]xkyxk+1[)/2 k = 17...,N7
th(x0) = —Phlpox

th(Xng1) = _p;"’]XNaXNM[
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_ Opt. framework Opt. est. Est. FEs Efficiency Exp.
Plots of p, pn, and —1y,

1
R B — exact solution derivative
0.9 3 ——= approximate solution derivative
1 ] B - postprocessed derivative
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1 2
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Plot of p and p, Plot of p/, p},, and —t4
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The optimal estimate in 1D

— estimate
res. est

——~ dif. flux est.

- T T T T ~ T T T
10 1 2 3 10 ] 7 3
10 10 10 10 10 10 10 10 10 10

Estimated and actual errors Estimated error and residual
and diffusive flux estimators
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Effectivity index
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L-shape domain example and finite elements

s sesa 01 7280301
=—— ==

M

Problem

—Ap =0, in Q
p=po, on 90

Exact solution
(polar coordinates)

_2 . (2
Po(r,¢) = r-3sin (§<p>
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Effectivity index — comparison, uniform refinement

effectivity index
N N w w B S a
o (51 o (52} o o o
T T T

=
3
T

101

T
jump est., uniform
= = = classical est., uniform

10° 10° 10 10
number of triangles

Effectivity indices for the jump and classical estimators
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_ Opt. framework Opt. est. Est. FEs Efficiency Exp.
Improvement by local minimization

Observation
@ Fluxes of t, need to be prescribed on the boundary of dual
volumes only to get (V - ty, 1)p = (f, 1)p.
@ We can choose them on other edges.

_ A posteriori estimates for adaptivity and error control
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Improvement by local minimization

Observation
@ Fluxes of t; need to be prescribed on the boundary of dual
volumes only to get (V - ty, 1)p = (f, 1)p.
@ We can choose them on other edges.

Local minimization (for each vertex)
@ solve local linear problem (size = number of vertex sides)
@ compute the estimators
@ the whole estimate still has a linear cost
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Improvement by local minimization

Observation
@ Fluxes of t; need to be prescribed on the boundary of dual
volumes only to get (V - tp, 1)p = (f, 1)p.
@ We can choose them on other edges.

Local minimization (for each vertex)
@ solve local linear problem (size = number of vertex sides)
@ compute the estimators
@ the whole estimate still has a linear cost

No linear system solution
@ choose t, such that (V -ty 1)k = (f, 1)k for all K € Sy,
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Residual and diffusive flux estimators, uniform
refinement

10 T
jump dif. flux est., uniform
jump residual est., uniform
= @ - min. dif. flux est., uniform
=—06— min. residual est., uniform
10° |
£
o
c
>
2
[0}
&
107
10’2 I I I ‘
10" 10° 10° 10* 10°

number of triangles

Residual and diffusive flux estimators comparison
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Effectivity index — comparison, uniform refinement

50 T
jump est., uniform
= @ - min est., uniform
a0k = = =classical est., uniform| |
s | Tmmmemmmmmmmmmmmmmmmmmoy
3 30F 1
2
2
3]
2 201 1
(0]
10r
9"--0----0----0---0---9---%)
0 L L L
10* 10° 10° 10* 10°
number of triangles
Effectivity indices for the jump, minimization, and classical
estimators
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Residual and diffusive flux estimators, uniform
refinement

10 T
= » - jump dif. flux est., adaptive
~#— jump residual est., adaptive
= © - min. dif. flux est., adaptive
10° F _ —O— min. residual est., adaptive |

energy norm
N
o

-3

10 L L L
10" 10° 10° 10* 10°
number of triangles

Residual and diffusive flux estimators comparison
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Effectivity index — comparison, adaptive refinement

90

T
=4 jump est., adaptive
80 | —©— min est., adaptive 1

classical est., adaptive
701 B

60

501

40t

effectivity index

30 1

number of triangles

Effectivity indices for the jump, minimization, and classical
estimators
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Estmated Eror Distibuton Exact Eror isrtution

Estimated error distribution Exact error distribution




_ Opt. framework Opt. est. Est. FEs Efficiency Exp.
Error distribution on an adaptively refined mesh

Estimated error distribution Exact error distribution

_ A posteriori estimates for adaptivity and error control



_ Opt. framework Opt. est. Est. FEs Efficiency Exp.
Adaptively refined mesh

AVAN
vy AWE
A
ORI

Corresponding adaptively refined mesh

_ A posteriori estimates for adaptivity and error control



| Dif. & conforming CRD & nonconforming Alg. error C Opt. framework Opt. est. Est. FEs Efficiency Exp.

Energy error

10 T
= © =min. est., uniform
=—©— min. est., adaptive
= = = exact error, uniform
10° b exact error, adaptive |

energy norm
=
o

-3 1 1 1

10" 10° 10° 10 10

number of triangles

Estimated and actual energy error,
uniformly/adaptively refined meshes
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Effectivity index

= © = min. est., uniform
5r —©— min. est., adaptive |

effectivity index
N
N () w

=
&)
T

1 ‘ ‘ ‘
10" 10 10° 10 10

number of triangles

Effectivity index, uniformly/adaptively refined meshes
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Discontinuous diffusion tensor and vertex-centered
finite volumes

@ consider the pure diffusion equation
-V-(avp)=0 in Q=(-1,1)x(-1,1)

@ discontinuous and inhomogeneous a, two cases:

1 1

s,=1 s,=5 s,=1 s,=100

$;=5 s,=1 §,=100 s,=1

- 0 i 0 1

@ analytical solution: singularity at the origin

p(r,0)|q, = r*(a;sin(ad) + b;cos(ad))

e (r,0) polarcoordinates in Q
e a;, b constants depending on Q;
e o regularity of the solution

M. Vohralik A posteriori estimates for adaptivity and error control
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Analytical solutions

7
i
il
IR
i

il

i - il

B
A i
(e

i o
S i
i

fi
it

4§
S
i
SR
3 0
i

e

A

A \\“

SR
R i
N Ui
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A vertex-centered FV scheme on nonmatching grids

M. Vohralik A posteriori estimates for adaptivity and error control
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A vertex-centered FV scheme on nonmatching grids

A vertex-centered FV scheme on nonmatching grids
@ Suppose that a (nonmatching) grid Dy, is given.
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A vertex-centered FV scheme on nonmatching grids

A vertex-centered FV scheme on nonmatching grids
@ Suppose that a (nonmatching) grid Dy, is given.
@ Construct a conforming simplicial mesh 7, given by the
“centers” of Dy,.

M. Vohralik A posteriori estimates for adaptivity and error control
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A vertex-centered FV scheme on nonmatching grids

A vertex-centered FV scheme on nonmatching grids
@ Suppose that a (nonmatching) grid Dy, is given.
@ Construct a conforming simplicial mesh 7, given by the
“centers” of Dy,.
@ Find py, € V}, such that

—({ayoVpn-n1)op=(f,1)p  VDe DM

M. Vohralik A posteriori estimates for adaptivity and error control
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Error distribution on a uniformly refined mesh, case 1

06719 03400

0.6047

03068

0.5375

02728

0.4703 02387

0.4031 02047
0.3350 0.1708
0.2687 0.1366

02016 0.1025

01344 006847

0.06719 003441

1.011E-16 00003574

Estimated error distribution Exact error distribution
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Error distribution on an adaptively refined mesh,
case 2

1.265

1.518E-16

Estimated error distribution Exact error distribution
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Approximate solutions on adaptively refined meshes

M. Vohralik A posteriori estimates for adaptivity and error control



Dif. & conforming CRD & nonconforming Alg. error C

Opt. framework Opt. est. Est. FEs Efficiency Exp.

Estimated and actual errors in uniformly/adaptively
refined meshes

Energy error

107

—e— error uniform
—a— estimate uniform
- 4 -error adapt.

- A -estimate adapt.

3

1
Number of dual volumes

Case 1

4

10°

M. Vohralik

Energy error

10 T —— e
L —e—error uniform i
r —a— estimate uniform |y
[ - 4 -error adapt. i
[ - A -estimate adapt. |]
' |
AA‘A
L BN i
1L‘o\.\.
*- 9
* "‘
10" e .
C AIA S T
107 10° 10* 10

Number of dual volumes

Case 2

A posteriori estimates for adaptivity and error control

5
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Opt. framework Opt. est.

Est. FEs Efficiency Exp.

Original effectivity indices in uniformly/adaptively

refined meshes

N
)
T

—a— effectivity ind. uniform
- A - effectivity ind. adapt.

N
3l
T

U

A

At
Py

Effectivity index
N N N
Noow b

I I I
»

N
N
I

IN)
i

=
©

2 3

[
o

2.8 —a— effectivity ind. uniform
- A - effectivity ind. adapt.
2.7+ —
Aol a
S 2.6 / -
e ’
>25 A _
2 A7
S 241 , 8
E .
’
2.3 & |
2.2 ’,A’ |
-
27 —— ] R
10° 10° 10 10°
Number of dual volumes
Case 1
M. Vohralik

10 10*
Number of dual volumes

Case 2

10

A posteriori estimates for adaptivity and error control
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Opt. framework Opt. est.

Est. FEs Efficiency Exp.

Effectivity indices in uniformly/adaptively refined
meshes using a simple (no linear system solution)
local minimization

—&— effectivity ind. uniform
- A - effectivity ind. adapt.
1.454 1|
3
b 8
° ~
£ 14+ ~ A 1
- \
E \\A\
E 1.35— ‘A‘ —
w Aa
131 A A |
N
! ! el
1.25 L L I e AR RN
10 10° 10 10
Number of dual volumes
Case 1
M. Vohralik

Effectivity index

=
w
iy

132

13
1

—— effectivity ind. uniformL

- A - effectivity ind. adapt.

\
Ll Al R

0

10° 10*

Number of dual volumes

Case 2

10
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Outline

Energy norm Augmented norm Numerical experiments

e Convection—-reaction—diffusion and nonconforming methods
@ Semi-robust energy norm estimates for DGs
@ Fully robust augmented norm estimates for DGs
@ Numerical experiments (FVs & DGs)

M. Vohralik A posteriori estimates for adaptivity and error control
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
-V (SVp)+w-Vp+rm = f inQ,
p = 0 on o

M. Vohralik A posteriori estimates for adaptivity and error control
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
-V (SVp)+w-Vp+rm = f inQ,
p = 0 on o
Bilinear form

B(p,¢) = (SVP, V) + (W-Vp, ) + (1o, ),  p,p € H'(Tn)

M. Vohralik A posteriori estimates for adaptivity and error control
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
-V (SVp)+w-Vp+rm = f inQ,
p = 0 on o
Bilinear form
B(p,¢) := (SVP, V) + (W-Vp,0) + (10, 0), P, € H'(Ty)

Weak solution
Find p € HJ () such that B(p, p) = (f.¢) Ve € HJ(Q).

M. Vohralik A posteriori estimates for adaptivity and error control
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A model convection—diffusion—reaction problem

A model convection—diffusion—reaction problem
-V (SVp)+w-Vp+rm = f inQ,
p = 0 on o
Bilinear form
B(p,») = (SVP, V) + (W-Vp,0) + (10, 0), P, € H'(Th)
Weak solution
Find p € HJ () such that B(p, p) = (f.¢) Ve € HJ(Q).
Energy norm
Decompose B into 5 = Bs + 34, where

Bs(p, @) := (SVp, V) + ((r — 3V-W)p,¢),
Ba(p,¢) := (W-Vp+ 5(V-W)p,¢).

@ Bs is symmetric on H'(Ty); put |[[]||? = Bs(, )
@ 134 is skew-symmetric on H} ()

M. Vohralik A posteriori estimates for adaptivity and error control
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Approximate solution and approximate flux

—— exact solution \ — exactiux
— — _approximate solution — — -approximate flux

Approximate solution pp, is not Approximate flux —aVpy, is not
in H} () in H(div, Q)

M. Vohralik A posteriori estimates for adaptivity and error control
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Approximate solution and approximate flux

Construct a postprocessed Construct a postprocessed flux
approx. solution sy, in H} () t, in H(div, Q)

M. Vohralik A posteriori estimates for adaptivity and error control



Q Introduction

@ Pure diffusion and conforming methods
@ Optimal abstract framework and a first estimate
@ Optimal a posteriori error estimate
@ Estimates for finite elements
@ Efficiency of the a posteriori error estimate
@ Numerical experiments
e Convection—reaction—diffusion and nonconforming methods
@ Semi-robust energy norm estimates for DGs
@ Fully robust augmented norm estimates for DGs
@ Numerical experiments (FVs & DGs)
Q Estimates including the algebraic error
@ Problem and estimates
@ Numerical experiments

Q Conclusions and future work
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Optimal abstract estimate in the energy norm

Theorem (Optimal abstract estimate, energy norm)

Let p be the weak sol. and let p, € H'(7) be arbitrary. Then
llo=pll < _int_ {illon—sii
Q)

seH](

b, s (- V- wVs—s)
teH(dv.2) e H1(Q), llolll=1

—(SVpn +1, V) + ((r— 2V-w)(s — pp), 90)\}
< 2l|p — pnlll-

Properties
@ Guaranteed upper bound, quasi-exact, and robust.

M. Vohralik A posteriori estimates for adaptivity and error control
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Optimal abstract estimate in the energy norm

Theorem (Optimal abstract estimate, energy norm)

Let p be the weak sol. and let p, € H'(7) be arbitrary. Then
llo=pll < _int_ {illon—sii
Q)

seH](

b, s (- V- wVs—s)
teH(dv.2) e H1(Q), llolll=1

—(SVpn +1, V) + ((r— 2V-w)(s — pp), 90)\}
< 2l|p — pnlll-

Properties

@ Guaranteed upper bound, quasi-exact, and robust.
@ Holds uniformly for any mesh (anisotropic) and polynomial
degree of pp.

M. Vohralik A posteriori estimates for adaptivity and error control
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Optimal abstract estimate in the energy norm

Theorem (Optimal abstract estimate, energy norm)

Let p be the weak sol. and let p, € H'(7) be arbitrary. Then
llo=pll < _int_ {illon—sii
Q)

seH](

b, s (- V- wVs—s)
teH(dv.2) e H1(Q), llolll=1

—(SVpn +1, V) + ((r— 2V-w)(s — pp), 90)\}
< 2l|p — pnlll-

Properties

@ Guaranteed upper bound, quasi-exact, and robust.

@ Holds uniformly for any mesh (anisotropic) and polynomial
degree of pp.

@ Not computable (infimum over an infinite-dim. space).

M. Vohralik A posteriori estimates for adaptivity and error control
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Discontinuous Galerkin method

Discontinuous Galerkin method
Find py € Px(7h) such that for all o5, € P(75)

(SVPn, Von) + ((r — V-W)pn, n) — (Pn, W-Vipp)
= > {ns - {8V}, [enl)s + 0N - {SVien}e, [Prl)o}

o€é&p

> {0015 1 )Pl LonD)o+ (W fon}, Lonl)a} = (7. 1)

oc€é&p

@ jump operator [¢], = ¢~ — T

e average operator {o} = S(¢~ + o)

@ harmonic-weighted average op. {¢}. = (w ¢ +w'p’)

@ diffusivity-dependent penalties vs , (Ern, Stephansen, and
Zunino 08)

@ ¢: different scheme types (SIPG/NIPG/IIPG/OBB)

M. Vohralik A posteriori estimates for adaptivity and error control
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Discontinuous Galerkin method

Discontinuous Galerkin method
Find py € Px(7h) such that for all o5, € P(75)
(SVPn, Vion) + ((r = V-W)pn, ©n) — (Pn, W-Viop)
- Z {(ns - {SVpr}e, [enl)o + N6 - {SVente, [Pal)o}

o€é&p

> {0015 1 )Pl LonD)o+ (W fon}, Lonl)a} = (7. 1)

oc€é&p

@ jump operator [¢], = ¢~ — ot
@ average operator {¢} = (¢~ + ¢™)

@ harmonic-weighted average op. {¢}. = (w ¢ +w'p’)
@ diffusivity-dependent penalties vs , (Ern, Stephansen, and
Zunino 08)

@ ¢: different scheme types (SIPG/NIPG/IIPG/OBB)
@ Pp g H(; (Q)’ *Svph g H(le Q)

M. Vohralik A posteriori estimates for adaptivity and error control
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Potential- and flux-conforming reconstructions

Choice of s;: the Oswald interpolate of pj
® Zo, : Pk(Th) — Pu(Th) N HY(R)
@ prescribed at Lagrange nodes by arithmetic averages

Zos(en)(V Z enlk(V

KET

@ one can also use diffusivity-weighted averages
(Ainsworth ’'05)

M. Vohralik A posteriori estimates for adaptivity and error control
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Potential- and flux-conforming reconstructions

Choice of s;: the Oswald interpolate of pj
® Zo, : Pk(Th) — Pu(Th) N HY(R)
@ prescribed at Lagrange nodes by arithmetic averages

Zos(en)(V Z enlk(V

KET

@ one can also use diffusivity-weighted averages
(Ainsworth ’'05)

Choice of t,: a new H(div, Q) flux reconstruction

@ Ern, Nicaise & Vohralik '07 (matching meshes)
@ the present work (nonmatching meshes)

M. Vohralik A posteriori estimates for adaptivity and error control
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Diffusive flux reconstruction

RTN/(7;): Raviart-Thomas-Nédélec spaces of degree /

M. Vohralik A posteriori estimates for adaptivity and error control
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Diffusive flux reconstruction

RTN/(7;): Raviart-Thomas-Nédélec spaces of degree /

=0 =1
Construction of t, e RTN/(7;), | — k or | = k — 1
@ normal components on each side: Vg, € P/(o),
(th o, Gn)o = (—No-{SVPR}. + aors . h;  [onl, Gn).,

@ on each element (only for / > 1): Vry, € IP’L (K),
(t,th)k = —(SVPR.Fr)k +0 > wic o (Ne-Sth, [Pr])o

o€k

M. Vohralik A posteriori estimates for adaptivity and error control
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Diffusive flux reconstruction

RTN/(7;): Raviart-Thomas-Nédélec spaces of degree /

=0 =1
Construction of t, e RTN/(7;), | — k or | = k — 1
@ normal components on each side: Vg, € P/(o),
(th o, Gn)o = (—No-{SVPR}. + aors . h;  [onl, Gn).,

@ on each element (only for / > 1): Vry, € IP’L (K),
(t,th)k = —(SVPR.Fr)k +0 > wic o (Ne-Sth, [Pr])o

ceé
Crucial property whenw =r=0 "~ %

V-t, = M,(f) (N is the L2-orthogonal projection onto Py (75))

M. Vohralik A posteriori estimates for adaptivity and error control
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Convective flux reconstruction

Convective flux reconstruction q; € RTN’(Th), I =kor
I=k-—1

@ normal components on each side: Vg, € P/(0),

(Ar N, Gn)o = (W-N{Pr} + Yw.o[Pnl. Gn)s

@ on each element (only for / > 1): vry € P? | (K),

(Ans )k = (Pn, W)k

M. Vohralik A posteriori estimates for adaptivity and error control
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Convective flux reconstruction

Convective flux reconstruction q; € RTN’(Th), I =kor
I=k-—1

@ normal components on each side: Vg, € P/(0),
(dn'No, Gn)o = (W-Ne{Pr} + w0 [on], Gh)s
@ on each element (only for / > 1): Vr, € P¢ ,(K),
(dn, rh)k = (Ph, W-Th)k
Crucial property

(VA +V-ap+(r=V-w)pn, én)k = (.60 VK € Tp, VEp € Pi(K)

M. Vohralik A posteriori estimates for adaptivity and error control
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A post. estimate for —-V-(SVp) +w-Vp+rp=f

Theorem (A posteriori error estimate, energy norm)
There holds

e = palll <,
: 3
N = {Z WI%C,K} + { > " (mr.k + MoEK + NC1K + ek + TIU,K)Z},
KeTy KeTy

M. Vohralik A posteriori estimates for adaptivity and error control
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A post. estimate for —-V-(SVp) +w-Vp+rp=f

Theorem (A posteriori error estimate, energy norm)

There holds
Il = palll < n,
2 2
n:i= {Z nI%IC,K} + { Z(TIR,K + pEK + 7,1,k + e,k + TIU,K)Z},
KeTy KeTy

where
® nek = |llbn — Zos(pn)lllk (nonconformity),
@ 7pp,k = Min {771()1F) K> n]()zF) K} (diffusive flux),
@ Rk = Mk||f = Vth —V-an — (r — V-W)py| g (residual),
® 71K = mKll(/d Mo)(V-(an — wsh))l|k (convection),
® NCoK = Gy KH (V-W)(pn — sn)|| « (convection),
@ nuk = ZUGEK M, (Moo ((dn — WSh)-N,) || (Upwinding).

M. Vohralik A posteriori estimates for adaptivity and error control



Diffusive flux estimator 7pp
o 1) = 82V py + S 2thx
1 i = micll(Id — o) (V-(SVpn + tn)) |k +
MY e Clicl(SVPA + th)No o

cutoff fcts of local Péclet and Damkdhler numbers in //(2)

DF,K*
12, —1/2 —1/2
o 1) / ,
Mk = {Cp Csk »Cwrikls
. 1/2 1 =1 1 1/2 —1/2
o { / / \
Mk = {(Cp + Cp'")hkCg i, Nic Cy r k + Cur kCsi /2}

Upwinding estimator n «

MUK = Dee, MollMoo((dn — WSh) NG )lo
cutoff function of local Péclet and Damkdhler numbers:

) 0| 2 o]
m- = ma C o ’ 7
- {Ke’f): { FK, |K|cs k }rpwaf): |K|cw,r K
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Individual estimators

Diffusive flux estimator 7pp
o 1) = 1S3 Vpy + S 3tyx
o &) = mil|(Id — No)(V-(SVpn + tn)) [k +
MY e, Coteol(SVPH +1h) Dol

M. Vohralik A posteriori estimates for adaptivity and error control
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Individual estimators

Diffusive flux estimator 7pp
® i = 1182 Vpn + 872t
® ik = mill(Id — Mo)(V-(SVpn + th)) [k +
M2 Y peex Coicoll (SVPR +th) o
@ cutoff fcts of local Péclet and Damk&hler numbers in 771(32;:)«:

1/2 1/2 C—1/2

my := min{C, WK

mK = min{(Cp + C;/Z)hKCs K> hK1Cv_v1rK +G w1r/i2(CS 1K/2/2}

M. Vohralik A posteriori estimates for adaptivity and error control
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Individual estimators

Diffusive flux estimator 7pp
® i = 1182 Vpn + 872t
® ik = mill(Id — Mo)(V-(SVpn + th)) [k +
M2 Y peex Coicoll (SVPR +th) o
@ cutoff fcts of local Péclet and Damk&hler numbers in 77]()227,{:

1/2 1/2 C—1/2

my := min{C, WK

My = min{(Cp + C;/Z)hKCs K> hK1 Cv_v1r kT 6 w1r/i2(CS 1K/2/2}
Upwinding estimator 7y x

@ Nuk = ZUGSK Mg ||Mo,o((dn — WSh)-Ns)|l»

M. Vohralik A posteriori estimates for adaptivity and error control
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Individual estimators

Diffusive flux estimator 7pp
® i = 1182 Vpn + 872t
® ik = mill(Id — Mo)(V-(SVpn + th)) [k +
M2 Y peex Coicoll (SVPR +th) o
@ cutoff fcts of local Péclet and Damk&hler numbers in 77]()227,{:

1/2 1/2 C—1/2

my := min{C, WK

My = min{(Cp + C;/Z)hKCs K> hK1 Cv_v1r kT 6 w1r/i2(CS 1K/2/2}
Upwinding estimator 7y x

@ Nuk = ZUGSK Mg ||Mo,o((dn — WSh)-Ns)|l»
@ cutoff function of local Péclet and Damk&hler numbers:

: hi
mZ = min{ max { Cr k., Ll ,max{ i }
KeT, K| KeZ. | |K|owrk

M. Vohralik A posteriori estimates for adaptivity and error control
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Properties of the estimate

Principal properties
@ guaranteed upper bound

@ no constants in principal estimators, known constants in
the other ones

@ cutoff functions of local Péclet (hK||w||oo,Kcsj}() and
Damkéhler (h%cw’,chg’]() numbers (here Gy, k is the
(essential) minimum of (r — $V-w))

explicit dependence on the mesh and data

valid for arbitrary polynomial degree and data
nonmatching meshes

residual estimator ng  is a higher-order term (data
oscillation)

M. Vohralik A posteriori estimates for adaptivity and error control



| Dif. & conforming CRD & nonconforming Alg. error C Energy norm Augmented norm Numerical experiments

Loc. efficiency for —V-(SVp) +w-Vp+rp=f

Theorem (Local efficiency, energy norm)

There holds
TINC,K +TIDF,K TR K+ 11,1,k T2,k +1uk < Cetrklllo—plll, &, -

M. Vohralik A posteriori estimates for adaptivity and error control
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Loc. efficiency for —V-(SVp) +w-Vp+rp=f

Theorem (Local efficiency, energy norm)

There holds
TINC,K +TIDF,K TR K+ 11,1,k T2,k +1uk < Cetrklllo—plll, &, -

Properties
@ the estimates are locally efficient
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Loc. efficiency for —V-(SVp) +w-Vp+rp=f

Theorem (Local efficiency, energy norm)

There holds
INC,K +1DEK 1R K 70,1,k + 2,k H10k < Cetr kI[P — Ph|H*,EK :

Properties
@ the estimates are locally efficient

@ only semi-robustness: overestimation is a function of local
Péclet and Damkéhler numbers
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oeép

_ A posteriori estimates for adaptivity and error control



| Dif. & conforming CRD & nonconforming Alg. error C Energy norm Augmented norm Numerical experiments

A dual norm augmented by the convective derivative

@ define

Bo(p.¢) ==~ Y (wno[p], {Moe})o

oeép

@ introduce the augmented norm

Ivile = [IvIl+  sup  {Ba(v.) +Bo(v,)}
PeHI (), [ll¢llI=1
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A dual norm augmented by the convective derivative

@ define

BD(,O, 90) = Z (W-ngl[p]], {{I_IO[)O})U
oeép
@ introduce the augmented norm

[Vllle == lllvill+  sup {Ba(v, )+ Bo(v, p)}
PEH (), llll=1

@ when ||V-W|| « is controlled by (r — 5V-w) on K for all K
and when v € H}(Q), recover the augmented norm
introduced by Verflrth 05
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A dual norm augmented by the convective derivative

@ define
BD(,O, ()0) = Z (w'ncrIIp]]7 {{I_IOSO})U
oeép
@ introduce the augmented norm

[Vllle == lllvill+  sup {Ba(v, )+ Bo(v, p)}
PEH (), llll=1

@ when ||V-W|| « is controlled by (r — 5V-w) on K for all K
and when v € H}(Q), recover the augmented norm
introduced by Verflrth 05

@ /3p contribution is new and specific to the nonconforming
case
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)

Let p be the weak sol. and let p, € H'(7,) be arbitrary. Then
e — pallle

<2 inf {|||phs|||+ inf sup (F—Vt—w-Vs—rs o)
seH(Q) teH(dv. Q) e (@), \|w||:1{

—(SVpn +1, Vi) + ((r = FV-W) (s — pn), %0)}} L

PEH (), [llelll=1

{t, Hinf {(f—=Vt—wW-Vp,—rpne)—(SVpr+t, V) —Bp(pn, ;,9)}

(div,Q2)

<5l||p — pnll|e-

Comments
@ only the highlighted terms are new
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)

Let p be the weak sol. and let p, € H'(75,) be arbitrary. Then
Il = Phllle

<2 inf {|||ph—s|||+ inf sup (F—Vt—w-Vs—rs o)
seH(Q) teH(dv. Q) e (@), \Hw\ll=1{

—(SVpn +1, Vi) + ((r = FV-W) (s — pn), %0)}} L

PEH (), [llelll=1

{t, Hinf {(f—=Vt—wW-Vp,—rpne)—(SVpr+t, V) —Bp(pn, ;,9)}

(div,Q2)

<5l||p — pnll|e-

Comments
@ only the highlighted terms are new

@ their form is similar to the energy estimate
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Optimal abstract estimate in the augmented norm

Theorem (Optimal abstract estimate, augmented norm)

Let p be the weak sol. and let p, € H'(75,) be arbitrary. Then
Il = Phllle

<2 inf {|||ph—s|||+ inf sup (F—Vt—w-Vs—rs o)
seH(Q) teH(dv. Q) e (@), |Hw|ll=1{

—(SVpn +1, Vi) + ((r = FV-W) (s — pn), %0)}} L

PEH (), [llelll=1

{ inf {(f—w—w-m—rph.,@)—(sm+t,.w)}—6.)(pm}

teH(div,Q)
<5l||p — pnll|e-

Comments
@ only the highlighted terms are new

@ their form is similar to the energy estimate
@ necessary for robustness in the convection-dominated case

M. Vohralik A posteriori estimates for adaptivity and error control
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Augmented norm a posteriori error estimate

Estimator

1/2
7:=2n+ { Z (MR,k + MDFK + e, K + ﬁU,K)z}
KeTy

@ n defined previously for the energy norm
@ 7c.1.k and ny x — slight modifications of nc ; x and ny x
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Augmented norm a posteriori error estimate

Estimator

1/2
7:=2n+ { Z (MR,k + MDFK + e, K + ﬁU,K)z}
KeTy

@ n defined previously for the energy norm

@ 7c.1.k and ny x — slight modifications of nc ; x and ny x
Global jump seminorm

@ define

1 Cs Kk _
i,gh - Z Z #(Z,) {O‘G’Ys,aho1 |||[SD]]||(27

Ci
KeT,oe€y S, Tk

el

2 2 2 —1 2
+ Cw.rkho | L]l + M7, WIS 7.0, |[[¢]]o,gﬁwK}

@ the first two terms are natural for DG methods
@ the third term at least contains the cutoff factor my,
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

There holds
e — pallle + lle — Palllae, <0+ lllPnlll.e,
< C(lllp = prllle + [l = Pallle,)-
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

There holds
e — pallle + lle — Palllae, <0+ lllPnlll.e,
< C(lllp = prllle + [l = Pallle,)-

@ fully robust with respect to convection or reaction
dominance
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

There holds
e — pallle + lle — Palllae, <0+ lllPnlll.e,
< C(lllp = prllle + [l = Pallle,)-

@ fully robust with respect to convection or reaction
dominance

@ sharper than Schétzau & Zhu '08 because of the cutoff
factor in the jump seminorm
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

There holds
e — pallle + lle — Palllae, <0+ lllPnlll.e,
< C(lllp = prllle + [l = Pallle,)-

@ fully robust with respect to convection or reaction
dominance

@ sharper than Schétzau & Zhu '08 because of the cutoff
factor in the jump seminorm

@ only global efficiency
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

There holds
lle — pallle + e — Palllx.e, <7+ lllonlll4.e,
< C(lllp = prllle + [llp = Palll.e,)-

@ fully robust with respect to convection or reaction
dominance

@ sharper than Schétzau & Zhu '08 because of the cutoff
factor in the jump seminorm

@ only global efficiency
@ the norm ||| - ||| is a dual norm and cannot be evaluated
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Augmented norm estimate and its efficiency

Theorem (Fully robust a posteriori estimate)

There holds
lle — pallle + e — Palllx.e, <7+ lllonlll4.e,
< C(lllp = prllle + [llp = Palll.e,)-

@ fully robust with respect to convection or reaction
dominance

@ sharper than Schétzau & Zhu '08 because of the cutoff
factor in the jump seminorm

@ only global efficiency
@ the norm ||| - ||| is a dual norm and cannot be evaluated

@ rather theoretical importance, since the estimators for both
the energy and the augmented norm are (almost) the
same (hence the adaptive strategies are the same)
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Discontinuous diffusion tensor and finite volumes

@ consider the pure diffusion equation
—V-(SVp)=0 in Q=(—1,1)x(-1,1)

@ discontinuous and inhomogeneous S, two cases:

1 1

s,=1 s,=5 s,=1 s,=100

$,=5 s,=1 53:100 s,=1

- 0 i 0 1

@ analytical solution: singularity at the origin

p(r,0)|q, = r*(a;sin(ad) + b;cos(ab))

e (r,0) polar coordinates in Q
@ a;, b; constants depending on ©;
e « regularity of the solution
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Analytical solutions

7
i
il
IR
i

il

i - il

B
A i
(e

i o
S i
i

fi
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SR
3 0
i

e
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| Dif. & conforming CRD & nonconforming Alg. error C Energy norm Augmented norm Numerical experiments
Error distribution on an adaptively refined mesh,
case 1

0035 1
0.8

0.03
0.6

0.025 0.4

-0.5 0 0.5 1

Estimated error distribution Exact error distribution
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Approximate solution and the corresponding
adaptively refined mesh, case 2

M. Vohralik A posteriori estimates for adaptivity and error control
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Estimated and actual errors in uniformly/adaptively

refined meshes

10 T T T T T T

10 T T T T T

—e— error uniform

-4 - error adapt.
-4 - estimate adapt.

-4 - error adapt.

F —e— error uniform H
—=— estimate uniform L —=— estimate uniform [|

-4 - estimate adapt. [

< EI-
5 105
3 1 310 -
5] 1 5] B
& & ]
107 . _ ]
3 *oa E ]
[ A ) ] ]
-2 | | ° | " il L
10 L L L 10 L
10° 10° 10* 10° 10° 10° 10! 10
Number of triangles Number of triangles
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Effectivity indices in uniformly/adaptively refined
meshes

= T T
16 T == officiency uniform 41— —=— efficiency uniform
155 -4 - efficiency adapt. 3.8— -4 - efficiency adapt.
— —
La 3oy
5 T B4
145 — 32—
14 5
> 1.4 —
g | S28— A
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S135 - S26F A
& wo4l— A
1.3 *‘ — i A
v 22— A
1.25— N — [
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A
1o | - 1.8
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Convection-dominated problem, FVs, energy
estimates

@ consider the convection—diffusion-reaction equation
—eAp+V-(p(0,1)+p=f in Q=(0,1)x(0,1)

@ analytical solution: layer of width a

p(x,y)=0.5 (1 - tanh(O‘Sa_ X))

@ consider

ec=1,a=05
e =102 a=0.05
e c=10"% a=0.02

@ unstructured grid of 46 elements given,
uniformly/adaptively refined
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Analytical solutions

0.4 -
0.2 - 0.2
y 00 M y 00 X

Casec=1,a=05 Caseec=10"% a=0.02
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| Dif. & conforming CRD & nonconforming Alg. error C Energy norm Augmented norm Numerical experiments
Error distribution on a uniformly refined mesh, ¢ = 1,
a=>0.>5

1
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| Dif. & conforming CRD & nonconforming Alg. error C Energy norm Augmented norm Numerical experiments
Estimated and actual errors and the effectivity index,
e=1,a=05

T T e 20 g
10° & —e— error uniform H —=— efficiency uniform
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Error distribution on a uniformly refined mesh,
e=10"2,a=0.05
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Energy norm Augmented norm Numerical experiments

Dif. & conforming CRD & nonconforming Alg. error C

Approximate solution and the corresponding
adaptively refined mesh, e = 104, a = 0.02
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Estimated and actual errors in uniformly/adaptively
refined meshes

10 g T n T T
E —e— error uniform i 4 —e— error uniform
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Effectivity indices in uniformly/adaptively refined
meshes
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Convection-dominated problem, DGs, energy and
augmented estimates, ¢ = 1072

energy norm augmented norm

N err. est. eff. err. est. eff.  |||Pnlllx.e,

128 7.74e-3 1.10e-1 14 1.40e-1 3.28e-1 2.3 3.40e-2
512 4.03e-3 4.35e-2 11 3.97e-2 1.2%-1 33 1.16e-2
2048 1.88e-3 1.43e-2 7.6 9.77e-3 4.14e-2 42 2.72e-3
8192 9.30e-4 3.58e-3 3.8 298e-3 1.02e-:2 3.4 8.25e-4

order 1.0 2.0 - 1.7 2.0 - 1.7

Errors ([|o — palll and [Ip — plller + [Ilp — Pelll«.c,). estimates
(n and 7j + |||pnl|l«.e,), and effectivity indices for the energy and
augmented norms; ¢ = 102
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Convection-dominated problem, DGs, energy and
augmented estimates, e = 1074

energy norm augmented norm

N err. est. eff. err. est. eff.  |l|palll4.e,

128 1.70e-3 1.34e-1 79 3.67e-1 4.05e-1 1.10 4.02e-2
512 5.65e-4 7.01e-2 124 1.44e-1 2.11e-1 147 2.11e-2
2048 2.14e-4 3.09e-2 144 5.35e-2 9.36e-2 9.99e-3
8192 1.00e-4 1.25e-2 125 2.14e-2 3.89e-2 1.82 4.96e-3

-
'\,
o

order 1.1 1.3 - 1.3 1.3 - 1.0

Errors ([|o — palll and [Ip — plller + [Ilp — Pelll«.c,). estimates
(n and 7j + |||pnl|l«.e,), and effectivity indices for the energy and
augmented norms; ¢ = 10~*

M. Vohralik A posteriori estimates for adaptivity and error control
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_ Problem and estimates Numerical experiments
A model pure diffusion problem

A model pure diffusion problem

-V -(S8Vp) = f inQ,
p = 0 on o

_ A posteriori estimates for adaptivity and error control
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 onoQ

Algebraic problem

@ at some point, we shall solve AX = B

M. Vohralik A posteriori estimates for adaptivity and error control



| Dif. & conforming CRD & nonconforming Alg. error C Problem and estimates Numerical experiments

A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 on o

Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 on o
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
@ we know the algebraic residual, R := B — AX*
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 on o
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
@ we know the algebraic residual, R := B — AX*

Goals

@ take into account the algebraic error
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 onoQ
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B

@ we know the algebraic residual, R .= B — AX"

Goals

@ take into account the algebraic error
o efficiently stop the iterative solver
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A model pure diffusion problem

A model pure diffusion problem

-V-(8Vp) = f inQ,
p = 0 on o
Algebraic problem

@ at some point, we shall solve AX = B
@ we only solve it inexactly, AX* ~ B
@ we know the algebraic residual, R := B — AX*

Goals

@ take into account the algebraic error
@ efficiently stop the iterative solver
@ certified error bound and huge computational savings

M. Vohralik A posteriori estimates for adaptivity and error control
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 nﬁ,K} " { 5 n;iE,K} |

KeTy KeT, KeT,
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 nﬁ,K} " { 5 n;iE,K} |

KeTy KeT, KeT,

@ nonconformity estimator
® nne.k = [IlPn — Zos(Pp)lllk
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 nﬁ,K} " { 5 n;iE,K} |

KeTy KeT, KeT,

@ nonconformity estimator
® ek = [[1B; — Zos(Ph)lIk
@ residual estimator

® Rk = Mk||f +V - (SkVp})lk
e

2 .
@ My = CPCS,K
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Estimate including inexact linear systems error

Theorem (A posteriori error estimate including inexact linear

systems solution error, cell-centered FVs or MFEs)

There holds

1 1 1
2 2 2
b — Bl < { 5 77} " { 5 m%,K} " { 5 n;iE,K} |

KeTy KeT, KeT,

@ nonconformity estimator
® ek = [[1B; — Zos(Ph)lIk
@ residual estimator

® Rk = Mkllf +V - (SkVp})lk
S
Cs,k

@ algebraic error estimator
® Napk =[S 2thllk
e t, c RTN(7,) is such that V - ts|x = %
@ Ris the residual vector
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Finite volume estimates including inexact linear
systems solution

Different estimators, error, and effectivity index as a function of
the number of CG iterations
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Comments on the estimates and their efficiency

General comments

@ p < H'(Q), no additional regularity

no saturation assumption

no Helmholtz decomposition

polynomial degree-independent upper bound

the only important tools: Cauchy—Schwarz and optimal
Poincaré—Friedrichs and trace inequalities

holds from diffusion to convection—diffusion—reaction cases

@ based on local conservativity (no global Galerkin
orthogonality used)
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Essentials of the estimates

Essentials of the estimates
@ nonconformity estimate: compare the approximate solution
pn to a H'(Q)-conforming potential sy,

o diffusive flux estimate: compare the flux of the approximate
solution —SVpj, to a H(div, 2)-conforming flux tj,

@ evaluate the residue for t;,

@ in conforming methods (p, € H'(Q)), there is no
nonconformity estimate

@ in flux-conforming methods (—SVpy, € H(div, Q)), there is
no diffusive flux estimate
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Conclusions

@ guaranteed, locally efficient, and robust a posteriori error
estimates

@ directly and locally computable

@ almost asymptotically exact

@ optimal framework (exact and robust)
@ works for all major numerical schemes
@ based on local conservativity
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Conclusions and future work

Conclusions

@ guaranteed, locally efficient, and robust a posteriori error
estimates

@ directly and locally computable
@ almost asymptotically exact
@ optimal framework (exact and robust)
@ works for all major numerical schemes
@ based on local conservativity
Future work
@ asymptotic exactness
@ nonlinear (degenerate) cases
@ extensions to other types of problems (Stokes, Maxwell)
@ multi-scale, multi-numerics, multi-physics, mortars
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Thank you for your attention!
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