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| Stefan problem Two-phase flow R&B

Full adaptivity for unsteady nonlinear problems

Real (porous media) flows
@ systems of PDEs
@ nonlinear (degenerate)
@ unsteady

@ = difficult numerical approximation, large troublesome
systems of nonlinear algebraic equations
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| Stefan problem Two-phase flow R&B

Full adaptivity for unsteady nonlinear problems

Real (porous media) flows
@ systems of PDEs
@ nonlinear (degenerate)
@ unsteady
@ = difficult numerical approximation, large troublesome
systems of nonlinear algebraic equations
Goals
@ derive fully computable a posteriori error upper bounds
@ distinguish different error components
Full adaptivity
@ time step choice & mesh adaptivity

@ stopping criteria for regularization and linear and
nonlinear solvers
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The Stefan problem
ou—Ap(u)y=f inQ2x(0,T),
u(-,0) = u in Q,
B(u)y=0 on 92 x (0, T)
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The Stefan problem

The Stefan problem

f inQx (0,T),
(-,0) = up in Q,
B(u)=0 on 9Q x (0, T)
Nomenclature

@ u enthalpy, 8(u) temperature

@ [: Ls-Lipschitz continuous, /5(s) = 0in (0, 1), strictly
increasing otherwise

@ phase change, degenerate parabolic problem

@ uy € L?(Q), f e L?(0,T;L3(Q))

I d
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Numerical practice: regularization

Regularization of 5, parameter ¢

1,
05 |
Bu), 5(u)
1 -05 /705 1, 15 2
705 |
-1

@ (¢(-) smooth and strictly increasing

I d

hm,.m....u,m...,..mm

M. Vohralik IV/IV Full adaptivity for unsteady nonlinear problems 5/35



Functional spaces
X =130, T;H}(Q), Z:=H(0,T;H'(Q)
Weak formulation
ue”Z with 5(u) € X,
u(-,0) = ug in €,

(Oru, ©)(8) + (VB(U), Vo)(8) = (f,0)(s) Ve € H{(Q),s€ (0, T)
Approximation ( , with & )
uyt ez, Uk e L2(0, T; L3(Q)), Buk) e X,

u};f\/n is affine intimeon/, V1 <n<N

Residual ’R,(u‘h‘f) € X’ and its dual norm, ¢ € X
T

(R( >.;>Xax:v/o Lo, ) +( Ve)}(s)ds,
L e R
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Setting

Functional spaces
X :=L20,T;H}(Q), Z:=H'(0,T;H ()
Weak formulation
ue”Z with g(u) € X,
u(-,0) = u in Q,
(Oru, @)(8) + (VB(U), V)(s) = (f,)(S) Ve € H3(R),5€(0,T)
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Setting

Functional spaces
X :=L20,T;H}(Q), Z:=H'(0,T;H ()
Weak formulation
ueZ  with g(u) € X,
u(-,0) = up in Q,

(Bru, )(8) + (VB(u), Ve)(8) = (£, 9)(8) Ve € H3(),5€ (0, T)
Approximation (conforming, with linearization & regularization)
uez,  oauf e 20, T 12(Q), B e X,

u;f|,n is affineintimeon /[, v1<n<N
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Setting

Functional spaces
X :=L20,T;H}(Q), Z:=H'(0,T;H ()
Weak formulation
ueZ withpg(u) e X
u(-,0) = u in Q,
(Bru, )(8) + (VB(u), Ve)(8) = (£, 9)(8) Ve € H3(),5€ (0, T)
Approximation (conforming, with linearization & regularization)
uez,  oauf e 20, T 12(Q), B e X,
u;f|/n is affine in time on /, Yi<n<N

Residual R(u:¥) € X’ and its dual norm, ¢ € X
T
(R(U1). ohx x = / (0=, )+ (V(5(0) = 5(u,)), Vo)l (s)ds,
0

k
IR(WS) Ix = sup  (R(UEH), ¢)x x I
" oeX Jolx—t T /47577 5

M. Vohralik IV/IV Full adaptivity for unsteady nonlinear problems 6/35



| Stefan problem Two-phase flow R&B Dual norm estimate Efficiency Energy estimate Numerics

Time-localization of the dual norm of the residual

Time interval /,

Xn :=L2(In; H}(Q))
e,k

N ' ,
IR(up )x == sup {(0r(u —upl), )
o€Xn, llpllxy =1 In

+ (VB(U) — VB(UGF), Vo)) (s) ds
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| Stefan problem Two-phase flow R&B Dual norm estimate Efficiency Energy estimate Numerics

Time-localization of the dual norm of the residual

Time interval /,

Xn :=L2(In; H}(Q))
e,k

N ' ,
IR(up )x == sup {(0r(u —upl), )
o€Xn, llpllxy =1 In

+ (VB(U) — VB(UGF), Vo)) (s) ds
L2 in time:

7k 2 7k 2
IR(UIZ = D IIR(UEDIZ,
1<n<N
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Estimate distinguishing different error components

Assumption A (Equilibrated flux reconstruction)

Foralln > 1,k > 1, ande > 0, there exists aﬁ"‘ke H(div; Q) s.t.
(V-op N = (i, D — G, e VK T
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Estimate distinguishing different error components

Assumption A (Equilibrated flux reconstruction)

Foralln > 1,k > 1, ande > 0, there exists aﬁ"‘ke H(div; Q) s.t.
(V-op N = (i, D — G, e VK T

Theorem (An estimate distinguishing the error components)

Let Assumption A hold. Then, foranyn > 1,k > 1,and ¢ > 0,
’k EAS) ’ ’k ’Cy bl 7k
IR(U Y xr < nBh 4 nimc™ + niek 4+ nior.
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Estimate distinguishing different error components

Assumption A (Equilibrated flux reconstruction)

Foralln > 1,k >1,ande¢ > 0, there exists aﬁ'('ke H(div; Q) s.t
(Vo™ D = (fli,s Dk — Oetipflips Dk VK €T

Theorem (An estimate distinguishing the error components)

Let Assumption A hold. Then, forany n > 1,k > 1,and ¢ > 0,
n,e,k n,e,k

K
IR g < mGs + m™ + g™+ nf

2
( nek — Z ( nek_‘_ijek 1( Z(k)“‘az(k’\K) 7
KeTn
k 77k
()2 / ST IV (B () — Bk dt,
Kk ”KeTﬂ k k
n ne,
(e )2 o= 7" Z IV(5(uy© 5 (up) I
K KeTn k o P
n, n77 QERK— ne,
(o 2 =7 IV () = 5w DI
KeTn &zua,-
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Efficiency assumptions

Assumption B (Piecewise polynomials, data, and meshes)

The approximations and the data f and uy are piecewise
polynomial. The meshes are shape-regular.
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Efficiency assumptions

Assumption B (Piecewise polynomials, data, and meshes)

The approximations and the data f and uy are piecewise
polynomial. The meshes are shape-regular.

Residual estimators

€,k k k— K
(iact) = S R, — Dl + AR (R
KeTn— 1,n
k - 77k
() = S RelITEH N g nel2
eegim,nfhn
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Efficiency assumptions

Assumption B (Piecewise polynomials, data, and meshes)

The approximations and the data f and uy are piecewise
polynomial. The meshes are shape-regular.

Residual estimators

.k K K k
(iact) = S R, — Dl + AR (R
KeTn— 1,n
k - I 7k
() = S RelITEH N g nel2
eEgim,nfhn

Assumption C (Approximation property)

For all1 < n < N, there holds

2 2
k—1 L€,k €,k L€,k e,k
D/l O W M<C<®&J +G&2))

KeTn=1n
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Efficiency assumptions

Theorem (Efficiency)

Let, for all 1 < n < N, the stopping and balancing criteria be
satisfied with the parameters small enough. Let Assumptions B
and C hold. Then

n,e,k

k k
N+ ™ + ek 4 nle® < CIR(up)llx;.-
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Relation residual-energy norm

Energy estimate (by the Gronwall lemma)
L L
o llu = un 3+ W = Unr) G 1) + 18() = Buns) 3,

> (1R () e+ 110 = Un) (5 0) 2,1y

,
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Relation residual-energy norm

Energy estimate (by the Gronwall lemma)

L
o llu = un 3+ W = Unr) G 1) + 18() = Buns) 3,

Ls
S5 (HR(UnT)Hi/ + [(u— uhT)(.,0)||§,,1(Q))

Theorem (Temperature and enthalpy errors, tight Gronwall)
Let up € Z such that 5(up,) € X be arbitrary. There holds

L L
1= Une o+ (W = U)o T 1 +18() = Bun) I,

i
v2f <IIB(U)— (), + / 18(4) — Blum)I, e sds)dt

< 21 (28T = 1)U~ tnr)(, )l (qy + IR (un) 5

T t
+2/ (R(Uhf)&{‘i‘/ IR (Un-) i/etsds> dt}.
0 0 &

v

M. Vohralik IV/IV Full adaptivity for unsteady nonlinear problems

11/35

ooooooo



Q Introduction

@ The Stefan problem
@ Dual norm a posteriori estimate and adaptivity
o Efficiency
@ Energy error a posteriori estimate
@ Numerical results

O Two-phase flow
@ A posteriori error estimate
@ Full adaptivity
@ Applications
@ Numerical results

Q References and bibliography

v d
5 informatics g mathematics



| Stefan problem Two-phase flow R&B Dual norm estimate Efficiency Energy estimate Numerics

Regularization stopping criterion

Regularization stopping criterion

na ak n) ’k n7€7k
nreg S rreg ("flsp6 + Thm )

e
e

—— space
—a— time
——regularization

101

1072

103

10—

Error components estimators

105

il

Ll Ll Lol Lol
10! 102 108 104

e 1

T
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Equilibrating time and space errors

Equilibrating time and space errors

n,e,k
f)/[mns E,k < 7,’ €, < rtmnnek

(%) —e—Space
% = time ao-18 | i
Eg-os| . 2
e £ 1.9
2 80 1
2 5
S 10-1 L i =
g_10 g 1072 | i
8 [
o ] —e—space over-ref.
S Qo-21||—=— time over-ref. 4
o2 |- "a —— equmbratlng
Ll L L L L T | L f L L L T |
104 105 104 108
Total number of space-time unknowns Total number of space-time unknowns
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Error and estimate (dual norm of the residual)

T T T T
LR —e— err. unif. —m—est. unif.
-e- err. ad. -w#- est. ad.
o 100} ]
© = il
£ I ]
= L 4
(0] - 4
S g |
=
(0] - 4
=
o
LE . .
10_1 Ll Lol Lol Ll L

104 10° 108 107
Total number of space—time unknowns
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Dual norm estimate Efficiency Energy estimate Numerics

Effectivity indices (dual norm of the residual)

Effectivity index

M. Vohralik

T — T — T — T
—— effectivity unif.
4+ —— effectivity ad. ||
3 N
2L N
Ll Lol Lol Ll I
10* 10° 108 107
Total number of space—time unknowns
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Error and estimate (energy norm)

T T T T T T T T T
o= —e—err. unif. —=—est. unif. |
“~gl-e- err. ad. -=- est. ad.
2 0|
© 10 [
£ i
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5] | ]
<) I ]
=
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Total number of space—time unknowns
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Dual norm estimate Efficiency Energy estimate Numerics

Effectivity indices (energy norm)

Effectivity index

M. Vohralik
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—— effectivity unif.
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Stefan problem Two-phase flow R&B

Dual norm estimate Efficiency Energy estimate

Actual and estimated error distribution

Error
,0052
0,005

0,004
0,003

0,002

[0,001

le-06
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Two-phase flow in porous media

Two-phase flow in porous media

0t(#Sa) + VU, = Qa,s a € {n,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {n,w},
Sn+ Sw = 17

Pn — Pw = pc(sw)
+ boundary & initial conditions
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Two-phase flow in porous media

Two-phase flow in porous media

0t(#Sa) + VU, = Qa,s a € {n,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {n,w},
Sn+ Sw = 17

Pn — Pw = pc(sw)
+ boundary & initial conditions
Mathematical issues

@ coupled system

@ unsteady, nonlinear

@ elliptic—degenerate parabolic type
@ dominant advection

I d

hmém,mmm

M. Vohralik IV/IV Full adaptivity for unsteady nonlinear problems 19/35



| Stefan problem Two-phase flow R&B Estimate Full adaptivity Applications Numerical results

Global and complementary pressures

Global pressure

p(Sw, Pw) = Pw + /OSW /mm(a)da
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Global and complementary pressures

Global pressure

Sw
p(Sw, Pw) == P W

Complementary pressure

__ [ (@
q(sw) :== _/0 mpc(a)da
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Global and complementary pressures

Global pressure

Sw
Sw; Pw) = W+/ N (A 1\ A)
PlSw.pw)i=pvt | 5

Complementary pressure

__ [ (@
q(Sw) = _/0 mpc(a)da

Comments
@ necessary for the correct definition of the weak solution
@ equivalent Darcy velocities expressions

Uy (Sw, Pw) = — K(Aw(Sw)VD(Sw, Pw) + Va(Sw) + Aw(Sw)pwgV 2),
Un(Sw, Pw) == — K()\H(SW)V}J(SW,,OW) — Va(sw) + /\n(sw)Pngvz)

I d
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Energy space
X = L3((0, T); H)(Q))
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Weak formulation

Energy space
X = L2((0, T); H ()

Definition (Weak solution (Arbogast 1992, Chen 2001))

Find (sw, pw) such that, with s, :=1 — s,
sw € C([0, T]; L*(Q)), sw(-,0) = sy,
sy € L2((0, T): (Hp(9))),
p(Sw ) € X,
q(S )

A {<8t(¢sa)v‘1@> — (Ua(Sw: Pw)s V) = (Gus ) }dt =
Vo € X, a € {n,w}.

h; ,,,,, 7 nathematics

M. Vohralik IV/IV Full adaptivity for unsteady nonlinear problems 21/35



Q Introduction

O The Stefan problem

Dual norm a posteriori estimate and adaptivity
o Efficiency

@ Energy error a posteriori estimate

@ Numerical results

(]

e Two-phase flow
@ A posteriori error estimate
@ Full adaptivity
@ Applications
@ Numerical results

Q References and bibliography

v d
5 informatics g mathematics



| Stefan problem Two-phase flow R&B Estimate Full adaptivity Applications Numerical results

Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

X, el =1 In

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{n,w}

n=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

ooooooo
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

X, el =1 In

jsr‘L,pW(sW,hT)pW,hT)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{n,w}

n=

2
- (uOé(SW7pW) - uOé(SW,hT7pW,hT)7 v@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)
Let (sw, pw) be the weak solution.

 —
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

\73’1,7pw(sw,h7'>pw,h7')::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{n,w}

X, el =1 In

n=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)

Let (sw, pw) be the weak solution. Let (Sy hr, Pw,n-) be arbitrary
such that p(s, p.. Pw.p-) € X and q(s,, »,) € X (and satisfying
the initial and boundary conditions for simplicity).

ooooooo
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Link energy-type error — dual norm of the residual

Dual norm of the residual on the time interval /,

\737”7pw(sw,h7—>pw,h7—)::{ Z { sup {<at(¢sa)_at(¢5a,h7')7§0>
ac{n,w}

X, el =1 In

n=

2
- (ua(SW7 pw) - uOé(SW,hT7pW,hT)7 V@)}dt} }

Theorem (Link energy-type error — dual norm of the residual)
Let (sw, pw) be the weak solution. Let (Sy hr, Pw,n-) be arbitrary
such that p(sy p,. Pw.pr) € X and q(s,, ».) € X (and satisfying
the initial and boundary conditions for simplicity). Then
Sw = Sw.hrll2((0,7):H-1()) T+ la(Sw) — a(Sw.ar )|l 2(2x(0,7))
+ [P (Sw> Pw) = p(Sw,trr P, )l 20, 7): 1 ()
)

N 2
< C{ Z jsr;,pw(sw,h’ra pw7h’r)2 }

n=1

ooooooo

M. Vohralik

IV/IV Full adaptivity for unsteady nonlinear problems 22/35



Q Introduction

O The Stefan problem

Dual norm a posteriori estimate and adaptivity
o Efficiency

@ Energy error a posteriori estimate

@ Numerical results

(]

e Two-phase flow
@ A posteriori error estimate
@ Full adaptivity
@ Applications
@ Numerical results

Q References and bibliography

v d
5 informatics g mathematics



| Stefan problem Two-phase flow R&B Estimate Full adaptivity Applications Numerical results

Distinguishing the error components

Theorem (Distinguishing the error components)

Consider a vertex-centered finite volume / backward Euler
approximation and Newton linearization. Let
@ 1 be the time step,

@ k be the linearization step,

@ |/ be the algebraic solver step,

with the approximations (sl’! p™*1). Then

n nk,i _nk,i nk,i n,k,i n,k,i n,k,i
jsmpw(sw,hr’pw,hr) = Tsp R/ /T Talg

I d
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Distinguishing the error components

Theorem (Distinguishing the error components)

Consider a vertex-centered finite volume / backward Euler
approximation and Newton linearization. Let
@ 1 be the time step,

@ k be the linearization step,
@ |/ be the algebraic solver step,
with the approximations (s CV’; o ’,‘7 "). Then

n nk,i nk,i n,k,i n,k,i n,k,i n,k,i
jswpw( th’pth)<77 +77tm +nlm +77a1g .

Error components

o ' spatial discretization

° n{I’nk’ temporal discretization

° n{l'nk’ linearization

° nﬁ; '+ algebraic solver &,1/1’
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Full adaptivity

Full adaptivity
@ only a necessary humber of algebraic/linearization
solver iterations

@ adaptive regularization, model adaptation, adaptive
choice of the scheme parameters

@ “online decisions”: algebraic step / linearization step /
space mesh refinement / time step modification

@ important computational savings
@ guaranteed and robust a posteriori error estimates
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Full adaptivity

Full adaptivity
@ only a necessary humber of algebraic/linearization
solver iterations

@ adaptive regularization, model adaptation, adaptive
choice of the scheme parameters

@ “online decisions”: algebraic step / linearization step /
space mesh refinement / time step modification

@ important computational savings
@ guaranteed and robust a posteriori error estimates
Not treated for the moment

@ convergence and optimality
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@ Energy error a posteriori estimate

@ Numerical results
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e Two-phase flow
@ A posteriori error estimate
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@ Applications
@ Numerical results

Q References and bibliography

v d
5 informatics g mathematics



| Stefan problem Two-phase flow R&B Estimate Full adaptivity Applications Numerical results

lteratively coupled vertex-centered finite volumes

Vertex-centered finite volumes

@ simplicial meshes 7", dual meshes D"
@ saturations & pressures continuous and pw affine on 7"
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Vertex-centered finite volumes
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Implicit pressure equation on step & H
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lteratively coupled vertex-centered finite volumes

Vertex-centered finite volumes

@ simplicial meshes 7", dual meshes D"
@ saturations & pressures continuous and pw affine on 7"

LS
Implicit pressure equation on step k %V
~((W(sTh )+ M(sh D)Ko

+Aa(s] ”" ‘)KVpC(sgﬁ, NN, 1) yppg =0 VD €D

Explicit saturation equation on step «
kT k- 1 int,
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Linearization and algebraic solution

lterative coupling step k and algebraic step /
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lterative coupling step k and algebraic step /
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Flux reconstructions

Total velocities reconstructions
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Flux reconstructions

Total velocities reconstructions
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(A7 + 175, 1)e := = (s )+ Malsiy 1))KVRS np
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Model problem

Horizontal flow
ou(os,) - v- (< &kewp, ) ~o.

Sp+Sy=1,
Pn — Pw = Pe(Sw)
Brooks—Corey model
@ relative permeabilities

krvw(sw) = sg? kr,n(sw) — (1 - 36)2(1 - sez)

@ capillary pressure
_1
pc(sw) = PaSe 8

SW - srw
I d

1 —Sw — Sm s e
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T =4-10%s,
$p=02 K=10""Im?
fw =510"*%gm~'s™!,  p, =2103kgm~'s7,
Sw =8m =0, pg=5103kgm's?
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T =4-10%s,
$»=02 K=10""Im?,
fw =510"*%gm~'s™!,  p, =2103kgm~'s7,
Sw =8m =0, pg=5103kgm's?
Initial condition (K 18m x 18m lower left corner block)
8 =020nKeTh K&K,
s =0950nKeTh KekK

P4
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Data from Klieber & Riviere (2006)

Data
Q = (0,300)m x (0,300)m, T =4-10%s,
$»=02 K=10""Im?,
fw =510"*%gm~'s™!,  p, =2103kgm~'s7,
Sw =8m =0, pg=5103kgm's?
Initial condition (K 18m x 18m lower left corner block)
8 =020nKeTh K&K,
s =0950nKeTh KekK

Boundary conditions (R 18m x 18m upper right corner block)

@ no flow Neumann boundary conditions everywhere except
of 0K N oQ and 9K N oQ

° L( injection well: s, = 0.95, p, = 3.45.10kgm~1s—2

@ K — production well: s, = 0.2, p, = 2.41-10%kgm~ &Z”/ 5
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Estimators and stopping criteria
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GMRes iterations iterative coupling iterations
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Estimate Full adaptivity Applications Numerical results

GMRes relative residual/iterative coupling iterations

GMRes relative residual
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GMRes iterations
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Space/time/nonlinear solver/linear solver adaptivity

+
HH

Fully adaptive computation
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Q The Stefan problem

Dual norm a posteriori estimate and adaptivity
o Efficiency

@ Energy error a posteriori estimate

@ Numerical results
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O Two-phase flow
@ A posteriori error estimate
@ Full adaptivity
@ Applications
@ Numerical results

o References and bibliography
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Previous results

Nonlinear unsteady problems

@ Eriksson and Johnson (1995), L>(0, T; L2(R)) estimates
exploiting stability of the adjoint problem

@ Gallimard, Ladeveze, Pelle (1997), const. rel. estimates

@ Verfirth (1998), framework for energy control, efficiency

@ Ohlberger (2001), non-energy estimates, hyperbolic limit

@ Akrivis, Makridakis, and Nochetto (2006), higher-order
temporal discretizations
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@ Eriksson and Johnson (1995), L>(0, T; L2(R)) estimates
exploiting stability of the adjoint problem

@ Gallimard, Ladeveze, Pelle (1997), const. rel. estimates

@ Verfirth (1998), framework for energy control, efficiency

@ Ohlberger (2001), non-energy estimates, hyperbolic limit

@ Akrivis, Makridakis, and Nochetto (2006), higher-order
temporal discretizations

Degenerate parabolic problems
@ Nochetto, Schmidt, Verdi (2000), Stefan problem
@ Dolejsi, Ern, Vohralik (2013), Richards problem

(advection-dominated), robustness in a space—time dual
mesh-dependent norm
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Previous results

Nonlinear unsteady problems
@ Eriksson and Johnson (1995), L>(0, T; L2(R)) estimates
exploiting stability of the adjoint problem
@ Gallimard, Ladeveze, Pelle (1997), const. rel. estimates
@ Verfirth (1998), framework for energy control, efficiency
@ Ohlberger (2001), non-energy estimates, hyperbolic limit
@ Akrivis, Makridakis, and Nochetto (2006), higher-order
temporal discretizations
Degenerate parabolic problems
@ Nochetto, Schmidt, Verdi (2000), Stefan problem
@ Dolejsi, Ern, Vohralik (2013), Richards problem
(advection-dominated), robustness in a space—time dual
mesh-dependent norm
Two-phase flows
@ Chen and Ewing (2003), mesh adaptivity &1,7/
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