A posteriori error control for the heat equation J

Martin Vohralik, INRIA Paris-Rocquencourt
Lecture II/IV

[IT Bombay, July 13—17, 2015



| Setting Est. & eff. Applications Numerics R&B

Outline

@ !ntroduction

9 Setting

@ Heat equation
@ Equivalence of error and residual
@ Discrete setting

Q A posteriori error estimates and their efficiency
@ Potential and flux reconstructions
@ A posteriori error estimates
@ Balancing the spatial and temporal error components
@ Efficiency

Q Applications
© Numerical results
@ References and bibliography

I d

: informatics g mathematics

M. Vohralik II/IV A posteriori error control for the heat equation 2 /26



@ Introduction

Q Setting
@ Heat equation
@ Equivalence of error and residual
@ Discrete setting

Q A posteriori error estimates and their efficiency
@ Potential and flux reconstructions
@ A posteriori error estimates
@ Balancing the spatial and temporal error components
@ Efficiency

Q Applications
Q Numerical results

Q References and bibliography

v d
5 informatics g mathematics



| Setting Est. & eff. Applications Numerics R&B

An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound

N
® [u—tnrlZ g0, r) < Cnet Lkernik(Unr)?
@ no undetermined constant: error control
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound

® [lu—unl? g0 < Ynt Ckern M(Unr)?

@ no undetermined constant: error control
Local efficiency

® ng(Unr) < Cetrl|U — Unr ||z, x(n-1,m)

@ optimal space—time mesh refinement

°
Asymptotic exactness

° Zrl\;lz1 ZKGT” nﬂ(UhT)Z/HU - Uh‘r”%QX(o,T) N1

@ overestimation factor goes to one with meshes size
Robustness

@ G indep. of data, domain, final time, meshes, or solution
Small evaluation cost

@ estimators can be evaluated locally in space and m&e,,/a/_
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The heat equation
ou—Au=f ae inQ:=Qx(0,T7),
u=0 ae ondQx(0,T),
u(,0)=up a.e.inQ
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The heat equation

The heat equation
ou—Au=f ae inQ:=Qx(0,T),
u=0 ae ondx(0,T),
u(-,0)=up a.e.inQ
Assumptions
@ Q Cc R d > 2, polygonal domain

@ T > 0, final simulation time
@ fcL?Q),u <€ L?(Q)
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The heat equation

The heat equation
ou—Au=f ae inQ:=Qx(0,T),
u=0 ae ondx(0,T),
u(-,0)=up a.e.inQ
Assumptions
@ Q Cc R d > 2, polygonal domain
@ T > 0, final simulation time
@ fcL?Q),u <€ L?(Q)
Spaces
® X :=L2(0,T; HI(Q)), X' = L3(0, T,H'(Q))
o Y ={yeXoyeX}
Weak solution
Find u € Y with u(-,0) = up such that, fora.e. t € (0, T),

(00 V)10 ey (D) + (VUTV)(D) = (V)0 W e H(Q)

2l —
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Error and residual in the steady case

Laplace equation .
—Au=f in Q,

u=2~0 on 0N
Weak formulation
Find u € H}(Q) such that

(Vu,Vv)=(f,v)  VYve Hi(Q)
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Error and residual in the steady case

Laplace equation .
—Au=f in Q,

u=2~0 on 0N
Weak formulation
Find u € H} () such that

(Vu,Vv)=(f,v)  VYve Hi(Q)
Residual of v, = H}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(Un), P) -1y 1y (@) = (F9) = (Vun, Vo) ¢ € H5 ()
@ dual norm of the residual

IR(un)llh-1(q) == sup (R(Un), ) H-1(0), 11

Q
pEH(Q): [Vl =1 @

athematics
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Error and residual in the steady case

Laplace equation .
—Au=f in Q,

u=2~0 on 0N
Weak formulation
Find u € H} () such that
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@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(Un), P) -1y 1y (@) = (F9) = (Vun, Vo) ¢ € H5 ()
@ dual norm of the residual

IR(un)llh-1(q) == sup (R(Un), ) H-1(0). 1 (@)
PeH(Q); Vel =1

Energy error

IV (u = up)|

..........
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Residual of v, = H}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(Un), P) -1y 1y (@) = (F9) = (Vun, Vo) ¢ € H5 ()
@ dual norm of the residual

IR(un)llh-1(q) == sup (R(Un), ) H-1(0). 1 (@)
PeH(Q); Vel =1

Energy error

IV(u— up)|| = sup (V(u— up), Vo)
peHI(Q): [Vel=1t e
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Error and residual in the steady case

Laplace equation .
—Au=f in Q,

u=2~0 on 0N
Weak formulation
Find u € H} () such that

(Vu,Vv)=(f,v)  VYve Hi(Q)
Residual of v, = H}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(Un), P) -1y 1y (@) = (F9) = (Vun, Vo) ¢ € H5 ()
@ dual norm of the residual

IR(un)llh-1(q) == sup (R(Un), ) H-1(0). 1 (@)
PeH(Q); Vel =1

Energy error is the dual norm of the residual

IV(u—un)l = sup  (V(u—un), Vo) = [R(Un)l[h-1(0)
eI IVell=t T e
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Intrinsic norms for the heat equation

Norms T
@ energy norm: |v|% ::/ IVv|3(t)dt, v e X

0
@ augmented norm: (Verfirth (2003)) |||y := |[V]x + [|0:V] x’,

T 1/2
|6V x = {/0 ||atv|i,_1m)(t)dt} ,vey

T
@ link: Hal‘V”X’ = sup / <(91V, 90>H*1(Q),H3(Q)(t)dt
peX, [lellx=10

—
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Intrinsic norms for the heat equation

Norms T
@ energy norm: |v|% ::/ IVv|3(t)dt, v e X
0
@ augmented norm: (Verfirth (2003)) |||y := |[V]x + [|0:V] x’,
. 1/2
|6V x = {/0 ||atv|i,_1m)(t)dt} ,vey
T
o link: AVl =  sup / (04 0) -+ 2 by ey (D
peX, HsOIIX 1
o [Vlx = sup / ({0, 0 v @y ey + (VY V)t
eX, [lellx=1

Theorem (Norm equivalence, cf. Verfiirth (2003))

LetveY. Then
Ivily < 3[[v]x- +2"2|v(-,0)],
[VIx< < Ivily-
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Norm equivalence |

@ straightforwardly:

[Vilx-=sup /{<81V790>H1(Q),H3(Q)+(VV7V‘P)}(t)dt
peX, [lellx=10

< sup / (O, ) -1 () 1y (2 (Dl

peX, |lpllx=1

sup / (Vv,Vo)(t

wGX llellx=1
= |otvlix: + lIviix = [Iv]lv

ooooooo
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Norm equivalence |

@ straightforwardly:

;
[Vilx-=sup /{<81V790>H1(Q),H3(Q)+(VV7V‘P)}(t)dt
PeX, [lellx=1/0 .

< sup / (O, ) -1 () 1y (2 (Dl
PeX, [lellx=1-/0

)
+ sup / (Vv, Voo)(1)dt
peX, [lpllx=10

= [18evilx + llvilx = llvily
@ classically:

.
zIve, DI = 3llv(,0)] +/0 OV, V) p-1(0), o (D)1

o thus VI < JIv(, T + VI =
LIVC, 0 + Jy {00, V) sy iy + (V. V) (B)dt
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Norm equivalence |l

@ passing to supremum:

]
V< sup | 0w
PeX, |lpllx=

+ (Vv, Vo) (tat|vlx + 3] v(-,0)]?
@ x2<ax+b>=x<a+b,ab>0:
IVIx < [Ivlx- +27 2| v(,0)|
@ forany ¢ € X:

T T
/0 {01V, 0) 1), 1 (o (Dt :/o {0V, @) 1), Hi(@)

@ thus ||0:vlx: < ||[V|lx- + |IV]x

o finally vy = [|0:v]lx + IVlIx < 3|[Vlix- +2"2|v(-,0)  |..
R C
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Error and residual for the heat equation

Residual and its dual norm for the heat equation
For uy, € Y, the residual R(uy, ) € X'

-,
(R(unr), e)xr x = | {(f,0) = (OtUnr, ©) 1)1 ()
0 0
= (Vup, Ve)H(t)dt o€ X,

IR(Une)llxr := sup  (R(Unr), 0)x x
peX, [lpllx=1

-
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Error and residual for the heat equation

Residual and its dual norm for the heat equation
For uy, € Y, the residual R(uy, ) € X'

(R(Uhr ), o) xr x = / {(0e(u — Un), ) 10 (@)
+ (V(Uu = Unr), V)R (t)dt € X,

IR(Une)llxr := sup  (R(Unr), p)xr x = |[U— Uns|lx-
weX, [lellx=1

-
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Error and residual for the heat equation

Residual and its dual norm for the heat equation
For uy, € Y, the residual R(uy, ) € X'

(R(Uhr ), o) xr x = / {(0e(u — Un), ) 10 (@)
+ (V(Uu = Unr), V)R (t)dt € X,

IR(Une)llxr := sup  (R(Unr), 0)x x
peX, [lpllx=1

Corollary (Equivalence of the ||-||y error and of the residual)
Let u be the weak solution. Let u;,, < Y be arbitrary. Then

lu— unrlly < 3 R(Un:)llx + 2" (u = tnr) (-, O
IR(Unr)llx < llu = tnely-
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Time-dependent meshes and discrete solutions

Approximate solutions

discrete times {t"}o<p<n, t° =0and tN = T

o= ("1, " =t"— "1, 1<n<N

a different simplicial mesh 7" onall0 < n< N

up € V1,0 < n < N, piecewise polynomial for simplicity
up? possibly nonconforming, V/) ¢ HJ (<)

up, - Q — R continuous and piecewise affine in time

Une( 1) = (1 — o(O)Ul~" + o(Dufl,  o(t) = %(t ey

tailored to the backward Euler discretization

I d
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Time-dependent meshes and discrete solutions

t
3 3
! e Unr
78 T
t ’ ’ ’ Uhr
2 | | | T
: l : 1
T Sl L, Uhr
Tt | Th 0
‘ u
! ht

tO
\ T

Time-dependent meshes and discrete solutions&;‘gﬂmxmm
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s} < H&(Q) foral0<n<N

ematics

,
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s} < H&(Q) foral0<n<N

@ flux reconstruction o, is piecewise constant in time with

, € H(div,Q) forall1 <n< N

op = op,

ematics
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s} < H&(Q) foral0<n<N

@ flux reconstruction o, is piecewise constant in time with
o = opl, € H(div.Q)forall 1 <n< N

@ 7™ is a common refinement of 77 and 7"+

ematics
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s} < H&(Q) foral0<n<N

@ flux reconstruction o, is piecewise constant in time with
o = opl, € H(div.Q)forall 1 <n< N

e 7TMMlis a common refinement of 7" and 7"+

o f7:= [, f(-,t)dt/T" is piecewise constant in time
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Potential and flux reconstructions

General form

@ potential reconstruction sy, is continuous and piecewise
affine in time with s} < H&(Q) foral0<n<N

@ flux reconstruction o, is piecewise constant in time with
o = opl, € H(div.Q)forall 1 <n< N

e 7TMMlis a common refinement of 7" and 7"+

o f7:= [, f(-,t)dt/T" is piecewise constant in time

Assumption A (Potential and flux reconstructions)

Reconstructions s] preserve mean values of uf! on 7™"+1
(i )k =l )k VKeT" ' vi<n<N.
Reconstructions o} satisfy a local conservation property

("= dpely, — Vol )k =0 VKeT" V1<n<N. |u
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A posteriori error estimate

Theorem (A posteriori error estimate)

Let
@ u be the weak solution

@ up- givenby up € V1,0 < n< N, be arbitrary
@ the potential reconstruction s;,. and the flux reconstruction
o, satisfy Assumption A.

Then

N 1/2
|u— Uprlly <3 {Z// > (k+ ugR,K(T))Zdt}
=1

"KeT"

N
+ {21 // 3 (r/£(~1.,<>2<r)dt}

h KeTn

N 1/2
v {ZTn Z (//QICZ.K)Z} + nic + 3||f — fl|x .

n=1  KeTn

1/2
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Estimators
@ constitutive relation estimator

° i k(1) = [Vsne(t) + opllk, tely
e evaluates that —Vs] ¢ H(div, Q) & temporal error
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Estimators

Estimators
@ constitutive relation estimator

° neg k(1) = IVsn(t) + apllc, teh
e evaluates that —Vs] ¢ H(div, ) & temporal error

@ equilibrium estimator

 he\[F
° gk = "= Osheli, — V-apllk
e equilibrium evaluated for 0;s.|),

I d

hm,.m....u,m...,..mm
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Estimators

Estimators
@ constitutive relation estimator

° neg k(1) = IVsn(t) + apllc, teh
e evaluates that —Vs] ¢ H(div, ) & temporal error

@ equilibrium estimator
o 1l = ||f" — O;Sh. |}, — V- llllk
e equilibrium evaluated for 0;s.|),
@ nonconformity (constraint) estimators
® e k() = IV (shr — tn)(D)llk,  teln
® Nicok = (|0(Shr — Unr)lnllx
e evaluate the fact that u ¢ H](2)

I d

&Z.n,;..u,m.mm
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Estimators
@ constitutive relation estimator

° neg k(1) = IVsn(t) + apllc, teh
e evaluates that —Vs] ¢ H(div, ) & temporal error

@ equilibrium estimator
o 1l = ||f" — O;Sh. |}, — V- llllk
e equilibrium evaluated for 0;s.|),
@ nonconformity (constraint) estimators
® e k() = IV (shr — tn)(D)llk,  teln
® Nicok = (|0(Shr — Unr)lnllx
e evaluate the fact that u ¢ H](2)

@ initial condition estimator
@ 1 = 21"’"’2\\82 — U0

I d
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Estimators

Estimators
@ constitutive relation estimator

° neg k(1) = IVsn(t) + apllc, teh
e evaluates that —Vs] ¢ H(div, ) & temporal error

@ equilibrium estimator
o 1l = ||f" — O;Sh. |}, — V- llllk
e equilibrium evaluated for 0;s.|),
@ nonconformity (constraint) estimators
® e k() = IV (shr — tn)(D)llk,  teln
® Nicok = (|0(Shr — Unr)lnllx
e evaluate the fact that u ¢ H](2)

@ initial condition estimator
@ = 21"’"’2\\82 — U0

@ data oscillation estimator

o ||f —1llx i
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Proof

@ by the triangle inequality and the residual equivalence:

lu=Un- ||y < [1Shr—Une |l y+3]|R(Shr) 1 x+2"/2]|Spr (-, 0)— i |
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Proof

@ by the triangle inequality and the residual equivalence:
lu—tnrlly < |Shr—Unrlly+3[R(Shr) 1 x:+2"/||Spr (-, 0)— o |
© [[R(shr)llx:; &
R(Shr): P)x,x
= / {7~ drshr D)= (Vsw TRt
<
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Proof

@ by the triangle inequality and the residual equivalence:

lu=Un- ||y < [1Shr—Une |l y+3]|R(Shr) 1 x+2"/2]|Spr (-, 0)— i |
® ||R(shr)llx; (V-ohr, @) + (oh, V) =0 &
(R(Shr) ) x' x

T
= /0 {(f - aI‘ShT - V'O'm—, 90) - (vsh‘r + Ohry v@)}(t)dt

IN
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Proof

@ by the triangle inequality and the residual equivalence:

lu=Un- ||y < [1Shr—Une |l y+3]|R(Shr) 1 x+2"/2]|Spr (-, 0)— i |
® ||R(shr)llx; (V-ohr, @) + (oh, V) =0 &
(R(Shr) ) x' x

T
= /0 {(f - aI‘ShT - V'0-/77'7 90) - (vsh‘r + Ohry V@)}(t)dt

N
:Z/ d{(f=osn—V-ah o Jk—(Vsn+op,Vo)k}(t)dt
n=1"hKern

<
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Proof

@ by the triangle inequality and the residual equivalence:

lu=nrlly < [IShr—Unr ||y +3R(Shr )l x+2"/2||Spr (-, 0)— o |
® |R(sh:)llx; (V-0hr,¢) + (ohr, Vo) = 0 & loc. cons. of o:
(R(shr), ) x' x
T
- /0 {(f - aI‘ShT - V'0-/77'7 90) - (vsh‘r + ohr, V@)}(t)dt
N ~
:Z/ > {(F"—0iSn—V-0p, 0 0x)k— (VShr +07, Vi) } (1)t
n=1 I”KET"

<
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Proof

@ by the triangle inequality and the residual equivalence:

lu—tnrlly < |Shr—Unrlly+3[R(Shr) 1 x:+2"/||Spr (-, 0)— o |
® |R(sh:)llx; (V-0hr,¢) + (ohr, Vo) = 0 & loc. cons. of o:
(R(Shr) ) x' x
= /OT{(f — 0tShr — V-opr, ) — (VShr + opr, V) H(E)dE

N
=Y / > ("= 0isn— V-0, 0 21 )k — (VS + 07,V 0)k (1)t
n=1 I”KET"

N
<y // S (0 x + 1% k) IVl + (1 = Fllxrllx
n=1

nKeTn ooooooo
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Proof

@ ||Shr — Unr||x: part of the estimator

° ”at(shr - Uh'r)HX’;

N
(Ot(Shr — Unr), ) x7 x :Z// > (0(shr — Une), )k (t)dt
n=1

"KeT"
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Proof

@ ||Shr — Unr||x: part of the estimator

@ ||0t(Shr — Unr)||x; sSame mean values of s} and v/

N
(Or(Shr — Unr), @) x x :Z/ > (Oe(shr — Unr), 0 — 2i )k (t)d
n=1

hkern
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Proof

@ ||Shr — Unr||x: part of the estimator

@ ||0t(Shr — Unr)||x; sSame mean values of s} and v/

N
(Or(Shr — Unr), @) x x :Z// > (Oe(shr — Unr), 0 — 2i )k (t)d
n=1

nKeTn
N
<> [ 3 BeaxlVelk(bar
n=1"InkeTn
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@ A posteriori error estimates
@ Balancing the spatial and temporal error components
@ Efficiency
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Separating the space and time error components

Separating the space and time error components

o [, (e k(1))2dt < (nlg k1)* + (0r k.2)%5
(nlrk1)? = 27" Vs + oplik

2 _
(1) =2 [ 9 (8) = Vshlfcdt = 5719 55 - 57 )
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Separating the space and time error components

Separating the space and time error components

o [, (e k(1))2dt < (nlg k1)* + (0r k.2)%5
(nlrk1)? = 27" Vs + oplik

2 _
(1) =2 [ 9 (8) = Vshlfcdt = 5719 55 - 57 )

@ temporal estimator 7}, uses 7/ « -
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Separating the space and time error components

Separating the space and time error components

o [, (e k(1))2dt < (nlg k1)* + (0r k.2)%5
(nlrk1)? = 27" Vs + oplik

2 _
(1) =2 [ 9 (8) = Vshlfcdt = 5719 55 - 57 )

@ temporal estimator 7}, uses 7/ « -
@ spatial estimator ng, uses (' 1 1, It k. et ko @Nd 1y i
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Separating the space and time error components

Separating the space and time error components

® [, (nfr k(D)2dt < (g 1,1)% + (g K 2)%
(nr k1)? = 27"||Vsh + opll

2 _
(1) =2 [ 9 (8) = Vshlfcdt = 5719 55 - 57 )

@ temporal estimator 7}, uses 7/ « -
@ spatial estimator ng, uses (' 1 1, It k. et ko @Nd 1y i

Corollary (Estimate separating the space and time errors)

N 1/2 N 1/2
lu— e lly < {Z(nﬁo)z} +{Z(n3n)2} +mic+3]lf — Filx

n=1 n=1

,,,,,,,,
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Assumptions for efficiency

Assumption B (Piecewise polynomials, data, and meshes)
There holds:

@ the meshes {T"}o<n<n are shape-regular uniformly in n;
@ the meshes cannot be refined or coarsened too quickly;

@ for nonconforming methods on time-varying meshes,
(h™)? < " (mild inverse parabolic CFL on time step).

ematics
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Assumptions for efficiency

Assumption B (Piecewise polynomials, data, and meshes)
There holds:
@ the meshes {T"}o<n<n are shape-regular uniformly in n;
@ the meshes cannot be refined or coarsened too quickly;

@ for nonconforming methods on time-varying meshes,
(h™)? < " (mild inverse parabolic CFL on time step).

Local lower bound for the classical residual estimators:

Assumption C (Approximation property)
Forall1 <n< N andall K € T", there holds

IVup +oplk S D hillf™ = Ortine |1, + Aup %

K'eXg
2 —1 2
+ > hellIVupl-nel3+ Y he'IITupllz
ecey! etk ).

B R
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Efficiency

Theorem (Efficiency)

Let Assumptions B and C hold. Then, forall1 < n <N,
Nep + M S 11U — Unr (1) + T "(Unr) + &f
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Efficiency

Theorem (Efficiency)

Let Assumptions B and C hold. Then, forall1 < n <N,
Nep + M S 11U — Unr (1) + T "(Unr) + &f

Notation
@ jump seminorm:
T2 =" b Ilup G+ " Y b ITupllg
ecgn—1 ecen

@ (&) space-time data oscillation term
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Efficiency

Theorem (Efficiency)

Let Assumptions B and C hold. Then, for all1 < n < N,
Nep + M S U= Unrlly(y + T "(Unr) + &7

Notation
@ jump seminorm:
T2 =" b Ilup G+ " Y b ITupllg
ecgn—1 ecen

@ (&) space-time data oscillation term

Comments
® J"un) = U — Uns| x(,) if the jumps in up, have zero
mean values
@ 7" can be added to error: (7" (Un,) = T"(U — Up,))
@ efficiency is local in time but only &;71
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Applications

Space discretization

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

I d
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Applications

Space discretization

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Time discretization

@ backward Euler
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Numerical experiment

Numerical experiment
@ exact solution u = e¥t/*+1=3 on square domain Q =]0, 3[?,
T=150rT=3
@ square meshes: 10 x 10, 30 x 30, 90 x 90
@ time steps: 0.3, 0.1, 0.3333
@ vertex-centered finite volumes
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Error, estimate, and effectivity index, / = 1.5

10° — T ——rr 5.56 —— T

—e—error un.
—=—estimate un.

5.55—

LT

o

0

£
I

o

3]

@
I

5.52—

Dual error
Dual error effectivity index
(&
u
=
T

5.48—

-1 T WA TT1 R R R AR TT] BRI R T]
10 o vl vl 5.46'

—a— effectivity ind. un.

3 4 5
10° 10° 10° 10° 10° 10 10 10° 10
Total numer of space-time unknowns Total numer of space-time unknowns

Dual error and estimator Effectivity index
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Error, estimate, and effectivity index, / — 3

©

10° —rr —r . 556 SN
F —e—erorun. |
[ —=—estimate un. ] 5.85— =
L i 5 554
2 K
10 E 55.53
e f 3 2552
i ¢ 108
© b 7 13}
gt | 5 551
10t 4 < 55
E 7 =3
E J a
£ ] 5.49
[ ] 5.48
0 | | L Ve | Ll L
10 L L 5.4
10° 10" 10° 10° 10° 10° 1 10°
Total numer of space-time unknowns Total numer of space-time unknowns
Dual error and estimator Effectivity index
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Previous results

Continuous finite elements

Bieterman and Babuska (1982), introduction
Eriksson and Johnson (1991), duality techniques
Picasso (1998), no derefinement allowed

Babugka, Feistauer, and Solin (2001), continuous-in-time
discretization

Strouboulis, Babuska, and Datta (2003), guaranteed
estimates

Verfurth (2003), efficiency, robustness with respect to the
final time

Makridakis and Nochetto (2003), elliptic reconstruction

Bergam, Bernardi, and Mghazli (2005), efficiency

Lakkis and Makridakis (2006), elliptic reconstruction . B
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Previous results

Finite volumes

@ Ohlberger (2001), non-energy-norm estimates
@ Amara, Nadau, and Trujillo (2004), energy-norm estimates
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Previous results

Finite volumes

@ Ohlberger (2001), non-energy-norm estimates
@ Amara, Nadau, and Trujillo (2004), energy-norm estimates
Discontinuous Galerkin finite elements

@ Sun and Wheeler (2005, 2006), non-energy-norm
estimates

@ Georgoulis and Lakkis (2009)
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Previous results

Finite volumes

@ Ohlberger (2001), non-energy-norm estimates
@ Amara, Nadau, and Trujillo (2004), energy-norm estimates

Discontinuous Galerkin finite elements

@ Sun and Wheeler (2005, 2006), non-energy-norm
estimates

@ Georgoulis and Lakkis (2009)
Nonconforming finite elements

@ Nicaise and Soualem (2005)

V d
Informatics g mathematics
V122,77 5

M. Vohralik 1I/IV A posteriori error control for the heat equation 25/ 26



| Setting Est. & eff. Applications Numerics R&B

Previous results

Finite volumes

@ Ohlberger (2001), non-energy-norm estimates
@ Amara, Nadau, and Trujillo (2004), energy-norm estimates

Discontinuous Galerkin finite elements

@ Sun and Wheeler (2005, 2006), non-energy-norm
estimates

@ Georgoulis and Lakkis (2009)
Nonconforming finite elements

@ Nicaise and Soualem (2005)
Mixed finite elements

@ Cascon, Ferragut, and Asensio (2006)
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Thank you for your attention!

I d

informatics gFmathematics
V122,77 5

M. Vohralik 1I/IV A posteriori error control for the heat equation 26 /26



	Introduction
	Setting
	Heat equation
	Equivalence of error and residual
	Discrete setting

	A posteriori error estimates and their efficiency
	Potential and flux reconstructions
	A posteriori error estimates
	Balancing the spatial and temporal error components
	Efficiency

	Applications
	Numerical results
	References and bibliography

