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Setting Localization A posteriori Numerics Conclusions

Sign changing coefficients

Model problem
—-V(ZVu)=f in Q,

u=2~0 on 0N

@ X not positive definite (and symmetric)
0 0=0,UQ_,0>0ando_ <0,

Yo, =oil, Zlg =o0_1
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Sign changing coefficients

Model problem
—-V(ZVu)=f in Q,

u=2~0 on 0N

@ X not positive definite (and symmetric)
0 0=0,UQ_,0>0ando_ <0,

Yo, =oil, Zlg =o0_1

@ specific application: electromagnetism for interfaces
between dielectrics and (negative) metamaterials
@ weak solution: u € H}(Q) such that

(ZVu,Vv)=(f,v) VYveHI(Q)

@ conditions for well-posedness follow from the
Banach—Necéas—Babuska theorem — Bonnet-Ben Dhia,
Chesnel, Ciarlet Jr. (2012): T-coercivity

@ numerical discretization: Chesnel and Ciarlet Jr. (2013) &Z"I
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Assumptions

We suppose
@ Q c RY d > 2, an open polytope
@ {7Tn}nis a family of shape-regular simplicial partitions;
@ X € [L>®(Q)]9* is piecewise constant on each given Tp;
o fec L?(Q);
e there exists a linear bijective operator T : H} () — HI(RQ):

IV(TV)|| < |ITIVV] Yv e HY(Q), (boundedness)
allVv|? < (ZVv,V(Tv))  VYve H(Q)  (T-coercivity)
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- Setting Localization A posteriori Numerics Conclusions
In which norm to measure the error?

Energy norm
o V|3, = (=Vv,Vv)for v e H(Q)
@ not well-defined: (XVv, Vv) < 0 may happen
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In which norm to measure the error?

Energy norm
o V|3, = (=Vv,Vv)for v e H(Q)
@ not well-defined: (XVv, Vv) < 0 may happen
Intrinsic problem-dependent norm
@ definition
IVil% = sup  (ZVv, V)  veH(Q)
PEH(Q): [V =1

@ one choice in the sup & the Cauchy—Schwarz inequality:

(ZVv, V(TV)) 1
D S vy < ZVV v e HY(Q)
IV(Tv)]| ” 0
@ T-coercivity & boundedness of X and T:
6]
WIIWII <|Vig < IZllVv] v e HY(Q)
@ = equivalence of |V-|| and ||| 4 g’ s
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- Setting  Localization A posteriori Numerics - Conclusions
Nonconforming discretizations

Broken Sobolev space

H\(Tp) == {v e l?(Q): vk e H(K) VK e T}
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Nonconforming discretizations

Broken Sobolev space
H\(Th) = {v € L3(Q); vk € H(K) VK € Tp}
Equality for X = 1, u, ¢ H}(Q)

IV(u— up)|? = sup  (V(u— up), Vo)
PEH(Q); |V =1

dual norm of the residual

+ inf ||[V(up—9)|2
seHl(Q)

distance to HJ (Q)
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Nonconforming discretizations

Broken Sobolev space
H\(Th) = {v € L3(Q); vk € H(K) VK € Tp}
Equality for X = 1, u, ¢ H}(Q)

IV(u— up)|? = sup  (V(u— up), Vo)
PEH(Q); |V =1

dual norm of the residual
+ inf ||V(up— s)||2
scH!(Q)

0

distance to HJ (Q)

Intrinsic problem-dependent norm, u, € H'(73)
2 2 - 2
u-—u = |lu—u + inf ||V(up—s
1l Al | hll% seHg(Q)” (up —9)||
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Dual norm of the residual

” V“#,wa = SUp (Ev V’ V@)wa
‘peH(] ("Ja); ||V<P||Ha(wa):1
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Localizations

ala) = lLa] 0

Dual norm of the residual

IVIwe = sup (ZVV, V),
M (a): IVl 1 ="

Distance to H] ()
inf ||IV(up — 8®)w.,
Sa%(m\l (Un = 8%)[lwa
where
H}(wa) := H (wa), acVy,
H}(wa) := {v € H'(wa); v =00n dwa N 09}, a € Vi*pz 7722~
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Dual norm of the residual

Let ¢ € [L2(Q)]9 such that

(57 V%)wa =0

be arbitrary. Then

sup (67 v(p)z < (d+ 1)C§0nt,PF Z

PEH(Q): [ Ve|=1

sup
acVy, $€H] (wa); [ Vllwa=1

(& V)2, <[d+1)

va c Vit

Sup (Ea vw)ia’
acyy, <p€H(1) (wa); [[Vellwa=1

sup (& V)2
M} () [Vil=1
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Setting Localization A posteriori Numerics Conclusions

Dual norm of the residual

Corollary

Let u be the weak solution and let u, € H'(T,) such that

(ZVUp, Viba)ws = (Fta)ea VA€ VM

be arbitrary. Then

lu — upll% < @+1)Conpr Y U — tnl%ns
acVy

2 2
> = unl e, < @+l — unllZ
acVy
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Distance to H](Q)

Theorem

Letu € H}(Q) and up € H'(Ty) satisfying

(Tunl,1)e =0 Ve € &y

be arbitrary. Then

inf |V(up — 8)|><(d+1 V(up— M2,
. L! (un = s)* <@+ 1)C; ompra%; JI (un — 87|12,
Y. inf [V(un— s, < (d+1) qu HV(Un—S)II?

acy, ST€H (wa) Hy ()
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Setting Localization A posteriori Numerics Conclusions

Upper bound on the error

Let u be the weak solution and let uy, € H'(Ty) satisfying
(EVU, Via)us = (f0a)es V€V

be arbitrary. For any equilibrated flux reconstruction and any
potential reconstruction,

lu=upll® < Y (IZVun+oallk +ose.x)?+ D V(U —Sn)llx-
KeTh KeTh

v
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Lower bound on the error

Theorem

Let u be the weak solution, let uy, be piecewise polynomial, and
letd = 2. Then, for o, given by mixed finite element solution of
local Neumann problems, for all K € Tp,

H;VUh + O'hHK < Cstccont,PF Z HU - Uh”#,wa + Nosc,wi s
acVyg

H;VUh + o'h” < 3(/‘stccont,PFHu - UhH# =+ SCst770507

and, for s, given by finite element solution of local Dirichlet
problems, for all K € Tp,

||V(Uh - Sh)”K < Csthont,bPF Z inf ||V(Uh - Sa)HUJa’
acVy saeH*L(wa)

HV(Uh - sh)” < 3CSthont,bPF inf HV(Uh — S)H
seH(Q)

0

|
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Setting Localization A posteriori Numerics Conclusions

Numerics
Setting
@ P, conforming finite element discretization
@ estimate
1/2
n:= Z (|’§vuh+ah”K+nosc,K)2
KETh
@ effectivity index
Eff = — 1
U — unl| 4
@ computable effectivity bounds
n n
Eff, = ——————  Eff_:=
SV(u—u)l|’ (BV(u—up),V(T(u—Up)))
1ZV(u = vl NGE=)ips
m[n&amx,mamnmmkx
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- Setting  Localization A posteriori Numerics - Conclusions
Regular solution

Data
@ Q:=(-1,1) x (~1,1)
® Q, :=(0,1) x (=1,1), Q_ := (=1,0) x (=1,1)
@0, =1,0_<0
@ exact solution

ux,y)=o-x(x+1)(x =1+ 1)y —1)for(x,y) € Q4,
u(x,y) =x(x+1)(x—=1)(y +1)(y — 1) for (x,y) € Q-
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- Setting Localization A posteriori Numerics Conclusions
Exact solution and mesh
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Errors and estimators, o = —0.01

error low
—#—error H'
—=—estimate
—>—flux est.

Errors and estimators
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Errors and estimators, 0. = —1/3
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Errors and estimators, o_

—0]. 8]

Errors and estimators
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Singular solution

Data
@ Q:=(-1,1)x(-1,1)
@ Q,:=(0,1)x(0,1),Q2_:=Q\Q
@0, =1,0_<0
@ exact solution

u(x,y) = r*(cy sin(\) + ca sin(\(r/2 — 0))) for (x,y) € Q.
u(x,y) = r’ds sin(A\(0 — 7/2)) + do sin(A\(2m — 0)) for (x, y) € Q_

e uc H'™(Q)
@ o_=-5: A~ 04601069123
@ o =—-3.1: A= 0.1391989493
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- Setting Localization A posteriori Numerics Conclusions
Exact solutions
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- Setting Localization A posteriori Numerics Conclusions
Errors and estimators, o = -5
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- Setting Localization A posteriori Numerics Conclusions
Errors and estimators, o_ = 3.1
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Errors and estimators, o_ = 3.1
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Conclusions and future directions

Conclusions
@ robust equivalence between the intrinsic dual norm and
computable a posteriori estimators
@ unified framework covering all classical numerical methods

@ easily computable upper and lower bounds for the dual
norm = loss of robustness

@ cure: localization of the dual norms
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Conclusions and future directions

Conclusions
@ robust equivalence between the intrinsic dual norm and
computable a posteriori estimators
@ unified framework covering all classical numerical methods

@ easily computable upper and lower bounds for the dual
norm =- loss of robustness

@ cure: localization of the dual norms
Future directions

@ extension to reaction—diffusion problems
@ extensions to nonlinear problems
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Thank you for your attention!
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