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Optimality with respect to the cost

It is impossible to design an algorithm with better convergence rate.
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@ no earthquake, roodmg tsunaml heavy rain, extreme temperature
@ deterministic, steady problem, PDE known, data known, implementation OK
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Numerical approximations of nonlinear PDEs:

Setting
@ u: unknown exact PDE solution

° ué“ : known numerical approximation on mesh 7y, linearization step k, and
linear solver step
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Numerical approximations of nonlinear PDEs: 3 crucial questions
& suggested answers

\

Setting
@ u: unknown exact PDE solution

° u?’ : known numerical approximation on mesh 7y, linearization step k, and
linear solver step

@ How large is the overall error @ Computable error
between u and u,"'? :

© Where (space/linearization/algebra) @ Identification of
is it localized? o error components,

© Can we decrease it optimally? (working where needed).
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A posteriori error estimates

|

Guaranteed a posteriori error estimates efficient
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A posteriori error estimates

|

Guaranteed a posteriori error estimates efficient, robust with re-
spect to strength of nonlinearities

lu = ulll < n(uf’) < Corlllu—uf'|ll,  Cerr independent of nonlinearities
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A posteriori error estimates

|

Guaranteed a posteriori error estimates efficient, robust with re-
spect to strength of nonlinearities
1/2
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A posteriori error estimates

|

Guaranteed a posteriori error estimates, efficient, robust with re-
spect to strength of nonlinearities
1/2
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> me(tf)" p < Cenlllu— gl
KETe

ki ki
ni (Uy") < Cegtll|u — u)'|||.o, forall K € T,

: 7 E
wﬂ, (3 i
M. Vohralik Adaptivity of error components for optimality in numerical simulations 10 /42




|

Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

A posteriori error estimates

Guaranteed a posteriori error estimates, efficient, robust with re-
spect to strength of nonlinearities, and identifying error components.
1/2
. ,
> ()’ p < Cenlllu— gl
KET:

i (Uf") < Cegrll|u — uf'|||.o, for all K € T,
nK(U?") = ndisc,K(Ué(”) + nun,K(Uf") +n ,K(Ué(”)-
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A posteriori error estimates

|

Guaranteed a posteriori error estimates, efficient, robust with re-
spect to strength of nonlinearities, and identifying error components.
1/2
. ,
> ()’ p < Cenlllu— gl
KET:

i (Uf") < Cegrll|u — uf'|||.o, for all K € T,

i () = maise i (U°") + min i (U + 1 ().
Error components

° ndlscK(ué ) discretization

° min,K(Ug’ ): linearization

° Ualg,K(Ué(’i)i .

(2 2de g
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A posteriori estimates of total and algebraic errors: AU,  F,

l

Total error and its bounds Discretization and algebraic errors and their bounds

s dis. error
dis. error UB
= = dis. error LB

alg. error

10° total error
total error UB

~ = total error LB

—alg. error
-------- alg. error UB
alg. error LB

4l N
104+ 1 10 adaptive stopping criterion TR

. . . L L L

1 2 3 4 5 1 2 3 4 5
MG iteration MG iteration

Total error Error components and adaptive st. crit.
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| A posteriori estimates of total and algebraic errors: AU, / F,
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~ Algorithm
Algorithm 1 Adaptivity of error components
ki
while \’\]\(Ulﬁ'j\i > Yot dO > while user-specified relative precision is not reached
0

assemble the finite element space V/”

assemble the nonlinear problem

while nlin,K<Ug7l> >’Ylin7]disc,K(Ug’I) VK € T, do 1> while linearization dominates discretization
assemble the linearized problem
while VK € T, do > while algebra dominates linearization

one step of iterative algebraic solver,

end while (iterative algebraic solver)
k++

end while (iterative linearization)

refine K € T; with big 7aise k (Uy”), € + +

end while (adaptive mesh refinement)
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Holistic approach: interplay PDE—numerics—linearization—algebra

Optimal decay rate of error wrt computational cost

Adaptivity of error components allows to achieve

i —p/d

. i K
llu— ug”||| S Z |VP| (replaces traditional a priori AP).
(=0 k=0 i=0
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Adaptivity of error components allows to achieve

. ki —p/d
llu— ug”||| < { > Z Z | Vp|} (replaces traditional a priori AP).
/=0 k=0 /=0

Error control
@ at any moment during the simulation
@ price: local finite element quadrature/sparse matrix-vector multiplication
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Adaptivity of error components allows to achieve

ki —p/d
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Error control
@ at any moment during the simulation
@ price: local finite element quadrature/sparse matrix-vector multiplication

Adaptivity of error components
@ same physical units of all component estimators
@ balance all component estimators
@ online steering (work where needed)
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Holistic approach: interplay PDE—numerics—linearization—algebra

Optimal decay rate of error wrt computational cost

Adaptivity of error components allows to achieve

. ki —p/d
llu— ug”||| < { > Z Z | Vp|} (replaces traditional a priori AP).
/=0 k=0 /=0

Error control
@ at any moment during the simulation
@ price: local finite element quadrature/sparse matrix-vector multiplication

Adaptivity of error components
@ same physical units of all component estimators
@ balance all component estimators
@ online steering (work where needed)
@ hard problem replaced by a sequence of easier problems ‘
@ not a novel scheme, rather an efficient use of existing building bloclﬁ'zu’a,_ i@
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Find v € H}(Q) such that
(a(|Vu)Vu,Vv) = (f,v)  VYveH}(Q).

~ /

(A(u),v): nonlinear operator

lonia @
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A model nonlinear problem

|

Find u € HJ () such that
(a(|Vu))Vu,Vv) = (f,v) Vv e H(Q).

(A(u),v): nonlinear operator

Assumption (Gradient-dependent diffusivity)

Function a : [0, 00) — (0, 00), for all x,y € RY,

la(|x])x — a(|y|)y| < a|x —y| (Lipschitz continuity),
(a(|x))x — a(ly])y) - (x —y) > an|Xx — y|?  (strong monotonicity).

- A
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A model nonlinear problem

|

Find u € HJ () such that
(a(|Vu))Vu,Vv) = (f,v) Vv e H(Q).

(A(u),v): nonlinear operator

Assumption (Gradient-dependent diffusivity)

Function a : [0, 00) — (0, 00), for all x,y € RY,

la(|x])x — a(|y|)y| < a|x —y| (Lipschitz continuity),
(a(|x))x — a(ly])y) - (x —y) > an|Xx — y|?  (strong monotonicity).

@ an<alr)<a.,am<(alnr) <a
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

a(r) with a, =1
100 1

a. =100

0 . .
0 5 10 "
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

alr) .= am +

dc — @m

Vi+r2

100 1

50 1

a(r) with a, =1

5

M. Vohralik

10 1

100 1

50 T

a. =100
0

(a(r)r) with am = 1

0

5
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

a _

Lipschitz continuity

a,  strong monotonicity

100 1

50 1

a(r) with a, =1

5
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50 T

a. =100
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(a(r)r) with am = 1

0
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Finite element discretization

|

Definition (Finite element discretization)

Find u, € VJ such that

(a(|Vu|)Vu, Vve) = (f,v)) Vv e VP

(A(ug),ve): nonlinear operator
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Finite element discretization

|

Definition (Finite element discretization)

Find u, € VJ such that

(a(|Vu|)Vu, Vve) = (f,v)) Vv e VP

(A(ug),ve): nonlinear operator

@ 7, simplicial mesh of Q

@ p > 1 polynomial degree
o VP :="Pyu(Te) N H{(Q)

@ conforming finite elements
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Finite element discretization

|

Definition (Finite element discretization)

Find u, € VJ such that

(a(|Vu|)Vu, Vve) = (f,v)) Vv e VP

(A(ug),ve): nonlinear operator

@ 7, simplicial mesh of Q

@ p > 1 polynomial degree

o VP :="Pyu(Te) N H{(Q)

@ conforming finite elements

@ system of nonlinear algebraic equations

7
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lterative linearization

Definition (Linearized finite element approximation)

Find u) € V/ such that
(AUl — b V) = (f,v)  VYvoe VP

-~

(Ak=1(uk),ve): linearized operator
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Definition (Linearized finite element approximation)

Find u) € V/ such that
(AUl — b V) = (f,v)  VYvoe VP
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(Ak=1(uk),ve): linearized operator

@ iterative linearization index k > 1
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lterative linearization

Definition (Linearized finite element approximation)

Find u) € V/ such that
(AUl — b V) = (f,v)  VYvoe VP

-~

(Ak=1(uk),ve): linearized operator

@ iterative linearization index k > 1
e A“~' pX~1: matrix- and vector-valued functions constructed from uf~"
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lterative linearization

Definition (Linearized finite element approximation)

Find u) € V/ such that
(AUl — b V) = (f,v)  VYvoe VP

-~

(Ak=1(uk),ve): linearized operator

@ iterative linearization index kK > 1

o AT b" ': matrix- and vector-valued functions constructed from uf~"

o Y= e ', € V7 initial guess from the previous mesh
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Definition (Linearized finite element approximation)

Find u) € V/ such that
(AUl — b V) = (f,v)  VYvoe VP

-~

(Ak=1(uk),ve): linearized operator

@ iterative linearization index kK > 1

o AT b" ': matrix- and vector-valued functions constructed from uf~"

o Y= e ', € V7 initial guess from the previous mesh
@ system of Imear algebraic equations
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-

(Ak=1(uk),ve): linearized operator

@ iterative linearization index kK > 1

o AT b" ': matrix- and vector-valued functions constructed from uf~"

o Y= e ', € V7 initial guess from the previous mesh
@ system of Imear algebraic equations
@ examples

o A7 = a(|Vuk—"))I,4, b~ = 0 (fixed-point/Picard)
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Definition (Linearized finite element approximation)

Find u) € V/ such that
(AUl — b V) = (f,v)  VYvoe VP

-

(Ak=1(uk),ve): linearized operator

@ iterative linearization index kK > 1

o AT b" ': matrix- and vector-valued functions constructed from uf~"

o Y= e ', € V7 initial guess from the previous mesh
@ system of Imear algebraic equations
@ examples

o A7 = a(|Vuk—"))I,4, b~ = 0 (fixed-point/Picard)
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lterative algebraic solver

l

Definition (lterative algebraic solver)

Find u)" € VP such that

(A§71VU2(’ —b§71,VVg):(f, Vf)_ (ré(’i, Vg) Vv € Vép
. W
(R (uf"),ve): residual
lreia—
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lterative algebraic solver

|

Definition (lterative algebraic solver)

Find ué" € VP such that
(A — BT V) = (F,ve) - (', ve) e e Vy.
—_——

(R (u?'i),vl_;): residual

@ iterative algebraic solver index / > 1

7
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lterative algebraic solver

|

Definition (lterative algebraic solver)

Find u)" € VP such that

(AU — bET V) = (f,v) - (r v) Vv, e VP
(R (Ul ve): residual

@ iterative algebraic solver index / > 1

o uf% .= uf~"" ¢ VP initial guess from the previous linearization step

7 E: ;
Ceeia—~
M. Vohralik Adaptivity of error components for optimality in numerical simulations 19 /42




Introduction Steady nonlinear diffusion Multiphase flows Conclusions A posteriori error estimates Mesh and solvers adaptivity

lterative algebraic solver

|

Definition (lterative algebraic solver)

Find u)"' € VP such that

(AU — bET V) = (f,v) - (r v) Vv, e VP
(R (Ul ve): residual

@ iterative algebraic solver index / > 1

o uf% .= uf~"" ¢ VP initial guess from the previous linearization step

@ algebraic residual: discrete, known

7 E: ;
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Error measure, error components

Definition (Intrinsic measure of error)

llu= o]l = max { (f,v) = (a(Vu " NVu, vv) )
veH () ~ ~-
IVvi=1
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Error measure, error components

Definition (Intrinsic measure of error)

k7 . k7. k7.
o= = max { (Fv)— (a0VeE)vYE, vY) )
veH () ~— ~
IVVII=1 (R(ul"),v): total residual
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Error measure, error components

Definition (Intrinsic measure of error)

k K,i K,i
lu= = max { (f,v)— (a(VeE)vLE,TY) )
veH () ~ ~ .
IVVII=1 (R(uf"),v): total residual=(f,v)—(A(uf"),v)
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Error measure, error components

Definition (Intrinsic measure of error)

lu—ul[l:= max { (f,v)—(a(|Vu,”

veH; (Q)

||Vv||—1 (R(U"),v): total residual=(f,v)—(A(uf"),v)

()~ (A AUy, v) = (f,v) — (AT (U

(R ( ) v): total residual (RdiSC(uif’i),v): discretization residual

+ (A (), v) -

(R‘i"(uk*’) v): linearization residual

+ (R (uf),v)
~—_————

residual
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Duality when a = 1 (linear case)

Theorem (Error characterization, prager & synge (1947))
Let u € H}(Q2) be the weak solution and let u, = H, (<)) be arbitrary. Then

max {(f,v) — (Vu, Vv)}2.
VGH&(Q) ~"
IVv]=1 (R(ug),v)

~~
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Duality when a = 1 (linear case)

Theorem (Error characterization, prager & synge (1947))
Let u € H}(Q2) be the weak solution and let u, = H, (<)) be arbitrary. Then

IV(u =)l = max {(f,v) = (Vu, VV)}2.
VGH&(Q) ~"
(IVv]=1 (R(ug),v)

dual norm of the PDE residual
=miny ¢ y(div,0) | Vet VI
V-v=f
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VGH&(Q) ~"
(IVv]=1 (R(ug),v)

dual norm of the PDE residual
=miny ¢ y(div,0) | Vet VI
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Duality when a = 1 (linear case)

Theorem (Error characterization, prager & synge (1947))
Let u € H}(Q2) be the weak solution and let u, = H, (<)) be arbitrary. Then

IV(u—u)® = max {(f,v) = (Vu, VV)}2.
veH(Q)
[Vv]=1 (R(ug),v)

dual norm of the PDE residual
=miny ¢ y(div,0) | Vet VI

Vev=f
constrained distance to H(div,Q)

Comments
@ Itis enough to choose suitable (discrete, piecewise polynomial) oy € H(div, Q)

with V.o, = f to get the guaranteed upper bound ||V(u — u)|| < |[Vue + o).
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Duality when a = 1 (linear case)

Theorem (Error characterization, prager & synge (1947))
Let u € H}(Q2) be the weak solution and let u, = H, (<)) be arbitrary. Then
IV(u—up)]|? = max {(f,v) — (Vu, Vv)}2.

veH(Q)
(IVv]=1 (R(ug),v)

adual norm of the PDE residual
:minVGH(di\ Q) IVug+v|?

Vev=f
constrained distance to H(div,Q)

v

Comments
@ Itis enough to choose suitable (discrete, piecewise polynomial) oy € H(div, Q)

with V-0, = f to get the guaranteed upper bound | V(u — uy)|| < [[Vue + o].
@ Local construction of o,: Ladevéze (1975), Babuska & Rheinboldt (1987),

Verfirth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),

Vejchodsky (2006), Braess, Pillwein, & Schéberl (2008), Ern & Vohralik (2013)
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_ A posteriori error estimates Mesh and solvers adaptivity
Equilibrated flux reconstruction when a = 1 (linear case)
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Equilibrated flux reconstruction when a = 1 (linear case)
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At N

1
0.5 1

Flux —Vu, ¢ H(div. Q), V-(—Vug) # f
~Vu, € RT, 1(To), f € L3(Q)

(f.¥a)wa—(VUg,Vipa)wa=0 Vacyint
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Equilibrated flux reconstruction when a = 1 (linear case)

1

0.8>4> ¢ f\ & ft ¢ / t & & N Ny v
06F__ __ '\ \ / /4 o ~ .
oale ~ T \\ 72 /’/ ’// P ¥ £
02r N \‘\ \} \/ 4/ /‘/ L - ~
ST (RN
-0.2F — £, /'/’ /7 /\ »(\ \‘\ O —] = \ “ 1 <
04714, _~ % ‘/ AN \\ N 1 - I }
06 /f /f ZEN \\ \\ — o -
_0_8,‘> T T T T - = = = £—4
At N A BN
_1_1 05 0 0.5 1 P a
Flux —Vu, ¢ H(div,Q), V-(=Vup) # f R o2
—Vu € RT,1(Th), f € LB(Q — ar YU+ v
0 o—1(Te) (Q) of ‘%E,RT(T )ﬂHo(dlvw;Sba 0+ Villwa
(fa)wa—(VUe, Vipa)wa=0 VaeVint V-ve=Mp(Fba—VU-Vipa)

M. Vohralik Adaptivity of error components for optimality in numerical simulations 22/ 42



Introduction  Steady nonlinear diffusion Multiphase flows Conclusions A posteriori error estimates Mesh and solvers adaptivity

Equilibrated flux reconstruction when a = 1 (linear case)
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Equilibrated flux reconstruction when a = 1 (linear case)
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acyy
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Flux reconstructions (residual liftings)

|

Definition (Discretization residual lifting o’ )

For each a € V,, solve the local constrained minimization pb

kia : k=1, ki ppk—1
o0, = arg min va(A;, " 'Vu," — b + v
disc,¢ VZGRn(Ta)ﬁHo(diVWa) H ( v / y4 ) Hwa
Vve=Np((f—r Ya— (AT VUl —bE=1).Tya)
and combine ol =Y ohla,
ac)y

7
Ceeia—~
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Flux reconstructions (residual liftings)

Definition (Discretization residual lifting o’ )

For each a € V, solve the local constrained minimization pb
G o arg min
a0 VeERTp(T?)NHy(div wa)
V-ve=Mp((f—r) Ya— (A VUl —bE="). Vya)
: ki . k.i.a
and combine Tt = ) T
ac)y

[ba(AT VU — BT 4 vy,

Definition (Linearization residual lifting ak”;@)

For each a € V), solve the local constrained minimization pb

k.ia : k,i K,i k1w, ki k—1
G = min a(|lvVu,”)\Vu,” — (A} 'Vu,” — b +v
i =g, o in - Ga(@( VU DV = (AT = BED) + Vil
V-v,=0
H k7. . k!'!
and combine o-linl,é o= § :Unnl,za-

acVy,

M. Vohralik Adaptivity of error components for optimality in numerical simulations
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A posteriori error estimates Mesh and solvers adaptivity

| Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)
Find pdlgo e P(To) N HY (Q) s.t.
(Vpalg 07V,¢}a)wa - ( 0 7wa)wa va e V.

@ P, FE solve on coarse mesh 7

lreia— B
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~ Algebraic error flux reconstruction, two-level setting
Definition (Coarse grid solve)

Find /)

d(,o € P1(To) N H1(Q) s.t.

(Vpalg 0’ V"ﬁa)wa = ( Y, a¢a)wa Va e ,.

@ P; FE solve on coarse mesh 7

Definition (Algebraic residual lifting 0'”" )

k,/,a .
_arg min K. K. ||Vf||wa7
VeeVE, Vove=Nq,(Yar, =Via- Vo, ;)

@ lifting the algebraic residual rtf""

M. Vohralik
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~ Algebraic error flux reconstruction, two-level setting
Definition (Coarse grid solve)

Find /)

d(,o € P1(To) N H1(Q) s.t.

(Vpalg 0’ V,‘vba)wa = ( Y, a¢a)wa Va e ,.

@ P; FE solve on coarse mesh 7

Definition (Algebraic residual lifting al]" )

\
\ \
k,i,a -
a'” = arg min

/ | >
a ki K. vame
VZEVZ,V‘V[:nQe(iﬁar[' —VﬂJa'VPll' 0

e lifting the algebraic residual "’

M. Vohralik
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~ Algebraic error flux reconstruction, two-level setting

A posteriori error estimates Mesh and solvers adaptivity

Definition (Coarse grid solve)

Find pl](,o € Pi(To) N H] (Q) s.t.
(Vpalg 0’ V,‘vba)wa = ( Y, a¢a)wa Va e ,.

@ P; FE solve on coarse mesh 7

Definition (Algebraic residual lifting o a0 7,)

k,/,a .
o = arg min y Vel was
veVE, Vv =Nq,(Yar,” —Va-Vo,. o)

e lifting the algebraic residual r,’

M. Vohralik
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~ Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid solve)

08

Find /)11(,0 € Pi(To) N H] (Q) s.t. )
(Vpalg 0’ V¢a)wa - ( Y, ad]a)wa Va e ,. 04

02

0

@ P; FE solve on coarse mesh 7 o e

alg. error flux reconstruction

Definition (Algebraic residual lifting o a0 7,)

0.8 -
k7l»a o A
o, =arg min y Vel was
VeeV], Vov=Nq,(Yar," —Va-Vp,. o) 06y
ki . k,i,a
os N2 Z e N4 0.4 -
ac), L
e lifting the algebraic residual r, 27
OVUKIK—ZVUK’I’a Mg k':ré(" 0 M N ANV ,
aEVO 0 0.2 0.4 0.6 % ]'i i
M. Vohralik
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A posteriori error estimate distinguishing the error components

Theorem (A posteriori error estimate, a. em, m. vohraik (2013))

|

Letu e VP be given.

o

A5
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A posteriori error estimate distinguishing the error components

Theorem (A posteriori error estimate, a. em, m. vohraik (2013))

|

K, P ; K, ._ Kk,i K,i ki
Letu, € Vy begiven. Leto, = oy, + on, +0o.,.
~ ~~— ~~—~ S~
total discretization  linearization  algebraic

A
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A posteriori error estimate distinguishing the error components

|

Theorem (A posteriori error estimate, a. em, m. vohraik (2013))
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Theorem (A posteriori error estimate, a. em, m. vohraik (2013))
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A posteriori error estimates  Mesh and solvers adaptivity

Including algebraic error: AU, * F,

|
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Estimated algebraic errors 1, x(u}) Exact algebraic errors |V (u, — uy) ||k
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Including algebraic error: AU, * F,
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Nonlinear pb —V-(a|Vu|)(Vu) = f: including linearization and
algebraic error: A,(U,") + F,, Ak-1U; '+ R

0 0
10 \ \ \ [ 10 I I I I I

|

S n s
@ G 441
] g0 E
= =1 _ m
[a] _ [a) r ]
[ | —e—error up ]
| | = estimate |
_ —A—disc. est.
t| —@—lin. est. o
—*—alg. est.
1070 | | | | | | 1072 | | | | | |
0 100 200 300 400 500 600 700 0 5 10 15 20 25 30 35
Algebraic iteration Algebraic iteration
Newton adaptive inexact Newton

M. Vohralik Adaptivity of error components for optimality in numerical simulations 27 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions A posteriori error estimates  Mesh and solvers adaptivity

Nonlinear pb —V-(a|Vu|)(Vu) = f: including linearization and
algebraic error: A,(U,") + F,, AK-Tu, ' + Bt

WeT——71 717 7 T T T T f£—C——3
—e—errorup 4
—a— estimate |]
10° —A— disc. est.
——lin. est.
107
S S
T 4 d @
5 10 =
=3 =]
a o
10°°
10°°
ool L s A N N O IO
0 2 4 6 8 10 12 14 16 18 20 1 2 3 4 5 6 7 8 9 10 11 12 13
Newton iteration Newton iteration
Newton adaptive inexact Newton

M. Vohralik Adaptivity of error components for optimality in numerical simulations 27 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions A posteriori error estimates  Mesh and solvers adaptivity

Optimal decay rate wrt degrees of freedom & computational cost
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~Adaptivity of error components: optimality in numerical simulations

Theorem (Optimal numerical simulation, a. Haver, . Praetorius, 5. Schimanko, M. Vohralik (2021))
Best-possible decay rate of the error with respect to the cost is achieved:

_ 7 ki —p/d
llu— ug MSII D> v (replaces traditional h°, even for singular u).
(=0 k=0 i=0

7 E: ;
Ceeia—~
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Two-phase flow

|

Incompressible two-phase flow in porous media
Find saturations s, and pressures p,, o € {g,w}, such that

0i(¢Sa) — V- < Ko (Sw)

a

K(TPa +a0V2)) = o, € 2w
S;+Sy=1,
Pz — Pw = Pc(Sw)

@ unsteady, nonlinear, and degenerate problem

@ coupled system of PDEs & algebraic constraints

-

rg E
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Incompressible two-phase flow in porous media
Find saturations s, and pressures p,, o € {g,w}, such that

kra
on(0,) ~ V(52K (T, 1 pog¥2) ) = ae faw)
Sg+Sy=1,
Pe = Pw = Pe(Sw)

@ unsteady, nonlinear, and degenerate problem
@ coupled system of PDEs & algebraic constraints

Carbon capture & geological storage
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Multi-phase multi-compositional flow

|

Theorem (Multi-phase multi-compositional Darcy flow with phase (dis)appearance,

|. Ben Gharbia, J. Dabaghi, V. Martin, M. Vohralik (2020))

There holds
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Theorem (Multi-phase multi-compositional Darcy flow with phase (dis)appearance,
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There holds
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Academic example of oil recovery
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Academic example of oil recovery, overall a posteriori estimate
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Academic example of oil recovery, adaptivity of error components

Error components vs time (log) GMRes iterations vs time
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Real-world example: 3 phases, 3 components (black-oil) problem

Gas saturation AMRError

1.209e-01 0.31 0.5 0.68 8.709e-0L

“\H\HHH\Himmm\mw

0.000e+00 0.25 0.5 0.75 1.000e+00,

o R LR P e

i =
XK %
SRR
S
o

s "0':
i
S

AN

S0

S s “: ;, “‘:‘:?‘v_,
i i

s
&
XA
sy
N

S

Gas saturation A posteriori error estimate

M. Vohralik Adaptivity of error components for optimality in numerical simulations 35/ 42



Introduction ~ Steady nonlinear diffusion Multiphase flows Conclusions Error control and adaptivity of error components

Three-phases, three-components (black-oil) problem: algebraic
solver & spatial mesh adaptivity
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Error control and adaptivity of error components
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Phase (dis)appearance: Couplex-gas benchmark
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SIAM Conference on Mathematical & Computational Issues in the
Geosciences, Bergen, June 2023: the FluidFlower experiment
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SIAM Conference on Mathematical & Computational Issues in the
Geosciences, Bergen, June 2023: the FluidFlower experiment
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Geological sequestration of CO,
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Geological sequestration of CO»

Molar Fraction CO2w
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Error control and adaptivity of error components

Geological sequestration of CO,: adaptivity of error components

M. Vohralik

Solver & adaptive error ratio
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@ adaptivity of error componentis: space/time mesh, (non)linear solver, regularization
@ a posteriori overall error control
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Conclusions

@ adaptivity of : space/time mesh, (non)linear solver, regularization
@ a posteriori error control
@ optimal (best-possible) decay rate of the error wrt the computational cost
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Conclusions

@ adaptivity of : space/time mesh, (non)linear solver, regularization
@ a posteriori error control

@ optimal (best-possible) decay rate of the error wrt the computational cost

@ not a novel scheme, rather an efficient use of existing building blocks

@ recovering mass balance in any situation
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a posteriori error control

optimal (best-possible) decay rate of the error wrt the computational cost

not a novel scheme, rather an efficient use of existing building blocks

recovering mass balance in any situation
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Nonsmooth and degenerate nonlinearities
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Nonsmooth and degenerate nonlinearities
@ omnipresent in applications
@ cause convergence troubles of standard iterative linearization methods
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Nonsmooth and degenerate nonlinearities: common recipes

Nonsmooth and degenerate nonlinearities

@ omnipresent in applications

@ cause convergence troubles of standard iterative linearization methods
Common recipes

@ timestep cutting

@ damping

@ scheme switching (from Newton to fixed-point ...)

@ variable switching

@ regularization

° ...

-
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_ Model nonlinearities  Nonsmooth & degenerate nonlinearities
Comparison with existing approaches
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