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PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
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unknown exact solution u
computational mesh
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of p
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∥(u − uℓ)′∥ ≤ Chp

ℓ when u ∈ Hp+1(Ω)

when u ∈ Hs(Ω): only h(s−1)
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2 convergence rate same for small and big p
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Common claim

: uniform mesh refinement

High-order finite elements do not pay-off for low-regularity solutions.
M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2

p =
3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
hp ℓ

u ∈ Hp+1(Ω)

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100
p = 1p = 2p = 3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
h(s

−
1)

ℓ

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

Common claim: uniform mesh refinement
High-order finite elements do not pay-off for low-regularity solutions.

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

u

x

x0.
65

+
ε
∈

H
s=

1.
15
(Ω

)

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

u

x

x0.
65

+
ε
∈

H
s=

1.
15
(Ω

)

0 0.2 0.4 0.6 0.8 1

2

4

6

8

10

12

14

16

u ′

x

0.
65

x−
0.

35

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

u

x

x0.
65

+
ε
∈

H
s=

1.
15
(Ω

)

0 0.2 0.4 0.6 0.8 1

2

4

6

8

10

12

14

16

u ′

x

0.
65

x−
0.

35

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

u

x

x0.
65

+
ε
∈

H
s=

1.
15
(Ω

)

0 0.2 0.4 0.6 0.8 1

2

4

6

8

10

12

14

16

u ′

x

0.
65

x−
0.

35

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

u

x

x0.
65

+
ε
∈

H
s=

1.
15
(Ω

)

0 0.2 0.4 0.6 0.8 1

2

4

6

8

10

12

14

16

u ′

x

0.
65

x−
0.

35

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

u

x

x0.
65

+
ε
∈

H
s=

1.
15
(Ω

)

0 0.2 0.4 0.6 0.8 1

2

4

6

8

10

12

14

16

u ′

x

0.
65

x−
0.

35

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

u

x

x0.
65

+
ε
∈

H
s=

1.
15
(Ω

)

0 0.2 0.4 0.6 0.8 1

2

4

6

8

10

12

14

16

u ′

x

0.
65

x−
0.

35

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

0 0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

u

x

x0.
65

+
ε
∈

H
s=

1.
15
(Ω

)

0 0.2 0.4 0.6 0.8 1

2

4

6

8

10

12

14

16

u ′

x

0.
65

x−
0.

35

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2

p =
3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
hp ℓ

u ∈ Hp+1(Ω)

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100
p = 1p = 2p = 3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
h(s

−
1)

ℓ

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2

p =
3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
hp ℓ

u ∈ Hp+1(Ω)

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100
p = 1p = 2p = 3

|V p
ℓ |−1

∥(
u
−

u ℓ
)′
∥≤

C
|V

p ℓ
|−

(s
−

1)

u ∈ Hs(Ω), s = 1.15, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems

: adaptivity

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2

p =
3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
hp ℓ

u ∈ Hp+1(Ω)

100 101 102
10−6

10−5

10−4

10−3

10−2

10−1

100 p = 1p = 2p = 3

|V p
ℓ |

∥(
u
−

u ℓ
)′
∥≤

C
|V

p ℓ
|−

(s
−

1)

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems: adaptivity

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2

p =
3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
hp ℓ

u ∈ Hp+1(Ω)

100 101 102
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2
p
=

3

|V p
ℓ |

∥(
u
−

u ℓ
)′
∥≤

C
|V

p ℓ
|−

p

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems: adaptivity

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2

p =
3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
hp ℓ

u ∈ Hp+1(Ω)

100 101 102
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2
p
=

3

|V p
ℓ |

∥(
u
−

u ℓ
)′
∥≤

C
|V

p ℓ
|−

p

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

Rectified claim

: adaptive mesh refinement

High-order finite elements always pay-off.

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Convergence for regular and singular problems: adaptivity

10−2 10−1 100
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2

p =
3

hℓ

∥(
u
−

u ℓ
)′
∥≤

C
hp ℓ

u ∈ Hp+1(Ω)

100 101 102
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2
p
=

3

|V p
ℓ |

∥(
u
−

u ℓ
)′
∥≤

C
|V

p ℓ
|−

p

u ∈ Hs(Ω), s = 1.15

, hℓ ≈ |V p
ℓ |−1

Rectified claim: adaptive mesh refinement
High-order finite elements always pay-off.

M. Vohralík Adaptivity of error components for optimality in numerical simulations 3 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b

unknown exact solution u
computational mesh

Tℓ

(adaptively refined)

more computational resources ⇒

numerical approximation

u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u

computational mesh

Tℓ

(adaptively refined)

more computational resources ⇒

numerical approximation

u

i

ℓ closer to u

a b
Ω

f↓
↓

↓ ↓ ↓ ↓
↓u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh T0

Tℓ (adaptively refined)

more computational resources ⇒

numerical approximation

u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh T0

Tℓ (adaptively refined)
more computational resources ⇒

numerical approximation u

i

0

u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh T1

Tℓ (adaptively refined)
more computational resources ⇒

numerical approximation u

i

1

u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ

(adaptively refined)
more computational resources ⇒

numerical approximation u

i

ℓ

closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ
uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ

(adaptively refined)

more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ

(adaptively refined)

more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ

(adaptively refined)

more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ

(adaptively refined)

more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ

(adaptively refined)

more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ

(adaptively refined)

more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓui
ℓ

100 101 102
10−6

10−5

10−4

10−3

10−2

10−1

100

p = 1

p = 2
p
=

3

|V p
ℓ |

∥(
u
−

u ℓ
)′
∥≤

C
|V

p ℓ
|−

p

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation u

i

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation ui

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation ui

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ
ui
ℓ

ui
ℓui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation ui

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓ

ui
ℓ

ui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation ui

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓ

ui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

PDE example: find u : (a, b) → R s.t. −u′′ = f in (a,b), u = 0 in a, b
unknown exact solution u
computational mesh Tℓ (adaptively refined)
more computational resources ⇒ numerical approximation ui

ℓ closer to u

a b
Ω

u

T0

u0

T1

u1

Tℓ

uℓ

a b
Ω

u

T0

u0

T1

u1

T2

u2

Tℓ

uℓ

ui
ℓui
ℓ

ui
ℓ

Total error

∥(u − ui
ℓ
)′∥

Need to solve
AℓUℓ = Fℓ

Cost
∑︁ℓ

ℓ=0
∑︁i

i=0 |V
p
ℓ |

Algebraic error

∥(uℓ − ui
ℓ)

′∥

M. Vohralík Adaptivity of error components for optimality in numerical simulations 4 / 42



Introduction Steady nonlinear diffusion Multiphase flows Conclusions Textbook Adaptive Motivations Q&A Achievements & example results

Adaptivity of error components: optimality in numerical simulations
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Optimality with respect to the cost
It is impossible to design an algorithm with better convergence rate.
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CDG Terminal 2E collapse in 2004 (opened in 2003)

no earthquake, flooding, tsunami, heavy rain, extreme temperature
deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
I believe without error control

Reliability study and simulation of the progressive collapse of
Roissy Charles de Gaulle Airport

Y. El Kamari a, W. Raphael a,*, A. Chateauneuf b,c

a Ecole Supérieure d’Ingénieurs de Beyrouth (ESIB), Université Saint-Joseph, CST Mar Roukos, PO Box 11-514, Riad El Solh Beirut 1107 2050,

Lebanon
b Université Blaise Pascal, Institut Pascal, BP 10448, F-63000 Clermont Ferrand, France
c LGC/CUST – UBP, Campus des Cézeaux, 63174 Aubière, France

1. Introduction

Terminal 2E, with a daring design and wide open spaces, was Charles de Gaulle Airport’s newest addition. Terminal 2E had
been inaugurated in 2003 after some delays in construction. On the 23rd of May 2004, not long after its inauguration, a part
of Terminal 2E’s ceiling collapsed early in the day, leaving four casualties. Some questioned the construction methods as
being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
some have also considered the possibility of improper design as the cause of the accident. In the following, a deterministic
analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
and long term strains of materials, especially for public constructions where the human and economic repercussions are
heavy to bear. The purpose of our research is to study the problem using the available data in order to examine the real
reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
progressive collapse of the structure.

2. General overview of Roissy’s Terminal 2E [1]

We will first describe the terminal, its different construction phases, the incidents that occurred before the accident and
the collapse itself. Then we will present in a general way the principle of finite element modeling, recommendations for good
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airport in passengers served. In May 2004, the news of collapse of a portion of Terminal 2E

leaving four casualties shook the world. Luckily, no boarding had been taking place in the

collapsed area which consisted of a boarding area and three footbridges. This part of the

terminal had an innovative design consisting of a vaulted concrete tube. We chose to

model a representative part of the terminal to observe the structure’s behavior. The

purpose of our research is to explain the structure’s collapse and to see if there were

deficiencies from the design phase. Also, our new fine-grained model using Ansys Software

makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.
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a Ecole Supérieure d’Ingénieurs de Beyrouth (ESIB), Université Saint-Joseph, CST Mar Roukos, PO Box 11-514, Riad El Solh Beirut 1107 2050,

Lebanon
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being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
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analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
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reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
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Numerical approximations of nonlinear PDEs:

3 crucial questions

& suggested answers

Setting
u: unknown exact PDE solution
u

k ,i

ℓ : known numerical approximation on mesh Tℓ

, linearization step k , and
linear solver step i

Crucial questions
1 How large is the overall error

between u and uk ,i
ℓ ?

2 Where (space/linearization/algebra)
is it localized?

3 Can we decrease it optimally?

Suggested answers

1 Computable a posteriori error
estimates.

2 Identification of error components.
3 Balancing error components,

adaptivity (working where needed).
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, locally efficient, robust with re-
spect to strength of nonlinearities, and identifying error components.
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.
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A posteriori estimates of total and algebraic errors: AℓUi
ℓ ̸= Fℓ

1 2 3 4 5

MG iteration

10-4

10-2

100

Total error and its bounds

alg. error
total error
total error UB
total error LB

Total error

1 2 3 4 5

MG iteration

10-4

10-2

100

Discretization and algebraic errors and their bounds

adaptive stopping criterion

Error components and adaptive st. crit.

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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A posteriori estimates of total and algebraic errors: AℓUi
ℓ ̸= Fℓ

Estimated total errors ηK (ui
ℓ) Exact total errors ∥∇(u − ui

ℓ)∥K

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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A posteriori estimates of total and algebraic errors: AℓUi
ℓ ̸= Fℓ

Estimated algebraic errors ηalg,K (ui
ℓ) Exact algebraic errors ∥∇(uℓ − ui

ℓ)∥K

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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Algorithm

Algorithm 1 Adaptivity of error components

while η(uk,i
ℓ )

|||uk,i
ℓ |||>γtot do ▷ while user-specified relative precision is not reached

assemble the finite element space V p
ℓ

assemble the nonlinear problem
while ηlin,K

(︁
uk ,i
ℓ

)︁
>γlinηdisc,K

(︁
uk ,i
ℓ

)︁
∀K ∈ Tℓ do ▷ while linearization dominates discretization

assemble the linearized problem
while ηalg,K

(︁
uk ,i
ℓ

)︁
>γalgηlin,K

(︁
uk ,i
ℓ

)︁
∀K ∈ Tℓ do ▷ while algebra dominates linearization

one step of iterative algebraic solver, i ++
end while (iterative algebraic solver)
k ++

end while (iterative linearization)
refine K ∈ Tℓ with big ηdisc,K

(︁
uk ,i
ℓ

)︁
, ℓ++

end while (adaptive mesh refinement)
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Holistic approach: interplay PDE–numerics–linearization–algebra
Optimal decay rate of error wrt computational cost
Adaptivity of error components allows to achieve

|||u − uk ,i
ℓ
||| ≲

{︄
ℓ∑︂

ℓ=0

k∑︂

k=0

i∑︂

i=0

|V p
ℓ |
}︄−p/d

(replaces traditional a priori hp).

Error control
at any moment during the simulation
price: local finite element quadrature/sparse matrix-vector multiplication

Adaptivity of error components
same physical units of all component estimators
balance all component estimators
online steering (work where needed)

hard problem replaced by a sequence of easier problems
not a novel scheme, rather an efficient use of existing building blocks
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A model nonlinear problem

Find u ∈ H1
0 (Ω) such that

(︁
a(|∇u|)∇u,∇v

)︁
⏞ ⏟⏟ ⏞

⟨A(u),v⟩: nonlinear operator

=
(︁
f , v

)︁
∀v ∈ H1

0 (Ω).

Assumption (Gradient-dependent diffusivity)

Function a : [0,∞) → (0,∞), for all x ,y ∈ Rd ,

|a(|x |)x − a(|y |)y | ≤ ac|x − y | (Lipschitz continuity),

(a(|x |)x − a(|y |)y) · (x − y) ≥ am|x − y |2 (strong monotonicity).

am ≤ a(r) ≤ ac, am ≤ (a(r)r)′ ≤ ac
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

a(r) := am +
ac − am√

1 + r2
.

r

a(r) with am = 1

ac = 1
ac = 10
ac = 100

0 5 10
0

50

100

Strength of the nonlinearity

ac

am
=

Lipschitz continuity
strong monotonicity

r

(a(r)r)′ with am = 1

0 5 10
0

50

100
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Finite element discretization

Definition (Finite element discretization)

Find uℓ ∈ V p
ℓ such that

(︁
a(|∇uℓ|)∇uℓ,∇vℓ

)︁
⏞ ⏟⏟ ⏞

⟨A(uℓ),vℓ⟩: nonlinear operator

=
(︁
f , vℓ

)︁
∀vℓ ∈ V p

ℓ .

Tℓ simplicial mesh of Ω
p ≥ 1 polynomial degree
V p
ℓ := Pp(Tℓ) ∩ H1

0 (Ω)

conforming finite elements

system of nonlinear algebraic equations
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Iterative linearization
Definition (Linearized finite element approximation)

Find uk
ℓ ∈ V p

ℓ such that

(Ak−1
ℓ ∇uk

ℓ − bk−1
ℓ ,∇vℓ)⏞ ⏟⏟ ⏞

⟨Ak−1(uk
ℓ ),vℓ⟩: linearized operator

= (f , vℓ) ∀vℓ ∈ V p
ℓ .

iterative linearization index k ≥ 1
Ak−1
ℓ , bk−1

ℓ : matrix- and vector-valued functions constructed from uk−1
ℓ

u0
ℓ := uk ,i

ℓ−1 ∈ V p
ℓ initial guess from the previous mesh

system of linear algebraic equations
examples

Ak−1
ℓ = a(|∇uk−1

ℓ |)Id , bk−1
ℓ = 0 (fixed-point/Picard)

Ak−1
ℓ = a(|∇uk−1

ℓ |)Id +
a′(|∇uk−1

ℓ |)
|∇uk−1

ℓ |
∇uk−1

ℓ ⊗∇uk−1
ℓ ,

bk−1
ℓ = a′(|∇uk−1

ℓ |)|∇uk−1
ℓ |∇uk−1

ℓ (Newton)

Ak−1
ℓ = γId with γ ≥ a2

c
am

, bk−1
ℓ =

(︁
γ − a(|∇uk−1

ℓ |)
)︁
∇uk−1

ℓ (Zarantonello)
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Iterative algebraic solver

Definition (Iterative algebraic solver)

Find uk ,i
ℓ ∈ V p

ℓ such that

(Ak−1
ℓ ∇uk ,i

ℓ − bk−1
ℓ ,∇vℓ) = (f , vℓ)− (r k ,i

ℓ , vℓ)⏞ ⏟⏟ ⏞
⟨Ralg(uk,i

ℓ ),vℓ⟩: algebraic residual

∀vℓ ∈ V p
ℓ .

iterative algebraic solver index i ≥ 1

uk ,0
ℓ := uk−1,i

ℓ ∈ V p
ℓ initial guess from the previous linearization step

algebraic residual: discrete, known
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Error measure, error components
Definition (Intrinsic measure of error)

|||u − uk ,i
ℓ ||| := max

v∈H1
0 (Ω)

∥∇v∥=1

{ (f , v)− (a(|∇uk ,i
ℓ |)∇uk ,i

ℓ ,∇v)⏞ ⏟⏟ ⏞

⟨R(uk,i
ℓ ),v⟩: total residual=(f ,v)−⟨A(uk,i

ℓ ),v⟩

}

Error components

(f , v)− ⟨A(uk ,i
ℓ ), v⟩⏞ ⏟⏟ ⏞

⟨R(uk,i
ℓ ),v⟩: total residual

= (f , v)− ⟨Ak−1(uk ,i
ℓ ), v⟩ − ⟨Ralg(uk ,i

ℓ ), v⟩⏞ ⏟⏟ ⏞
⟨Rdisc(uk,i

ℓ ),v⟩: discretization residual

+ ⟨Ak−1(uk ,i
ℓ ), v⟩ − ⟨A(uk ,i

ℓ ), v⟩⏞ ⏟⏟ ⏞
⟨Rlin(uk,i

ℓ ),v⟩: linearization residual

+ ⟨Ralg(uk ,i
ℓ ), v⟩⏞ ⏟⏟ ⏞

algebraic residual
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Duality when a = 1 (linear case)
Theorem (Error characterization, Prager & Synge (1947))

Let u ∈ H1
0 (Ω) be the weak solution and let uℓ ∈ H1

0 (Ω) be arbitrary. Then

∥∇(u − uℓ)∥2 = max
v∈H1

0 (Ω)
∥∇v∥=1

{(f , v)− (∇uℓ,∇v)}2
⏞ ⏟⏟ ⏞

⟨R(uℓ),v⟩⏞ ⏟⏟ ⏞
dual norm of the PDE residual
=minv∈H(div,Ω)

∇·v=f
∥∇uℓ+v∥2

constrained distance to H(div,Ω)

.

Comments
It is enough to choose suitable (discrete, piecewise polynomial) σℓ ∈ H(div,Ω)
with ∇·σℓ = f to get the guaranteed upper bound ∥∇(u − uℓ)∥ ≤ ∥∇uℓ + σℓ∥.
Local construction of σℓ: Ladevèze (1975), Babuška & Rheinboldt (1987),
Verfürth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Vejchodský (2006), Braess, Pillwein, & Schöberl (2008), Ern & Vohralík (2013)
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Equilibrated flux reconstruction when a = 1 (linear case)
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Flux reconstructions (residual liftings)

Definition (Discretization residual lifting σk ,i
disc,ℓ)

For each a ∈ Vℓ, solve the local constrained minimization pb

σk ,i,a
disc,ℓ := arg min

vℓ∈RTp(T a)∩H0(div,ωa)

∇·vℓ=Πp((f−rk,i
ℓ )ψa−(Ak−1

ℓ ∇uk,i
ℓ −bk−1

ℓ )·∇ψa)

∥ψa(Ak−1
ℓ ∇uk ,i

ℓ − bk−1
ℓ ) + v ℓ∥ωa

and combine σk ,i
disc,ℓ :=

∑︂

a∈Vℓ

σk ,i,a
disc,ℓ.

Definition (Linearization residual lifting σk ,i
lin,ℓ)

For each a ∈ Vℓ, solve the local constrained minimization pb

σk ,i,a
lin,ℓ := arg min

vℓ∈RTp(T a)∩H0(div,ωa)
∇·vℓ=0

∥ψa(a(|∇uk ,i
ℓ |)∇uk ,i

ℓ − (Ak−1
ℓ ∇uk ,i

ℓ − bk−1
ℓ )) + v ℓ∥ωa

and combine σk ,i
lin,ℓ :=

∑︂

a∈Vℓ

σk ,i,a
lin,ℓ .
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Algebraic error flux reconstruction, two-level setting
Definition (Coarse grid solve)

Find ρk ,i
alg,0 ∈ P1(T0) ∩ H1

0 (Ω) s.t.

(∇ρk ,i
alg,0,∇ψa)ωa = (r k ,i

ℓ , ψa)ωa ∀a ∈ V0.

P1 FE solve on coarse mesh T0
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1

Definition (Algebraic residual lifting σk ,i
alg,ℓ)

σk ,i,a
alg,ℓ := arg min

vℓ∈V a
ℓ ,∇·vℓ=ΠQℓ

(ψar k,i
ℓ −∇ψa·∇ρk,i

alg,0)
∥v ℓ∥ωa ,

σk ,i
alg,ℓ :=

∑︂

a∈V0

σk ,i,a
alg,ℓ

lifting the algebraic residual r k ,i
ℓ

∇·σk ,i
alg,ℓ =

∑︂

a∈V0

∇·σk ,i,a
alg,ℓ = ΠQℓ

r k ,i
ℓ = r k ,i

ℓ
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A posteriori error estimate distinguishing the error components
Theorem (A posteriori error estimate, A. Ern, M. Vohralík (2013))

Let uk ,i
ℓ ∈ V p

ℓ be given.

Let σk ,i
ℓ⏞⏟⏟⏞

total

:= σk ,i
disc,ℓ⏞ ⏟⏟ ⏞

discretization

+ σk ,i
lin,ℓ⏞ ⏟⏟ ⏞

linearization

+ σk ,i
alg,ℓ⏞ ⏟⏟ ⏞

algebraic

. Then σk ,i
ℓ ∈

H(div,Ω) is such that ∇·σk ,i
ℓ = f and there holds the guaranteed upper bound

|||u − uk ,i
ℓ ||| ≤ ∥a(|∇uk ,i

ℓ |)∇uk ,i
ℓ + σk ,i

ℓ ∥⏞ ⏟⏟ ⏞
η
(︁

uk,i
ℓ

)︁

≤ ∥a(|∇uk ,i
ℓ |)∇uk ,i

ℓ + σk ,i
disc,ℓ∥⏞ ⏟⏟ ⏞

ηdisc

(︁
uk,i
ℓ

)︁
+ ∥σk ,i

lin,ℓ∥⏞ ⏟⏟ ⏞
ηlin

(︁
uk,i
ℓ

)︁
+ ∥σk ,i

alg,ℓ∥⏞ ⏟⏟ ⏞
ηalg

(︁
uk,i
ℓ

)︁
.

Moreover, the estimates are locally efficient and robust with respect to the
strength of nonlinearities

ηK
(︁
uk ,i
ℓ

)︁
≤ Ceff|||u − uk ,i

ℓ |||ωK ∀K ∈ Tℓ, Ceff independent of
ac

am
.
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Including algebraic error: AℓUi
ℓ ̸= Fℓ

Estimated algebraic errors ηalg,K (ui
ℓ) Exact algebraic errors ∥∇(uℓ − ui

ℓ)∥K

J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering (2020)
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Nonlinear pb −∇·(a|∇u|)(∇u) = f : including linearization and
algebraic error: Aℓ(U
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Optimal decay rate wrt degrees of freedom & computational cost
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Adaptivity of error components: optimality in numerical simulations

Theorem (Optimal numerical simulation, A. Haberl, D. Praetorius, S. Schimanko, M. Vohralík (2021))
Best-possible decay rate of the error with respect to the cost is achieved:

|||u − uk ,i
ℓ
||| ≲

{︄
ℓ∑︂

ℓ=0

k∑︂

k=0

i∑︂

i=0

|V p
ℓ |
}︄−p/d

(replaces traditional hp, even for singular u).
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Two-phase flow
Incompressible two-phase flow in porous media
Find saturations sα and pressures pα, α ∈ {g,w}, such that

∂t(ϕsα)−∇·
(︃

kr,α(sw)

µα
K (∇pα + ραg∇z)

)︃
= qα, α ∈ {g,w},

sg + sw = 1,
pg − pw = pc(sw)

unsteady, nonlinear, and degenerate problem
coupled system of PDEs & algebraic constraints
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Multi-phase multi-compositional flow

Theorem (Multi-phase multi-compositional Darcy flow with phase (dis)appearance,
I. Ben Gharbia, J. Dabaghi, V. Martin, M. Vohralík (2020))
There holds

error on time interval In ≤
{︄∑︂

c∈C

(︁
ηn,j,k ,i

sp,c + ηn,j,k ,i
tm,c + ηn,j,k ,i

reg,c + ηn,j,k ,i
lin,c + ηn,j,k ,i

alg,c
)︁2

}︄1/2

.

Error components
ηn,j,k ,i

sp,c : spatial discretization

ηn,j,k ,i
tm,c : temporal discretization

ηn,j,k ,i
reg,c : regularization

ηn,j,k ,i
lin,c : linearization

ηn,j,k ,i
alg,c : algebraic solver

Error control
at any moment during the simulation
price: sparse matrix-vector multiplication

Full adaptivity
same physical units of all component estimators
balance all component estimators
online steering
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Academic example of oil recovery

M. Vohralík, M. F. Wheeler, Computational Geosciences (2013)
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Academic example of oil recovery, overall a posteriori estimate

M. Vohralík, M. Wheeler, Computational Geosciences (2013)
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Academic example of oil recovery, adaptivity of error components

M. Vohralík, M. Wheeler, Computational Geosciences (2013)
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Real-world example: 3 phases, 3 components (black-oil) problem

Gas saturation A posteriori error estimate
M. Vohralík, S. Yousef, Computer Methods in Applied Mechanics and Engineering (2018)
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Three-phases, three-components (black-oil) problem: algebraic
solver & spatial mesh adaptivity
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Phase (dis)appearance: Couplex-gas benchmark

Adaptive linear and nonlinear solvers
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Geological sequestration of CO2
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Adaptivity of error components: optimality in numerical simulations

Figure 1. A sequence of uniformly refined meshes for some L-shaped domain.
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Figure 2. Decay of the energy error of conforming FEM with p-th order
polynomials for the 2D Poisson problem −∆u? = f on the L-shaped domain
with smooth right-hand side f : Error vs. mesh-size h for uniform refinement,
where a decay with α = p would be the optimal rate for a smooth exact solution
u?. Note that one only observes the suboptimal rate α = 2/3, independently
of the polynomial degree p = 1, 3.

a FEM computation of the 2D Poisson problem and Figure 2 for the corresponding (subopti-
mal) decay of the energy error which, in particular, does not benefit from a higher polynomial
degree p.
Concept of adaptivity. Clearly, suboptimal convergence rates imply that computa-

tional resources are not used as efficiently as possible. Historically (see, e.g., [AO00; Ver13;
GBA+19]), this observation led to the mathematical development of a-posteriori error estima-
tors ηh, which measure, post-computationally and at least heuristically, the error ‖u? − uh‖T
between the (unknown) exact solution u? and an already computed discrete solution uh on
each cell T of the partition Th by computable indicators ηh(T ) ≈ ‖u?−uh‖T . This a-posteriori
information can be used to improve the partition Th iteratively by an adaptive loop of the
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Figure 3. A sequence of adaptively refined meshes generated by the adaptive loop (1).

abstract form

SOLVE =⇒ ESTIMATE =⇒ MARK =⇒ REFINE (1)

that works as follows: Given a partition Th, the module SOLVE computes the corresponding
discrete solution uh. The module ESTIMATE computes the a-posteriori refinement indicators
ηh(T ) for all T ∈ Th. The module MARK builds upon the computed indicators and selects an
appropriate subsetMh ⊆ Th of cells, where the error appears to be large. Finally, the module
REFINE refines (essentially) only the cells T fromMh (instead of all cells) and so creates a
locally refined and improved partition Th, which better captures the behavior of the unknown
exact solution u? in order to resolve potential singularities; see Figure 3, where u? exhibits a
singularity at the reentrant corner.
Optimal convergence rates with respect to DOFs4. Note that for adaptive mesh-

refinement not all mesh cells are of size h anymore. Moreover, to express the sequential
nature of such an adaptive mesh-refining algorithm (1), it is common to use an index ` ∈ N0

instead of the mesh-size h. With this notation, the adaptive procedure leads to a sequence
of successively refined partitions T` as well as corresponding discrete solutions u` and a-
posteriori error estimators η2` :=

∑
T∈T` η`(T )2 that provide a means to control the full

error ‖u? − u`‖, although the exact solution u? is unknown in practice. It has already been
observed empirically in early works (see, e.g., [BR79; BV84; ZZ87]) that such a simple, yet
mathematically founded feedback loop can lead to the optimal decay rate of the error
with respect to the dimension dimX` of the discrete ansatz space (i.e., the number
of DOFs) in which u` ∈ X` is computed; see Figure 3 for some adaptively generated meshes
for a FEM computation of the 2D Poisson problem and Figure 4 for the corresponding decay
of the energy error, which is significantly improved when compared to uniform refinement
and indeed decays with the optimal rate. In particular, note that the higher the polynomial
degree p, the larger is the gain of the adaptive strategy. For many important model problems
in computational PDEs (like general second-order linear elliptic PDEs), this observation has
indeed beenmathematically proved within the last two decades [Dör96; MNS00; BDD04;
Ste07; CKNS08; FFP14; CFPP14].

4degrees of freedom (DOFs)

3

(courtesy D. Praetorius, TU Wien)
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Figure 5. Decay of the energy error for the same setting as in Figure 2: Error
vs. cumulative computational time, where an optimal algorithm and implemen-
tation allows for the same rate α = −p/2 as for the number of DOFs (visualized
in Figure 4) for an extended adaptive strategy steering mesh-refinement and
geometric multigrid as iterative solver. Note that the higher the polynomial
degree p, the larger is the gain of an optimal adaptive strategy.

2. State-of-the-art and challenges

In the following, we give a more detailed formulation of the adaptive algorithm (1), the
mathematical challenges, and the potential results: We consider a nonlinear operator equation
Au? = 0 with sought solution u? ∈ H1

0 (Ω), which may correspond to a stationary nonlinear
PDE obtained as the Euler–Lagrange equations of a physical energy minimization, where
A : H1

0 (Ω)→ H−1(Ω) and H−1(Ω) := H1
0 (Ω)′ is the dual space of H1

0 (Ω).
Prototype adaptive algorithm. Let T0 be a given initial mesh of Ω and u0,00 be a

discrete initial guess in the conforming coarse space X0 = X0(T0) ⊂ H1
0 (Ω) consisting of

T0-piecewise p-th order polynomials. Let τ > 0 be a user-prescribed tolerance. With counters
i := k := ` := 0, where ` is the counter for the mesh-refinement (related to the discretization
error), k = k[`] is the counter for the iterative linearization (related to the linearization
error), and i = i[`, k] is the counter for the algebraic solver of the linearized system (related
to the algebraic error), the usual adaptive algorithm roughly reads as follows:

iterate for ` = 0, 1, 2, . . . /∗ `-loop to decrease discretization error ∗/
Let A` be the discrete nonlinear operator.
repeat for k = 0, 1, 2, . . . /∗ k-loop to decrease linearization error ∗/

Determine a (discrete) linearization Ak+1
` = Ak+1

` [uk,i` ] ≈ A`.
Increase the counter (`, k, i) 7→ (`, k + 1, 0).
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polynomials for the 2D Poisson problem −∆u? = f on the L-shaped domain
with smooth right-hand side f : Error vs. mesh-size h for uniform refinement,
where a decay with α = p would be the optimal rate for a smooth exact solution
u?. Note that one only observes the suboptimal rate α = 2/3, independently
of the polynomial degree p = 1, 3.

a FEM computation of the 2D Poisson problem and Figure 2 for the corresponding (subopti-
mal) decay of the energy error which, in particular, does not benefit from a higher polynomial
degree p.
Concept of adaptivity. Clearly, suboptimal convergence rates imply that computa-

tional resources are not used as efficiently as possible. Historically (see, e.g., [AO00; Ver13;
GBA+19]), this observation led to the mathematical development of a-posteriori error estima-
tors ηh, which measure, post-computationally and at least heuristically, the error ‖u? − uh‖T
between the (unknown) exact solution u? and an already computed discrete solution uh on
each cell T of the partition Th by computable indicators ηh(T ) ≈ ‖u?−uh‖T . This a-posteriori
information can be used to improve the partition Th iteratively by an adaptive loop of the
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abstract form

SOLVE =⇒ ESTIMATE =⇒ MARK =⇒ REFINE (1)

that works as follows: Given a partition Th, the module SOLVE computes the corresponding
discrete solution uh. The module ESTIMATE computes the a-posteriori refinement indicators
ηh(T ) for all T ∈ Th. The module MARK builds upon the computed indicators and selects an
appropriate subsetMh ⊆ Th of cells, where the error appears to be large. Finally, the module
REFINE refines (essentially) only the cells T fromMh (instead of all cells) and so creates a
locally refined and improved partition Th, which better captures the behavior of the unknown
exact solution u? in order to resolve potential singularities; see Figure 3, where u? exhibits a
singularity at the reentrant corner.
Optimal convergence rates with respect to DOFs4. Note that for adaptive mesh-

refinement not all mesh cells are of size h anymore. Moreover, to express the sequential
nature of such an adaptive mesh-refining algorithm (1), it is common to use an index ` ∈ N0

instead of the mesh-size h. With this notation, the adaptive procedure leads to a sequence
of successively refined partitions T` as well as corresponding discrete solutions u` and a-
posteriori error estimators η2` :=

∑
T∈T` η`(T )2 that provide a means to control the full

error ‖u? − u`‖, although the exact solution u? is unknown in practice. It has already been
observed empirically in early works (see, e.g., [BR79; BV84; ZZ87]) that such a simple, yet
mathematically founded feedback loop can lead to the optimal decay rate of the error
with respect to the dimension dimX` of the discrete ansatz space (i.e., the number
of DOFs) in which u` ∈ X` is computed; see Figure 3 for some adaptively generated meshes
for a FEM computation of the 2D Poisson problem and Figure 4 for the corresponding decay
of the energy error, which is significantly improved when compared to uniform refinement
and indeed decays with the optimal rate. In particular, note that the higher the polynomial
degree p, the larger is the gain of the adaptive strategy. For many important model problems
in computational PDEs (like general second-order linear elliptic PDEs), this observation has
indeed beenmathematically proved within the last two decades [Dör96; MNS00; BDD04;
Ste07; CKNS08; FFP14; CFPP14].
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degree p, the larger is the gain of an optimal adaptive strategy.

2. State-of-the-art and challenges

In the following, we give a more detailed formulation of the adaptive algorithm (1), the
mathematical challenges, and the potential results: We consider a nonlinear operator equation
Au? = 0 with sought solution u? ∈ H1

0 (Ω), which may correspond to a stationary nonlinear
PDE obtained as the Euler–Lagrange equations of a physical energy minimization, where
A : H1

0 (Ω)→ H−1(Ω) and H−1(Ω) := H1
0 (Ω)′ is the dual space of H1
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Prototype adaptive algorithm. Let T0 be a given initial mesh of Ω and u0,00 be a

discrete initial guess in the conforming coarse space X0 = X0(T0) ⊂ H1
0 (Ω) consisting of

T0-piecewise p-th order polynomials. Let τ > 0 be a user-prescribed tolerance. With counters
i := k := ` := 0, where ` is the counter for the mesh-refinement (related to the discretization
error), k = k[`] is the counter for the iterative linearization (related to the linearization
error), and i = i[`, k] is the counter for the algebraic solver of the linearized system (related
to the algebraic error), the usual adaptive algorithm roughly reads as follows:

iterate for ` = 0, 1, 2, . . . /∗ `-loop to decrease discretization error ∗/
Let A` be the discrete nonlinear operator.
repeat for k = 0, 1, 2, . . . /∗ k-loop to decrease linearization error ∗/

Determine a (discrete) linearization Ak+1
` = Ak+1

` [uk,i` ] ≈ A`.
Increase the counter (`, k, i) 7→ (`, k + 1, 0).
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abstract form

SOLVE =⇒ ESTIMATE =⇒ MARK =⇒ REFINE (1)

that works as follows: Given a partition Th, the module SOLVE computes the corresponding
discrete solution uh. The module ESTIMATE computes the a-posteriori refinement indicators
ηh(T ) for all T ∈ Th. The module MARK builds upon the computed indicators and selects an
appropriate subsetMh ⊆ Th of cells, where the error appears to be large. Finally, the module
REFINE refines (essentially) only the cells T fromMh (instead of all cells) and so creates a
locally refined and improved partition Th, which better captures the behavior of the unknown
exact solution u? in order to resolve potential singularities; see Figure 3, where u? exhibits a
singularity at the reentrant corner.
Optimal convergence rates with respect to DOFs4. Note that for adaptive mesh-

refinement not all mesh cells are of size h anymore. Moreover, to express the sequential
nature of such an adaptive mesh-refining algorithm (1), it is common to use an index ` ∈ N0

instead of the mesh-size h. With this notation, the adaptive procedure leads to a sequence
of successively refined partitions T` as well as corresponding discrete solutions u` and a-
posteriori error estimators η2` :=

∑
T∈T` η`(T )2 that provide a means to control the full

error ‖u? − u`‖, although the exact solution u? is unknown in practice. It has already been
observed empirically in early works (see, e.g., [BR79; BV84; ZZ87]) that such a simple, yet
mathematically founded feedback loop can lead to the optimal decay rate of the error
with respect to the dimension dimX` of the discrete ansatz space (i.e., the number
of DOFs) in which u` ∈ X` is computed; see Figure 3 for some adaptively generated meshes
for a FEM computation of the 2D Poisson problem and Figure 4 for the corresponding decay
of the energy error, which is significantly improved when compared to uniform refinement
and indeed decays with the optimal rate. In particular, note that the higher the polynomial
degree p, the larger is the gain of the adaptive strategy. For many important model problems
in computational PDEs (like general second-order linear elliptic PDEs), this observation has
indeed beenmathematically proved within the last two decades [Dör96; MNS00; BDD04;
Ste07; CKNS08; FFP14; CFPP14].
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vs. cumulative computational time, where an optimal algorithm and implemen-
tation allows for the same rate α = −p/2 as for the number of DOFs (visualized
in Figure 4) for an extended adaptive strategy steering mesh-refinement and
geometric multigrid as iterative solver. Note that the higher the polynomial
degree p, the larger is the gain of an optimal adaptive strategy.

2. State-of-the-art and challenges

In the following, we give a more detailed formulation of the adaptive algorithm (1), the
mathematical challenges, and the potential results: We consider a nonlinear operator equation
Au? = 0 with sought solution u? ∈ H1

0 (Ω), which may correspond to a stationary nonlinear
PDE obtained as the Euler–Lagrange equations of a physical energy minimization, where
A : H1

0 (Ω)→ H−1(Ω) and H−1(Ω) := H1
0 (Ω)′ is the dual space of H1

0 (Ω).
Prototype adaptive algorithm. Let T0 be a given initial mesh of Ω and u0,00 be a

discrete initial guess in the conforming coarse space X0 = X0(T0) ⊂ H1
0 (Ω) consisting of

T0-piecewise p-th order polynomials. Let τ > 0 be a user-prescribed tolerance. With counters
i := k := ` := 0, where ` is the counter for the mesh-refinement (related to the discretization
error), k = k[`] is the counter for the iterative linearization (related to the linearization
error), and i = i[`, k] is the counter for the algebraic solver of the linearized system (related
to the algebraic error), the usual adaptive algorithm roughly reads as follows:

iterate for ` = 0, 1, 2, . . . /∗ `-loop to decrease discretization error ∗/
Let A` be the discrete nonlinear operator.
repeat for k = 0, 1, 2, . . . /∗ k-loop to decrease linearization error ∗/

Determine a (discrete) linearization Ak+1
` = Ak+1

` [uk,i` ] ≈ A`.
Increase the counter (`, k, i) 7→ (`, k + 1, 0).
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SOLVE =⇒ ESTIMATE =⇒ MARK =⇒ REFINE (1)

that works as follows: Given a partition Th, the module SOLVE computes the corresponding
discrete solution uh. The module ESTIMATE computes the a-posteriori refinement indicators
ηh(T ) for all T ∈ Th. The module MARK builds upon the computed indicators and selects an
appropriate subsetMh ⊆ Th of cells, where the error appears to be large. Finally, the module
REFINE refines (essentially) only the cells T fromMh (instead of all cells) and so creates a
locally refined and improved partition Th, which better captures the behavior of the unknown
exact solution u? in order to resolve potential singularities; see Figure 3, where u? exhibits a
singularity at the reentrant corner.
Optimal convergence rates with respect to DOFs4. Note that for adaptive mesh-

refinement not all mesh cells are of size h anymore. Moreover, to express the sequential
nature of such an adaptive mesh-refining algorithm (1), it is common to use an index ` ∈ N0

instead of the mesh-size h. With this notation, the adaptive procedure leads to a sequence
of successively refined partitions T` as well as corresponding discrete solutions u` and a-
posteriori error estimators η2` :=

∑
T∈T` η`(T )2 that provide a means to control the full

error ‖u? − u`‖, although the exact solution u? is unknown in practice. It has already been
observed empirically in early works (see, e.g., [BR79; BV84; ZZ87]) that such a simple, yet
mathematically founded feedback loop can lead to the optimal decay rate of the error
with respect to the dimension dimX` of the discrete ansatz space (i.e., the number
of DOFs) in which u` ∈ X` is computed; see Figure 3 for some adaptively generated meshes
for a FEM computation of the 2D Poisson problem and Figure 4 for the corresponding decay
of the energy error, which is significantly improved when compared to uniform refinement
and indeed decays with the optimal rate. In particular, note that the higher the polynomial
degree p, the larger is the gain of the adaptive strategy. For many important model problems
in computational PDEs (like general second-order linear elliptic PDEs), this observation has
indeed beenmathematically proved within the last two decades [Dör96; MNS00; BDD04;
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vs. cumulative computational time, where an optimal algorithm and implemen-
tation allows for the same rate α = −p/2 as for the number of DOFs (visualized
in Figure 4) for an extended adaptive strategy steering mesh-refinement and
geometric multigrid as iterative solver. Note that the higher the polynomial
degree p, the larger is the gain of an optimal adaptive strategy.

2. State-of-the-art and challenges

In the following, we give a more detailed formulation of the adaptive algorithm (1), the
mathematical challenges, and the potential results: We consider a nonlinear operator equation
Au? = 0 with sought solution u? ∈ H1

0 (Ω), which may correspond to a stationary nonlinear
PDE obtained as the Euler–Lagrange equations of a physical energy minimization, where
A : H1

0 (Ω)→ H−1(Ω) and H−1(Ω) := H1
0 (Ω)′ is the dual space of H1

0 (Ω).
Prototype adaptive algorithm. Let T0 be a given initial mesh of Ω and u0,00 be a

discrete initial guess in the conforming coarse space X0 = X0(T0) ⊂ H1
0 (Ω) consisting of

T0-piecewise p-th order polynomials. Let τ > 0 be a user-prescribed tolerance. With counters
i := k := ` := 0, where ` is the counter for the mesh-refinement (related to the discretization
error), k = k[`] is the counter for the iterative linearization (related to the linearization
error), and i = i[`, k] is the counter for the algebraic solver of the linearized system (related
to the algebraic error), the usual adaptive algorithm roughly reads as follows:

iterate for ` = 0, 1, 2, . . . /∗ `-loop to decrease discretization error ∗/
Let A` be the discrete nonlinear operator.
repeat for k = 0, 1, 2, . . . /∗ k-loop to decrease linearization error ∗/

Determine a (discrete) linearization Ak+1
` = Ak+1

` [uk,i` ] ≈ A`.
Increase the counter (`, k, i) 7→ (`, k + 1, 0).
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Nonsmooth and degenerate nonlinearities

: common recipes
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Nonsmooth and degenerate nonlinearities

: common recipes

Nonsmooth and degenerate nonlinearities
omnipresent in applications
cause convergence troubles of standard iterative linearization methods

Common recipes
timestep cutting
damping
scheme switching (from Newton to fixed-point . . . )
variable switching
regularization
. . .
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Regularization
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Example overall behavior (Richards equation, 1 time step)
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Comparison with existing approaches
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