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A hierarchy of meshes

Example: Two different mesh hierarchies with J = 3 refinements.

Assumption: The meshes {7;}o<j<y can be quasi-uniform or

graded, satisfying: S "‘gg
@ quasi-uniform 7o,
@ shape-regularity,
@ maximum strength of refinement. ] ., %
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A hierarchy of meshes

Example: Two different mesh hierarchies with J = 3 refinements.

Assumption: The meshes {7;}o<j<y can be quasi-uniform or

graded, satisfying:

X
X

XL

@ quasi-uniform 7o, 23S

@ shape-regularity,
@ maximum strength of refinement.

KOS

For given o and J, choose increasing polynomial degrees pj,
je{1,...,J},
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A hierarchy of meshes

Example: Two different mesh hierarchies with J = 3 refinements.

Assumption: The meshes {7;}o<j<y can be quasi-uniform or

graded, satisfying: i

@ quasi-uniform 7y,

@ shape-regularity,
@ maximum strength of refinement. ] %

For given o and J, choose increasing polynomial degrees pj,

je{t,....J},
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A hierarchy of meshes and spaces

Example: Two different mesh hierarchies with J = 3 refinements.

Assumption: The meshes {7;}o<j<y can be quasi-uniform or

graded, satisfying:
. XA X
@ quasi-uniform 7y,
@ shape-regularity,
@ maximum strength of refinement. ! X %

For given o and J, choose increasing polynomial degrees pj,

je{1,...,J},

and define the spaces

v/ = PBo(T) N H{(2).
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Example: Two different mesh hierarchies with J = 3 refinements.
Assumption: The meshes {7;}o<j<y can be quasi-uniform or
graded, satisfying:

@ quasi-uniform 7,

@ shape-regularity,

@ maximum strength of refinement.

For given p and J, choose increasing polynomial degrees pj,
je{1,...,J},
I=pp<pi<p<...<pyj=p

and define the spaces

Vi i=Bp(T) N H3(92).
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A hierarchy of meshes and spaces

Example: Two different mesh hierarchies with J = 3 refinements.

Assumption: The meshes {7;}o<j<y can be quasi-uniform or

graded, satisfying:

@ quasi-uniform 7y,

@ shape-regularity,
@ maximum strength of refinement.

For given p and J, choose increasing polynomial degrees pj,

jef{l,...,J},

1=pp<py<pe<...<psj=p

and define the spaces

V) =By (T) N HY(2).
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A hierarchy of meshes and spaces

Example: Two different mesh hierarchies with J = 3 refinements.

Assumption: The meshes {7;}o<j<y can be quasi-uniform or

graded, satisfying: %@g

@ quasi-uniform 7y,

@ shape-regularity,
@ maximum strength of refinement.

For given p and J, choose increasing polynomial degrees pj,

jef{l,...,J},

1=p<pr<p2<...<ps=p,

and define the spaces

V= By (T) N HY(92).
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A hierarchy of meshes and spaces

Example: Two different mesh hierarchies with J = 3 refinements.

Assumption: The meshes {7;}o<j<y can be quasi-uniform or

graded, satisfying: KR
@ quasi-uniform 7y,
@ shape-regularity,
@ maximum strength of refinement. '

For given p and J, choose increasing polynomial degrees pj,
jef{l,...,J},

I=p<pi<m<...<psj=p,

and define the spaces

V= By (T) N HY(92).
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A hierarchy of meshes and spaces

Example: Two different mesh hierarchies with J = 3 refinements.
Assumption: The meshes {7;}o<j<y can be quasi-uniform or
graded, satisfying:

@ quasi-uniform 7y,

@ shape-regularity,

@ maximum strength of refinement.

For given p and J, choose increasing polynomial degrees pj,
je{1,...,J},
T=pp<pi<p<...<py=p,

and define the spaces

Po=PpP1=...Py—1=
Vj = ij(’]])mH(}(Q)' py =
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° 77“ the patch of elements sharing vertex a
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Vertex patches: local subspaces/Jacobi blocks

Given a vertex of the mesh 7;, a € V;, denote
° 7;3 the patch of elements sharing vertex a
° wf the corresponding patch subdomain
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Vertex patches: local subspaces/Jacobi blocks

Given a vertex of the mesh 7;, a € V;, denote
° 7;3 the patch of elements sharing vertex a
° w/‘-" the corresponding patch subdomain

@ V7 the associated local space V := P, (T%) N H{ (w?)
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Vertex patches: local subspaces/Jacobi blocks

Given a vertex of the mesh 7;, a € V;, denote

° 7;3 the patch of elements sharing vertex a

° wf the corresponding patch subdomain

@ V7 the associated local space V := P, (T%) N H{ (w?)
Example: p; =2, j € {1,...,J — 1}: functional perspective (local homogeneous
subspace)

patch subdomain w3
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Vertex patches: local subspaces/Jacobi blocks

Given a vertex of the mesh 7;, a € V;, denote

° 7;3 the patch of elements sharing vertex a

° wf the corresponding patch subdomain

@ V7 the associated local space V := P, (T%) N H{ (w?)
Example: p; =2, j € {1,...,J — 1}: functional perspective (local homogeneous
subspace) and algebraic perspective (submatrix/Jacobi block)

- 14 273237 4951 60

patch subdomain w? 60.27 ul ocee oo
for a vertex a€ V; o taf Bl dataes g
A - Ny A _ 49| eocecece Aa_ o
% S — 51 @ 0Oee® 0@ O = °
35 .51 a J 60 @ @00 @0 @ J 8
*, L . 2

2 a j \ |7
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@ V-cycle geometric multigrid
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i P i+1 o P
uy € Vy u e vV;

Tr:

Ta:

Ti:

To:

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
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V(0,1)-cycle multigrid

uy e V¥ it =l +]é:0 Niph eV} Titg = (j:o (A§\|VP§|\)2)%
Tr:
Ta:
Ti:
To:

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
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V(0,1)-cycle multigrid

J J 1
i i+1 i i i i i iN?) 2
uh e VP W = ) +§:0 Xiph e VP Mg = (H] (N I94i)?)
Jj= =

Tr: @ T

Ta:

LTI S i B B BB

e PR ph = coarse residual solve {r¥ eV, M =1€R
0 |\ )

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest Py coarse solve
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V(0,1)-cycle multigrid

) ) ) Joo ) J o3
uy € VY witt = uf) +§jo Xipi € V¥ Mg = ( > (i) )
J= J=
Tr: @ T
Ta:
LT S  liillliiliiii i BB R PP

a7 ) ph = coarse residual solve {r¥ eV, M =1€R
\ Y

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest Py coarse solve
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V(0,1)-cycle multigrid with block-Jacobi smoothing

) i ) Joo } J o\
uh e VP W = ) +3 Xp; € vy Mg = (720 (N I94i)?)
J= J=

T - S O

Tot e @ e

. pt = smoothing patches{ : ;@;m;@'}e‘/’”
Tit e S N R AN s L e e R R
76 ) oh = coarse residual solve {r¥ eVl MN=1 eER

\ )

@ V-cycle geometric multigrid

@ zero pre- and a single post-smoothing step

@ cheapest Py coarse solve

@ additive Schwarz/block-Jacobi smoothing /)]’3
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V(0,1)-cycle multigrid with block-Jacobi smoothing

1

uy e V¥ uifl = uf +]i:o )\71;)77 % N = (]éo (AHW/?HDZ) 2
Tt @erorreemeee A eeeeeeeeeeeeee oo oo
2 S B OO
- pi =smooting patces (LGP DO, BE&lley
PaNE # ) pp.=_coarse residua'!__s"c?.l_\_/_(_-:*m_{__r} Ve N=1eR

@ V-cycle geometric multigrid

@ zero pre- and a single post-smoothing step

@ cheapest Py coarse solve

@ additive Schwarz/block-Jacobi smoothing /)1’3: fully parallel on each level
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V(0,1)-cycle multigrid with block-Jacobi smoothing

) A ) J 1
wpeVy  wft =i+ N e vy e = (X (I9A1)°)”
J= J=

T 4@+ eE e e ef e D e e f e D f e f e f AR e R e RS L e E et et et rn et

Tot e @ e
7 p4 = smoothing patches {%%7 ~~--;@;m; }er’l, AT ER
B W S IV N AN s N I 0 N A R
AN .= coarse residua'!__s_g'l_\_/_g_"{__r¥ Vo NZLER

)

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest Py coarse solve
@ additive Schwarz/block-Jacobi smoothing /)’ fully parallel on each level
@ level-wise step-sizes )\’ in correction stage
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V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

) i A } J o\
wpeVy  wft =i+ N e vy e = (3 (SIVA51D°)
Jj= J=

I - T O

Tot e @ e
T p1 = smoothing patches {%%7@7@7 : }GV{”, A eR
B W S IV N AN s N I 0 N A R
X 7. ph.=.coarse residua.!.ﬁ?.'.vs.._{_.r} Vi MZLER

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest Py coarse solve
@ additive Schwarz/block-Jacobi smoothing /)’ fully parallel on each level
@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

) i A } J o\
wpeVy  wft =i+ N e vy e = (3 (SIVA51D°)
J= 7=

I - T O

Tot e @ e
7 ) p4 = smoothing patches {%%7 ~~--;@, : }er’l, AT ER
B W S IV N AN s N I 0 N A R
VaNg -+ ph.=.coarse residua'!__s_g'l_\_/_g_"{__r} VO MNTZIER

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest Py coarse solve
@ additive Schwarz/block-Jacobi smoothing /)’ fully parallel on each level
@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

uly € VP il = u, +]ijo Niph e V7 Nig = (éﬂ (A_;HV;’?,H)Z)%
T
Ta:
Ti:
VN Ty

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest Py coarse solve
@ additive Schwarz/block-Jacobi smoothing /)’ fully parallel on each level
@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

uly € VP it = uf] +J§Jjo Aj. ps eV Nig = (éﬂ (A_;HV;’?,H)Z)%
T
Ta:
Ti:
VN Ty

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest Py coarse solve
@ additive Schwarz/block-Jacobi smoothing /)’ fully parallel on each level
@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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Let u), € V% be arbitrary. We construct {y/}/_, and {\/};_; as follows:
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Functional writing

Let u), € VI be arbitrary. We construct {y/}s_, and {)\}_, as follows:

Coarse solve: Define p) € Vj by:  (KVp), Vvp) = (f, vo) — (KVU), V) Vvp € V.

global lifting global algeBrraic residual
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Functional writing
Let u), € VI be arbitrary. We construct {y/}s_, and {)\}_, as follows:

Coarse solve: Define p) € Vj by:  (KVp), Vvp) = (f, vo) — (KVU), V) Vvp € V.

global lifting global algebraic residual

Patchwise smoothing (local solves): For j=1: J, for alla € V;, define p/’:,a € Vja by:

) ) -1
(Kvpjl',av vvj,a)wf1 = (f7vj,a)wja - (KV(U& + ZK:O )‘;(p;() ) vvj’a)wa \V/Vj,a € Vja'
/

local lifting

V. .
local algebraic residual
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Functional writing
Let v/, € V7] be arbitrary. We construct {/) Lo and {} } ", as follows:

Coarse solve: Define p € Vj by: (KVph, Vo) = (f, ) — (KVU), Vvg) Vv e V.

global lifting global algebraic residual

Patchwise smoothing (local solves): For j=1: J, for alla € V;, define p/’:,a € Vja by:

(KVpfar V¥iakes = (il — (K (U + 377 Mek) Via) |, Wja € VP,
J

local lifting

V. .
local algebraic residual

j-level update (correction direction): Define p} € Vjp oy: pf = pla
aEVj
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Functional writing
Let u), € VI be arbitrary. We construct {y/}s_, and {)\}_, as follows:

Coarse solve: Define p) € Vj by:  (KVp), Vvp) = (f, vo) — (KVU), V) Vvp € V.

global lifting global algebraic residual

Patchwise smoothing (local solves): For j=1: J, for alla € V;, define p/’:,a € Vja by:

) ) -1
(Kvpjl',av vvj,a)wf = (f7vj,a)wja - (KV(U:I + ZK:O ;(p;()avvj,a)wa \V/Vj,a € Vja'
/

local lifting

V. .
local algebraic residual

j-level update (correction direction): Define p} € Vjp oy: pf = pla
aEVj

(f, p)) — (KV(u + 54y Merk), Vi)
1 2
K2 v
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Level-wise step-sizes by line search: )\]’3 =
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@ current approximation qu = uJ + Z’k 10 Al ple
@ j-level update (correction direction) by Schwarz/block-Jacobi smoothing: pj
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The power of line search: theory

@ current approximation /| = u}, + 4o Mol
@ j-level update (correction direction) by Schwarz/block-Jacobi smoothing: pj’.
Lemma (Line search )

error ||K2V(uy — (uhj 4+ /\f)f))\‘z
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The power of line search: theory

@ current approximation uJ/ ES uJ + Z’k 10 Al ple
@ j-level update (correction dlrectlon) by Schwarz/block-Jacobi smoothing: /)

Lemma (Line search )
The choice - (f pj/) _ (KVUQ,,-_1 7 V,o;:)
- T 12
KEv|
minimizes the error HK%V(UJ — (U 4+ Apj))Hz over all possible \ € R
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The power of line search: theory

@ current approximation uJ/ ES uJ + Z’k 10 Al ple
@ j-level update (correction dlrectlon) by Schwarz/block-Jacobi smoothing: /)

Lemma (Line search )
The choice - (f pj/) _ (KVUQ,,-_1 ’ Vp;:)
- T 12
KEv|
minimizes the error HK%V(UJ — (U 4+ A/)}))HZ over all possible \ € R

Proof. (Minimization of a quadratic function R — R).
1 - i 12 e L - 2 j j I
K2V (uy—(u) ;7o) | =[K2 V (uy—u) o) [|[=2MKV (uy— ) ;_4),Vp))+)?||K2 V|

N

(f.p))—(KVU) ;_,Vp))
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The power of line search: theory

@ current approximation uJ/ 1= uJ + Z’k 10 Al ple
@ j-level update (correction dlrectlon) by Schwarz/block-Jacobi smoothing: /)

Lemma (Line search: Pythagorean formula for the algebraic error)
The choice - (f, pj/j) _ (KVquj_1,ij’:)
K2

j =
minimizes the error HK%V (wy— (U 4+ A/)}))Hz over all possible \ € R and gives

K2V (uy — (g + o)) = [ KEV(wy =y )|° — (AD2[|KEv 4|

~
new error old error computable decrease

Proof. (Minimization of a quadratic function R — R).
1 - i 12 e L - 2 j j I
K2V (uy—(u) ;7o) | =[K2 V (uy—u) o) [|[=2MKV (uy—t);_4),Vp))+)?||K2 V|

N

(f.p))—(KVU) ;_,Vp))
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The power of line search: numerics (global step-size on level J only)

Sine Peak L-shape
J\p AS\MG01J AS\MGO1J AS\MGO1)
31 2 19 68 17 44
4aftf 23 [ - [ 2 [ - [ 18]
si1f 2 [ - 2 | - ] 17 ]

e forp=1:  AS and MG(0,1)-J only differ by the global optimal step-size.
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The power of line search: numerics (global step-size on level J only)

Sine Peak L-shape
J\p AS\MG01J AS\MGO1J AS\MGO1)
S[1] 21 19 68 17 44
4aftf 23 [ - [ 2 [ - [ 18]
si1f 2 [ - 2 | - ] 17 ]

e forp=1: AS and MG(0,1)-J only differ by the global optimal step-size.

@ the usual requirement of “sufficient number of smoothing steps” (unknown
parameter in practice) is avoided
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The power of line search: numerics (global step-size on level J only)

Sine Peak L-shape

J | p || wRAS | MG(0,1)-J || wRAS | MG(0,1)-J || wRAS | MG(0,1)-J
3|1 21 - 19 68 17 44
3 15 - 15 - 12 -
6 13 - 14 - 10 -
9 13 - 14 - 10 -
4 |1 23 - 20 - 18 -
3 15 - 15 - 12 -
6 13 - 14 - 10 -
9 13 - 14 - 9 -
511 22 - 20 - 17 -
3 15 - 15 - 12 -
6 13 - 14 - 9 -
9 13 - 13 - 8 -

e for p = 1: wRAS and MG(0,1)-J only differ by the global optimal step-size.

@ the usual requirement of “sufficient number of smoothing steps” (unknown
parameter in practice) is avoided
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MG solver

Definition (MG solver)
Initialize uS = 0 and leti = 0. Perform the following steps:
@ Construct {};_, and {\}}_, as detailed above.
Q Update the current approximation u’,™ := u/, + Z,-J:o )\;p]’:.
Q If nglg is small enough, then stop the solver; otherwise increase i :== i+ 1.

stopping criterion
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MG solver and a posteriori estimator of the algebraic error

Definition (MG solver)
Initialize uS = 0 and leti = 0. Perform the following steps:
@ Construct {};_, and {\}}_, as detailed above.
Q@ Update the current approximation u’,™ := u, + Z,-J:o )\;p]’:.
Q If nglg is small enough, then stop the solver; otherwise increase i :== i+ 1.

stopping criterion

Definition (A posteriori estimator of the algebraic error)

Let uj € Vf,’ be arbitrary. Define the a posteriori estimator of the algebraic error
1

J 2
Thy = {Z <A;-||Kéw;-u>2} .

j=0
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Pythagorean error formula

Proposition (Pythagorean error representation)

Foru, € V%, let U’ € V¥ be the next iterate. Then
J
[KEvw — I = [IKe9 (s — Il =3 (S IKEv)"

new error old error

~~

(nélg) :
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Pythagorean error formula and bound on the algebraic error

Proposition (Pythagorean error representation)

Foru, € V%, let U’ € V¥ be the next iterate. Then
J
[KEvw — I = [IKeV (s — Il =3 (S IKEv)"
j=0

Vv Vv
new error old error

~~

(nélg) :

Corollary (Guaranteed lower bound on the algebraic error)

There holds: _ 1 _
Mg < ||K2V(uy — ).
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Pythagorean error formula and bound on the algebraic error

Proposition (Pythagorean error representation)

Foru, € V%, let U’ € V¥ be the next iterate. Then
J
[KEvw — I = [IKeV (s — Il =3 (S IKEv)"
j=0

~
new error old error

~~

(nélg) :

Corollary (Guaranteed lower bound on the algebraic error)

There holds: _ 1 _
nag < |[K2V (uy = ).

@ similar situation to the conjugate gradients method, see Meurant (1997) and
Strako$ and Tichy (2002) ’
@ here one additional iteration / — 7/ + 1 is sufficient for reliable n,,,
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Main results

Theorem (p-robust error contraction of the multilevel solver)

For ui, € V¥, let U € V¥ be given by one MG step. Then

K2V (uy — uff )| < ollKeV(uy = ), 0<a(sr,d,K,J)< 1.
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Main results

Theorem (p-robust error contraction of the multilevel solver)

For ui, € V¥, let U € V¥ be given by one MG step. Then

K2V (uy — uff )| < ollKeV(uy = ), 0<a(sr,d,K,J)< 1.

Theorem (p-robust reliable and efficient bound on the algebraic error)

Let ), be the algebraic error estimator. Then, on top of 1jj;, < K2V (uy — )],

Mg = K2V (uy = uj)l, B=+1-a2

@ « is independent of the polynomial degree

@ the dependence on J is at most linear under minimal H'-regularity

e complete independence of J is obtained under H?-regularity

@ recent extension (A. Miragi, D. Praetorius, S. Schimanko, and J. Streitberger):

smoothing near refined elements only and independence of J in H'
A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 16 / 31
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Additional results

Corollary (Equivalence of the two main results)

The solver contraction is equivalent to the efficiency of the estimator n;lg.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 17 / 31



| Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Additional results

Corollary (Equivalence of the two main results)
The solver contraction is equivalent to the efficiency of the estimator n;lg.

By the Pythagorean formula, there holds:

(naillg)z > 2||K2 v (uy — u})|[®  (estimator efficiency)
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Additional results

Corollary (Equivalence of the two main results)
The solver contraction is equivalent to the efficiency of the estimator nglg.

Proof
By the Pythagorean formula, there holds:

nhe)” > B2|K2V(uy — U (estimator efficiency)
he)® > B2|Ke v (uy — u)|®
o [KEW (- )]~ [KEW (s — o )F > $2KE (s — )P
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Additional results

Corollary (Equivalence of the two main results)
The solver contraction is equivalent to the efficiency of the estimator nglg.

Proof
By the Pythagorean formula, there holds:

mhe)? > B2||K2V(uy — uh)|[®  (estimator efficiency)
g U
o [KEV(us — )| = [KEV (us— )| > 82 KEV (uy — )P

& |[KeV(uy— Ui |7 < (1 = B?)||K2V(uy — u))|]°  (solver contraction).

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 17 / 31



| Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Additional results

Corollary (Equivalence of the two main results)
The solver contraction is equivalent to the efficiency of the estimator 77£1g-

Proof

By the Pythagorean formula, there holds:
(nie)? > B2||K2V (uy — u))||?  (estimator efficiency)
& [Kiv(uy - )| - [Kiv(us— o) 2 B2 [KEV(us — )|

o ||KeV(uy—uih|Z< (1 - 52)||K2V (uy— u))||® (solver contraction).

Corollary (Equivalence of error—global estimator—local estimators)
There holds

J
K& (s = U (nhe)® = S0 (S KEV )2 = K305 +2A’2||sz,au
j=0 j=1 aey;
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@ patches: larger subdomains for \/ja
@ smoothing:

o damped additive Schwarz (dAS)
o weighted restricted additive Schwarz (WRAS)
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Alternatives

@ patches: larger subdomains for \/j"I
@ smoothing: modifying pj ,

e damped additive Schwarz (dAS)
e weighted restricted additive Schwarz (WRAS)

J J
Pt D a (AS)  potwd D pja (dAS), o+ZZIp’ frja) (WRAS)
j=1acy; j=1acy; j=1acy;

@ hat function v} for vertex a € V;
@ Lagrange interpolation operator If’
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@ hat function v} for vertex a € V;
@ Lagrange interpolation operator If’

@ optimal step-size: only used on the finest level J
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Alternatives

@ patches: larger subdomains for \/j"I
@ smoothing: modifying pj ,

e damped additive Schwarz (dAS)
e weighted restricted additive Schwarz (WRAS)

J J
Pt D a (AS)  potwd D pja (dAS), 0+ZZI” 20ia) (WRAS)

j=1aey; j=1a€y; j=1aey;
@ hat function v} for vertex a € V;
@ Lagrange interpolation operator If’

@ optimal step-size: only used on the finest level J
Some of these variants are parallelizable also level-wise.
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5 test cases

Sine: u(x, y) = sin(2rx)sin(2ry), 2 :=(—1,1)?
Peak: u(x,y) = x(x — Ny(y — 1)e*‘°°<(xf°-5>2*(y*°-117)2); 2 :=(0,1)2
L-shape: u(r,0) = r?/3sin(26/3); 1,1)2\([0,1] x [-1,0])

Checkerboard:  u(r,¢) = ru(y); 2:=(-1, 1)2
with jump in the diffusion coefficient 7 (K) = O(10°) or no jump

r12e6

-1
-1

r9e7
7e7
5e7
3e7

1e7
1

1
A. Miragi, J. Papez, M. Vohralik

1
Skyscraper: unknown analytic solution;
1

2:=(0,1)
with jump in the diffusion coefficient 7 (K) = O(107) or 7 (K) = O(1)
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Confirmation of p-robustness: contraction factors

L-shape problem, J = 3, p; = 1 (left) and p; = p (right), je {1,...,J — 1}

08¢
N _06F
I=) I=)
3 & 0.4[
c c
=] =]
8 go2f
< <
o o
(] o
02 : : : ‘ ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 0 5 10 15 20
iteration iteration
1—=1,p .p—=p
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Confirmation of p-robustness: iteration numbers

Stopping criterion:

IEy — AJUS|
[EJ]]

<10~

s IFs — AUY)|

[[Eyl

The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7s.

Sine Peak L-shape Checkerboard Skyscraper
K=/ K=/ K=1 K=/ JK)=0(109 || JK)=0(1) | JK)=0(10")
1—=1,pl,p—pli—=1pl,p—p|l—=1,p1,p—p|1—1p|1,p—plil—=1p|1,p—p|1—=1,p1,p—p1—=1,p1,p—p
J| p|DoF I s I s s s s s I s I s s I
31| 2e* 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1ed 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e® 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9| 1eb 31 14 30 14 23 9 23 9 23 9 26 10 26 10
411 | 6e? 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3| 6e® 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 2¢8 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5eb 32 14 31 15 23 9 22 9 23 9 25 9 25 9
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Confirmation of p-robustness: iteration numbers

Stopping criterion:

IEy — AJUS|
[EJ]]

<10~

s IFs — AUY)|

¥y

The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7s.

H2-regular H-regular
Sine Peak L-shape Checkerboard Skyscraper
K=/ K=/ K=/ K=/ JK)=0(109 || JK)=0(1) | JK)=0(10")
1=1,pl,p—pli—=1,pl,p—p|l—=1,p1,p—p|1—1p|1,p—pl1—=1p|l,p—p|1—=1,p1,p—p1—=1,p1,p—p
J| p|DoF s A I s s A A s I s I s A I
3] 1] 2¢* 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1ed 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e® 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9| 1e 31 14 30 14 23 9 23 9 23 9 26 10 26 10
411 6e? 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3| 6ed 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 2¢8 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5eb 32 14 31 15 23 9 22 9 23 9 25 9 25 9

Numerical K- and J-robustness observed even in low-regularity cases.

A. Miragi, J. Papez, M. Vohralik
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L-shape, K=, 1,p— p
Jlp| i Jlp|i _J | /] N
5111 16 10 | 1 ]| 15 15 | 1 || 17
3 7 3| 6 3| 11
6| 6 61| 5 61| 5
91| 5 91 5 91 4
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Tests for graded meshes and H'-regular solutions

L-shape, K=/,1,p—>p

A. Miragi, J. Papez, M. Vohralik

J|p|| i J | p|| i J | p|| i
5] 1 16 10 | 1 15 15 | 1 17
3 7 3 6 3| 11
6 6 6 5 6 5
9 5 9 5 9 4
Checkerboard, J(K) = O(109,1,p — p
Jlplli o Jlp| b J]p]
5133 10|15 15[ 1] 97
3| 15 3| 23 3| 32
6 || 12 6 || 15 6 || 20
9 | 11 9 || 12 9| 15
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Tests for graded meshes and H'-regular solutions

L-shape, K=/,1,p—>p

These H'-regular test cases indicate the possibility of linear J-dependence,

in accordance with the theoretical results.

A. Miragi, J. Papez, M. Vohralik

Jp| i J | pll i J|p]| &
5] 1 16 10 | 1 15 15 | 1 17
3 7 3 6 3| 11
6 6 6 5 6 5
9 5 9 5 9 4
Checkerboard, J(K) = O(109,1,p — p
Jp| i J | p| i J|p | i
5|1 33 10 | 1 57 15 | 1 97
3| 15 3| 23 3| 32
6 || 12 6 || 15 6 || 20
9 || 11 9 | 12 91 15
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Three space dimensions

Test cases: uniform mesh refinement, p;=1,j€ {1,...,J—1},and J = 4.
Cube: 2:=(0,1)3, Nested cubes: (2 := (—1,1), Checkers cubes: 2 := (0,1)°,
ulx,y,z) = x(x = y(y — 1)z(z - 1), unknown analytic solution, unknown analytic solution,
K=1 K = /and 105 % /in (—0.5,0.5)°. K = /and 108x/in (0,0.5)3U(0.5, 1)°
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Test cases: uniform mesh refinement, p;=1,j€ {1,...,J—1},and J = 4.
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Adaptive number of smoothing steps

uh eVl uflte vy uy € Vy ufte vy
1 vy
1 123
—
1 vy
Non-adaptive Adaptive

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.
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Adaptive number of smoothing steps
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Adaptive number of smoothing steps

Wevy  wifevy eV uifevy
1 v
©
o
O
. 9~
1 12 T3
o = 1 2
£g b ol )
v g MK Vi )*
1 v g 2 (N2 [[K* Vi)
[ 1 2
=) ) (N [[K2 Ve 4])
- o<t vi)? } e =
- >
j=0 j=1 ji=2 j=J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy €V} ute vy uy €V} ute vy
1 vy 2
©
o
O
. 9~
1 v T3 vi =3
o = 1 2
£g b ol )
’ 08 ocaiceina)?
Lu IVl
. Vies g K5V
[ 1 2
o A (K21 ])
< Jovli v’ } e =
Jj=0 j=1 Jj=2 j=J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy €V} ute vy uy €V} ute vy
1 vy 2
©
o
O
. L .
1 12 ] vi=3
] el KPTa)?
£s JERESR
’ 08 ocaiceina)?
i_ ‘T 12 P2 ‘
1 vi=3 5 (3519 )
o , K2V, )
- o<t vi)? } e =
j=0 j=1 j=2 ji=J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy €V} ute vy uy €V} ute vy
1 vy 2
©
o
O
i 35
1 12 ] \ 2
S = , X[ K V5|
g5 (ol ) }[ SalCvral)
O
’ 08 O all )
i_ ‘T 12 P2 ‘
1 vp=3 5 (3519 )
<) , K2V, )
© o lEval)® -
j=0 j=1 j=2 ji=J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy €V} ute vy uy €V} ute vy
1 vy 2
©
o
9 —
. 535 vy =
1 vy=2 @ \ 2
S = , X[ K V5|
s (ol ) }[ SalCvral)
’ 08 O all )
i_ ‘T 12 P2 ‘
1 vp=3 5 (3519 )
o , K2V, )
© o lEval)® -
>
j=0 j=1 j=2 ji=J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



| Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy €V} ute vy uy €V} ute vy
1 vy ]
©
o
9 —
. 535 vy =
1 vy=2 @ \ 2
S = , Ao |[KE 5
s (ol ) }[ SalCvral)
’ 08 O all )
i_ ‘T 12 P2 ‘
1 vp=3 5 044K 7 )
o A (alxion, ) i D?
® Joulvoil) e vAal)
j=0 j=1 j=2 j=J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



| Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

u; €Vy ufte vy u; €V ufte vy
1 vi=1 9
©
o
9 —
. 535 vy =
1 vy=2 P , 2
s . ol K2V o
s (ol ) }[ SalCvral)
EEE—— g , .
; 22 (N2l KE Vi) E
1 vp=3 5 O vag ) Yo =1
=) ) K2V, ) oiall)?
® Joulvoil) e vAal)
j=0 j=1 j=2 j=J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy €Vy uftevy uy Vi ujftevy
1 vi=1
1 vy=2
—_—
1 vi=3
Non-adaptive Adaptive

algebraic error decrease

(squared)

< Vi)’

(Ml K2V

(i KEVAL)*

(v )

vy =2

}(A;A\K‘:vm“

‘ P
(K3 ) Vs =1

j=0

j=J

i Yo N2 (5 Gy T TEASEY 1o, |12
(N K205, [[) 7> 0 (kng::l(/\k,fHszﬂwH) +f;()‘j,f”K2v”j.eH) )

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.

i v, |)?

@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik

Multigrid for high-order finite elements

24 /31



Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy vy ujt e vy uj eVy uy e vy
1 vi=1 9
©
o
S
; 8= v =
1 yi—9 - ‘ ‘
: 5% ) (KA V0]
> 58 (sl KEVpo]))
O =]
T (Ml Vatal)?
i« © 7 M| K2Vpi 5 ‘ .
1 vi=3 ‘qE; k) V=1
=) B g3 [CRESA )Y .
= | <) sl
j=0 j=1 j=2 j=J
Non-adaptive Adaptive level

i Yo N2 (5 Gy T TEASEY 1o, |12
(N K205, [[) 7> 0 (kng::l(/\k,fHszﬂwH) +f;()‘j,f”K2v”j.eH) )

—
current smoothing

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy vy ujt e vy uj eVy uy e vy
1 vi=1 9
©
o
S
; 8= v =
1 yi—9 - ‘ ‘
: 5% ) (KA V0]
> 58 (sl KEVpo]))
O =]
T (Ml Vatal)?
i« © 7 M| K2Vpi 5 ‘ .
1 vi=3 ‘qE; k) V=1
=) B g3 [CRESA )Y .
= | <) sl
j=0 j=1 j=2 j=J
Non-adaptive Adaptive level

i Yo N2 (5 Gy T TEASEY 1o, |12
(N K205, [[) 7> 0 (kng::l(/\k,fHszﬂwH) +f;()‘j,f”K2v”j.eH) )

—
current smoothing all smoothings on
previous levels

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Adaptive number of smoothing steps

uy vy ujt e vy uj eVy uy e vy
1 vi=1 9
©
o
S
; 8= v =
1 yi—9 - ‘ ‘
: 5% ) (KA V0]
> 58 (sl KEVpo]))
O =]
T (Ml Vatal)?
i« © 7 M| K2Vpi 5 ‘ .
1 vi=3 ‘qE; k) V=1
=) B g3 [CRESA )Y .
= | <) sl
j=0 j=1 j=2 j=J
Non-adaptive Adaptive level

i Yo N2 (5 Gy T TEASEY 1o, |12
(N K205, [[) 7> 0 (kng::l(/\k,fHszﬂwH) +f;()‘j,f”K2v”j.eH) )

—
current smoothing all smoothings on previous smoothings on
previous levels current level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Ride. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010.

A. Miragi, J. Papez, M. Vohralik Multigrid for high-order finite elements 24 / 31



- | Muligrid for high-order FEs  Main resuits Numerical experiments - Adaptivity C
Adaptive vs. fixed number of smoothing steps

Checkerboard case, 7(K) = O(10°), p = 3, J = 3, and mesh hierarchy p; = p,j € {1,...,J — 1}.

pj = p, non-adapt

” it=1 | it=2 | it=3 | it=4 | it=5 | it=6 | it=7 | it=8 | it=9 | it=10 | it=11
level 0 || 1 1 1 1 1 1 1 1 1 1 i
level 1 || 1 1 1 1 1 1 1 1 1 1 1
level 2 || 1 1 1 1 1 1 1 1 1 1 1
level 3 || 1 1 1 1 1 1 1 1 1 1 1
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Comparison with other multilevel solvers

We compare our methods with [1,2,3] in terms of the number of iterations (and CPU times*).

' Antonietti et al. J. Sci. Comput. 2017.
®Botti et al. J. Comput. Phys. 2017.
3Schaberl. “C++11 Implementation of Finite Elements in NGSolve”. Tech. report. 2014.

4The experiments were run on one Dell C6220 dual-Xeon E5-2650 node of Inria Sophia Antipolis -
Méditerranée “NEF” computation cluster, however, in a sequential Matlab script.
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~MG(0,1) | ~MG(0,adapt) PCG(MG MG(1,1)- MG(0,1)- MG(3,3)-
-bJ -bJ (WRAS) (8,3)-bJ) PCG(iChol) bGS GS
1L,p—p 1p p—p 1P 1—=1p 1P
J \ p I8 time | i time s time s time s time | i time
41119 012s |9 011s | 11 0.20s 16 0.74s | 11 0.06s | 4 0.05s
3| 11 207s | 7 1.62s 3 234s 44 27.48s | 10 964s | 5 1.37s
6 9 20.19s | 4 1254 s 3 3840s | >80 >6.87m 9 3478s | 6 14.44s
9 9 2.13m | 3 49.84 s 2 2.24m | >80 >23.08m 8 1.72m | 9 1.21m
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Adaptive local smoothing

Recall: [[K2V(uy — u))[* ~ [K2Vah[* + Ly N Caey, ||K%ij’:’a||i?.
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Adaptive local smoothing

Recall: [[K2 V(s — u))|* ~ [IKEV 0+ Sy X Sacy, K2V 25
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Local smoothing in adaptively-refined meshes

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
e Rude. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM 1993.
o Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer 2009.
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Adaptive local smoothing

Recall: HK%V(UJ - UQ)H2 ~ ||K1§Vp{)||2 + 27:1 /\j’ﬁ Zaevj HK%ij’:’aHi?.
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Local smoothing in adaptively-refined meshes vs adaptive local smoothing on a given mesh hierarchy

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
e Rude. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM 1993.
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Adaptive local smoothing
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Local smoothing in adaptively-refined meshes vs adaptive local smoothing on a given mesh hierarchy

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
o Riide. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM 1993.
# Xu, Chen. and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer 2009.

" Doriler. “A convergent adaptive algorithm for Poisson’s equation”. SIAM J. Numer. Anal. 1996.
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Adaptive local smoothing
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precentage of
marked patches

precentage of
marked patches

Skyscraper O(10?) test case (non-adaptive 15 iterations)
100

75
50
25

iteration

Skyscraper O(10°) test case (non-adaptive 15 iterations)
100

75
50
25

iteration

Hierarchy: J=3,po=1,p1=1,po0=2,p3 =3,6 =0.95

A. Miragi, J. Papez, M. Vohralik

Multigrid for high-order finite elements

29/31



| Multigrid for high-order FEs Main results Numerical experiments Adaptivity C

Does the adaptivity pay off?
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Conclusions

Multigrid iterative solver that

is genuinely steered by an a posteriori estimator that certifies the algebraic
error in the energy norm

features a Pythagorean formula for the decrease of the algebraic error in
terms of level-wise and patch-wise computable error reductions

contracts the algebraic error independently of the polynomial degree

is naturally non symmetric: first the roughest modes are captured by the
coarse solve, and then smoothing, by additive Schwarz (block-Jacobi), is
performed on each mesh level

is naturally minimalist: only one post-smoothing step is sufficient

is parameter-free (no damping or number of smoothing steps or other
parameters need to be defined)

calls for algebraic adaptivity: adaptive number of smoothing steps and
adaptive choice of patches to perform smoothing
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Thank you for your attention!
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