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The Stefan problem

The Stefan problem

∂tu −∆β(u) = f in Ω× (0,T ),

u(·,0) = u0 in Ω,

β(u) = 0 on ∂Ω× (0,T )

Nomenclature

u enthalpy, β(u) temperature
β: Lβ-Lipschitz continuous, β(s) = 0 in (0,1), strictly
increasing otherwise
phase change, degenerate parabolic problem
u0 ∈ L2(Ω), f ∈ L2(0,T ; L2(Ω))

Context

ongoing Ph.D. thesis of Soleiman Yousef
collaboration with IFP Energies Nouvelles
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Numerical practice: regularization

Regularization of β with a parameter ε
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Questions
Discretization

. . .
Question (Stopping and balancing criteria)

What is a good choice of the
regularization parameter ε?
time step?
space mesh?

What is a good stopping criterion for the
nonlinear solver?
linear solver?

Question (Error)

How big is the error ‖u|In − un,ε,k ,i
hτ ‖ on time step n, space

mesh Kn, regularization parameter ε, linearization step k,
and algebraic solver step i? How big are the individual
components? How is error distributed in time and space?
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Previous results – a posteriori error estimates
Nonlinear steady problems

Ladevèze (since 1990’s), guaranteed upper bound
Verfürth (1994), residual estimates
Carstensen and Klose (2003), guaranteed estimates
Chaillou and Suri (2006, 2007), linearization errors
Kim (2007), guaranteed estimates, loc. cons. methods

Linear unsteady problems
Bieterman and Babuška (1982), introduction
Verfürth (2003), efficiency, robustness wrt the final time

Nonlinear unsteady problems
Verfürth (1998), framework for energy norm control
Ohlberger (2001), non energy-norm estimates

Degenerate parabolic problems
Nochetto, Schmidt, Verdi (2000), Stefan problem
Dolejší, Ern, Vohralík (2013), Richards-type problems,
robustness in a space–time dual mesh-dependent norm
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Weak formulation

Functional spaces
X := L2(0,T ; H1

0 (Ω)), Z := H1(0,T ; H−1(Ω))

Weak formulation

u ∈ Z with β(u) ∈ X
u(·,0) = u0 in Ω

〈∂tu, ϕ〉(s) + (∇β(u),∇ϕ)(s) = (f , ϕ)(s) ∀ϕ ∈ H1
0 (Ω)

a.e. s ∈ (0,T )
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Residual and its dual norm

Residual R(uhτ ) ∈ X ′ for uhτ ∈ Z such that β(uhτ ) ∈ X

〈R(uhτ ), ϕ〉X ′,X =

∫ T

0
{〈∂t (u−uhτ ), ϕ〉+(∇β(u)−∇β(uhτ ),∇ϕ)} (s) ds,

ϕ ∈ X

Dual norm of the residual

‖R(uhτ )‖X ′ := sup
ϕ∈X , ‖ϕ‖X =1

〈R(uhτ ), ϕ〉X ′,X

M. Vohralík Adaptive regularization, linearization, and discretization



I Estimates of the residual Energy estimates Num. res. C Residual A posteriori estimate Error components Efficiency

Residual and its dual norm

Residual R(uhτ ) ∈ X ′ for uhτ ∈ Z such that β(uhτ ) ∈ X

〈R(uhτ ), ϕ〉X ′,X =

∫ T

0
{〈∂t (u−uhτ ), ϕ〉+(∇β(u)−∇β(uhτ ),∇ϕ)} (s) ds,

ϕ ∈ X

Dual norm of the residual

‖R(uhτ )‖X ′ := sup
ϕ∈X , ‖ϕ‖X =1

〈R(uhτ ), ϕ〉X ′,X

M. Vohralík Adaptive regularization, linearization, and discretization



I Estimates of the residual Energy estimates Num. res. C Residual A posteriori estimate Error components Efficiency

Time-localization of the dual norm of the residual

Time interval In

Xn :=L2(In; H1
0 (Ω))

‖R(uhτ )‖X ′n := sup
ϕ∈Xn, ‖ϕ‖Xn =1

∫
In
{〈∂t (u − uhτ ), ϕ〉

+ (∇β(u)−∇β(uhτ ),∇ϕ)}(s) ds

L2 in time . . .

‖R(uhτ )‖2X ′ =
∑

1≤n≤N

‖R(uhτ )‖2X ′n
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Assumptions

Assumption A (Approximate solution)
The function uhτ is such that

uhτ ∈ Z , ∂tuhτ ∈ L2(0,T ; L2(Ω)), β(uhτ ) ∈ X ,
uhτ |In is affine in time on In ∀1 ≤ n ≤ N.

Assumption B (Equilibrated flux reconstruction)

For all 1 ≤ n ≤ N, there exists a vector field tn
h ∈ H(div; Ω) such

that

(∇·tn
h,1)K = (f n,1)K − (∂tun

hτ ,1)K ∀K ∈ Kn.

We denote by thτ the space–time function such that thτ |In := tn
h.

M. Vohralík Adaptive regularization, linearization, and discretization
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A posteriori error estimate

Theorem (A posteriori error estimate)
Let Assumptions A and B hold. Then

‖R(uhτ )‖X ′ + ‖u0 − uhτ (·,0)‖H−1(Ω)

≤

{
N∑

n=1

∫
In

∑
K∈Kn

(
ηn

R,K + ηn
F,K (t)

)2 dt

} 1
2

+ ηIC,

with

ηn
R,K := CP,K hK‖f n − ∂tun

hτ −∇·tn
h‖K ,

ηn
F,K (t) := ‖∇β(uhτ (t)) + tn

h‖K ,
ηIC := ‖u0 − uhτ (·,0)‖H−1(Ω).
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Sketch of the proof

ϕ ∈ X with ‖ϕ‖X = 1 given (f pw constant in time)
adding and subtracting (thτ ,∇ϕ), Green theorem:

〈R(uhτ ), ϕ〉X ′,X = T1 + T2

:=

∫ T

0
{(f − ∂tuhτ −∇·thτ , ϕ)− (thτ +∇β(uhτ ),∇ϕ)} (s)ds

T1 =
N∑

n=1

∫
In

∑
K∈Kn

(f n − ∂tun
hτ −∇·tn

h, ϕ− Πn
0ϕ)K (s)ds

≤
N∑

n=1

∫
In

∑
K∈Kn

CP,K hK‖f n − ∂tun
hτ −∇·tn

h‖K︸ ︷︷ ︸
ηn

R,K

‖∇ϕ‖K (s)ds

T2 ≤
N∑

n=1

∫
In

∑
K∈Kn

‖tn
h +∇β(uhτ )‖K︸ ︷︷ ︸

ηn
F,K

‖∇ϕ‖K (s)ds
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Distinguishing different error components

Theorem (An estimate distinguishing the error components)
For time n, linearization k, and regularization ε, there holds

‖R(un,ε,k
hτ )‖X ′n ≤ η

n,ε,k
sp + ηn,ε,k

tm + ηn,ε,k
reg + ηn,ε,k

lin .

ln,ε,kh a scheme linearized flux (not H(div,Ω)), tn,ε,k
h

reconstructed H(div,Ω) flux, Πn interpolation op.

(ηn,ε,k
sp )2 := τn

∑
K∈Kn

(
ηn,ε,k

R,K + ‖ln,ε,kh + tn,ε,k
h ‖K

)2
,

(ηn,ε,k
tm )2 :=

∫
In

∑
K∈Kn

‖∇Πnβ(un,ε,k
hτ )(t)−∇Πnβ(un,ε,k

hτ )(tn)‖2K dt ,

(ηn,ε,k
reg )2 := τn

∑
K∈Kn

‖∇Πnβ(un,ε,k
hτ )(tn)−∇Πnβε(u

n,ε,k
hτ )(tn))‖2K ,

(ηn,ε,k
lin )2 := τn

∑
K∈Kn

‖∇Πnβε(u
n,ε,k
hτ )(tn)− ln,ε,kh ‖2K
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Adaptive algorithm

Goal ∑N
n=1 ‖R(un,ε,k

hτ )‖2X ′n∑N
n=1 ‖l

n,ε,k
h ‖2L2(In;L2(Ω))

≤ ζ2

Computer resources limitations

min
K∈Kn

hK ≥ h, τn ≥ τ

Algorithm (Adaptive algorithm, initialization)

Choose an initial mesh K0, regularization parameter ε0, and a
tolerance ζIC > 0
repeat {Initial mesh and regularization parameter adaptation}

Compute ηIC, adapt K0, and adjust ε0.
until ηIC ≤ ζIC‖∇(βε0 (u0

h))‖
Choose an initial time step τ0, ε← ε0, t0 ← 0, n← 0

M. Vohralík Adaptive regularization, linearization, and discretization
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Adaptive algorithm
Algorithm (Adaptive algorithm)

while tn ≤ T do {Time loop}
n ← n + 1,Kn ← Kn−1, τn ← τn−1, un,ε,0

h ← un−1
h

repeat {Space refinement}
repeat {Space and time error balancing}

repeat {Regularization}
k ← 0
repeat {Nonlinear solver}

k ← k + 1; un,ε,k
h = Ψ(un,ε,k−1

h , τn,Kn); compute ηn,ε,k
sp , η

n,ε,k
tm , ηn,ε,k

reg , η
n,ε,k
lin

until ηn,ε,k
lin ≤ Γlin

(
ηn,ε,k

sp + η
n,ε,k
tm + ηn,ε,k

reg
)

kn ← k
if ηn,ε,kn

reg ≤ Γreg
(
ηn,ε,kn

sp + η
n,ε,kn
tm

)
does not hold then

ε← ε/2
end if

until ηn,ε,kn
reg ≤ Γreg

(
ηn,ε,kn

sp + η
n,ε,kn
tm

)
εn ← ε

if ηn,εn,kn
tm < γtmη

n,εn,kn
sp then

τn ← 2τn

else if ηn,εn,kn
tm > Γtmη

n,εn,kn
sp and τn ≥ 2τ then

τn ← τn/2
end if

until γtmη
n,εn,kn
sp ≤ ηn,εn,kn

tm ≤ Γtmη
n,εn,kn
sp or τn = τ

Refine the cells K ∈ Kn such that ηn,εn,kn
sp,K ≥ cref maxL∈Kn η

n,εn,kn
sp,L

until ηn,εn,kn
sp + η

n,εn,kn
tm + ηn,εn,kn

reg + η
n,εn,kn
lin ≤ ζ‖ln,εn,kn

h ‖L2(In ;L2(Ω))
or hK = h for all K

Derefine cells ηn,εn,kn
sp,K ≤ cderef maxL∈Kn η

n,εn,kn
sp,L ; un

h ← un,εn,kn
h ; tn ← tn−1 + τn ; ε← 2ε

end while

M. Vohralík Adaptive regularization, linearization, and discretization
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Efficiency assumptions

Assumption C (Technicalities)
All the meshes are shape-regular and all the approximations
are piecewise polynomial.
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Efficiency assumptions

Theorem (Efficiency)
Let, for all 1 ≤ n ≤ N, the stopping and balancing criteria be
satisfied with the parameters Γlin, Γreg, and Γtm small enough.
Let Assumptions C and D hold. Then
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Sketch of the proof, part 1
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Sketch of the proof, part 2
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Relation residual–energy norm
Energy estimate (by the Gronwall lemma)
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Sketch of the proof, part 1

Lemma (Duality estimate)

Let uhτ ∈ Z be such that β(uhτ ) ∈ X. Then, for a.e. t ∈ (0,T ),
2
Lβ
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W (·, t) ∈ H1
0 (Ω) the solution to

(∇W (·, t),∇ψ) = ((u − uhτ )(·, t), ψ) ∀ψ ∈ H1
0 (Ω)

duality:

‖∇W (·, t)‖ = ‖(u − uhτ )(·, t)‖H−1(Ω)

there holds

〈R(uhτ ),W 〉X ′t ,Xt ≤
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Sketch of the proof, part 2
definition of the residual:
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0
(u−uhτ , β(u)−β(uhτ ))(s)ds

≥ 1
Lβ

∫ t

0
(β(u)−β(uhτ ), β(u)−β(uhτ ))(s)ds =

1
Lβ
‖β(u)−β(uhτ )‖2Qt

M. Vohralík Adaptive regularization, linearization, and discretization



I Estimates of the residual Energy estimates Num. res. C

As tight as possible employment of Gronwall lemma
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Linearization stopping criterion

Linearization stopping criterion
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Regularization stopping criterion

Regularization stopping criterion
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Equilibrating time and space errors

Equilibrating time and space errors
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Error and estimate (dual norm of the residual)
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Effectivity indices (dual norm of the residual)
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Error and estimate (energy norm)

104 105 106 107

10−1

100

Total number of space–time unknowns

E
rr

or
/e

rr
or

es
tim

at
e

err. unif. est. unif.
err. ad. est. ad.

M. Vohralík Adaptive regularization, linearization, and discretization



I Estimates of the residual Energy estimates Num. res. C

Effectivity indices (energy norm)
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Actual and estimated error distribution
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Computational efficiency

0 100 200 300 400 500 600
0

2

4

6
·10−2

Cumulated Newton iterations

η
n

fixed threshold
Γlin = 0.01
Γlin = 0.1
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Conclusions

Complete adaptivity

only a necessary number of linearization iterations
optimal choice of the regularization parameter
space-time mesh adaptivity
“smart online decisions”: linearization step /
regularization / time step refinement / space mesh
refinement
important computational savings
guaranteed upper bound via a posteriori error estimates

Future directions

other coupled nonlinear systems
convergence and optimality
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