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The Stefan problem
ou—Ap(u)y=f inQx(0,T),
u(-,0) = u in Q,
B(u)y=0 on 92 x (0, T)
Nomenclature
u enthalpy, g(u) temperature

3: : , strictly
increasing otherwise

! problem
up € L2(Q), f € L3(0, T; L3(Q))
Context

ongoing Ph.D. thesis of Soleiman Yousef
collaboration with IFP Energies Nouvelles
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The Stefan problem

The Stefan problem
ou—Ap(u) ="~ inQx (0, T),
u(-,0) = up in Q,
B(u)y=0 on 9Q x (0, T)

Nomenclature

@ u enthalpy, 5(u) temperature

@ [3: Ls-Lipschitz continuous, (s) = 0in (0, 1), strictly

increasing otherwise
@ phase change, degenerate parabolic problem
@ Uy € L3(Q), f € L3(0, T; L2(Q))
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The Stefan problem

The Stefan problem
ou—Ap(u) ="~ inQx (0, T),
u(-,0) = up in Q,
B(u)y=0 on 9Q x (0, T)

I
=

Nomenclature

@ u enthalpy, 5(u) temperature
@ [3: Ls-Lipschitz continuous, (s) = 0in (0, 1), strictly
increasing otherwise
@ phase change, degenerate parabolic problem
@ Uy € L3(Q), f € L3(0, T; L2(Q))
Context

@ ongoing Ph.D. thesis of Soleiman Yousef
@ collaboration with IFP Energies Nouvelles
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Numerical practice: regularization

Regularization of 5 with a parameter ¢

1 o
05 |
B(w), 5(u)
-1 -05 /17 05 1, 15 2
70'5,
—1
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Discretization
o ...

What is a good of the

regularization parameter ¢ ?
?
7

What is a good for the

?

How big is the error on time step n, space
mesh K", regularization parameter ¢, linearization step k,
and algebraic solver step | ? How are the

? How is error in and ?
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Questions

Discretization
o ...

Question (Stopping and balancing criteria)

@ What is a good choice of the
e reqularization parameter ¢ ?
e time step?
@ space mesh?
@ What is a good stopping criterion for the
e nonlinear solver?
e linear solver?
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Questions

Discretization
o ...

Question (Stopping and balancing criteria)

@ What is a good choice of the
e regularization parameter ¢ ?
e time step?
@ space mesh?
@ What is a good stopping criterion for the
e nonlinear solver?
e linear solver?

A\

Question (Error)

@ How big is the error |u|, — uZ;jf’”H on time step n, space

mesh K", reqularization parameter ¢, linearization step k,
and algebraic solver step i? How big are the individual
components? How is error distributed in time and space?

v
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Previous results — a posteriori error estimates

Nonlinear steady problems
@ Ladeveéze (since 1990’s), guaranteed upper bound
@ Verflrth (1994), residual estimates
@ Carstensen and Klose (2003), guaranteed estimates
@ Chaillou and Suri (2006, 2007), linearization errors
@ Kim (2007), guaranteed estimates, loc. cons. methods
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Previous results — a posteriori error estimates

Nonlinear steady problems

@ Ladeveéze (since 1990’s), guaranteed upper bound

@ Verflrth (1994), residual estimates
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@ Verfirth (2003), efficiency, robustness wrt the final time
Nonlinear unsteady problems

@ Verfiirth (1998), framework for energy norm control

@ Ohlberger (2001), non energy-norm estimates
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Functional spaces
X =120, T H}(Q)), Z:=H'"(0,T;H(Q))

Weak formulation

ueZ  withg(u)e X

u(-,0) = up in Q

(0, 9)(5) + (VB(U), Ve)(s) = (£, 0)(8) Vi € HY()
- (0
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Weak formulation

Functional spaces
X =120, T;H(Q), Z:=H'(0,T,H(Q))

Weak formulation
ue”Z with 5(u) € X
u(-,0) = up in Q

(O, 9)(5) + (VB(U), Ve)(8) = (f,0)(8) Yy € H3()
ae.se(0,7)
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_ Residual A posteriori estimate Error components Efficiency
Residual and its dual norm

Residual R(up,) € X’ for up, € Z such that 3(up, ) € X

.
(R(Un-), ) xr x =/0{<5t(U— Unr ), o)+ (VB (U) =V 5(Un: ), Vo) } (s) ds,

peX

_ Adaptive regularization, linearization, and discretization
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Residual and its dual norm

Residual R(up,) € X' for up, € Z such that S(up,) € X

T
<R(Uh7)> @)X’,X :/O{<at(uuh7)> ¢>+(V.¥'5(u)—Vs'3(uh,.), VSO)} (S) dS,
peX

Dual norm of the residual

IR(Un:)x :== sup  (R(Un:), ) x'.x
peX, [lpllx=1
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Time-localization of the dual norm of the residual

Time interval /,
Xn =L2(In; H}(Q))
[R(unr)llx, == sup {{0(u — Unr), )

0€Xa, llellx,=11In

+ (VB(u) = VB(unr), V) }(s) ds
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Time-localization of the dual norm of the residual

Time interval /,
Xn =L2(In; H}(Q))
[R(Un)l[x; = sup {{0:(u — unr), )
PeXn, llellx, =1 1In
+ (VB(u) = VB(unr), Vo) }(s) ds

L2 in time...

IR(UR) % = > IR(une)li,

1<n<N
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Assumptions

Assumption A (Approximate solution)

The function uy,, is such that

Unr € Z,  Owp € L2(0, T; L3(Q)),  Blup,) € X,
Un: |, is affine in time on I, vi<n<N.
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Assumptions

Residual A posteriori estimate Error components Efficiency

Assumption A (Approximate solution)
The function uy,, is such that

Unr € Z,  Owp € L2(0, T; L3(Q)),  Blup,) € X,
Un:|y, is affine in time on I, vi<n<N.

Assumption B (Equilibrated flux reconstruction)

For all1 < n < N, there exists a vector field t] ¢ H(div; Q) such
that

(V-tZJ)K: (fn,1)K—(6tU,r;T,1)K VK ¢ K".

We denote by t),, the space—time function such that tp.|;, := t}.
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A posteriori error estimate

Theorem (A posteriori error estimate)
Let Assumptions A and B hold. Then

[R(Un-)lIx: + [|uo — Un- (-, 0) || 4-1(q)

2

N
= Z/ Z ("ﬂ,KJF"{:',K(t))Z dt» + i,
n=1

In KeKn
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A posteriori error estimate

Theorem (A posteriori error estimate)
Let Assumptions A and B hold. Then

[R(Un-)lIx: + [|uo — Un- (-, 0) || 4-1(q)

N 2
S{Z_;// Z (WQ,KJFUQ,K(t))Z dt} + e,

h Kexn
with
MRk = Cpkhi|f" — Orup, — Viiik,

e k(1) = [V B(Un- (1)) + thll
me = [[Uo — Unr (- 0)[| -1 (q)-
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Sketch of the proof

@ ¢ € X with ||¢||x = 1 given (f pw constant in time)
@ adding and subtracting (ts., V), Green theorem:

(R(Unr), o)xr.x =T + T2

;
— /0 {(f = 0tup, — Vtpr, 0) — (tpr + VB(Up ), V) } (S)ds
°

N
T = Z/, > ("= dwup. — VA7, 0 — M)k (s)ds
n=1

nKexkn

N
<> [ Contullf” -~ outh, ~ Ve [Veli(s)ds
n=1"M kexcn ”

R,K

N
<Y // S 1+ VB(un)llk IV lk(s)ds
n=1

nKekn

n
"r, K
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Distinguishing different error components

Theorem (An estimate distinguishing the error components)
For time n, linearization k, and regularization ¢, there holds

n,e,k

k k k k
IR xy < ng + i + nieg™ + 1
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Distinguishing different error components

Theorem (An estimate distinguishing the error components)
For time n, linearization k, and regularization ¢, there holds

) 7k 5 ,k ) »k 5 7k ) 7k
IR(Up s < nBH 4+ mims™ + ek 4+ me™.

o 17“¥ a scheme linearized flux (not H(div, 2)), tP<¥
reconstructed H(div, Q) flux, M interpolation op.

2
k J€,K 6,k
(kP =" 3 (e I+ 1 )

Kexn
ek ek L€,k
(2 = // S IVATB(URHR) () — TR ()2 at,
nKekn
€ / 9€7k /- 7€7k
(e*)? o= 1" Z VN7 B(up ) (") — V"B (up s ) ()%,
Kexn
e,k , e.k ek
("2 =" > I8 (up (") = 1%
Kekn
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Goal

N €,k
S RSB,

N n,e,k
Zn=1 the |‘iZ(/n;L2(Q))

< ¢?

Computer resources limitations

min hx > h, > 1
Kekn

Choose an initial mesh K°, regularization parameter ¢, and a

tolerance (ic > 0

repeat {Initial mesh and regularization parameter adaptation}
Compute 7., adapt K9, and adjust €.

until e < G|V (Be (D))

Choose an initial time step 70, € < ¢, ° < 0, N < 0
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Adaptive algorithm

Goal
N e,k
S IRWENE,
n,e,k S C
Zn 1||| ||L2(l A2(Q
Computer resources limitations
min hx > h, ™M>r

Kekn
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Adaptive algorithm

Goal
N e,k
S IRWENE,
n,e,k S C
Zn 1||| ||L2(l A2(Q
Computer resources limitations
min hx > h, ™M>r

Kekn

Algorithm (Adaptive algorithm, initialization)

Choose an initial mesh K°, regularization parameter ¢g, and a

tolerance (ic > 0

repeat {Initial mesh and regularization parameter adaptation}
Compute 7., adapt K£°, and adjust €.

until 7 < Giel|V(Be ()l
Choose an initial time step 70, € < ¢, ° < 0, N < 0

y
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Adaptive algorithm

Algorithm (Adaptive algorithm)
while " < T do {Time loop}
nent+1,K"— K1 27 1
repeat {SPEGENGHNEMen}
repeat {Space and fime error balancing
repeat {Regularization}
k<0
repeat {Nonlinear solver}
k< k+1up s \ll(u',j'e’k_1 ", K"); compute 1€ k e k,nr’;; ek

untllnne k < rlm( n,e, K+7I{l"6k+77neg€ k)
kn < k
i K0 < Treg (nf5 <K + nf1:<%7) does not hold then
€<+ €/2
end if - - —
il nM € n,e, s€s
until nf© N < Treg (05 + mi ™)
€n < €
if n{:ﬁemkn < 'y[mngp’fn’k" then
7"« 27"
else if 7 €nkn rlmngpvsmk” and 77 > 27 then
7"« T”/Z
end if

Refine the cells K € K" such that nfp’f,?’k” > Cref MaX) ¢ g nfl;f’L"’k"

n—1 ,n,e,0 n—1
Uh <—U’7

until or h = hforall K

ne,k n,en,kn. , n n,en,kn. sn n—1 n.
Dereflnecellsn 4 "<cds,ermaxLE,Cnn ”’",uh<—uh min i« t + 7" e + 2¢

end while
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Efficiency assumptions

Assumption C (Technicalities)

All the meshes are shape-reqular and all the approximations
are piecewise polynomial.
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Efficiency assumptions

Assumption C (Technicalities)

All the meshes are shape-reqular and all the approximations
are piecewise polynomial.

Residual estimators

2
N,en,kn . ..n 2 1| £N n,en,kn n,en,kn |2
(nosr) =" 3D BRI = dup e e 2
Keicn—1,n

2
K K
(i) s=7" 30 hellp T nelE
Fe]:i,nftn
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Efficiency assumptions

Assumption C (Technicalities)

All the meshes are shape-reqular and all the approximations
are piecewise polynomial.

Residual estimators

2
N,en,kn . ..n 2 1| £N n,en,kn n,en,kn |2
(nres,l ) =T § : hKHf —81‘Uh7_ +v‘|h ”K?
Keicn—1,n

2
K K
(mess™)"=7" X2 el Lol
Fe]:i,nftn

Assumption D (Approximation property)

For all1 < n < N, there holds

2 2

n n,en,k n,en,kn |12 n,en,kK n,en,kK,

"SIt < o () + ()
Kelcn—Ln
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Efficiency assumptions

Residual A posteriori estimate Error components Efficiency

Theorem (Efficiency)

Let, for all1 < n < N, the stopping and balancing criteria be
satisfied with the parameters [, ['..., and I, small enough.
Let Assumptions C and D hold. Then

M+ ™ gk e S R (U .

reg lin

M. Vohralik Adaptive regularization, linearization, and discretization
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Sketch of the proof, part 1

@ stopping and balancing criteria:

n,en,kn + nn,en,kn + nﬁ,ﬁn,kn < nn J€n,Kn

reg lin

€n,Kn
N ™"+ T

@ inverse inequality, K € K"

=

T < Do Bl = G VR
Krekn-t.n K'cK

N|—=

4 Z |||Z»€n7kn + tz,ﬁn,an%(,
K'ekn=1n K'cK

@ approximation property:

n,en,kn n,en,Kn n,en,kn
nﬂp 5 nres,l + nres,Z

M. Vohralik Adaptive regularization, linearization, and discretization
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Sketch of the proof, part 2

@ denote

2
) n7kf7 R ) nvkn ) nykn
() = [ 30 IvBtupr (o) - 1 ot

In Kexn=1.n

@ element bubble function technique:
n,en,kn n,en,kn n,en,Kn
nrese,l S H,T\)'(l"hrE )HX,’, + nLREQT
@ face bubble function technique:

My’ S IR 13 + gt
@ thus:

R S IR ™) g + ket
@ triangle inequality and stopping and balancing criteria:

n,en,kK n,en,k n,en,k n,en, kK n,en,k
77LR6Tn < Min B 77reg6'7 "+ < C(Min, rrega rtm)nspen 5

@ parameters [y, MNeg, Mm SMall enough:
n,en,k n,en,k
nspen " 5 ||R(uh7—n n)”X,’,

M. Vohralik Adaptive regularization, linearization, and discretization
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Relation residual-energy norm

Energy estimate (by the Gronwall lemma)
L L
U= une 5+ I = Un) G -1 ) + 18() = Bune) I,

<5 26T 1) (IR )+ 1 - tn) (- OBy 1)
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Relation residual-energy norm

Energy estimate (by the Gronwall lemma)

L L
U= une 5+ 7 = Un )G 1 + 1) = Bun) I,

L
<2 (267 = 1) (IR (us) 5 + (U = unr) (- O3 1y
Theorem (Temperature and enthalpy errors, tight Gronwall)
Let up, € Z such that 5(up,) € X be arbitrary. There holds

L L
U= Une 5+ U = ) T s ) +118(u) = Blun) I,

i
+2 [ (1) - B(emip, + / 15(0) ~ Ben) 12, ¢ as)at

L
< ;{(ZeT — DI = unr ) O F1qy + IR (Unr) 15

+2/ (R unr) %, + / 1R (uhe) 15,8 Sds) dt}

M. Vohralik Adaptive regularization, linearization, and discretization
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Sketch of the proof, part 1

Lemma (Duality estimate)
Let up, € Z be such that 3(up,) € X. Then, fora.e. t € (0, T),

2
fﬁHﬁ(U) = B(Unr) %, + 11U = Une) (D110

<N(u =t ) 011 ) + IR (Une )% + lu — une Il
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Sketch of the proof, part 1

Lemma (Duality estimate)
Let up, € Z be such that 3(up,) € X. Then, fora.e. t € (0, T),

2
fﬁHﬁ(U) = B(Unr) %, + 11U = Une) (D110

<N(u =t ) 011 ) + IR (Une )% + lu — une Il

@ W(-,t) € H{(Q) the solution to
(VW(v t)7vw) = ((U - UhT)('a t)ﬂ/}) v¢ € Ha (Q)
@ duality:
IVW( )] = lI(u = un ) (5 Dl -1
@ there holds

1 1
(R(Un-), Wxy x, < 5IIR(un) 1% + 5

2
2HU - Uhr||xg

M. Vohralik Adaptive regularization, linearization, and discretization
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Sketch of the proof, part 2

@ definition of the residual:

(R(unr), W)x: x, = R + R
t

t
= /o (Or(U — upr), W)(s)ds + /0 (VB(u) = VB(Upr), VW)(s)ds

@ definition of W gives for R4:
/ O W, YW (s)ds= 5 (VW 0]y~ [VW(,0) ey

=5 (”(U — Unr)(, t)HH“(Q)_HUO - uhT(.,o)‘|12_/_1(Q))

@ definition of W and Lipschitz continuity of g gives for Ro:
t
/O (U—pr B(U)—B(up))(s)ds
>1 / (B(4) = Bt ). B(6)— B ))($)dS = - 18(u) = B(un )|
_LB 0 ht ) hr - L,B hr Qt
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As tight as possible employment of Gronwall lemma

Gronwall lemma

t
£(1) < a(t) + /O é(s)ds = &(1) < a(t) + /0 a(s)e"%ds

M. Vohralik Adaptive regularization, linearization, and discretization
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As tight as possible employment of Gronwall lemma

Gronwall lemma

t
aoswn+45@w=:answo+A?wW*m

Lemma (As tight as possible employment of Gronwall lemma)
Additionally, there holds
lu — une %

<(e™ ()OI, 10
T t
+ [ (IR + [ 1R et -2ds) at

T t
- ,i / <HB(U) — Sl + [ 18(0) - B(Um)\l%se’_sd5>df-

v
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Linearization stopping criterion

Linearization stopping criterion

n,E,k n, ,k n767k n, 7k
THin < Tin (77sp6 + Nt nreg )
w E T T T T T E e Space
5 10~ g S ¢ o ¢ o o o o 1= time
S o2l T ®®m mo=o=o=o=m | e regularization
= | | —— linearization
[} -3 L |
21077}
c - ]
2107% 1
S oo |
g10°°¢ ]
S |
- 1076 E E
g B §
L 107 E E
= I I I I [

2 4 6 8 10
Number of Newton iterations
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Equilibrating time and space errors
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Error and estimate (dual norm of the residual)
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Effectivity indices (dual norm of the residual)
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Error and estimate (energy norm)
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Effectivity indices (energy norm)
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Computational efficiency
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Figure: Number of cumulated Newton iterations vs. error estimate
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Conclusions

Complete adaptivity

@ only a necessary humber of linearization iterations
@ optimal choice of the regularization parameter

@ space-time mesh adaptivity

@ “smart online decisions”: linearization step /

regularization / time step refinement / space mesh
refinement

important computational savings
guaranteed upper bound via a posteriori error estimates
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Conclusions

Complete adaptivity

@ only a necessary number of linearization iterations
@ optimal choice of the regularization parameter

@ space-time mesh adaptivity

@ “smart online decisions”: linearization step /

regularization / time step refinement / space mesh
refinement

@ important computational savings
@ guaranteed upper bound via a posteriori error estimates

Future directions

@ other coupled nonlinear systems
@ convergence and optimality
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Thank you for your attention!
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