
A framework for robust a posteriori error
control in unsteady nonlinear
advection-diffusion problems

Vít Dolejší, Alexandre Ern, and Martin Vohralík

INRIA Paris-Rocquencourt

Uxbridge, June 11, 2013



I Err. meas. Est. Robustness DG Adapt. Num. exp. C

Outline

1 Introduction

2 Error measure

3 Guaranteed estimate

4 Efficiency and robustness

5 Application to the discontinuous Galerkin method

6 Error components distinction and adaptivity

7 Numerical experiments

8 Conclusions and future work

V. Dolejší, A. Ern, M. Vohralík Robust a posteriori control in unsteady nonlinear problems



I Err. meas. Est. Robustness DG Adapt. Num. exp. C

Outline

1 Introduction

2 Error measure

3 Guaranteed estimate

4 Efficiency and robustness

5 Application to the discontinuous Galerkin method

6 Error components distinction and adaptivity

7 Numerical experiments

8 Conclusions and future work

V. Dolejší, A. Ern, M. Vohralík Robust a posteriori control in unsteady nonlinear problems



I Err. meas. Est. Robustness DG Adapt. Num. exp. C

A posteriori error estimates
Setting

u: unknown solution
uhτ : known numerical approximation
Ju(uhτ ): error measure (distance between u and uhτ )

Optimal a posteriori error estimate
η is easily computable from uhτ
guaranteed upper bound

Ju(uhτ ) ≤ η
efficiency and robustness

η . Ju(uhτ )

.: up to C independent of all model (nonlinearities,
advection, final time) and discretization parameters
effectivity index η/Ju(uhτ ) is close to one
η can be decomposed into error components (spatial,
temporal, regularization, linearization, algebraic. . . )
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Previous results for unsteady problems
Heat equation

Bieterman and Babuška (1982), Picasso (1998), Repin
(2002), Makridakis and Nochetto (2003): upper bound
Verfürth (2003), Bergam, Bernardi, and Mghazli (2004):
robustness w.r.t. final time (dual norm of the time der.)
Ern and V. (2010): unified framework for spatial discret.

Nonlinear parabolic problems
Verfürth (1998): efficiency under a restriction on the
relative size of space and time steps
Verfürth (2004): efficiency (no restriction) but need to solve
a linear diffusion problem on each time step

Linear advection-diffusion problems
Verfürth (2005): robustness w.r.t. advection dominance
(augmented energy norm), reaction-diffusion solves

Nonlinear and degenerate advection-diffusion problems
Nochetto, Schmidt, and Verdi (2000), Ohlberger (2001):
degenerate problems, upper bound
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Problem
Problem

∂tu −∇·σ(u,∇u) = f in Q := Ω× (0, tF),
u = 0 on ∂Ω× (0, tF),

u(·,0) = u0 in Ω

Ω ⊂ Rd , d ≥ 2: polygonal (polyhedral) domain
tF > 0: final simulation time
f : source term
u0: initial datum
σ(u,∇u): nonlinear (diffusive-advective) flux function

σ(u,∇u) := K(u)∇u − φ(u)

Weak solution
Find u ∈ X such that, for all ϕ ∈ Y ,∫ tF

0
{(f , ϕ) + (u, ∂tϕ)− (σ(u,∇u),∇ϕ)}(t) dt + (u0, ϕ(·,0)) = 0

X := L2(0, tF; H1
0 (Ω))

Y := {ϕ ∈ X ; ∂tϕ ∈ L2(Q); ϕ(·, tF) = 0}
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Discrete setting
Discrete setting

discrete times {tn}0≤n≤N , t0 = 0 and tN = T
time intervals In := (tn−1, tn] and time steps τn := tn − tn−1

a different simplicial mesh T n on all 0 ≤ n ≤ N
T n−1,n

: the coarsest common refinement of T n−1 and T n

T n−1,n: the finest common coarsening of T n−1 and T n

Approximate solution
uhτ ∈ Xh := {ϕ ∈ L2(0, tF; H1(T )); ∂tϕ ∈ L2(Q)}
uhτ possibly nonconforming, not included in X

t0

t1

t2

t3
t

x
Ω

τ1

τ2

τ3

T 0

T 1

T 2

T 3

uhτ (t
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uhτ (t
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Space-time mesh-dependent dual norm
Residual
For v ∈ L2(0, tF; H1(T )), R(v) ∈ Y ′: for all ϕ ∈ Y ,

〈R(v), ϕ〉Y ′,Y :=

∫ tF

0
{(f , ϕ)+(v , ∂tϕ)−(σ(v ,∇v),∇ϕ)}(t) dt+(u0, ϕ(·,0))

Dual norm of the residual

Ju,FR(uhτ ) := sup
ϕ∈Y , ‖ϕ‖Y=1

〈R(uhτ ), ϕ〉Y ′,Y

Ju,FR(uhτ)= sup
ϕ∈Y , ‖ϕ‖Y=1

∫ tF

0
{(uhτ−u, ∂tϕ)+(σ(u,∇u)−σ(uhτ ,∇uhτ ),∇ϕ)}(t)dt

Space-time mesh-dependent norm on Y

‖ϕ‖2Y ,T×In := CT ,n
(
hT

2‖∇ϕ‖2T×In + (τn)2‖∂tϕ‖2T×In

)
,

‖ϕ‖2Y :=
N∑

n=1

∑
T∈T n−1,n

‖ϕ‖2Y ,T×In

CT ,n: user-given weights (no influence on results)
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Computable upper bound on the dual norm

Properties of Ju,FR(uhτ )

for uhτ ∈ X , Ju,FR(uhτ ) = 0 if and only if u = uhτ

in line with the previous considerations of Verfürth (2005)
and Chaillou and Suri (2006)
easily computable upper bound (weighted L2(Q) norm)

Ju,FR(uhτ ) ≤ eFR :=


N∑

n=1

∑
T∈T n−1,n

(en
FR,T )2


1
2

en
FR,T :=C

− 1
2

T ,n

{
(τn)−2‖uhτ−u‖2T×In +h−2

T ‖σ(u,∇u)−σ(uhτ ,∇uhτ )‖2T×In

} 1
2
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Nonconformity measure

Nonconformity measure

Ju,NC(uhτ ) :=


N∑

n=1

∑
T∈T n−1,n

∑
F∈FT

C−1
T ,nh−2

T CK,φ,T ,F ,n‖[[u−uhτ ]]‖2F×In


1
2

Properties of Ju,NC(uhτ )

Ju,NC(uhτ ) = 0 if and only if uhτ ∈ X
easily computable
CK,φ,T ,F ,n: weights (problem- and scheme-given)
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Total error measure

Total error measure

Ju(uhτ ) := Ju,FR(uhτ ) + Ju,NC(uhτ )

Properties of Ju(uhτ )

Ju(uhτ ) = 0 if and only if uhτ = u
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Equilibrated flux reconstruction

Assumption (Space-time equilibrated flux reconstruction)
There exists a flux reconstruction thτ such that

thτ ∈ L2(0, tF; H(div,Ω))
and

(f − ∂tuhτ −∇·thτ ,1)T×In = 0 ∀1 ≤ n ≤ N, ∀T ∈ T n−1,n.

Comments
the equilibration assumption expresses local mass
conservation over the space-time element T × In
construction of thτ : spatial discretization at hand
steady case: Prager and Synge (1947), Ladevèze (1975),
Bank and Weiser (1985), Ainsworth and Oden (1993)

Local space-time Poincaré inequality
‖ϕ− Π0ϕ‖T×In ≤ CP

(
h2

T‖∇ϕ‖2T×In + (τn)2‖∂tϕ‖2T×In

) 1
2 ,

with CP = 1
π and Π0ϕ the mean value of ϕ over T × In
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Comments
the equilibration assumption expresses local mass
conservation over the space-time element T × In
construction of thτ : spatial discretization at hand
steady case: Prager and Synge (1947), Ladevèze (1975),
Bank and Weiser (1985), Ainsworth and Oden (1993)

Local space-time Poincaré inequality
‖ϕ− Π0ϕ‖T×In ≤ CP

(
h2

T‖∇ϕ‖2T×In + (τn)2‖∂tϕ‖2T×In

) 1
2 ,

with CP = 1
π and Π0ϕ the mean value of ϕ over T × In
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Guaranteed upper bound

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution. Let uhτ ∈ Xh be arbitrary. Let the
equilibration assumption hold true. Then

Ju(uhτ ) ≤ ηFR + ηNC + ηIC.

Comments

no definition of any numerical scheme needed
hinges only on the equilibration assumption
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Estimators
Estimators

local: for all 1 ≤ n ≤ N and all T ∈ T n−1,n

ηn
R,T := C

− 1
2

T ,nCP‖f − ∂tuhτ −∇·thτ‖T×In , equilibrium

ηn
F,T := C

− 1
2

T ,nh−1
T ‖σ(uhτ ,∇uhτ ) + thτ‖T×In , constitutive law

ηn
NC,T :=


∑

T ′∈T n−1,n
,T ′⊂T

∑
F∈FT ′

C−1
T ′,nh−2

T ′ CK,φ,T ′,F ,n‖[[uhτ ]]‖2F×In


1
2

,

constraint

ηn
IC,T := C

− 1
2

T ,n(τn)−
1
2 ‖u0 − uhτ (·,0)‖T initial condition

global

η• :=


N∑

n=1

∑
T∈T n−1,n

(
ηn
•,T
)2


1
2
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Proof idea

Bound on Ju,FR(uhτ )

thτ ∈ L2(0, tF; H(div,Ω)) and ϕ ∈ Y & Green theorem;
assumption ∂tuhτ ∈ L2(Q) and ϕ ∈ Y & IPP in time;
space–time equilibration:

〈R(uhτ ),ϕ〉Y ′,Y =
N∑

n=1

∑
T∈T n−1,n

{
(f−∂tuhτ−∇·thτ , ϕ−Π0ϕ)T×In

+(uhτ (·,0)−u0, ∂tϕ)T×In−(σ(uhτ ,∇uhτ )+thτ ,∇ϕ)T×In
}

space-time Poincaré inequality:

〈R(uhτ ), ϕ〉Y ′,Y ≤
N∑

n=1

∑
T∈T n−1,n

(
ηn

R,T +
(
(ηn

F,T )2+(ηn
IC,T )2) 1

2
)
‖ϕ‖Y ,T×In

Bound on Ju,NC(uhτ )

equals ηNC
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Approximation property

Residual-based estimator

ηn
clas,T := hT‖f − ∂tuhτ +∇·

(
σ(uhτ ,∇uhτ )

)
‖T×In

+

 ∑
F∈F int

T

hF‖[[σ(uhτ ,∇uhτ )]]·nF‖2F×In


1
2

+

∑
F∈FT

CK,φ,T ,F ,n‖[[uhτ ]]‖2F×In


1
2

Assumption (Flux approximation property)

For all 1 ≤ n ≤ N and all T ∈ T n−1,n, there holds

‖σ(uhτ ,∇uhτ ) + thτ‖2T×In .
∑

T ′∈T n−1,n
,T ′⊂T

(ηn
clas,T ′)

2.
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Local efficiency

Theorem (Local-in-space and in-time efficiency)

Let a time step 1 ≤ n ≤ N and a mesh element T ∈ T n−1,n be
fixed. Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then, there holds

ηn
FR,T + ηn

NC,T .

 ∑
T ′∈TT

(
en

FR,T ′
)2


1
2

+ Ju,NC,T (uhτ ).

Comments

Ju,NC,T (uhτ ) local nonconformity term
local efficiency for the computable error upper bound
full robustness
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Global efficiency and robustness

Theorem (Global efficiency and robustness)
Let the approximation assumption hold true. Let f be a
piecewise space-time polynomial and let the quadrature errors
be small enough. Then,

ηFR + ηNC . Ju(uhτ ).

Comments

full robustness
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Proof idea

Bounding the element residual
Verfürth’s bubble function technique
vT ,n := (f − ∂tuhτ +∇·σ(uhτ ,∇uhτ ))|T×In
space-time bubble ψT ,n, product of the barycentric
coordinates on T and of the barycentric coordinates on In
norm equivalence in finite-dimensional spaces:

(vT ,n, vT ,n)T×In . (vT ,n, ψT ,nvT ,n)T×In

inverse inequality separately in space and in time:

hT
∥∥∇(ψT ,nvT ,n)

∥∥
T×In

.
∥∥ψT ,nvT ,n

∥∥
T×In

,

τn∥∥∂t (ψT ,nvT ,n)
∥∥

T×In
.
∥∥ψT ,nvT ,n

∥∥
T×In

definition of the ‖·‖Y ,T×In norm

C−1
T ,n‖ψT ,nvT ,n‖2Y ,T×In =

(
h2

T
∥∥∇(ψT ,nvT ,n)

∥∥2
T×In

+(τn)2∥∥∂t (ψT ,nvT ,n)
∥∥2

T×In

)
. ‖ψT ,nvT ,n‖2T×In ≤ ‖vT ,n‖2T×In
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Discontinuous Galerkin method
Discontinuous Galerkin method with CN time stepping
For all 1 ≤ n ≤ N, find un

h ∈ Pp(T n) such that

(∂tun
h , vh)+

1
2

n∑
m=n−1

{
(σ(um

h ,∇um
h ),∇vh)+

∑
F∈Fm

αm
K,F h−1

F ([[um
h ]], [[vh]])F

+
∑

F∈Fm

(HF (um
h ), [[vh]])F−

∑
F∈Fm

({{K(um
h )∇um

h }}·nF , [[vh]])F

−θ
∑

F∈Fm

({{K(um
h )∇vh}}·nF , [[um

h ]])F−(f m, vh)

}
=0 ∀vh ∈ V n

h ,

Flux reconstruction
thτ continuous and piecewise affine in time
tn
h constructed in the Raviart–Thomas–Nédélec finite

element spaces on T n following Ainsworth (2007), Kim
(2007), and Ern, Nicaise, and Vohralík (2007)
both assumptions easily verified
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Error components distinction and adaptivity
Theorem (Estimate distinguishing the error components)
Let

n be the time step,
ε be the regularization parameter,
k be the linearization step,
i be the algebraic solver step,

with the corresponding approximation un,ε,k ,i
hτ . Then

J n
u (uhτ ) ≤ ηn,ε,k ,i

sp + ηn,ε,k ,i
tm + ηn,ε,k ,i

reg + ηn,ε,k ,i
lin + ηn,ε,k ,i

alg .

Error components
ηn,ε,k ,i

sp : spatial discretization
ηn,ε,k ,i

tm : temporal discretization
ηn,ε,k ,i

reg : regularization
ηn,ε,k ,i

lin : linearization
ηn,ε,k ,i

alg : algebraic solver

Concrete applications
multiphase flows: Cancès,
Pop, and V. (2013), V. and
Wheeler (2013)
Stefan problem: Di Pietro,
V., and Yousef (2013)
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Setting

Setting

DG (CN in time) with polynomial degree p = 1,2,3
uniformly refined space-time meshes, m = 1,2,3

Effectivity indices

ie,FR = η/(eFR + Ju,NC(uhτ )), where eFR is the locally
computable upper bound on Ju,FR(uhτ ); thus ie,FR < 1
possible
ie = η/(Ju,FR(uhτ ) + Ju,NC(uhτ )︸ ︷︷ ︸

Ju(uhτ )

) with η = ηFR + ηNC + ηIC

Evaluating Ju,FR(uhτ )

approximate solve of a dual problem on the space-time
domain
Fishpack solver: finite differences on fine structured
space-time mesh
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Viscous Burgers equation

Viscous Burgers equation

∂tu −∇·(ε∇u − φ(u)) = 0 in Q

ε = 10−2 or ε = 10−4

φ(u) = (u2/2,u2/2)T

Ω = (−1,1)× (−1,1)

tF = 1

Exact solution

u(x , y , t) =

(
1 + exp

(
x + y + 1− t

2ε

))−1
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Exact and approximate solutions, ε = 10−2
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Errors, estimators, and effectivity indices, ε = 10−2,
(h0, τ0) = (1/6,0.05)

m p Ju,FR(uhτ ) ηF ηR ηNC ηIC ηqd η ie ie,FR
1 1 1.50E-02 1.11E-02 2.28E-02 4.11E-02 2.94E-02 3.82E-03 1.04E-01 1.85 1.15
2 1 1.17E-02 8.30E-03 1.52E-02 2.29E-02 1.31E-02 1.92E-03 5.94E-02 1.71 1.35

( 0.36) ( 0.43) ( 0.59) ( 0.84) ( 1.16) ( 0.99) ( 0.81)
3 1 1.02E-02 5.16E-03 7.78E-03 1.16E-02 2.69E-03 7.49E-04 2.72E-02 1.25 1.36

( 0.20) ( 0.69) ( 0.96) ( 0.98) ( 2.29) ( 1.36) ( 1.13)
1 2 4.97E-03 3.78E-03 8.23E-03 1.23E-02 1.32E-02 9.38E-04 3.72E-02 2.15 1.01
2 2 1.74E-03 1.36E-03 2.52E-03 4.02E-03 1.76E-03 2.34E-04 9.54E-03 1.65 0.94

( 1.52) ( 1.47) ( 1.71) ( 1.61) ( 2.90) ( 2.00) ( 1.96)
3 2 4.63E-04 4.00E-04 7.36E-04 1.26E-03 3.01E-04 3.97E-05 2.63E-03 1.53 1.08

( 1.91) ( 1.77) ( 1.77) ( 1.67) ( 2.55) ( 2.56) ( 1.86)
1 3 1.78E-03 9.11E-04 1.69E-03 3.41E-03 3.01E-03 2.20E-04 8.88E-03 1.71 0.59
2 3 3.47E-04 1.57E-04 3.26E-04 6.06E-04 6.20E-04 2.50E-05 1.67E-03 1.75 0.73

( 2.35) ( 2.54) ( 2.38) ( 2.49) ( 2.28) ( 3.14) ( 2.41)
3 3 1.33E-05 1.80E-05 3.81E-05 6.97E-05 8.88E-05 1.64E-06 2.10E-04 2.54 0.97

( 4.71) ( 3.12) ( 3.10) ( 3.12) ( 2.80) ( 3.93) ( 2.99)
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Effectivity indices for varying ε and (h0, τ0)

ε 10−2 10−2 10−2 10−4

(h0, τ0) (1/6, 0.05) (1/6, 0.2) (1/6, 0.0125) (1/6, 0.05)
m p ie ie,FR ie ie,FR ie ie,FR ie ie,FR
1 1 1.85 1.15 2.21 1.28 3.00 0.81 1.45 0.71
2 1 1.71 1.35 2.38 1.12 2.45 1.03 1.68 1.06
3 1 1.25 1.36 2.15 0.90 1.33 1.03 1.82 1.34
1 2 2.15 1.01 3.13 1.71 3.69 0.67 1.38 0.62
2 2 1.65 0.94 2.74 1.58 2.16 0.49 1.41 0.62
3 2 1.53 1.08 2.38 1.52 1.83 0.58 1.54 0.69
1 3 1.71 0.59 2.74 1.47 3.00 0.34 1.26 0.31
2 3 1.75 0.73 2.63 1.67 3.15 0.46 1.13 0.21
3 3 2.54 0.97 2.77 1.73 — 0.69 1.03 0.15
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Degenerate advection-diffusion equation

Degenerate advection-diffusion problem (Kačur 2001)

∂tu −∇·(2εu∇u − φ(u)) = 0 in Q

ε = 10−2

φ(u) = 0.5(u2,0)T

Ω = (0,1)× (0,1)

tF = 1

Exact solution

u(x , y , t) =

{
1− exp

(
v(x−vt−x0)

2ε

)
for x ≤ vt + x0,

0 for x > vt + x0

x0 = 1/4 is the initial position of the front
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Exact and approximate solutions
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Errors, estimators, and effectivity indices,
(h0, τ0) = (1/8,0.05)

m Pp Ju,FR(uhτ ) ηF ηR ηNC ηIC ηqd η ie ie,FR
1 1 9.91E-03 1.00E-02 6.02E-03 2.77E-02 2.31E-02 2.17E-03 6.62E-02 1.76 0.97
2 1 7.39E-03 7.71E-03 5.68E-03 1.62E-02 7.71E-03 1.23E-03 3.66E-02 1.55 1.02

( 0.42) ( 0.37) ( 0.08) ( 0.78) ( 1.59) ( 0.82) ( 0.86)
3 1 4.58E-03 4.52E-03 4.95E-03 8.33E-03 1.86E-03 5.22E-04 1.89E-02 1.47 1.16

( 0.69) ( 0.77) ( 0.20) ( 0.96) ( 2.05) ( 1.23) ( 0.95)
1 2 2.62E-03 3.30E-03 5.40E-03 9.33E-03 6.27E-03 6.74E-04 2.35E-02 1.97 0.73
2 2 1.11E-03 1.43E-03 1.93E-03 4.22E-03 1.09E-03 2.67E-04 8.34E-03 1.56 0.62

( 1.23) ( 1.21) ( 1.48) ( 1.14) ( 2.52) ( 1.34) ( 1.50)
3 2 4.26E-04 5.63E-04 6.13E-04 1.84E-03 1.51E-04 1.00E-04 3.06E-03 1.35 0.57

( 1.38) ( 1.34) ( 1.65) ( 1.20) ( 2.85) ( 1.42) ( 1.45)
1 3 6.48E-04 8.83E-04 1.03E-03 3.57E-03 1.19E-03 2.31E-04 6.47E-03 1.53 0.36
2 3 1.94E-04 2.63E-04 1.45E-04 1.21E-03 1.07E-04 6.39E-05 1.69E-03 1.21 0.25

( 1.74) ( 1.74) ( 2.84) ( 1.56) ( 3.48) ( 1.85) ( 1.93)
3 3 4.42E-05 7.58E-05 2.58E-05 4.04E-04 7.47E-06 1.67E-05 5.07E-04 1.13 0.21

( 2.13) ( 1.80) ( 2.49) ( 1.58) ( 3.84) ( 1.94) ( 1.74)
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Porous medium equation

Porous medium equation

∂tu −∇·(K(u)∇u) = 0 in Q

K(u) = κ|u|κ−1I,
κ = 2 or κ = 4
Ω = (−6,6)× (−6,6)

tF = 1

Barenblatt solution

u(x , y , t) =

{
1

t + 1

[
1− κ− 1

4κ2
x2 + y2

(t + 1)1/κ

] κ
κ−1

+

} 1
κ
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Exact and approximate solutions, κ = 4
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Errors, estimators, and effectivity indices,
(h0, τ0) = (0.5,0.02)

κ = 2 κ = 4
m Pp Ju,FR(uhτ ) ηF ηR ηNC ηIC ηqd η ie ie,FR ie ie,FR
1 1 7.90E-03 5.90E-03 1.32E-02 9.10E-03 3.23E-02 7.08E-05 5.88E-02 3.46 0.92 4.68 0.98
2 1 8.36E-03 4.64E-03 1.71E-02 8.46E-03 1.11E-02 3.99E-05 4.03E-02 2.40 1.46 3.72 1.62

( -0.08) ( 0.35) ( -0.38) ( 0.10) ( 1.54) ( 0.83) ( 0.54)
3 1 8.91E-03 4.38E-03 2.18E-02 9.56E-03 3.44E-03 1.83E-05 3.87E-02 2.09 2.49 3.38 2.68

( -0.09) ( 0.08) ( -0.35) ( -0.18) ( 1.69) ( 1.13) ( 0.06)
1 2 1.09E-03 1.06E-02 1.06E-01 3.12E-02 1.35E-02 1.74E-04 1.61E-01 4.99 3.22 5.13 3.18
2 2 4.02E-04 8.04E-03 8.12E-02 2.37E-02 5.16E-03 6.40E-05 1.18E-01 4.90 3.89 5.05 3.84

( 1.43) ( 0.40) ( 0.39) ( 0.40) ( 1.39) ( 1.45) ( 0.45)
3 2 1.28E-04 5.22E-03 5.33E-02 1.55E-02 1.69E-03 2.23E-05 7.57E-02 4.84 4.26 4.97 4.30

( 1.65) ( 0.62) ( 0.61) ( 0.61) ( 1.61) ( 1.52) ( 0.64)
1 3 6.53E-04 2.26E-02 3.27E-01 7.58E-02 8.39E-03 1.36E-04 4.33E-01 5.67 5.01 5.67 4.88
2 3 1.78E-04 9.26E-03 1.38E-01 3.13E-02 3.14E-03 3.51E-05 1.82E-01 5.76 5.17 5.78 5.03

( 1.87) ( 1.29) ( 1.24) ( 1.27) ( 1.42) ( 1.95) ( 1.25)
3 3 3.83E-05 3.41E-03 5.08E-02 1.15E-02 1.14E-03 8.89E-06 6.68E-02 5.80 5.21 5.85 5.10

( 2.22) ( 1.44) ( 1.44) ( 1.45) ( 1.46) ( 1.98) ( 1.44)
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Exact and approximate error, κ = 4, t = tF, p = 2,
m = 2
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