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A few central reflections (H(curl)-setting)

Usually
a priori & a posteriori analysis
disconnected (different tools)

interpolators/projectors
keep conformity by
construction: work on each mesh
element and glue face by face

(impedes minimal regularity)
work on the continuous level
(mollification)

Our approach

one tool makes it all (equilibration)
interpolators/projectors

first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)

(allows for minimal regularity)
go discrete straight-away and then
use a posteriori tools in a priori
analysis (equilibration)

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

A few central reflections (H(curl)-setting)

Usually
a priori & a posteriori analysis
disconnected (different tools)

interpolators/projectors
keep conformity by
construction: work on each mesh
element and glue face by face

(impedes minimal regularity)
work on the continuous level
(mollification)

Our approach
one tool makes it all (equilibration)

interpolators/projectors
first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)

(allows for minimal regularity)
go discrete straight-away and then
use a posteriori tools in a priori
analysis (equilibration)

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

A few central reflections (H(curl)-setting)

Usually
a priori & a posteriori analysis
disconnected (different tools)
interpolators/projectors

keep conformity by
construction: work on each mesh
element and glue face by face

(impedes minimal regularity)
work on the continuous level
(mollification)

Our approach
one tool makes it all (equilibration)

interpolators/projectors
first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)

(allows for minimal regularity)
go discrete straight-away and then
use a posteriori tools in a priori
analysis (equilibration)

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

A few central reflections (H(curl)-setting)

Usually
a priori & a posteriori analysis
disconnected (different tools)
interpolators/projectors

keep conformity by
construction: work on each mesh
element and glue face by face
(impedes minimal regularity)

work on the continuous level
(mollification)

Our approach
one tool makes it all (equilibration)

interpolators/projectors
first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)

(allows for minimal regularity)
go discrete straight-away and then
use a posteriori tools in a priori
analysis (equilibration)

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

A few central reflections (H(curl)-setting)

Usually
a priori & a posteriori analysis
disconnected (different tools)
interpolators/projectors

keep conformity by
construction: work on each mesh
element and glue face by face
(impedes minimal regularity)

work on the continuous level
(mollification)

Our approach
one tool makes it all (equilibration)
interpolators/projectors

first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)

(allows for minimal regularity)
go discrete straight-away and then
use a posteriori tools in a priori
analysis (equilibration)

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

A few central reflections (H(curl)-setting)

Usually
a priori & a posteriori analysis
disconnected (different tools)
interpolators/projectors

keep conformity by
construction: work on each mesh
element and glue face by face
(impedes minimal regularity)

work on the continuous level
(mollification)

Our approach
one tool makes it all (equilibration)
interpolators/projectors

first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)
(allows for minimal regularity)

go discrete straight-away and then
use a posteriori tools in a priori
analysis (equilibration)

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

A few central reflections (H(curl)-setting)

Usually
a priori & a posteriori analysis
disconnected (different tools)
interpolators/projectors

keep conformity by
construction: work on each mesh
element and glue face by face
(impedes minimal regularity)
work on the continuous level
(mollification)

Our approach
one tool makes it all (equilibration)
interpolators/projectors

first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)
(allows for minimal regularity)

go discrete straight-away and then
use a posteriori tools in a priori
analysis (equilibration)

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

A few central reflections (H(curl)-setting)

Usually
a priori & a posteriori analysis
disconnected (different tools)
interpolators/projectors

keep conformity by
construction: work on each mesh
element and glue face by face
(impedes minimal regularity)
work on the continuous level
(mollification)

Our approach
one tool makes it all (equilibration)
interpolators/projectors

first elementwise L2 orthogonal
projection (nonconformity) and then
equilibrate (go back conforming)
(allows for minimal regularity)
go discrete straight-away and then
use a posteriori tools in a priori
analysis (equilibration)

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

Outline

1 Introduction

2 Equilibration in H(curl)

3 A posteriori error estimates in H(curl)

4 A stable local commuting projector in H(curl)

5 Local-best–global-best equivalence in H(curl)

6 Approximation error estimates in H(curl)

7 Conclusions

M. Vohralík A priori and a posteriori error analysis in H(curl) 2 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

Equilibration in H(curl)

Previous contributions
Braess & Schöberl (2008): lowest-order case p = 0
Licht (2019): a conceptual discussion
Gedicke, Geevers, & Perugia (2020): equilibrated-residual-style construction
Gedicke, Geevers, Perugia, & Schöberl (2021): p-robust modification

Our construction

ιh∈Np(Th), j ∈RTp(Th)∩H0,N(div,Ω)︸ ︷︷ ︸
???=0 ∀???
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Equilibration – the bottom line

H(div)-case

When there exists vh ∈ RTp+1(Ta)
∩H0(div, ωa) such that ∇·vh = jah

(= fψa + ιh·∇ψa)?
When jah ∈ Pp+1(Ta) and
(jah , 1)ωa = 0 if a ̸∈ ΓD.

one condition

H(curl)-case

When there exists vh ∈ Np+1(Ta)
∩H0(curl, ωa) such that ∇×vh = ja

h

(= ψaj +∇ψa×ιh)?
When ja

h ∈ RTp+1(Ta) ∩ H0(div, ωa)
with ∇·ja

h = 0.

many conditions
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Patchwise equilibrated fluxes
Continuous level

A ∈ H0,D(curl,Ω) satisfies
(∇×A,∇×v) = (j ,v) ∀v ∈H0,D(curl,Ω).

Thus ∇×A ∈ H0,N(curl,Ω) with
∇×(∇×A) = j .
Take ha := ψa(∇×A) ∈ H0(curl, ωa)
and note that

∑
a∈Vh

ha = ∇×A.
Rewritten implicitly,

ha = arg min
v∈H0(curl,ωa)

∇×v=ja

∥ψa(∇×A)−v∥2
ωa

with

ja := ψaj +∇ψa×(∇×A).

Definition (Chaumont-Frelet, Vohralík (2022))
For each vertex a ∈ Vh, solve the local
constrained minimization pb
ha

h := arg min
vh∈

Np+1(Ta)∩H0(curl,ωa)

∇×vh=

ψaj+∇ψa×(∇×Ah)

∥ψa(∇×Ah)−vh∥2
ωa

hh :=
∑

a∈Vh

ha
h.

•a
Ta

ωa

Key points
homogeneous tangential BC on ∂ωa:
hh ∈ Np+1(Th) ∩ H(curl,Ω)
global equilibrium ∇×hh =

∑

a∈Vh

∇×ha
h

=
∑

a∈Vh

(ψaj +∇ψa×(∇×Ah)) = j

M. Vohralík A priori and a posteriori error analysis in H(curl) 5 / 18
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Stage 1:

overconstrained

Raviart–Thomas projection
Projection of ∇ψa×(∇×Ah) to a Raviart–Thomas space

For all vertices a ∈ Vh, consider p′ := min{p,1}-degree patchwise minimizations:

θa
h := arg min

vh∈RTp′ (Ta)∩H0(div,ωa)

∇·vh=−∇ψa·j
(vh,rh)K=(∇ψa×(∇×Ah),rh)K ∀rh∈[P0(K )]3,∀K∈Ta

∥∇ψa×(∇×Ah)− vh∥2
ωa .

Comments
∇ψa×(∇×Ah) ̸∈ RTp′(Ta) ∩ H0(div, ωa)
remainder δh :=

∑
a∈Vh

θa
h

should be zero (∼ partition of unity
∑

a∈Vh
{∇ψa×(∇×A)} = 0), but is not

δh ∈ RTp′(Th) ∩ H0,N(div,Ω) and ∇·δh = 0
additional orthogonality constraint

crucial for stage 2 below
only possible thanks to the lowest-order Galerkin orthogonality of Ah
requests min{p,1} (and not simply p)
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart–Thomas piecewise polynomial δh

Divergence-free decomposition of δh

For all tetrahedra K ∈ Th, consider (p + 1)-degree elementwise minimizations:

δa
h|K := arg min

vh∈RT1(K )
∇·vh=0

vh·nK=I1
RT (ψaδh)·nK on ∂K

∥vh − I1
RT (ψaδh)∥2

K ∀a ∈ VK when p = 0,

δa
h|K := arg min

vh∈RTp+1(K )
∇·vh=0

vh·nK=ψ
aδh·nK on ∂K

∥vh − ψaδh∥2
K ∀a ∈ VK when p ≥ 1.

Comments
patchwise contributions

δa
h ∈ RTp+1(Ta) ∩ H0(div, ωa) and ∇·δa

h = 0 ∀a ∈ Vh

δa
h form a divergence-free decomposition of δh, δh =

∑

a∈Vh

δa
h
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Stage 2: divergence-free decomposition of the given divergence-free
current density j

Divergence-free decomposition of the current density j
Set

ja
h := ψaj + θa

h − δa
h.

Then

ja
h ∈ RTp+1(Ta) ∩ H0(div, ωa),

∇·ja
h = 0,

∑

a∈Vh

ja
h = j .
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Stage 3: discrete patchwise equilibrated fluxes
Definition (Chaumont-Frelet, Vohralík (2021))
For each vertex a ∈ Vh, solve the local constrained minimization problem

ha
h := arg min

vh∈Np+1(Ta)∩H0(curl,ωa)

∇×vh=ja
h

∥ψa(∇×Ah)− vh∥2
ωa

and combine
hh :=

∑

a∈Vh

ha
h.

•a
Ta

ωa

Key points
homogeneous tangential BC on ∂ωa: hh ∈ Np+1(Th) ∩ H(curl,Ω)
global equilibrium ∇×hh =

∑

a∈Vh

∇×ha
h =

∑

a∈Vh

ja
h = j
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A posteriori error estimates
Weak formulation (consequence)

A ∈ H0,D(curl,Ω) satisfies
(∇×A,∇×v) = (j ,v) ∀v ∈ H0,D(curl,Ω).

Primal Nédélec finite element approximation

Ah ∈ V h := Np(Th) ∩ H0,D(curl,Ω), p ≥ 0, satisfies
(∇×Ah,∇×vh) = (j , vh) ∀vh ∈ V h.

�� ��hh ∈ Np+1(Th) ∩ H0,N(curl,Ω) s.t. ∇×hh = j : local equilibrated flux reconstruction

Theorem (Guaranteed upper bound, efficiency, and p-robustness)

∥∇×(A − Ah)∥︸ ︷︷ ︸
unknown error

≤ ∥∇×Ah − hh∥︸ ︷︷ ︸
computable estimator

≤ C(κTh) ∥∇×(A − Ah)∥︸ ︷︷ ︸
unknown error
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Ah ∈ V h := Np(Th) ∩ H0,D(curl,Ω), p ≥ 0, satisfies
(∇×Ah,∇×vh) = (j , vh) ∀vh ∈ V h.

�� ��hh ∈ Np+1(Th) ∩ H0,N(curl,Ω) s.t. ∇×hh = j : local equilibrated flux reconstruction

Theorem (Guaranteed upper bound, efficiency, and p-robustness)

∥∇×(A − Ah)∥︸ ︷︷ ︸
unknown error

≤ ∥∇×Ah − hh∥︸ ︷︷ ︸
computable estimator

≤ C(κTh) ∥∇×(A − Ah)∥︸ ︷︷ ︸
unknown error
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H3 solution, uniform h-refinement
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Singular solution, adaptive mesh refinement (p = 2)
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Singular solution, adaptive mesh refinement (p = 2)

0.000

0.007

Estimators (left) and actual error (right), adaptive mesh refinement iteration #10.
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Commuting de Rham diagram with operator Pp,curl
h

Commuting de Rham diagram

H1
0,N(Ω)

∇−→ H0,N(curl,Ω) ∇×−−−→ H0,N(div,Ω) ∇·−−→ L2
∗(Ω)yPp+1,grad

h

yPp,curl
h

yPp,div
h

yΠp
h

Pp+1(Th)∩H1
0,N(Ω)

∇−→Np(Th)∩H0,N(curl,Ω) ∇×−−−→RTp(Th)∩H0,N(div,Ω) ∇·−−→Pp(Th)∩L2
∗(Ω)
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Pp+1(Th)∩H1
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∇−→Np(Th)∩H0,N(curl,Ω) ∇×−−−→RTp(Th)∩H0,N(div,Ω) ∇·−−→Pp(Th)∩L2
∗(Ω)

Properties of Pp,curl
h

1 is defined over the entire H0,N(curl,Ω) (minimal regularity)
2 is defined locally (in neighborhood of mesh elements)
3 is defined simply (starting from the elementwise L2 orthogonal projection)
4 has optimal hp approximation properties, that of elementwise

curl-unconstrained L2-orthogonal projector (local–global equivalence)
5 is stable in L2(Ω) (up to data oscillation)
6 satisfies the commuting properties expressed by the arrows
7 is projector, i.e., leaves intact piecewise polynomials
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A stable local commuting projector Pp,curl
h

Definition (A stable local commuting projector Pp,curl
h )

Let v ∈ H0,N(curl,Ω) be given (minimal regularity).
1 For each K ∈ Th, prepare the datum τ h|K

τ h|K := arg min
wh∈RTp(K )
∇·wh=0

∥∇×v − wh∥K

and define ιh|K by the elementwise (constrained) projection

ιh|K := arg min
vh∈Np(K )
∇×vh=τ h

∥v − vh∥K

(discrete but nonconforming (tangential-trace discontinuous)).
2 Obtain Pp,curl

h (v) ∈ Np(Th) ∩ H0,N(curl,Ω) by applying the flux equilibration
procedure to ιh; in particular, Pp,curl

h (v) := hh :=
∑

a∈Vh
ha

h, where ha
h are

obtained by local energy minimizations on the patch subdomains ωa.

K
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A stable local commuting projector Pp,curl
h

Theorem (A stable local commuting projector Pp,curl
h )

Pp,curl
h is a commuting projector since

∇×Pp,curl
h (v) = Pp,div

h (∇×v) ∀v ∈ H0,N(curl,Ω),
Pp,curl

h (v) = v ∀v ∈ Np(Th) ∩ H0,N(curl,Ω).

Moreover, it has local-best approximation properties and is L2 stable up to data
oscillation, since, for all v ∈ H0,N(curl,Ω) and K ∈ Th,

∥∥v − Pp,curl
h (v)

∥∥2
K +

(
hK

p + 1
∥∥∇×

(
v − Pp,curl

h (v)
)∥∥

K

)2

≲p
∑

K ′∈TK

{
min

vh∈Np(K ′)
∥v − vh∥2

K ′ +

(
hK ′

p + 1
∥∇×v −Πp

RT (∇×v)∥K ′

)2
}
,

∥∥Pp,curl
h (v)

∥∥2
K ≲p

∑

K ′∈TK

{
∥v∥2

K ′ +

(
hK ′

p + 1
∥∥∇×v −Πp

RT (∇×v)
∥∥

K ′

)2}
.
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Global-best approximation ≈ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

bigger ≈ smaller
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Theorem (Constrained equivalence in H(curl))

min
smaller space with curl constraints

≈ min
bigger space without curl constraints
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Global-best approximation ≈ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

min
conforming Nédélec space with curl constraints

≈ min
broken Nédélec space without curl constraints
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Global-best approximation ≈ local-best approximation in H(curl)
Theorem (Constrained equivalence in H(curl))

Let v ∈ H0,N(curl,Ω) and p ≥ 0 be arbitrary. Then,

min
vh∈Np(Th)∩H0,N(curl,Ω)

∇×vh=Pp,div
h (∇×v)

∥v − vh∥2+
∑

K∈Th

(
hK

p + 1
∥∇×v −Πp

RT (∇×v)∥K

)2

︸ ︷︷ ︸
global-best on Ω

tangential-trace-continuity constraint
curl constraint

≈p
∑

K∈Th

[
min

vh∈Np(K )
∥v − vh∥2

K+

(
hK

p + 1
∥∇×v −Πp

RT (∇×v)∥K

)2

︸ ︷︷ ︸
local-best on each K ∈ Th

no tangential-trace-continuity constraint
no curl constraint

]
.

≈: only depends on the shape-regularity κTh and p
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Approximation error estimates

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)

Let v ∈ H0,N(curl,Ω) with

v |K ∈ HsK (K ), (∇×v)|K ∈ [Pp−1(K )]3 ∀K ∈ Th

for sK ≥ 0.
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Approximation error estimates

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)

Let v ∈ H0,N(curl,Ω) with

v |K ∈ HsK (K ), (∇×v)|K ∈ [Pp−1(K )]3 ∀K ∈ Th

for sK ≥ 0. Then

min
vh∈Np(Th)∩H0,N(curl,Ω)

∇×vh=∇×v

∥v − vh∥2

≤C(κTh , s)
∑

K∈Th

(
hmin{p+1,sK }

K
(p + 1)sK

∥v∥HsK (K )

)2

.
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Approximation error estimates

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)

Let v ∈ H0,N(curl,Ω) with

v |K ∈ HsK (K ), (∇×v)|K ∈ H tK (K ) ∀K ∈ Th

for sK ≥ 0 and tK ≥ 0. Then

min
vh∈Np(Th)∩H0,N(curl,Ω)

[
∥v − vh∥2 +

∑

K∈Th

(
hK

p + 1
∥∇×(v − vh)∥K

)2]

≤C(κTh , s, t)
∑

K∈Th

[(
hmin{p+1,sK }

K
(p + 1)sK

∥v∥HsK (K )

)2

+

(
hK

p + 1
hmin{p+1,tK }

K
(p + 1)tK

∥∇×v∥H tK (K )

)2]
.

M. Vohralík A priori and a posteriori error analysis in H(curl) 17 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

Outline

1 Introduction

2 Equilibration in H(curl)

3 A posteriori error estimates in H(curl)

4 A stable local commuting projector in H(curl)

5 Local-best–global-best equivalence in H(curl)

6 Approximation error estimates in H(curl)

7 Conclusions

M. Vohralík A priori and a posteriori error analysis in H(curl) 17 / 18



I Equilibration A posteriori Commuting projector Local–global equiv. A priori C

Conclusions
Equilibration in H(curl):

guaranteed, locally efficient, and p-robust a posteriori error estimates
a stable local commuting projector, local-best–global-best equivalence, and
local hp approximation (a priori) error estimates under min. Sobolev regularity
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Sobolev spaces Meshes FE spaces Polynomial extensions

Outline

8 Sobolev spaces

9 Meshes elements, and patches

10 Finite element spaces

11 Main p-robustness tool: stable (broken) H(curl) polynomial extensions
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Sobolev spaces Meshes FE spaces Polynomial extensions

Three key Sobolev spaces

with BCs
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Three key Sobolev spaces with BCs

H1
0,N(Ω)

H1
0,N(Ω) := {v ∈ H1(Ω); v = 0 on ΓN}

H0,N(curl,Ω)

H0,N(curl,Ω) := {v ∈ H(curl,Ω); v×nΩ = 0 on ΓN in appropriate
sense}

H0,N(div,Ω)

H0,N(div,Ω) := {v ∈ H(div,Ω); v ·nΩ = 0 on ΓN in appropriate
sense}
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Polynomial space Pp(K ), p ≥ 0

K

vh(x) =
ax2 + by2 + cz2

+dxy + eyz + fxz
+gx+ hy + iz + j

p = 2
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(v |K1 ·nF )|F = (v |K2 ·nF )|F in appropriate sense
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Sobolev spaces Meshes FE spaces Polynomial extensions

H(curl) polynomial extensions on a tetrahedron
Theorem (H(curl) polynomial extension on a single tetrahedron Costabel & Mc-Intosh (2010);

Demkowicz, Gopalakrishnan, & Schöberl (2009); Braess, Pillwein, & Schöberl (2009); Chaumont-Frelet, Ern, & Vohralík (2020))

Let ∅ ⊆ F ⊆ FK be a (sub)set of faces of a tetrahedron K . Then, for every
polynomial degree p ≥ 0, for all rK ∈ RTp(K ) such that ∇·rK = 0, and for all
rF ∈ Nτ

p (ΓF ) such that rK ·nF = curlF (rF ) for all F ∈ F , there holds

min
vp∈Np(K )
∇×vp=rK
vp|τF=rF

∥vp∥K ≤ Cst min
v∈H(curl,K )
∇×v=rK
v |τF=rF

∥v∥K .

Comments
Cst only depends on the shape-regularity of K
p-robustness: for (pw) p-polynomial data rK , rF , minimization over Np(K ) is
up to Cst as good as minimization over the entire H(curl,K )
extension to an edge patch: Chaumont-Frelet, Ern, & Vohralík (2021)
extension to a vertex patch: Chaumont-Frelet & Vohralík (2023)
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H(curl) polynomial extensions on a tetrahedron and on patches
Theorem (H(curl) polynomial extension on a single tetrahedron Costabel & Mc-Intosh (2010);

Demkowicz, Gopalakrishnan, & Schöberl (2009); Braess, Pillwein, & Schöberl (2009); Chaumont-Frelet, Ern, & Vohralík (2020))
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