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The model problem

The Darcy porous media flow problem

Find the pressure head p : Ω → R and the Darcy velocity u : Ω → Rd such that

u = −S∇p in Ω,

∇·u = f in Ω,

p = 0 on ΓD,

u·n = gN on ΓN.

Setting
Ω ⊂ Rd , 1 ≤ d ≤ 3: interval/polygon/polyhedron
S: symmetric and positive definite diffusion tensor, piecewise constant for
simplicity
f : source term, piecewise constant for simplicity
gN: inflow/outflow, piecewise constant for simplicity

|||v |||D :=
∥∥S− 1

2 v
∥∥
D: energy norm
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Mixed finite element approximation
Dual finite element approximation

Find uh ∈ Vh,gN with ∇·uh = f such that

(S−1uh,vh) = 0 ∀vh ∈ Vh,0 with ∇·uh = 0.

uh := arg min
vh∈Vh,gN
∇· vh=f

|||vh|||2

Mixed finite element approximation
Find uh ∈ Vh,gN and ph ∈ Wh such that

(S−1uh,vh)− (ph,∇·vh) = 0 ∀vh ∈ Vh,0,

(∇·uh,wh) = (f ,wh) ∀wh ∈ Wh.

Setting
Th: simplicial mesh of Ω

(Fh: mesh faces)
Vh,0 := RTNk (Th) ∩ H0(div,Ω): Raviart–Thomas space (piecewise vector-
valued polynomials on Th), degree k , normal-trace continuous, vh·n = 0 on ΓN
Vh,gN := RTNk (Th) ∩ HgN(div,Ω): Neumann boundary condition gN enforced
Wh: piecewise pols on Th of degree k

(Ψh: piecewise pols on Fh of degree k )
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Setting
Broken spaces

V dc
h := RTNk (Th): elementwise (discontinuous) Raviart–Thomas spaces

Ψdc
h : facewise (discontinuous) polynomials on Fh of degree k

Meshes

Coarse mesh TH : subdomains Ωi

Coarse-grid spaces VH,0,WH

Fine meshes Ti,h forming Th

Subdomain spaces V i,h,0,Wi,h
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Domain decomposition solvers for mixed finite elements
Saddle-point solvers

after a choice of basis: find algebraic vectors U and P such that(
A Bt

B 0

)(
U
P

)
=

(
0
F

)

saddle-point: indefinite system matrix (Benzi, Golub, Liesen (2005), . . . )

domain decomposition: Glowinski, Wheeler (1988), Ewing, Wang (1992),
Cowsar, Mandel, Wheeler (1995), Šístek, Březina, Sousedík (2015), . . .

SPD reformulations and solvers
equivalent reformulation via hybridization: find algebraic vector Λ such that

SΛ = G

symmetric and positive definite system matrix
preconditioned conjugate gradients possible,

DD possible but Λ (face
pressure heads) are nonconforming and in non-nested spaces (in the
multigrid setting cf. Brenner (1992), Chen (1996), Wheeler, Yotov (2000) . . . )
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SPD reformulations and solvers
equivalent reformulation via hybridization: find algebraic vector Λ such that

SΛ = G

symmetric and positive definite system matrix
preconditioned conjugate gradients possible,

DD possible but Λ (face
pressure heads) are nonconforming and in non-nested spaces (in the
multigrid setting cf. Brenner (1992), Chen (1996), Wheeler, Yotov (2000) . . . )

M. Vohralík A posteriori algebraic error estimates and nonoverlapping DD in MFEs 5 / 39



I Equilibration Domain decomposition Properties Numerics C Darcy problem and MFE approximation (DD) solvers for mixed finite elements

Domain decomposition solvers for mixed finite elements
Saddle-point solvers

after a choice of basis: find algebraic vectors U and P such that(
A Bt

B 0

)(
U
P

)
=

(
0
F

)
saddle-point: indefinite system matrix (Benzi, Golub, Liesen (2005), . . . )
domain decomposition: Glowinski, Wheeler (1988), Ewing, Wang (1992),
Cowsar, Mandel, Wheeler (1995), Šístek, Březina, Sousedík (2015), . . .
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A few central reflections
Usually

first choose a basis:
system of linear algebraic equations,
properties depend on the basis

analysis restricted to linear
algebraic information and tools

saddle-point indefinite matrix / SPD
system on nonconforming
non-nested spaces:

problems of balancing
problems of interior node
compatibility

Our approach

basis-independent approach:

functional writing, basis-independent

analysis can exploit function spaces
information and tools

natural balancing (equilibration):

coarse mesh
constrained energy minimization
subdomain Neumann solvers

additive Schwarz: subdomain Dirichlet
line search:

optimal step size
Pythagoras formula for error
decrease on each iteration

built-in a posteriori estimate on the
algebraic error: solver adaptivity
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Equilibration: the principle

Equilibration

Let (uj
h,p

j
h) ∈ V dc

h × Wh, ∇·uj
h ̸= f be arbitrary.

Construct

RF(u
j
h,p

j
h) ∈ Vh,gN ,∇·RF(u

j
h,p

j
h) = f .
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Equilibration: example
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Equilibration: details 1/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

Let (uj
h,p

j
h) ∈ V dc

h × Wh, ∇·uj
h ̸= f , be arbitrary.

Proceed in four steps.

1 Averaging on mesh faces
Create uj,1

h ∈ Vh,gN such that

uj,1
h ·nF :=


{{uj

h·nF}} F ∈ F int
h ,

uj
h·nF F ∈ FD

h ,

gN F ∈ FN
h ,

(S−1uj,1
h ,vh)K = (S−1uj

h,vh)K ∀vh ∈ [Pk−1(K )]d , K ∈ Th, k ≥ 1.

Set pj,1
h := pj

h, or pj,1
h := pj

h − (pj
h,1)/|Ω| if ΓN = ∂Ω.

There holds uj,1
h ∈ Vh,gN but ∇·uj,1

h ̸= f .
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Equilibration: details 2/4
Equilibration via coarse constrained energy minimization & subdomain Neumann s.

2 Coarse grid solver

Find (δj,2
H , r j,2

H ) ∈ VH,0 × WH such that
δj,2

H := arg min
vH∈VH,0

∇· vH=ΠH(f−∇·uj,1
h )

|||vH + uj,1
h |||2

(S−1δj,2
H ,vH)− (r j,2

H ,∇·vH) = (pj,1
h ,∇·vH)− (S−1uj,1

h ,vH)︸ ︷︷ ︸
residual

∀vH ∈ VH,0,

(∇· δj,2
H ,wH) =

︷ ︸︸ ︷
(f −∇·uj,1

h ,wH) ∀wH ∈ WH .
Denote

uj,2
h := uj,1

h + δj,2
H ∈ Vh,gN , pj,2

h := pj,1
h + r j,2

H ∈ Wh;

uj,2
h satisfies the weak divergence constraint

(∇·uj,2
h ,wH) = (f ,wH) ∀wH ∈ WH .

If ∇·uj,1
h = f ,

|||uh − uj,2
h |||2 = |||uh − uj,1

h |||2 − |||δj,2
H |||2.
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H ,∇·vH) = (pj,1
h ,∇·vH)− (S−1uj,1

h ,vH)︸ ︷︷ ︸
residual

∀vH ∈ VH,0,

(∇· δj,2
H ,wH) =

︷ ︸︸ ︷
(f −∇·uj,1

h ,wH) ∀wH ∈ WH .
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uj,2

h := uj,1
h + δj,2
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h := pj,1
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H ∈ Wh;
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If ∇·uj,1
h = f ,

|||uh − uj,2
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Equilibration: details 3/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

3 Subdomain Neumann solver
On all subdomains Ωi , find (δj,3

h , r j,3
h )|Ωi ∈ V i,h,0 × Wi,h such that

(S−1δj,3
h ,vh)Ωi − (r j,3

h ,∇·vh)Ωi = (pj,2
h ,∇·vh)Ωi − (S−1uj,2

h ,vh)Ωi ∀vh ∈ V i,h,0,

(∇· δj,3
h ,wh)Ωi = (f −∇·uj,2

h ,wh)Ωi ∀wh ∈ Wi,h.

Update
uj,3

h := uj,2
h + δj,3

h ∈ Vh,gN ,∇·uj,3
h = f ,

pj,3
h := pj,2

h + r j,3
h ∈ Wh.

If ∇·uj,2
h = f , there holds

|||uh − uj,3
h |||2 = |||uh − uj,2

h |||2 − |||δj,3
h |||2.

M. Vohralík A posteriori algebraic error estimates and nonoverlapping DD in MFEs 11 / 39



I Equilibration Domain decomposition Properties Numerics C

Equilibration: details 3/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

3 Subdomain Neumann solver
On all subdomains Ωi , find (δj,3

h , r j,3
h )|Ωi ∈ V i,h,0 × Wi,h such that

(S−1δj,3
h ,vh)Ωi − (r j,3

h ,∇·vh)Ωi = (pj,2
h ,∇·vh)Ωi − (S−1uj,2

h ,vh)Ωi ∀vh ∈ V i,h,0,

(∇· δj,3
h ,wh)Ωi = (f −∇·uj,2

h ,wh)Ωi ∀wh ∈ Wi,h.

Update
uj,3

h := uj,2
h + δj,3

h ∈ Vh,gN ,∇·uj,3
h = f ,

pj,3
h := pj,2

h + r j,3
h ∈ Wh.

If ∇·uj,2
h = f , there holds

|||uh − uj,3
h |||2 = |||uh − uj,2

h |||2 − |||δj,3
h |||2.

M. Vohralík A posteriori algebraic error estimates and nonoverlapping DD in MFEs 11 / 39



I Equilibration Domain decomposition Properties Numerics C

Equilibration: details 3/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

3 Subdomain Neumann solver
On all subdomains Ωi , find (δj,3

h , r j,3
h )|Ωi ∈ V i,h,0 × Wi,h such that

(S−1δj,3
h ,vh)Ωi − (r j,3

h ,∇·vh)Ωi = (pj,2
h ,∇·vh)Ωi − (S−1uj,2

h ,vh)Ωi ∀vh ∈ V i,h,0,

(∇· δj,3
h ,wh)Ωi = (f −∇·uj,2

h ,wh)Ωi ∀wh ∈ Wi,h.

Update
uj,3

h := uj,2
h + δj,3

h ∈ Vh,gN ,∇·uj,3
h = f ,

pj,3
h := pj,2

h + r j,3
h ∈ Wh.

If ∇·uj,2
h = f , there holds

|||uh − uj,3
h |||2 = |||uh − uj,2

h |||2 − |||δj,3
h |||2.

M. Vohralík A posteriori algebraic error estimates and nonoverlapping DD in MFEs 11 / 39



I Equilibration Domain decomposition Properties Numerics C

Equilibration: details 4/4

Equilibration via coarse constrained energy minimization & subdomain Neumann s.

4 Coarse grid correction
Compute (δj,4

H , r j,4
H ) ∈ VH,0 × WH such that

(S−1δj,4
H ,vH)− (r j,4

H ,∇·vH) = (pj,3
h ,∇·vH)− (S−1uj,3

h ,vH) ∀vH ∈ VH,0,

(∇· δj,4
H ,wH) = 0 ∀wH ∈ VH,0.

Define
RF(u

j
h,p

j
h) := uj,3

h + δj,4
H ∈ Vh,gN ,∇·RF(u

j
h,p

j
h) = f ,

RP(u
j
h,p

j
h) := pj,3

h + r j,4
H ∈ Wh.

There holds |||uh −RF(u
j
h,p

j
h)|||

2 = |||uh − uj,3
h |||2 − |||δj,4

H |||2.
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Domain decomposition 0/3

Nonoverlapping domain decomposition

Let (u0
h,p

0
h) ∈ V dc

h × Wh, ∇·u0
h ̸= f , be an arbitrary initial guess.

0 Equilibration
Set (u1

h,p
1
h) := RFP(u0

h,p
0
h). This gives u1

h ∈ Vh,gN with ∇·u1
h = f . All subsequent

iterates will retain uj
h ∈ Vh,gN with ∇·uj

h = f .

Set j = 1 and on each iteration j, proceed in three steps.
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Domain decomposition 1/3

Nonoverlapping domain decomposition

1 Elementwise trace reconstruction
Compute the associated Lagrange multiplier λj

h ∈ Ψdc
h :

⟨λj
h,vh·nK ⟩F = (pj

h,∇·vh)K − (S−1uj
h,vh)K ∀vh ∈ Vh(K ,F ), K ∈ Th, F ∈ FK .
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Domain decomposition 2/3

Nonoverlapping domain decomposition

2 Subdomain Dirichlet solver
On all subdomains Ωi , construct (δj

h, r
j
h)|Ωi ∈ V i,h × Wi,h such that

(δj
h ̸∈ Vh,0):

(S−1δj
h,vh)Ωi − (r j

h,∇·vh)Ωi = (pj
h,∇·vh)Ωi − (S−1uj

h,vh)Ωi

− ⟨{{λj
h}},vh·n⟩∂Ωi ∀vh ∈ V i,h,

(∇· δj
h,wh)Ωi = 0 ∀wh ∈ Wi,h.
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Domain decomposition 3/3
Nonoverlapping domain decomposition

3 Equilibration and line search
Equilibration: (ûj

h, p̂
j
h) := RFP(u

j
h + δj

h,p
j
h + r j

h) ∈ Vh,gN × Wh, ∇· ûj
h = f .

Line search
αj := argmin

α∈R
|||uh − (uj

h + α(ûj
h − uj

h))|||
2

=⇒ αj := −
(S−1uj

h, û
j
h − uj

h)

|||ûj
h − uj

h|||2
.

Update
uj+1

h := uj
h + αj(ûj

h − uj
h) ∈ Vh,gN , ∇·uj+1

h = f ,

pj+1
h := pj

h + αj(p̂j
h − pj

h) ∈ Wh.
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h, p̂
j
h) := RFP(u

j
h + δj

h,p
j
h + r j

h) ∈ Vh,gN × Wh, ∇· ûj
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h = f .

Line search
αj := argmin

α∈R
|||uh − (uj

h + α(ûj
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1 Introduction
The Darcy model problem and its mixed finite element approximation
(DD) solvers for mixed finite elements
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5 Numerical experiments
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Computable error decrease formula

Theorem (Error decrease formula)
There holds

|||uh − uj+1
h |||2 = |||uh − uj

h|||
2 − (ηj)2︸︷︷︸

αj |||ûj
h−uj

h|||

.
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A posteriori estimates on the algebraic error

Theorem (Guaranteed a posteriori algebraic error estimates)
Let

ηj := αj |||ûj
h − uj

h|||

and
ηj := |||uj

h +ΠRTN
k (S∇p̃j+1

h )|||, p̃j+1
h := R̃P

(
pj+1

h , λj+1
h

)
.

Then there holds
ηj ≤ |||uh − uj

h||| ≤ ηj .
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Uniform diffusion
Setting (k = 0)

Ω = (0,1)× (0,1)
S = Id
f (x , y) = −2(x2 + y2) + 2(x + y)
ΓD = ∂Ω
zero initial guess (u0

h,p
0
h) = (0,0)

Meshes

Coarse mesh TH : subdomains Ωi Fine meshes Ti,h forming Th
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Ω = (0,1)× (0,1)
S = Id
f (x , y) = −2(x2 + y2) + 2(x + y)
ΓD = ∂Ω
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I Equilibration Domain decomposition Properties Numerics C

Initialization (equilibration): lifted residuals

Vec Value
0
0.012406
0.0248121
0.0372181
0.0496241
0.0620302
0.0744362
0.0868422
0.0992483
0.111654
0.12406
0.136466
0.148872
0.161278
0.173684
0.186091
0.198497
0.210903
0.223309
0.235715

δ0,2
H

Vec Value
0
0.0118114
0.0236227
0.0354341
0.0472455
0.0590568
0.0708682
0.0826796
0.094491
0.106302
0.118114
0.129925
0.141736
0.153548
0.165359
0.177171
0.188982
0.200793
0.212605
0.224416

δ0,3
h

Vec Value
0
7.26285e-11
1.45257e-10
2.17885e-10
2.90514e-10
3.63142e-10
4.35771e-10
5.08399e-10
5.81028e-10
6.53656e-10
7.26285e-10
7.98913e-10
8.71542e-10
9.4417e-10
1.0168e-09
1.08943e-09
1.16206e-09
1.23468e-09
1.30731e-09
1.37994e-09

δ0,4
H
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I Equilibration Domain decomposition Properties Numerics C

Initialization (equilibration): intermediate fluxes

Vec Value
0
0.012406
0.0248121
0.0372181
0.0496241
0.0620302
0.0744362
0.0868422
0.0992483
0.111654
0.12406
0.136466
0.148872
0.161278
0.173684
0.186091
0.198497
0.210903
0.223309
0.235715

u0,2
h = δ0,2

H

Vec Value
0
0.0126026
0.0252051
0.0378077
0.0504102
0.0630128
0.0756154
0.0882179
0.10082
0.113423
0.126026
0.138628
0.151231
0.163833
0.176436
0.189038
0.201641
0.214243
0.226846
0.239449

u0,3
h = u0,2

h + δ0,3
h

Vec Value
0
0.0126026
0.0252051
0.0378077
0.0504102
0.0630128
0.0756154
0.0882179
0.10082
0.113423
0.126026
0.138628
0.151231
0.163833
0.176436
0.189038
0.201641
0.214243
0.226846
0.239449

u1
h = RF(u0

h,p
0
h) = u0,3

h + δ0,4
H
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I Equilibration Domain decomposition Properties Numerics C

Initialization (equilibration): intermediate potentials

IsoValue
0.0120614
0.0148026
0.0166301
0.0184576
0.0202851
0.0221126
0.0239401
0.0257675
0.027595
0.0294225
0.03125
0.0330775
0.034905
0.0367325
0.0385599
0.0403874
0.0422149
0.0440424
0.0458699
0.0504386

p0,2
h = r0,2

H

IsoValue
-0.00613566
0.00309904
0.0092555
0.015412
0.0215684
0.0277249
0.0338813
0.0400378
0.0461943
0.0523507
0.0585072
0.0646636
0.0708201
0.0769766
0.083133
0.0892895
0.095446
0.101602
0.107759
0.12315

p0,3
h = p0,2

h + r0,3
h

IsoValue
-0.00324847
0.00165544
0.00492471
0.00819398
0.0114633
0.0147325
0.0180018
0.0212711
0.0245403
0.0278096
0.0310789
0.0343482
0.0376174
0.0408867
0.044156
0.0474252
0.0506945
0.0539638
0.057233
0.0654062

p1
h = RP(u0

h,p
0
h) = p0,3

h + r0,4
H
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I Equilibration Domain decomposition Properties Numerics C

Error decrease and contraction factor
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I Equilibration Domain decomposition Properties Numerics C

A posteriori estimates of the algebraic error
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I Equilibration Domain decomposition Properties Numerics C

Scalability
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I Equilibration Domain decomposition Properties Numerics C

Elementwise errors and a posteriori error estimators, iteration 1

IsoValue
-2.21021e-05
1.10511e-05
3.31532e-05
5.52553e-05
7.73574e-05
9.94596e-05
0.000121562
0.000143664
0.000165766
0.000187868
0.00020997
0.000232072
0.000254174
0.000276277
0.000298379
0.000320481
0.000342583
0.000364685
0.000386787
0.000442042

Errors
|||uh − u1

h|||K

IsoValue
-4.66461e-05
2.3323e-05
6.99691e-05
0.000116615
0.000163261
0.000209907
0.000256553
0.000303199
0.000349845
0.000396492
0.000443138
0.000489784
0.00053643
0.000583076
0.000629722
0.000676368
0.000723014
0.00076966
0.000816306
0.000932921

Lower estimators
α1|||û1

h − u1
h|||K

IsoValue
-8.37005e-05
4.18502e-05
0.000125551
0.000209251
0.000292952
0.000376652
0.000460353
0.000544053
0.000627753
0.000711454
0.000795154
0.000878855
0.000962555
0.00104626
0.00112996
0.00121366
0.00129736
0.00138106
0.00146476
0.00167401

Upper estimators
|||u1

h +ΠRTN
k (∇p̃2

h)|||K
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Elementwise errors and a posteriori error estimators, iteration 14

IsoValue
-1.82232e-09
9.21584e-10
2.75085e-09
4.58012e-09
6.40939e-09
8.23866e-09
1.00679e-08
1.18972e-08
1.37265e-08
1.55557e-08
1.7385e-08
1.92143e-08
2.10435e-08
2.28728e-08
2.47021e-08
2.65313e-08
2.83606e-08
3.01899e-08
3.20191e-08
3.65923e-08

Errors
|||uh − u14

h |||K

IsoValue
-2.27825e-09
1.15713e-09
3.44739e-09
5.73765e-09
8.0279e-09
1.03182e-08
1.26084e-08
1.48987e-08
1.71889e-08
1.94792e-08
2.17694e-08
2.40597e-08
2.635e-08
2.86402e-08
3.09305e-08
3.32207e-08
3.5511e-08
3.78012e-08
4.00915e-08
4.58171e-08

Lower estimators
α14|||û14

h − u14
h |||K

IsoValue
-1.47121e-08
7.3658e-09
2.20844e-08
3.6803e-08
5.15217e-08
6.62403e-08
8.09589e-08
9.56775e-08
1.10396e-07
1.25115e-07
1.39833e-07
1.54552e-07
1.69271e-07
1.83989e-07
1.98708e-07
2.13426e-07
2.28145e-07
2.42864e-07
2.57582e-07
2.94379e-07

Upper estimators
|||u14

h +ΠRTN
k (∇p̃15

h )|||K
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I Equilibration Domain decomposition Properties Numerics C

Jumping diffusion
Setting (k = 0)

Ω = (0,1)× (0,1)
S = c(x , y)Id
f (x , y) = 1
ΓD = ∂Ω

zero initial guess (u0
h,p

0
h) = (0,0)

Coarse mesh and diffusion coefficient

Coarse mesh TH and variations of the coefficient c(x , y)
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I Equilibration Domain decomposition Properties Numerics C

Initialization (equilibration): lifted residuals

Vec Value
0
0.0241303
0.0482606
0.0723909
0.0965212
0.120652
0.144782
0.168912
0.193042
0.217173
0.241303
0.265433
0.289564
0.313694
0.337824
0.361955
0.386085
0.410215
0.434345
0.458476

δ0,2
H

Vec Value
0
0.017203
0.034406
0.051609
0.068812
0.086015
0.103218
0.120421
0.137624
0.154827
0.17203
0.189233
0.206436
0.223639
0.240842
0.258045
0.275248
0.292451
0.309654
0.326857

δ0,3
h

Vec Value
0
0.00288131
0.00576262
0.00864393
0.0115252
0.0144065
0.0172879
0.0201692
0.0230505
0.0259318
0.0288131
0.0316944
0.0345757
0.037457
0.0403383
0.0432196
0.0461009
0.0489822
0.0518636
0.0547449

δ0,4
H
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Initialization (equilibration): intermediate fluxes

Vec Value
0
0.0241303
0.0482606
0.0723909
0.0965212
0.120652
0.144782
0.168912
0.193042
0.217173
0.241303
0.265433
0.289564
0.313694
0.337824
0.361955
0.386085
0.410215
0.434345
0.458476

u0,2
h = δ0,2

H

Vec Value
0
0.0292415
0.0584831
0.0877246
0.116966
0.146208
0.175449
0.204691
0.233932
0.263174
0.292415
0.321657
0.350899
0.38014
0.409382
0.438623
0.467865
0.497106
0.526348
0.555589

u0,3
h = u0,2

h + δ0,3
h

Vec Value
0
0.0296001
0.0592003
0.0888004
0.118401
0.148001
0.177601
0.207201
0.236801
0.266401
0.296001
0.325602
0.355202
0.384802
0.414402
0.444002
0.473602
0.503202
0.532802
0.562403

u1
h = RF(u0

h,p
0
h) = u0,3

h + δ0,4
H
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I Equilibration Domain decomposition Properties Numerics C

Initialization (equilibration): intermediate potentials

IsoValue
-0.00185033
0.000925165
0.00277549
0.00462582
0.00647615
0.00832648
0.0101768
0.0120271
0.0138775
0.0157278
0.0175781
0.0194285
0.0212788
0.0231291
0.0249794
0.0268298
0.0286801
0.0305304
0.0323808
0.0370066

p0,2
h = r0,2

H

IsoValue
-0.0237391
-0.0166852
-0.0119827
-0.00728009
-0.00257751
0.00212507
0.00682764
0.0115302
0.0162328
0.0209354
0.025638
0.0303405
0.0350431
0.0397457
0.0444483
0.0491509
0.0538534
0.058556
0.0632586
0.075015

p0,3
h = p0,2

h + r0,3
h

IsoValue
-0.0341457
-0.0285381
-0.0247996
-0.0210612
-0.0173228
-0.0135844
-0.00984595
-0.00610752
-0.0023691
0.00136932
0.00510775
0.00884617
0.0125846
0.016323
0.0200614
0.0237999
0.0275383
0.0312767
0.0350151
0.0443612

p1
h = RP(u0

h,p
0
h) = p0,3

h + r0,4
H
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Error decrease and contraction factor
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A posteriori estimates of the algebraic error
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I Equilibration Domain decomposition Properties Numerics C

Robustness

Diffusion contrast 101 102 103 104 105 106 107 108

Number of iterations 19 16 15 15 15 15 15 15

Number of iterations needed to reduce the initial algebraic error estimator η1 by
the factor 105
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I Equilibration Domain decomposition Properties Numerics C

Elementwise errors and a posteriori error estimators, iteration 1

IsoValue
-0.0004797
0.000239854
0.000719558
0.00119926
0.00167896
0.00215867
0.00263837
0.00311807
0.00359778
0.00407748
0.00455718
0.00503689
0.00551659
0.00599629
0.006476
0.0069557
0.0074354
0.00791511
0.00839481
0.00959407

Errors
|||uh − u1

h|||K

IsoValue
-0.000486163
0.000243082
0.000729246
0.00121541
0.00170157
0.00218774
0.0026739
0.00316007
0.00364623
0.00413239
0.00461856
0.00510472
0.00559088
0.00607705
0.00656321
0.00704938
0.00753554
0.0080217
0.00850787
0.00972328

Lower estimators
α1|||û1

h − u1
h|||K

IsoValue
-0.00130277
0.000651384
0.00195415
0.00325692
0.00455968
0.00586245
0.00716522
0.00846798
0.00977075
0.0110735
0.0123763
0.013679
0.0149818
0.0162846
0.0175873
0.0188901
0.0201929
0.0214956
0.0227984
0.0260553

Upper estimators
|||u1

h +ΠRTN
k (∇p̃2

h)|||K
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Elementwise errors and a posteriori error estimators, iteration 14

IsoValue
-6.23056e-08
3.11534e-08
9.34594e-08
1.55765e-07
2.18071e-07
2.80377e-07
3.42683e-07
4.04989e-07
4.67295e-07
5.29601e-07
5.91907e-07
6.54213e-07
7.16519e-07
7.78825e-07
8.41131e-07
9.03437e-07
9.65743e-07
1.02805e-06
1.09036e-06
1.24612e-06

Errors
|||uh − u14

h |||K

IsoValue
-6.76413e-08
3.38208e-08
1.01462e-07
1.69104e-07
2.36745e-07
3.04387e-07
3.72028e-07
4.39669e-07
5.07311e-07
5.74952e-07
6.42594e-07
7.10235e-07
7.77877e-07
8.45518e-07
9.1316e-07
9.80801e-07
1.04844e-06
1.11608e-06
1.18373e-06
1.35283e-06

Lower estimators
α14|||û14

h − u14
h |||K

IsoValue
-4.95871e-07
2.47937e-07
7.43809e-07
1.23968e-06
1.73555e-06
2.23142e-06
2.7273e-06
3.22317e-06
3.71904e-06
4.21491e-06
4.71078e-06
5.20666e-06
5.70253e-06
6.1984e-06
6.69427e-06
7.19014e-06
7.68602e-06
8.18189e-06
8.67776e-06
9.91744e-06

Upper estimators
|||u14

h +ΠRTN
k (∇p̃15

h )|||K
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Discontinuities not corresponding to the coarse mesh
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Discontinuities crossing the interfaces of the coarse mesh
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I Equilibration Domain decomposition Properties Numerics C

Outline

1 Introduction
The Darcy model problem and its mixed finite element approximation
(DD) solvers for mixed finite elements

2 Flux equilibration: coarse mesh constrained energy minimization & subdomain
Neumann solves

3 Nonoverlapping domain decomposition: a posteriori error estimates, local mass
conservation on each step, and Pythagorean error decrease via line search

4 Properties

5 Numerical experiments

6 Conclusions
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I Equilibration Domain decomposition Properties Numerics C

Conclusions

Taylored domain decomposition method for saddle-point mixed finite
elements

✓ flux equilibration (balancing) by coarse mesh constrained energy
minimization

✓ subdomain Neumann and Dirichlet solves
✓ guaranteed upper and lower algebraic error a posteriori error estimates
✓ line search: a Pythagorean error decrease formula

M. BASTIDAS OLIVARES, A. BENI HAMAD, M. VOHRALÍK, AND I. YOTOV A posteriori
algebraic error estimates and nonoverlapping domain decomposition in mixed
formulations: energy coarse grid balancing, local mass conservation on each step,
and line search, Comput. Methods Appl. Mech. Engrg. 444 (2025), 118090.

Thank you for your attention!
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