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The heat equation
ou—Au=1f inQx(0,T),
u=0 ondQx(0,T),
u(0)=up iInQ
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Model parabolic problem

The heat equation
ou—Au=f inQx(0,T),

u=0 ondQx(0,T),
u(0)=1up inQ
Spaces
X = L3(0, T; H}(Q)),
T
M = [ Ivvizat
Y = L2(0, T; HI(Q) N H'(0, T; H(Q)),

-
IvIi¥ 12/0 10eVI1Z, o) + IV V]2 dt + [[v(T)|1?
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Model parabolic problem

The heat equation
ou—Au=f inQx(0,T),
u=0 ondQx(0,T),

u(0)=1up inQ
Spaces
X = L3(0, T; H}(Q)),

-
M = [ Ivvizat
Y = L2(0, T; HI(Q) N H'(0, T; H(Q)),
T
VIS :=/0 101, (o) + IV VI dt + V(TP

Weak solution
Find u € Y with u(0) = up such that

T T
/ (Oru, v) + (Vu,Vv)dt = / (f,v)dt VveX.
0 0
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound

N
® [lu—tnrlZ g0 r) < Xnet Lkernig(Unr)?
@ no undetermined constant: error control

-
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
2 N 2
© [lu—unllf ooy = Xon=1 2Zkern nk(Unr)
@ no undetermined constant: error control
Local efficiency
® ni(Unr) < CetellU — Unrll7 pei -
Nx\Unpr) = Ceff hr 117 neighbors of K x (17—1,t7)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
2 N 2
° [ju-— uh7'H?7Q><(0,T) < 2 n—=1 2kern Mk (Unr)
@ no undetermined constant: error control
Local efficiency
@ 0 (Unr) < Cerrllu — Unrll e -1
N \Unr ) = Ceff hr 117 neighbors of Kx (t7—1,t7)
@ optimal space-time mesh refinement
@ local in time and in space error lower bound
Robustness
@ C. independent of data, domain €, final time T, meshes,
solution u, polynomial degrees of uy, in space and in time

4 wirmatis #mahematics erc
Y2577, 5
M. Vohralik A posteriori estimates: heat equation 3/18



| Equiv. Discr. & reconstruction GO Reliability Eff. & rob. C

An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
2 N 2

© [lu—unrllf guio,) < 2n=12kern Mk (Unr)

@ no undetermined constant: error control
Local efficiency

® 7 (Unr) < Cesrl|u — UhTH?,neighbors of Kx (tn=1,t)

@ optimal space-time mesh refinement

@ local in time and in space error lower bound
Robustness

@ C. independent of data, domain €, final time T, meshes,

solution u, polynomial degrees of uy. in space and in time
Asymptotic exactness
N 2 2
® > 1 ket Mi(Unr )/ |U— uhTH?,QX(O,T) N1
@ overestimation factor goes to one with meshes size
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An optimal a posteriori estimate for evolutive problems

Guaranteed upper bound
N 2

° [ju-— UhTH?27Q><(0,T) < En:1 ZKGT" n}r%(uhT)

@ no undetermined constant: error control
Local efficiency

@ N (Unr) < Cesrllu — UhTH?,neighbors of Kx(tn=1,tm)

@ optimal space-time mesh refinement

@ local in time and in space error lower bound
Robustness

@ C. independent of data, domain €, final time T, meshes,

solution u, polynomial degrees of uy, in space and in time
Asymptotic exactness
N

® D ne12KeTr n%(UhT)Z/HU - uhTH%QX(O,T) N1

@ overestimation factor goes to one with meshes size
Small evaluation cost

@ estimators can be evaluated cheaply (locally) Cosva 2" &
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Previous results — continuous finite elements

@ Bieterman and Babuska (1982), introduction
@ Picasso / Verfirth (1998), work with the energy norm X:

o upper bound [|u — up 3 < C Y5 Yuern n(Unr)?
° (h and 7 strongly linked)

-
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Previous results — continuous finite elements

@ Bieterman and Babuska (1982), introduction
@ Picasso / Verfirth (1998), work with the energy norm X:
o upper bound [|u — up 3 < C Y5 Yuern n(Unr)?
° (h and 7 strongly linked)
@ Verfiirth (2003) (cf. also Bergam, Bernardi, and Mghazli
(2005)), work with the Y norm:

N
upper bound [|u — un- |3 < C 3" q Ykern ik (Unr)?

ke k(Unr)? < Cllu— un:|3
robustness with respect to the final time
efficiency local in time but
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Previous results — continuous finite elements

@ Bieterman and Babuska (1982), introduction
@ Picasso / Verfirth (1998), work with the energy norm X:
o upper bound [|u — up 3 < C Y5 Yuern n(Unr)?
° (h and 7 strongly linked)
@ Verfiirth (2003) (cf. also Bergam, Bernardi, and Mghazli
(2005)), work with the Y norm:

N
upper bound [|u — un- |3 < C 3" q Ykern ik (Unr)?

ke k(Unr)? < Cllu— un:|3
robustness with respect to the final time
efficiency local in time but

@ Eriksson and Johnson (1991), duality techniques &
Makridakis and Nochetto (2003), elliptic reconstruction:
L2(L2) / L>°(L?) / L>*(L>®) / higher-order norms

@ Makridakis and Nochetto (2006): 7q estimates

@ Schoétzau and Wihler (2010), 7q adaptivity - Sic
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Equivalence between error and residual (steady case)

Laplace equation

—Au=f in Q,
u=2~0 on 0N
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Equivalence between error and residual (steady case)

Laplace equation
—Au=f in Q,
u=20 on 90Q
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
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Equivalence between error and residual (steady case)

Laplace equation
—Au=f in Q,
u=20 on 90Q
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
Residual of v, = H]}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(up), V) := (f,v) = (Vup, VVv)  veHI(Q)
@ dual norm of the residual

IR(un)lg-1(q) == sup (R(un),v)
veH(Q); [IVv||=1
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Energy error
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Equivalence between error and residual (steady case)

Laplace equation
—Au=f in Q,
u=20 on 90Q
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
Residual of v, = H]}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(up), V) := (f,v) = (Vup, VVv)  veHI(Q)
@ dual norm of the residual

IR(un)lg-1(q) == sup (R(un),v)
veH(Q); [IVv||=1

Energy error

IVell=  sup  (Ve,Vv), Vo € H3(Q)
veH} (Q); IV v||=1 e

M. Vohralik A posteriori estimates: heat equation 5/18



| Equiv. Discr. & reconstruction GO Reliability Eff. &rob. C

Equivalence between error and residual (steady case)

Laplace equation
—Au=f in Q,
u=20 on 90Q
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
Residual of v, = H]}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(up), V) := (f,v) = (Vup, VVv)  veHI(Q)
@ dual norm of the residual

IR(un)lg-1(q) == sup (R(un),v)
veH(Q); [IVv||=1

Energy error
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Equivalence between error and residual (steady case)

Laplace equation
—Au=f in Q,
u=20 on 90Q
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
Residual of v, = H]}(Q)
@ R(up) € H1(Q), the misfit of up, in the weak formulation:
(R(up), V) := (f,v) = (Vup, VVv)  veHI(Q)
@ dual norm of the residual

IR(un)lg-1(q) == sup (R(un),v)
veH(Q); [IVv||=1

Energy error is the dual norm of the residual

IV(u—up)| = sup (V(u—un), Vv) = [[R(un)llH-1 ()
VEH&(Q); [[Vv|=1 erc
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Bounding and localizing dual norms (steady case)

e V= W, "(Q), p> 1, bounded linear functional = « /'

@ norm R[ly::=  sup  (R,V)vv
veV; ||V p=1

" M\ehrllk " Aposterioriestimates: heat equation 6/18



| Equiv. Discr. & reconstruction GO Reliability Eff. & rob. C

Bounding and localizing dual norms (steady case)

o V.= Wg P(Q), p > 1, bounded linear functional = < V'’

@ norm ||R||y = sup  (R,v)yy
veV; |[Vy|p=1

@ localized energy space V2 := Wg P(wa) fora e vy,
@ restriction of R to (V2)’ (zero extension of v € V2),
<R, V>(V“)’,Va = <R, V> VY, vV Va7

HRH(Va)’ = sup <R, V>(Va)/,va
veVa; ||Vv|p,wa=1

‘erc

M. Vohralik A posteriori estimates: heat equation 6/18



| Equiv. Discr. & reconstruction GO Reliability Eff. &rob. C

Bounding and localizing dual norms (steady case)

o V.= Wg P(Q), p > 1, bounded linear functional = < V'’
@ norm ||R||y = sup  (R,v)yy
veV; |[Vy|p=1
@ localized energy space V2 := Wg P(wa) fora e vy,
@ restriction of R to (V2)’ (zero extension of v € V2),
<R, V>(V“)’,Va = <R, V> v,V Ve Va7

HRH(Va)/ = sup <R, V>(Va)/,Va
VeV, [V V][pwp=1

Theorem (Bounding and localizing ||R||v)

There holds 1

q
1 .
IR||v: < (d+1)Ccontpr {ZRq avp If (R,a) =0 Yae VYt
) (d+1 V(" ——
( )aevh orthogonality

1

1
e S ORIy ¢ < IR
{(d+1)aevh (Va)
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Error and residual in the unsteady case

Theorem (Parabolic inf-sup identity)

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Ve, VV) dt| + [[(0)]I%.

veX, [lvilx=1
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Error and residual in the unsteady case

Theorem (Parabolic inf-sup identity)

For every ¢ € Y, we have
2

.
||80“%/:[ sup /0<8t807V>+(V<P7VV)dt + l(0)]1%.

veX, [lvilx=1

Residual of v, € Y
@ R(up,) € X', the misfit of uy, in the weak formulation:

T
<R(Uh'r)u V) = / (fa V) - <81‘Uh—r, V> - (VUhT, VV) dt
0
@ dual norm of the residual

IR(up )| x == sup  (R(upr), V)
veX,|lvlx=1
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Error and residual in the unsteady case

Theorem (Parabolic inf-sup identity)

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Ve, VV) dt| + [[(0)]I%.

veX, [lvilx=1

Residual of v, € Y
@ R(up,) € X', the misfit of uy, in the weak formulation:

T
<R(Uh'r)u V) = / (fa V) - <81‘Uh—r, V> - (VUhT, VV) dt
0
@ dual norm of the residual

IR(up )| x == sup  (R(upr), V)
veX,|lvlx=1

Y norm error is the dual X norm of the residual + IC error

lu— unr 1% = [IR(unr) % + lluo — unr(0)12
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWw, VV) = (Orp, V) VveEH(Q) = IIVW*szllarsalliq(Q)
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),

(YW, VV) = (D1, V) WeHY(Q) = [IVWalP=[10rlZ-1

o using [y 2(drp, ) dt = [lp(T)|? — [l¢(0)||? gives
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@ let w, € X be defined by, a.e. in (0, T),
(VWe, VV) = (010, V) WVEH(Q) = [Vl P=[|0r0l13 1)

o using [y 2(drp, ) dt = [lp(T)|? — [l¢(0)||? gives
T 2
[ sup /<8t¢,V>+(Vs0,VV)dT
0

veX, [lv)x=1
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWe, VV) = (010, V) WVEH(Q) = [Vl P=[|0r0l13 1)

o using [y 2(drp, ) dt = [lp(T)|? — [l¢(0)||? gives

[ sup /()T(V(W*Jr(p),Vv)dt

veX, [lv)x=1
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWe, VV) = (010, V) WVEH(Q) = [Vl P=[|0r0l13 1)

o using [y 2(drp, ) dt = [lp(T)|? — [l¢(0)||? gives

[ sup /()T(V(W*Jr(p),Vv)dt

veX, [lv)x=1

= |lws + ollx
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Proof of the parabolic inf-sup identity: ¢ € Y
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)
— W, + oll3 = /O IV (W + )P dt
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Proof of the parabolic inf-sup identity: ¢ € Y

@ let w, € X be defined by, a.e. in (0, T),
(VWi VV) = (Orp, V) YVEH(Q) = VWi =10r0llZ-1q
o using [y 2(drp, ) dt = [lp(T)|? — [l¢(0)||? gives

2
.
[ sup /<8t¢,V>+(Vs0,VV)dT

0

veX, |lvix=1
2 T 2
— W, + oll3 = /O IV (W + )P dt

)
— / VW2 + 2(Vwe, Vo) + [Vl P dt

/ 10eellfi-1q) + 208k, ) + IV ol|? dt = [l ~lo(0)]Z
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High-order time discretization & Radau reconstruction

CG of degree p in space & DG of degree q in time
Find vy, |y, € Qqn(/n? V,’:) with up,(0) = Myup such that

/I (atuhra VhT) + (vuhra vVh’r) dt — ((]Uhrl)n—h VhT(t;;‘I ))

n

_ /(f, Vh)dt  Vvar € Qg (I VE)  ¥1<n<N.
In

Uphr IuhT

-
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High-order time discretization & Radau reconstruction

CG of degree p in space & DG of degree q in time
Find up. |, € Qq,(/n; V) with up-(0) = Muup such that
/I (atuhra VhT) + (vuhra vVh’r) dt — ((]Uhrl)n—h VhT(t;;‘I ))

n

_ /(f, Vh)dt  Vvar € Qg (I VE)  ¥1<n<N.
In

@ p-degree continuous finite elements in space
VI = {vh € H{(Q), Vhlx € Ppu(K) YKeT"}
@ g-degree discontinuous polynomials in time
Qqn (In; V) := { V-valued pols of degree at most g, over I,}

Upr Iuhr

-
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High-order time discretization & Radau reconstruction

CG of degree p in space & DG of degree q in time
Find vy, |y, € Qqn(/n? V,’:) with up,(0) = Myup such that

/I (atuhra VhT) + (vuhra vVh’r) dt — ((]Uhr[)n—h VhT(t;;‘I ))

n

_ /(f, Vh)dt  Vvar € Qg (I VE)  ¥1<n<N.
In
@ p-degree continuous finite elements in space
Vi = {vn € H}(Q), Vilx € Po(K) VK eT"}
@ g-degree discontinuous polynomials in time
Qqn (In; V) := { V-valued pols of degree at most g, over I,}
Radau reconstruction Zuy, € Y, Zup,|, € Qg+ 1(In; V])

/(();Zuh,., VhT)—i-(VUhT,VVhT) dt = /(f, VhT)dt YV Vy € Qqn(/n; Vf?)
In In

Upr Iuhr
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Situation

® vy, ¢ Y = impossible to estimate ||u — up. ||y




Situation

® vy, ¢ Y = impossible to estimate ||u — up. ||y
@ Tup € Y =error|u—Tup|y
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Missing Galerkin orthogonality

Situation

® vy, ¢ Y = impossible to estimate ||u — up. ||y
@ Tup € Y =error|u—Tupl|y
@ but Zup, misses the Galerkin orthogonality:

/ (F:Vir) — (OZUnr Vir) — (VT U Vi )t 0 Fiy € Qg V)

In

h mmmmmm o marenacs k A

" M\ehrlk " Aposteriori estimates: heat equation 11/18



- | Equiv. Discr. & reconsiruction GO Reliabity Eff. &rob. C
Missing Galerkin orthogonality

Situation

® vy, ¢ Y = impossible to estimate ||u — up. ||y
@ Tup € Y =error|u—Tupl|y
@ but Zup, misses the Galerkin orthogonality:

/(favh‘r)_(al‘z-uh‘raVhT)_(VIUthvth)dt :/(v(uhT_IUhr)avth)dt V Vhr
In ln

r
7 | 0
hua,— =
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Missing Galerkin orthogonality

Situation

® vy, ¢ Y = impossible to estimate ||u — up. ||y
@ Tup € Y =error|u—Tupl|y
@ but Zup, misses the Galerkin orthogonality:

/(fthT)_(atIuhTaVhT)_(VIUthvth)dt :/(v(uh’r_IUhT)‘/vth)dt V Vhr
In ln

@ the misfit is known: up, — Zup,

informatics gFmathematics AL
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Remedy

Remedy
@ augment the norm: ||v||2 :=|Zv|5+[lv—ZVv|, vE Y+ Vhr
e lu=u=

|u— UhT||§y = |lu —IUhTH%/ + || Un- —IUhTHg(

@ we are adding to Y norm the time jumps in X norm:

Tn\4n 1
J 19wy = T )P ot = g2 sy |V oo

" M\ehrllk " Aposteriori estimates: heat equation 12/18
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Equivalence between the Y and £y norms

Global equivalence
U= Zup|ly < lu—Unrlle, <3|u—Tuply

@ holds if there is no source term oscillation or no coarsening

@ otherwise an additional source term oscillation or
coarsening term

@ the two norms still may differ locally

-
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M. Vohralik A posteriori estimates: heat equation 13/18



Q Introduction

Q Equivalence between error and dual norm of the residual
O High-order time discretization & Radau reconstruction
o Missing Galerkin orthogonality

e Guaranteed upper bound

o Local space-time efficiency and robustness

o Conclusions and future directions




| Equiv. Discr. & reconstruction GO Reliability Eff. &rob. C

Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)
For each time-step interval I, and for each vertex a € V", let

an . . a,n
oy, =arg min / Vi + 7
VhGVhﬂ'_ In

a,n
V-Vh=g,.

2. dt,

where
an .
Thr — ¢aVUhr‘wa><ln>
an . a,n
95" = va (NE"f — 0 ZUnr) lwaxty — Vba - VUhe|waxiy-

.
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Then set N

—_ ayn
Ohr = E (o
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)
For each time-step interval I, and for each vertex a € V", let

o2 = arg min / vy + T,?ina dt,
VhGVm‘_ ln

_an
where VVh=Gpr

an .,
Thr — ¢aVUhT‘waxln7
a7 . a7
gn" =va (MEf — 8Zupr) luaxti, — V¥a * VUnr|waxiy-

Then set N

— a,n
Ohr = E (o

n=1aey”n

Comment
@ a priori a local space-time problem, V2" := Qg (In; Vi'")
@ can be uncoupled to g elliptic problems posecku;”w\{;ﬂ

zla—
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Guaranteed upper bound

Theorem (Guaranteed upper bound)

In the absence of data oscillation, there holds

N
Ju=uml?, <32 3 [ lowrtVTem -+ IV (T et
n=1Kegn=mn
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Local space-time efficiency and robustness

Local error contributions

0=t Bye = [ 1= Tun ) )+ 9= Tum) |, dt

n(gn+1)
+ Mwﬂv(luml)n 112,

-
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Local space-time efficiency and robustness

Local error contributions
U~ Upr o = /, 10e(u — Zun )1,y + IV (U = Tup:) 12, dt

n(gn+1)
+ Mwﬂv(luml)n 112,

Theorem (Local space-time efficiency and robustness)

For each time-step interval I, and for each element K € 7",
there holds, in the absence of data oscillation,

// 71+ T L[+ IV (U — Tt [0t < G D 1= e 200

acVyg

v

-
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Local space-time efficiency and robustness

Local error contributions

U= Un2an = [ 100U —Zup) 1% + IV (U = Zup) |2, dt
Ey | a)

n(gn+1)
+M§WIIVduMDn 1112,

Theorem (Local space-time efficiency and robustness)

For each time-step interval I, and for each element K € 7",
there holds, in the absence of data oscillation,

/||UhT+VIUhT||K+||V(UhT Tup,)|dt < Cx Y |u— U, ga"

acVyg

Comments

@ local in space and time
@ C only depends on shape regularity = robustness
@ no requirement on coarsening between 7" Zznd N
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Conclusions and future directions

Conclusions
@ local space-time efficiency is possible (adding the time
jumps to the Y-norm error)

@ robustness with respect to both spatial and temporal
degree

@ arbitrarily large coarsening allowed

-
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Conclusions and future directions

Conclusions
@ local space-time efficiency is possible (adding the time
jumps to the Y-norm error)

@ robustness with respect to both spatial and temporal
degree

@ arbitrarily large coarsening allowed
Future directions

@ estimates in the X norm
@ nonlinear problems
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