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Model parabolic problem
The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω
Spaces

X := L2(0,T ; H1
0 (Ω)),

‖v‖2X :=

∫ T

0
‖∇v‖2 dt ,

Y := L2(0,T ; H1
0 (Ω)) ∩ H1(0,T ; H−1(Ω)),

‖v‖2Y :=

∫ T

0
‖∂tv‖2H−1(Ω) + ‖∇v‖2 dt + ‖v(T )‖2

Weak solution
Find u ∈ Y with u(0) = u0 such that∫ T

0
〈∂tu, v〉+ (∇u,∇v) dt =

∫ T

0
(f , v) dt ∀ v ∈ X .
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An optimal a posteriori estimate for evolutive problems
Guaranteed upper bound

‖u − uhτ‖2?,Ω×(0,T ) ≤
∑N

n=1
∑

K∈T n ηn
K (uhτ )2

no undetermined constant: error control
Local efficiency

ηn
K (uhτ ) ≤ Ceff‖u − uhτ‖?,neighbors of K×(tn−1,tn)

optimal space-time mesh refinement
local in time and in space error lower bound

Robustness
Ceff independent of data, domain Ω, final time T , meshes,
solution u, polynomial degrees of uhτ in space and in time

Asymptotic exactness∑N
n=1

∑
K∈T n ηn

K (uhτ )2/‖u − uhτ‖2?,Ω×(0,T ) ↘ 1
overestimation factor goes to one with meshes size

Small evaluation cost
estimators can be evaluated cheaply (locally)
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Previous results – continuous finite elements

Bieterman and Babuška (1982), introduction
Picasso / Verfürth (1998), work with the energy norm X :

upper bound ‖u − uhτ‖2
X ≤ C

∑N
n=1

∑
K∈T n ηn

K (uhτ )2

constrained lower bound (h and τ strongly linked)
Verfürth (2003) (cf. also Bergam, Bernardi, and Mghazli
(2005)), work with the Y norm:

upper bound ‖u − uhτ‖2
Y ≤ C

∑N
n=1

∑
K∈T n ηn

K (uhτ )2∑
K∈T n ηn

K (uhτ )2 ≤ C‖u − uhτ‖2
Y (In)

robustness with respect to the final time
efficiency local in time but global in space

Eriksson and Johnson (1991), duality techniques &
Makridakis and Nochetto (2003), elliptic reconstruction:
L2(L2) / L∞(L2) / L∞(L∞) / higher-order norms
Makridakis and Nochetto (2006): τq estimates
Schötzau and Wihler (2010), τq adaptivity
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Equivalence between error and residual (steady case)
Laplace equation

−∆u = f in Ω,
u = 0 on ∂Ω

Weak formulation
Find u ∈ H1

0 (Ω) such that
(∇u,∇v) = (f , v) ∀v ∈ H1

0 (Ω)

Residual of uh ∈ H1
0 (Ω)

R(uh) ∈ H−1(Ω), the misfit of uh in the weak formulation:
〈R(uh), v〉 := (f , v)− (∇uh,∇v) v ∈ H1

0 (Ω)

dual norm of the residual
‖R(uh)‖H−1(Ω) := sup

v∈H1
0 (Ω); ‖∇v‖=1

〈R(uh), v〉

Energy error is the dual norm of the residual

‖∇(u − uh)‖ = sup
v∈H1

0 (Ω); ‖∇v‖=1
(∇(u − uh),∇v) = ‖R(uh)‖H−1(Ω)
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Bounding and localizing dual norms (steady case)
V := W 1,p

0 (Ω), p > 1, bounded linear functional R ∈ V ′

norm ‖R‖V ′ := sup
v∈V ; ‖∇v‖p=1

〈R, v〉V ′,V

localized energy space V a := W 1,p
0 (ωa) for a ∈ Vh

restriction of R to (V a)′ (zero extension of v ∈ V a),
〈R, v〉(V a)′,V a := 〈R, v〉V ′,V v ∈ V a,

‖R‖(V a)′ := sup
v∈V a; ‖∇v‖p,ωa =1

〈R, v〉(V a)′,V a

Theorem (Bounding and localizing ‖R‖V ′)
There holds

‖R‖V ′≤(d +1)Ccont,PF

 1
(d +1)

∑
a∈Vh

‖R‖q(V a)′


1
q

if 〈R,ψa〉=0︸ ︷︷ ︸
orthogonality

∀a∈V int
h , 1

(d +1)

∑
a∈Vh

‖R‖q(V a)′


1
q

≤ ‖R‖V ′ .
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Error and residual in the unsteady case

Theorem (Parabolic inf–sup identity)
For every ϕ ∈ Y, we have

‖ϕ‖2Y =

[
sup

v∈X , ‖v‖X =1

∫ T

0
〈∂tϕ, v〉+ (∇ϕ,∇v) dt

]2

+ ‖ϕ(0)‖2.

Residual of uhτ ∈ Y
R(uhτ ) ∈ X ′, the misfit of uhτ in the weak formulation:

〈R(uhτ ), v〉 :=

∫ T

0
(f , v)− 〈∂tuhτ , v〉 − (∇uhτ ,∇v) dt

dual norm of the residual
‖R(uhτ )‖X ′ := sup

v∈X , ‖v‖X =1
〈R(uhτ ), v〉

Y norm error is the dual X norm of the residual + IC error

‖u − uhτ‖2Y = ‖R(uhτ )‖2X ′ + ‖u0 − uhτ (0)‖2
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Proof of the parabolic inf–sup identity: ϕ ∈ Y
Proof.

let w∗ ∈ X be defined by, a.e. in (0,T ),

(∇w∗,∇v) = 〈∂tϕ, v〉 ∀v ∈H1
0 (Ω)⇒ ‖∇w∗‖2 =‖∂tϕ‖2H−1(Ω)

using
∫ T

0 2〈∂tϕ,ϕ〉 dt = ‖ϕ(T )‖2 − ‖ϕ(0)‖2 gives[
sup

v∈X , ‖v‖X =1

∫ T

0
dt

]2

= ‖w∗ + ϕ‖2X =

∫ T

0
‖∇(w∗ + ϕ)‖2 dt

=

∫ T

0
‖∇w∗‖2 + 2(∇w∗,∇ϕ) + ‖∇ϕ‖2 dt

=

∫ T

0
‖∂tϕ‖2H−1(Ω) + 2〈∂tϕ,ϕ〉+ ‖∇ϕ‖2 dt = ‖ϕ‖2Y−‖ϕ(0)‖2
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High-order time discretization & Radau reconstruction
CG of degree p in space & DG of degree q in time
Find uhτ |In ∈ Qqn (In; V n

h ) with uhτ (0) = Πhu0 such that∫
In

(∂tuhτ , vhτ ) + (∇uhτ ,∇vhτ ) dt −
(
Luhτ Mn−1, vhτ (t+

n−1)
)

=

∫
In

(f , vhτ ) dt ∀ vhτ ∈ Qqn (In; V n
h ) ∀1 ≤ n ≤ N.

p-degree continuous finite elements in space
V n

h :=
{

vh ∈ H1
0 (Ω), vh|K ∈ PpK (K ) ∀K ∈ T n}

q-degree discontinuous polynomials in time
Qqn (In; V ) :=

{
V -valued pols of degree at most qn over In

}
Radau reconstruction Iuhτ ∈ Y , Iuhτ |In ∈ Qqn+1

(
In; Ṽ n

h

)∫
In

(∂tIuhτ , vhτ )+(∇uhτ ,∇vhτ ) dt =

∫
In

(f , vhτ ) dt ∀ vhτ ∈ Qqn (In; V n
h )

Numerical method

Find uhτ ∈ Vhτ such that, at each time-step,
∫

In

(∂t(Iuhτ ), vhτ ) + (∇uhτ ,∇vhτ ) dt =

∫

In

(f , vhτ ) dt

for all vhτ ∈ Qqn (In;V n).

Remark: Special case qn = 0 ⇐⇒ implicit Euler method.

Initial data approximation:
uhτ (t0) := Πhu0 ≈ u0

Notation for jumps:
Lvhτ Mn := vhτ (tn)− vhτ (t+

n )

Radau reconstruction operator:
Iuhτ := uhτ − Luhτ Mn−1

(−1)qn

2
(Ln

qn −Ln
qn+1)

Ln
q the q-th Legendre polynomial on In

tn−2 tn−1 tn

v(tn−1)
v(t+n−1)

uhτ Iuhτ

8/18
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Missing Galerkin orthogonality

Situation

uhτ 6∈ Y ⇒ impossible to estimate ‖u − uhτ‖Y
Iuhτ ∈ Y ⇒ error ‖u − Iuhτ‖Y
but Iuhτ misses the Galerkin orthogonality:∫

In
(f ,vhτ )− (∂tIuhτ ,vhτ )− (∇Iuhτ ,∇vhτ )dt

the misfit is known: uhτ − Iuhτ
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Remedy

Remedy

augment the norm: ‖v‖2EY
:=‖Iv‖2Y +‖v−Iv‖2X , v ∈Y +Vhτ

Iu = u ⇒

‖u − uhτ‖2EY
= ‖u − Iuhτ‖2Y + ‖uhτ − Iuhτ‖2X

we are adding to Y norm the time jumps in X norm:∫
In
‖∇(uhτ − Iuhτ )‖2 dt = τn(qn+1)

(2qn+1) (2qn+3)‖∇Luhτ Mn−1‖2

M. Vohralík A posteriori estimates: heat equation 12 / 18
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Equivalence between the Y and EY norms

Global equivalence

‖u − Iuhτ‖Y ≤ ‖u − uhτ‖EY ≤ 3‖u − Iuhτ‖Y

holds if there is no source term oscillation or no coarsening
otherwise an additional source term oscillation or
coarsening term
the two norms still may differ locally

M. Vohralík A posteriori estimates: heat equation 13 / 18
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vh∈V a,n
hτ

∇·vh=ga,n
hτ

∫
In
‖vh + τ a,n

hτ ‖
2
ωa dt ,

where
τ a,n

hτ := ψa∇uhτ |ωa×In ,

ga,n
hτ := ψa

(
Πa,n

hτ f − ∂tIuhτ
)
|ωa×In −∇ψa · ∇uhτ |ωa×In .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comment
a priori a local space-time problem, V a,n

hτ := Qqn (In; V a,n
h )

can be uncoupled to qn elliptic problems posed in V a,n
h
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For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vh∈V a,n
hτ

∇·vh=ga,n
hτ

∫
In
‖vh + τ a,n

hτ ‖
2
ωa dt ,

where
τ a,n

hτ := ψa∇uhτ |ωa×In ,

ga,n
hτ := ψa

(
Πa,n

hτ f − ∂tIuhτ
)
|ωa×In −∇ψa · ∇uhτ |ωa×In .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comment
a priori a local space-time problem, V a,n

hτ := Qqn (In; V a,n
h )

can be uncoupled to qn elliptic problems posed in V a,n
h
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Guaranteed upper bound

Theorem (Guaranteed upper bound)
In the absence of data oscillation, there holds

‖u−uhτ‖2EY
≤

N∑
n=1

∑
K∈T n

∫
In
‖σhτ+∇Iuhτ‖2K +‖∇(uhτ−Iuhτ )‖2K dt .
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Local space-time efficiency and robustness
Local error contributions

|u − uhτ |2Ea,n
Y

=

∫
In
‖∂t (u − Iuhτ )‖2H−1(ωa) + ‖∇(u − Iuhτ )‖2ωa dt

+ τn(qn+1)
(2qn+1) (2qn+3)‖∇Luhτ Mn−1‖2ωa

Theorem (Local space-time efficiency and robustness)

For each time-step interval In and for each element K ∈ T n,
there holds, in the absence of data oscillation,∫

In
‖σhτ +∇Iuhτ‖2K +‖∇(uhτ−Iuhτ )‖2K dt ≤ C2

eff

∑
a∈VK

|u−uhτ |2Ea,n
Y
.

Comments
local in space and time
Ceff only depends on shape regularity⇒ robustness
no requirement on coarsening between T n−1 and T n
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Conclusions and future directions

Conclusions

local space-time efficiency is possible (adding the time
jumps to the Y -norm error)
robustness with respect to both spatial and temporal
degree
arbitrarily large coarsening allowed

Future directions

estimates in the X norm
nonlinear problems
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