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Optimal a posteriori error estimate

Guaranteed upper bound

© [[u—upl%q < Yker, nk(Un)?
@ no undetermined constant: error control
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Optimal a posteriori error estimate

Guaranteed upper bound
2 2
© [|u—unllfq < ket k(Un)
@ no undetermined constant: error control
Local efficiency

° nK(Uh) < CeffHU - UhH?,neighbors of K
@ local error lower bound (optimal space mesh refinement)
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Optimal a posteriori error estimate

Guaranteed upper bound

° |lu— Uh||?2,Q < D keT; 1k (Un)?

@ no undetermined constant: error control
Local efficiency

@ 1k (Up) < Cettl|u — Unl|2 neighbors of K

@ local error lower bound (optimal space mesh refinement)
Robustness

@ C. independent of data, domain 2, meshes, solution u,

polynomial degree of up
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Optimal a posteriori error estimate

Guaranteed upper bound
® |lu—unlfq < Xker, nk(Un)?
@ no undetermined constant: error control
Local efficiency
@ 7i(Up) < Cet||U — Upl|7 neighbors of K
@ local error lower bound (optimal space mesh refinement)
Robustness
@ C. independent of data, domain 2, meshes, solution u,
polynomial degree of uy
Asymptotic exactness
® Y uer mk(Un)?/|lu— Ul g N\ 1
@ overestimation factor goes to one with meshes size
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Optimal a posteriori error estimate

Guaranteed upper bound

° |lu— Uh”?%g < ke 1k (Un)?

@ no undetermined constant: error control
Local efficiency

@ 1k (Up) < Cettl|u — Unl|2 neighbors of K

@ local error lower bound (optimal space mesh refinement)
Robustness

@ C. independent of data, domain 2, meshes, solution u,

polynomial degree of uy

Asymptotic exactness

0 Y er mk(Un)?/[[u— unlZ g N 1

@ overestimation factor goes to one with meshes size
Small evaluation cost

@ estimators nk(up) can be evaluated cheaply (locally)
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Optimal a posteriori error estimate

Guaranteed upper bound

° |lu- Uh”?%g < ke 1k (Un)?

@ no undetermined constant: error control
Local efficiency

@ 1k (Up) < Cettl|u — Unl|2 neighbors of K

@ local error lower bound (optimal space mesh refinement)
Robustness

@ C. independent of data, domain 2, meshes, solution u,

polynomial degree of uy

Asymptotic exactness

0 Y er mk(Un)?/[[u— unlZ g N 1

@ overestimation factor goes to one with meshes size
Small evaluation cost

@ estimators nk(up) can be evaluated cheaply (locally)
Error components identification

@ nk(un) can distinguish the different error compgpentg— e
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Outline
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Outline

e A posteriori estimates based on potential & flux reconstruction
@ Guaranteed upper bound in a unified framework
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications
@ Numerical illustration
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Model problem
—Au=f in Q,
u=0 on 09

@ Q c RY d=2,3 polygon/polyhedron
e fel?(Q)
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Laplace model problem

Model problem

“Au=f inQ,
u=20 on 02
@ Q C RY, d = 2,3 polygon/polyhedron
e fel?(Q)
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)
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Laplace model problem

Model problem
“Au=f inQ,
u=0 on 90Q
@ Q c RY d=2,3 polygon/polyhedron
e fel?(Q)

Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)

Properties of the weak solution
@ u e Hl(Q) (primal variable constraint)

@ o := —Vu (constitutive relation)

@ V.o = f (equilibrium)

@ o < H(div, Q) (dual variable constraint) A erc
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Solution u is continuous
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Flux o := —KVu is continuous
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Approximate solution and flux

Approximate solution uy, is not Approximate flux —KVup, is not
necessarily continuous necessarily continuous
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Potential and flux reconstructions

—— exact solution — ~exactflux
— — approximate solution

-- - -approximate flux
— — postprocessed solution --posip

Potential reconstruction Flux reconstruction
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@ A posteriori estimates based on potential & flux reconstruction
@ Guaranteed upper bound in a unified framework
@ Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications
Numerical illustration
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Upper and lower bounds on the algebraic error
Bounds on the total error

Stopping criteria

Numerical illustration
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

o Letu € H}(Q) be the weak solution;
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

o Letu € H}(Q) be the weak solution;
@ upcH'(Tp):={vel?(Q),v|kc H'(K)VK € T} be arbitrary
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge
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o Letu € H}(Q) be the weak solution;
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® s, € HI(Q)
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

o Letu € H}(Q) be the weak solution;
@ upcH'(Tp):={vel?(Q),v|kc H'(K)VK € T} be arbitrary
® s, € Hl(Q) and o, € H(div, Q)
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

o Letu € H}(Q) be the weak solution;

@ upcH'(Tp):={vel?(Q),v|kc H'(K)VK € T} be arbitrary
® s, € H}(Q) and o, € H(div, Q) be such that

(Veop 1)k = (f,1)k forall K € Th,.
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

o Letu € H}(Q) be the weak solution;
@ upcH'(Tp):={vel?(Q),v|kc H'(K)VK € T} be arbitrary
® s, € H}(Q) and o, € H(div, Q) be such that

(Veop 1)k = (f,1)k forall K € Th,.
Then

h 2
_ 2 - KN .
IV (u—up)l® < (||VUh+thHK +—lf =V U'hHK)

KeTh constitutive relation

equilibrium
2
+ 3 IV (un—sn)l% -
— ——
KeTh primal constraint
P ‘erc
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vuy, Vv)

Vv € HI(Q)

v
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vuy, Vv)
@ develop (Pythagoras)

IV (u — up)l® = [V (u— s)II? + V(s — un)|I?

Vv € HI(Q)

v
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:
Ioe=wgll= i HV(V — Up)||

€H; ()

distance of uj to H} ()
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Proof |
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:
V(s — un)l| = m;f(] V(v = up)ll
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Proof |

Reliability Reconstructions Efficiency Apps Numerics

o define s € H{(Q) by
(Vs,Vv) =
@ develop (Pythagoras)

IV (u — up)l® = [V (u— s)II? + V(s — un)|I?

@ projection definition of s:
V(s — un)l| =

@ dual norm characterization,

(Vup, Vv)

Vv € HI(Q)

mln HV(V —up)|l
eH{(Q)

distance of up to HY ()

definition of s, definition of u:

IV(u—s)| = sup {(f,¢) = (Vun, Vo)}
PEH(Q); [ Vell=1
dual norm of the residual e
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u—un)l? = IV (u = )1 + V(s — un)|®
@ projection definition of s:

V(s —unl = min V(v - up)|
veH](Q)

7

distance of uj to H} ()

@ dual norm characterization, definition of s, definition of u:

IV(u—s9)| = sup {(f,¢) = (Vun, Vo)}
pEH}(Q);: [Veol=1

dual norm of the residual
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min [[V(v — up)[| < [[V(up — sp)]l
veHl(Q)
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_|[V(v — un)ll < [IV(un = sp)l
veH}(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, Vo) = (f = V-opn, ) = (Vup + p, V)
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

— (VUh = O'h,Vgo) = — Z (VUh +oh, VSO)K
KeTh
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Proof Il

Proof (continuation).

@ nonconformity upper bound:
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— erc

M. Vohralik A posteriori estimates: Laplace equation 10 /53



| A posteriori estimates: unified framework Algebraic error C Reliability Reconstructions Efficiency Apps Numerics

Proof Il

Proof (continuation).

@ nonconformity upper bound:
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(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

@ Cauchy—Schwarz inequalities
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KETh
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

@ Cauchy-Schwarz inequalities, equilibration:
—(Vun+ 0, V) < > | Vun + anllkll Vel
KeTh
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KeTh
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,9) = (Vun, Vo) = (f = V-opn,¢) — (Vup +op, V)

@ Cauchy—Schwarz and Poincaré inequalities, equilibration:
— (Vun+0n, Vo) < > [[Vun+ onllkl Vel

KeTh
(f - V'O'h, 90) = Z (f - V'O'h, "2 S‘DK)K
KeTh h
K
<Y —f = VeanlkVelk
KeTh
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Global potential and flux reconstructions

Ideally
sp :=arg min ||V(up — vp)||
VhE

op:=arg min IVup + va|
vpe ,V~vh:rlohf

v/ computable, discrete spaces V,, C H}(Q), Vi C H(div, Q),
Qn C L2(Q)
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Global potential and flux reconstructions

Ideally
sp :=arg min ||V(up — vp)||
VhE

op:=arg min IVup + va|
vpe ,V~vh:I'Ith

v/ computable, discrete spaces V,, C H}(Q), Vi C H(div, Q),
Qn C L2(Q)
too expensive, problems (the
hypercircle method . . .)
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Local potential reconstruction

Definition (Construction of Sh, ~ Carstensen and Merdon (2013), EV (2015))

For each a € Vy, solve the local conforming FE problem

5 = arg min [V (v'ath — vh)|l..-
VhGVf;l

‘ patch w, N
ar

Yala) = 1, va(a) = 0
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Local potential reconstruction

Definition (Construction of Sh, ~ Carstensen and Merdon (2013), EV (2015))

For each a € Vy, solve the local conforming FE problem

s :=arg min [[V(vYaup — Vp)||ws-
VhGVf]l

Equivalent form

Find s2 € V2 such that

(VS%, vvh)wa = (v(wauh), VVh)wa Vv E VI? G o L tua) =0

-
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Local potential reconstruction

Definition (Construction of Sh, ~ Carstensen and Merdon (2013), EV (2015))

For each a € Vy, solve the local conforming FE problem

s :=arg min [[V(vYaup — Vp)||ws-
VhGVf]l

Equivalent form

Find s2 € V2 such that

(vsg7 vVh)wa = (v(wauh), VVh)wa vVh “E VI? ta(a) = 1, dafa) =0
Key ideas
@ local minimizations

@ cut-off by hat basis functions 15
@ V@ C H](wa): homogeneous Dirichlet BC on dwa

°sp:=> s} )
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Potential reconstruction in 1D
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Potential reconstruction in 1D
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Potential reconstruction in 1D
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Potential reconstruction in 2D

Potential up
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Potential reconstruction in 2D

e s 02

Potential up Potential reconstruction s,
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Local flux reconstructions

Assumption A (Galerkin orthogonality wrt hat functions)

There holds ,
(VUh, v”vba)wa = (f7 Qpa)“’a Va e V/17m'

-
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Local flux reconstructions

Assumption A (Galerkin orthogonality wrt hat functions)

There holds .
(VUh, v¢a)wa = (f7 Q1[)a)wa Va e V/17nt'

Definition (Constr. of o p, pestuynder and Metivet (1999) & Braess and Schaberl (2008))
For each a € V, solve the local mixed FE problem

Po=ar min VaVUp + Valw.-
Tl [aVup + Val|..,

-
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Local flux reconstructions

Assumption A (Galerkin orthogonality wrt hat functions)

There holds .
(VUh, v¢a)wa = (f7 Q1[)a)wa Va e V/17nt'

Definition (Constr. of o p, pestuynder and Metivet (1999) & Braess and Schaberl (2008))
For each a € V, solve the local mixed FE problem

opi=arg min |VaVup + Va||w,-
Vhevh, V~Vh:n02(waf_v¢a_vblh)

-
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Local flux reconstructions

Assumption A (Galerkin orthogonality wrt hat functions)

There holds .
(VUh, vwa)wa = (f7 Qﬁa)wa Va e V;7m'

Definition (Constr. of o p, pestuynder and Metivet (1999) & Braess and Schaberl (2008))
For each a € V}, solve the local mixed FE problem

opi=arg min |aVup + Val|w,-
vaVh, V~Vh:n02(wafiv¢a_vblh)

Key points
@ V& C H(div,wa): homogeneous Neumann BC on dwa

OUh::ZU?,

acVy

-
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H(div, )-conformity

@ of < H(div,Q) = op =>4y, 0f € H(div, Q)
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Comments

H(div, Q2)-conformity
@ o} € H(div,Q) = op =} 5cy, 0§ € H(div, Q)
Neumann compatibility condition

o forac V", one needs (vaf — Viba-Vup,1)u, =0

-
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Comments

H(div, Q2)-conformity
@ o} € H(div,Q) = op =} 5cy, 0§ € H(div, Q)
Neumann compatibility condition

e fora € Vi™, one needs (taf — Vi)a-Vup, 1)y, =0 =
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Comments

H(div, Q2)-conformity

@ o} € H(div,Q) = op =} 5cy, 0§ € H(div, Q)
Neumann compatibility condition

e fora € Vi™, one needs (taf — Vi)a-Vup, 1)y, =0 =
Divergence

@ Neumann compatibility condition gives
V-olk = No,(Yaf = VYa-Vup)lk VK€ Th

@ the fact that op|x = ZaevK o8|k and the partition of unity
> acv VPlk = 1|k yield

Vonlk =No,flk YK €T
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction
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@ A posteriori estimates based on potential & flux reconstruction

(*)]

o0 e o

® 6 6 ¢

Guaranteed upper bound in a unified framework
Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications

Numerical illustration

Upper and lower bounds on the algebraic error
Bounds on the total error

Stopping criteria

Numerical illustration
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Polynomial-degree-robust efficiency

Assumption B (Piecewise polynomials, data, and meshes)
The approximation uy, and the datum i are piecewise

polynomial. The degrees of the MFE reconstructions o, and sy
are chosen correspondingly. The meshes 7T;, are shape-regular.

-
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Polynomial-degree-robust efficiency

Assumption B (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum i are piecewise
polynomial. The degrees of the MFE reconstructions o, and sy
are chosen correspondingly. The meshes 7T;, are shape-regular.

Theorem (Polynomial-degree-robust efficiency eraess, pilwein, and schaber

(2009); Costabel and Mcintosh (2010); Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))
Let u be the weak solution and let Assumptions A and B hold.
Then there exists constants Cg, Ceoni pr, Ceontppr > 0 0nly
depending on the shape-regularity parameter r+ such that
||U?7 + Q;[)aVUhHwa S Csthont,PFHV(U * Uh)”waa
||V(1[}auh - Sz)Hwa < Csthont,bPFHV(U o Uh)”wa +jumps.

-
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Polynomial-degree-robust efficiency

Assumption B (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum i are piecewise
polynomial. The degrees of the MFE reconstructions o, and sy
are chosen correspondingly. The meshes 7T;, are shape-regular.

Theorem (Polynomial-degree-robust efficiency eraess, pilwein, and schaber

(2009); Costabel and Mcintosh (2010); Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A and B hold.
Then there exists constants Cg, Ceoni pr, Ceontppr > 0 0nly
depending on the shape-regularity parameter r+ such that

IV (vath — 52)|lwa < Ct CeontopE|| V(U — Up)|lwa + jumps.

o5+ YaVupllw, < Cst Ceont,pF ||V (U — Up)lwas

Remarks
@ equivalence error—estimate
@ maximal overestimation factor guaranteed Grsia i
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Existing results

Fundamental results on a reference tetrahedron

@ Costabel & MciIntosh (2010): bounded right inverse of the
divergence operator for polynomial volume data

@ Demkowicz, Gopalakrishnan, Schéberl (2009, 2012):
polynomial extensions in H' and H(div) for polynomial
boundary data

-
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Existing results

Fundamental results on a reference tetrahedron
@ Costabel & MciIntosh (2010): bounded right inverse of the
divergence operator for polynomial volume data

@ Demkowicz, Gopalakrishnan, Schéberl (2009, 2012):
polynomial extensions in H' and H(div) for polynomial
boundary data

Stable broken H(div) polynomial extension on a patch

@ Braess, Pillwein, & Schéberl (2009), 2D
@ p-robustness of conforming finite elements
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Existing results

Fundamental results on a reference tetrahedron
@ Costabel & MciIntosh (2010): bounded right inverse of the
divergence operator for polynomial volume data

@ Demkowicz, Gopalakrishnan, Schéberl (2009, 2012):
polynomial extensions in H' and H(div) for polynomial
boundary data

Stable broken H(div) polynomial extension on a patch
@ Braess, Pillwein, & Schéberl (2009), 2D
@ p-robustness of conforming finite elements

Stable broken ' polynomial extensions on a patch

@ Ern & V. (2015), 2D, by rotation from the result of Braess,
Pillwein, & Schoberl
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Potentials (any BCs, physical tetrahedron)

Lemma (H' polynomial extension on a tetrahedron)

Let K € Tp, &) C Ek. Letr € Pp(ER) be continuous on EF.
Then for C only depending on the shape regularity of K,

min_[[Vvpllk=<C min |[Vvl|x
H

Vh€Pp(K) veH' (K)
Vh=re on all ecER v=re on all eER
el 1 /2(5K)
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Potentials (any BCs, physical tetrahedron)

Lemma (H' polynomial extension on a tetrahedron)

Let K € Tp, &) C Ek. Letr € Pp(ER) be continuous on EF.
Then for C only depending on the shape regularity of K,

min _[[Vvplk<C min ||V
VhEP(K) veH'!(K)
Vh=re on all ecER v=re on all eER

J/

||’||,_,1/2(6K)

Context
—Alk =0 in K,
(k=r. onaleecé&R,
—Viknkg =0 onallec &\ ER.

-

,,,,,,,,,,, p— ‘erc
M. Vohralik A posteriori estimates: Laplace equation 21 /53




| A posteriori estimates: unified framework Algebraic error C Reliability Reconstructions Efficiency Apps Numerics

Potentials (any BCs, physical tetrahedron)

Lemma (H' polynomial extension on a tetrahedron)

Let K € Tp, &) C Ek. Letr € Pp(ER) be continuous on EF.
Then for C only depending on the shape regularity of K,

min_[[Vvpllk<C min [|[Vv|x =C|Viklk
VhEP(K) veH'!(K)
Vh=re on all ecER v=re on all eER

J/

||’||,_,1/2(6K)

Context
—Alk =0 in K,
(k=r. onaleecé&R,
—Viknkg =0 onallec &\ ER.
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Potentials (any BCs, physical tetrahedron)

Lemma (H' polynomial extension on a tetrahedron)

Let K € Tp, &) C Ek. Letr € Pp(ER) be continuous on EF.
Then for C only depending on the shape regularity of K,

FE.
IV¢hkllik =Svmln [VVnllk=C mln IIVVHK ClIVCk| k.
veH
Vh=re ona/leez:”D V=re onalleegD
||’||,_,1/2(6K)
Context

—ACK =0 in K,
(k=re onallecé&R,
—Vikhk=0 onall e € & \ 5;12.

-

,,,,,,,,,,, p— ‘erc
M. Vohralik A posteriori estimates: Laplace equation 21 /53




| A posteriori estimates: unified framework Algebraic error C Reliability Reconstructions Efficiency Apps Numerics

Fluxes (any BCs, physical tetrahedron)

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, £ C Ek. Letr € Pp(ER) x Pp(K), satisfying

Yece,(fes 1)e = (rk, 1)k if €Y = Ex. Then for C = C(kk) > 0,

[Valle = € _min lIvix

v,,eRTNp( veH(div
Vh-NK=re VeeSN V-nk=re Veeg,ﬁ
V- -Vp=rg V-v=rg

‘erc
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Fluxes (any BCs, physical tetrahedron)

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, £ C Ek. Letr € Pp(ER) x Pp(K), satisfying
Yecey(les1)e = (rk, 1)k if E§ = Ek. Then for C = C(kk) > 0,

[Valle = € _min lIvix

VheRTNp( veH(div,K)
Vp-Ng=re VeeEN V-Nx=re Vee€
V-Vp=rg V-v=rg
Context
—Alk = ri in K,
—Vik-Nk =Tl onall e c &,
(k=0 onall e c &\ ER.
Set &k = —Vk. erc

2R~ ...
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Fluxes (any BCs, physical tetrahedron)

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, £ C Ek. Letr € Pp(ER) x Pp(K), satisfying
Yecey(les1)e = (rk, 1)k if E§ = Ek. Then for C = C(kk) > 0,

HVnIIK < Cve min ||V||K = Cll&kllk-

vheRTNp(
Vp-Ng=re VeeEN V-ng= re Vee€
V-Vp=rg V-v=rg

Context

—Alk = ri in K,
—Vik-Nk =Tl onall e c &,

(k=0 onall e c &\ ER.

Set &k = —Vk. erc

2R~ ...
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Fluxes (any BCs, physical tetrahedron)

Reliability Reconstructions Efficiency Apps Numerics

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, £ C Ek. Letr € Pp(ER) x Pp(K), satisfying

> e (les1)e

MFEs

= (rx, 1)k ifER = Ex. Then for C = C(rk) > 0,

1€nkllk "= min ”VhHK =C mm ||V||K = Cll&kllx-
VLERTNp(K veH
Vp-Ng=re VeeEN V-ng= re Vee€

V-Vp=rg V-v=rg

Context
—Alk = ri in K,

—Vik-Nk =Tl onall e c &,

(k=0 onall e c &\ ER.
Set £K = —VCK. 7 i "ffc
M. Vohralik A posteriori estimates: Laplace equation 22 /53
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A graph result for patch enumerations in 3D
(She"ablllty of polytopes, €.J. Ziegler, Lectures on Polytopes)

Two families of faces
@ already visited faces: 8}1 ={ee &M e=0KNOK, j<i}
@ yet unvisited faces: &7 := &M N &\ &F
o & +|€f|=8,& =0,and & =1

-

,,,,,,,,,,, e ‘erc
M. Vohralik A posteriori estimates: Laplace equation 23 /53



| A posteriori estimates: unified framework Algebraic error C Reliability Reconstructions Efficiency Apps Numerics

A graph result for patch enumerations in 3D
(She"ablllty of polytopes, €.J. Ziegler, Lectures on Polytopes)

Two families of faces
@ already visited faces: 8}1 ={ee &M e=0KNOK, j<i}
@ yet unvisited faces: &7 := &M N &\ &F
o & +|€f|=8,& =0,and & =1

Lemma (Interior patch enumeration)

There exists an enumeration of the patch T, so that
(i) IF|EY > 2 with {e], €2} C &, then K; e Teine \ {Ki}
implies j < i.
(i) Forall1 <i<|Tal, |E} € {1,2}.

-
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Potential case

le = 1alup]|e,
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Extension to a patch

Potential case

le = 1alup]|e,

Corollary (Best piecewise polynomial approximation on a patch)
There holds

min [V(vatn = Vh)llws < G min - [[V(Yalh — V)||ws
VhGE’pH(‘E)ﬁHS(wa) v a Wa

) erc
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Extension to a patch

Reliability Reconstructions Efficiency Apps Numerics

Potential case

le = 1alup]|e,

Flux case

re := Ya[Vup-Nne]|e,
rg == wa(f—i- AUh)|K

Corollary (Best piecewise polynomial approximation on a patch)
There holds

min IV(Yatin = Vh)llwa < G min - [[V(Yalip = V)|lwe
VhE€Pp11(Ta)NHY (wa) vEH]

€My (wa

) erc
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Extension to a patch

Reliability Reconstructions Efficiency Apps Numerics

Potential case

le = 1alup]|e,

Flux case

re := Ya[Vup-Nne]|e,
rg == wa(f—i- AUh)|K

Corollary (Best piecewise polynomial approximation on a patch)
There holds

min IV(Yatin = Vh)llwa < G min - [[V(Yalip = V)|lwe
Vhe]f“;pm(lﬂ)ﬁ"/a(w'a) ve O Wa
min Vup+Vv < Cyq min Yup+v
vheRTN,(7a) H. (div, Wlwa b+ Vhllea < “VeH. (div WLWa h o+ Vllea
VVp=taf—Vpa-Vup Vv=1af—Va-Vup
M. Vohralik ~place :

A posteriori estimates: Laplace equation 24 /53
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O Introduction

@ A posteriori estimates based on potential & flux reconstruction
@ Guaranteed upper bound in a unified framework
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications
@ Numerical illustration

O Algebraic estimates and stopping criteria for iterative solvers
@ Upper and lower bounds on the algebraic error
@ Bounds on the total error
@ Stopping criteria
@ Numerical illustration

O Conclusions and outlook




Conforming finite elements
Find up € Vj such that

(VUh, VVh) = (f, Vh) YV € Vp.
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Conforming finite elements

Conforming finite elements
Find up € Vj such that

(VUh, VVh) = (f, Vh) YV € Vp.

o Vj:=Py(T5) N HL(Q), p > 1

h mmmmmm o marenacs k A
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Conforming finite elements

Conforming finite elements
Find up € Vj such that

(VUh, VVh) = (f, Vh) YV € Vp.

@ Vi :=Py(Th) NH(Q), p>1
v/ Assumption A: take vi = 15
v/ Assumption B: technical, always satisfied

-
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Nonconforming finite elements

Nonconforming finite elements
Find up € V}, such that

(Vu,,, VVh) = (f, Vh) YV € Vp.

—e ' A\
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Nonconforming finite elements

Nonconforming finite elements
Find up € V}, such that

(Vu,,, VVh) = (f, Vh) YV € Vp.

@ Vi :=1p(Th), p>1, vy € Vj satisfy
(Ivel-gnye =0 Van € Pp_1(e), Ve € &p

zia—
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Nonconforming finite elements

Nonconforming finite elements
Find up € V}, such that

(VUh,VVh) = (f, Vh) Yvp € V.
@ Vi :=1p(Th), p>1, vy € Vj satisfy
([va], gn)e =0 Van € Pp_1(e), Ve € &y

v Assumption A: take v, = ¥,
v/ no jumps

‘erc
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

D (Vun Vvi)k— Y {{Vun}-ne, [vil)e+6({VVn} e, [Unl)e}

KeTh ecéy
+ ) {ahg upl, [val)e = (f.vh) Vv € Vi
ecéy

/'r ,,,,,,,,,,,,,,,,, ‘erc
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

D (Vun Vvi)k— Y {{Vun}-ne, [vil)e+6({VVn} e, [Unl)e}

KeTh ecéy
+ ) {ahg upl, [val)e = (f.vh) Vv € Vi
ecéy

o Vh = pp('Th), p > 1

) s — ‘erc
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

D (Vun Vvi)k— Y {{Vun}-ne, [vil)e+6({VVn} e, [Unl)e}

KeTh ecéy
+ ) {ahg upl, [val)e = (f.vh) Vv € Vi
ecéy

© Vyi=Fp(7h), p> 1
v/ Assumption A: take v, = 15 for 6 = 0,

) e — ‘erc
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, Vi)=Y {{{Vund-ne, [Val)e+-0({VVh}-Ne, [unl)e}

KeTh ecéy
+ ) {ahg upl, [val)e = (f.vh) Vv € Vi
ecéy

v Assumption A: take v = 14 for 8 = 0, otherwise:
e estimates for the discrete gradient
Vaup :=Vu, — 0 Z [e([[uh]])
ecéy
e jumps lifting operator [ : L2(€) — [Po(Te)]?
(te(Tunl). va) = ({vn} e, [upl)e YA € [Po(Te))?
e = modified Galerkin orthogonality
(vduhv V@Z}a)wa = (fv ¢a)wa va S

M. Vohralik A posteriori estimates: Laplace equation 27 /53
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Mixed finite elements

Mixed finite elements
Find a couple (op, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-vp) =0 Yy € Vp,
(V-onqn) = (f,an)  Van € Qn
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Mixed finite elements

Mixed finite elements
Find a couple (op, Up) € Vi x Qp such that

(oh,Vp) = (Up, V-vp) =0 WYp € Vp,
(V-onqn) = (f,qn)  Van < Qn

@ postprocessed solution up € Vi, Vp :=Pp(7p), p > 1;
vy € V), satisfy

(Ival.gn)e =0 Vagn € Py(e), Ve € &,

-
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Mixed finite elements

Mixed finite elements
Find a couple (op, Up) € Vi x Qp such that

(oh,Vp) = (Up, V-vp) =0 WYp € Vp,
(V-onqn) = (f,qn)  Van < Qn

@ postprocessed solution up € Vi, Vp :=Pp(7p), p > 1;
vy € V), satisfy

(Ival.gn)e =0 Vagn € Py(e), Ve € &,

v~ Assumption A: no need for flux reconstruction, o, comes
from the discretization

v/ no jumps

rd i
,,,,,,,,,,,,,,,,,,,,,,, erc
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O Introduction

@ A posteriori estimates based on potential & flux reconstruction
Guaranteed upper bound in a unified framework

@ Potential and flux reconstructions

@ Polynomial-degree-robust local efficiency

@ Applications

Numerical illustration

("]

O Algebraic estimates and stopping criteria for iterative solvers
@ Upper and lower bounds on the algebraic error
@ Bounds on the total error
@ Stopping criteria
@ Numerical illustration

O Conclusions and outlook




Model problem

—Au=f inQ:=(0,1)>3
u=0 on 990
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Numerics: smooth case

Model problem

~Au=1f inQ:=(0,1)3
u=0 on 9Q

Exact solution

u(x, y) = sin(2rx) sin(2ry)

s LA
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Numerics: smooth case

Model problem

—~Au=f in Q:=(0,1)?
u=0 on oQ

Exact solution
u(x, y) = sin(2rx) sin(2ry)

Discretization

@ symmetric interior penalty discontinuous Galerkin method
@ unstructured triangular grids
@ uniform h refinement

-
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Uniform refinement: asymptotic exactness

~ho/2

~hy/8

~hy/2
~ho/4
~hy/8

~hy/2
~hy/4
~hy/8

~hy/2
~hy/4
~hy/8

~hy/2
~hy/4
~hy/8

~hy/2
~hy/4

-
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Uniform refinement: asymptotic exactness

h p[IVa(u—up)ll n 1

hy 1 1.07E-00 1.25E-00 117
~hy/2 5.56E-01 6.07E-01 1.09
~hy/4 2.92E-01 3.10E-01 1.06
~hy/8 1.39E-01 1.45E-01 1.04

hy 2 1.54E-01 1.63E-01 1.06
~hy/2 4.07E-02 4.23E-02 1.04
~hy/4 1.10E-02 1.14E-02 1.03
~hy/8 2.50E-03 2.57E-03 1.03

hy 3 1.37E-02 1.41E-02 1.03
~hy/2 1.85E-03 1.88E-03 1.01
~hy/4 2.60E-04 2.62E-04 1.01
~hy/8 2.75E-05 2.76E-05 1.01

hy 4 9.87E-04 1.01E-03 1.02
~hy/2 6.92E-05 7.00E-05 1.01
~hy/4 5.04E-06 5.07E-06 1.01
~hy/8 2.58E-07 2.60E-07 1.01

hy 5 5.64E-05 5.75E-05 1.02
~hy/2 2.01E-06 2.03E-06 1.01
~hy/4 7.74E-08 7.76E-08 1.00
~hy/8 1.86E-09 1.86E-09 1.00

hy 6 2.85E-06 2.90E-06 1.02
~hy/2 5.42E-08 5.46E-08 1.01
~hy/4 1.07E-09 1.08E-09 1.01

b
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Uniform refinement: asymptotic exactness

h_ p||[Va(u—un)] IVatp+onll IV a(un—sn)ll i [

hy 1 1.07E-00 1.12E-00 4.16E-01 1.25E-00 1.17
~hy/2 5.56E-01 5.71E-01 1.82E-01 6.07E-01 1.09
~hy/4 2.92E-01 2.96E-01 8.77E-02 | 3.10E-01 1.06
~hy/8 1.39E-01 1.40E-01 3.85E-02 1.45E-01 1.04

hy 2| 1.54E-01 1.55E-01 3.05E-02 1.63E-01 1.06
~hy/2 4.07E-02 4.13E-02 7.55E-03 4.23E-02 1.04
~hy/4 1.10E-02 1.12E-02 1.97E-03 1.14E-02 1.03
~hy/8 2.50E-03 2.54E-03 4.21E-04 | 2.57E-03 1.03

hy 3| 1.37E-02 1.37E-02 1.74E-03 1.41E-02 1.03
~hy/2 1.85E-03 1.85E-03 2.10E-04 1.88E-03 1.01
~hy/4 2.60E-04 2.60E-04 2.54E-05 | 2.62E-04 1.01
~hy/8 2.75E-05 2.75E-05 2.55E-06 | 2.76E-05 1.01

ho 4| 9.87E-04 9.84E-04 1.11E-04 1.01E-03 1.02
~hy/2 6.92E-05 6.92E-05 7.44E-06 | 7.00E-05 1.01
~hy/4 5.04E-06 5.04E-06 4.98E-07 | 5.07E-06 1.01
~hy/8 2.58E-07 2.58E-07 2.47E-08 | 2.60E-07 1.01

hy 5| 5.64E-05 5.63E-05 4.50E-06 | 5.75E-05 1.02
~hy/2 2.01E-06 2.01E-06 1.46E-07 | 2.03E-06 1.01
~hy/4 7.74E-08 7.73E-08 4.35E-09 | 7.76E-08 1.00
~hy/8 1.86E-09 1.86E-09 1.00E-10 1.86E-09 1.00

hy 6| 2.85E-06 2.85E-06 2.18E-07 | 2.90E-06 1.02
~hy/2 5.42E-08 5.42E-08 4.02E-09 | 5.46E-08 1.01
~hy/4 1.07E-09 1.07E-09 6.90E-11 1.08E-09 1.01

b
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A posteriori estimates: unified framework Algebraic error C

Uniform refinement: asymptotic exactness

Reliability Reconstructions Efficiency Apps Numerics

h_ plIVa(u—un)ll IVaunt+onll — mose  [[Valun—sn)ll n (il
hy 1 1.07E-00 1.12E-00 5.55E-02  4.16E-01 1.25E-00 1.17
~hy/2 5.56E-01 5.71E-01 7.42E-03 1.82E-01 6.07E-01 1.09
~hy/4 2.92E-01 2.96E-01 1.04E-03 8.77E-02 3.10E-01 1.06
~hy/8 1.39E-01 1.40E-01 1.10E-04  3.85E-02 1.45E-01 1.04
hy 2| 1.54E-01 1.55E-01 5.10E-03  3.05E-02 1.63E-01 1.06
~hy/2 4.07E-02 413E-02 3.53E-04 7.55E-03 4.23E-02 1.04
~hy/4 1.10E-02 1.12E-02 2.51E-05 1.97E-03 1.14E-02 1.03
~hy/8 2.50E-03 2.54E-03 1.30E-06 4.21E-04 2.57E-03 1.03
hy 3| 1.37E-02 1.37E-02 3.58E-04 1.74E-03 1.41E-02 1.03
~hy/2 1.85E-03 1.85E-03 1.26E-05 2.10E-04 1.88E-03 1.01
~hy/4 2.60E-04 2.60E-04 4.73E-07 2.54E-05 2.62E-04 1.01
~hy/8 2.75E-05 2.75E-05 1.15E-08 2.55E-06 2.76E-05 1.01
hy 4| 9.87E-04 9.84E-04 2.12E-05 1.11E-04 1.01E-03 1.02
~hy/2 6.92E-05 6.92E-05 3.96E-07 7.44E-06 7.00E-05 1.01
~hy/4 5.04E-06 5.04E-06 7.58E-09 4.98E-07 5.07E-06 1.01
~hy/8 2.58E-07 2.58E-07 8.96E-11  2.47E-08 2.60E-07 1.01
hy 5| 5.64E-05 5.63E-05 1.06E-06 4.50E-06 5.75E-05 1.02
~hy/2 2.01E-06 2.01E-06 9.88E-09 1.46E-07 2.03E-06 1.01
~hy/4 7.74E-08 7.73E-08 1.01E-10  4.35E-09 7.76E-08 1.00
~hy/8 1.86E-09 1.86E-09 1.70E-12  1.00E-10 1.86E-09 1.00
hy 6| 2.85E-06 2.85E-06 4.70E-08 2.18E-07 2.90E-06 1.02
~hy/2 5.42E-08 5.42E-08 2.40E-10 4.02E-09 5.46E-08 1.01
~hy/4 1.07E-09 1.07E-09 1.03E-11  6.90E-11 1.08E-09 1.01
[ :
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Uniform refinement: asymptotic exactness

h p llu—unllpc DG It

ho 1 1.09E-00 1.26E-00 1.16
~hy/2 5.61E-01 6.11E-01 1.09
~hy/4 2.93E-01 3.11E-01 1.06
~hy/8 1.39E-01 1.45E-01 1.04

hy 2 1.55E-01 1.64E-01 1.06
~hy/2 4.09E-02 4.26E-02 1.04
~hy/4 1.11E-02 1.15E-02 1.03
~hy/8 2.52E-03 2.59E-03 1.03

ho 3 1.37E-02 1.41E-02 1.03
~hy/2 1.85E-03 1.88E-03 1.01
~hy/4 2.60E-04 2.62E-04 1.01
~hy/8 2.75E-05 2.76E-05 1.01

hy 4 9.87E-04 1.01E-03 1.02
~hy/2 6.93E-05 7.00E-05 1.01
~hy/4 5.04E-06 5.07E-06 1.01
~hy/8 2.59E-07 2.60E-07 1.01

hy 5 5.64E-05 5.75E-05 1.02
~hy/2 2.01E-06 2.03E-06 1.01
~hy/4 7.74E-08 7.76E-08 1.00
~hy/8 1.86E-09 1.86E-09 1.00

ho 6 2.85E-06 2.90E-06 1.02
~hy/2 5.42E-08 5.46E-08 1.01
~hy/4 1.07E-09 1.08E-09 1.01

-

b
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Model problem

—Au = 0 inQ:=(1,1)2\][0,1],
u = up onoN




_ Reliability Reconstructions Efficiency Apps Numerics
Numerics: singular case

Model problem

AU = 0 in Q:=(1,1)2\[0,1]2,
u = up onoN

Exact solution
u(r, 6) = r*?sin(2¢/3)

h mmmmmm o marenacs k A
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Numerics: singular case

Model problem

~Au = 0 inQ:=(1,1)2\]0,1]?
u = up on 9N
Exact solution
u(r, ¢) = r¥3sin(2¢4/3)
Discretization
@ incomplete interior penalty discontinuous Galerkin method

@ unstructured non-nested triangular grids
@ hp-adaptive refinement

-

,,,,,,,,,,, p— ‘erc
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hp-adaptive refinement: exponential convergence

1e-01 E 2.2 T T T T T
E ideal —+—
r o L. %aram,yzoao N
g 1e-02 x i aram, v=0.60 :
c o (] o -
> T° bl
(o)) - £ A
o >
% 1e—03E £ _
= : 8 ]
S 1e-04 | ®
© E |
16-05 L 1 L
0 10 20 30 40 50 60 0 10 20 30 40 50 60
DoF ™3 DoF ™3
&1/’7 .................
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hp-refinement grids

level 1

level 12

total view

1OE+00 0.0E400 LOE+00  ~1.0E+00 0.0E+00 LOE+00  ~1.0E+00 0.0E400 LOE+00

zoom 10x

~1OE-01 0.0E+00 LOE-01  ~1.0E-01 0.0E+00 LOE-01  ~1.0E-01 0.0E+00 1OE-01

,,,,,,,,,, —
&zua,- 5
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Outline

e Algebraic estimates and stopping criteria for iterative solvers
@ Upper and lower bounds on the algebraic error
@ Bounds on the total error
@ Stopping criteria
@ Numerical illustration




Laplace problem
Find u € H} () such that

(Vu,Vv)=(f,v)  VveHI(Q)

Finite element approximation
Find up € Vi, :=P,(Th) N HY (), p > 1, such that

(V AVVh) o (f Vh) Yvp € Vy

Linear algebraic system
Find Uy, € RN such that

Algebraic solver ( ) _
On each iteration / > 1: approximate vector Uj, € RN such that

ApUp = Fn— F');7 (R} = Fn— fﬁhuij) - r
T o
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Setting

Laplace problem
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element approximation
Find up € Vi :=B,(Th) N HY(Q), p > 1, such that

(VUh, VVh) = (f, Vh) Yvp € Vy

-

,,,,,,,,,,, p— ‘erc
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Setting

Laplace problem
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element approximation
Find up € Vi :=B,(Th) N HY(Q), p > 1, such that

(VUh, VVh) = (f, Vh) Yvp € Vy

Linear algebraic system
Find U, € RN such that

ApUp = Fp

‘erc
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Setting

Laplace problem
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Finite element approximation
Find up € Vi :=B,(Th) N HY(Q), p > 1, such that

(VUh, VVh) = (f, Vh) Yvp € Vy

Linear algebraic system
Find U, € RN such that

ApUp = Fp

Algebraic solver (iterative) '
On each iteration i > 1: approximate vector U}, € RN such that

i i i i
ApUy=Fn—=Ry, (R = Fa—ApUp) | .
M. Vohralik A posteriori estimates: Laplace equation 34 /53



Algebraic error

Total error

Discretization error




Algebraic error

Total error

Discretization error
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Goals: find a posteriori estimates for any / > 1

Algebraic error
1, S IV (U = up)ll < 1,

Total error

iy S IV (U = up)ll < g

—to

Discretization error

1y, S IV (U= un)ll < s

dis —

Further goals

@ estimate the distribution of the errors (local efficiency)
@ design reliable (local) stopping criteria

erc
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The pathway

Algebraic residual representer

® 1) € Py(T) represents R
e gives equivalent form of residual equation: u}, € Vj s.t.

(VU V) = (F,) = (rhywy)  VI=1,...,N
° (r/;ﬂ/fl):(RZ)/,/: 1,...,N

-

&1/7 ..... — ‘erc
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The pathway

Algebraic residual representer
® 1) € Py(T) represents R
e gives equivalent form of residual equation: u}, € Vj s.t.
(vulllvvvw/):(f71/}/)_(rfi77¢/) VI:1v7N
() (I’,’;,l/J/) = (R;;)/, | = 1,...,N

@ consequence of equations for uy and u;',:

(V(up— u}),Vvp) = (rh,ve)  Yvpe V,

-

&Z’7 ..... — ‘erc
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The pathway

Algebraic residual representer

® 1) € Py(T) represents R
e gives equivalent form of residual equation: u}, € Vj s.t.

(vulllvvvw/):(f71/]/)_(rfi77¢/) VI:17’N

o (rl,y)=(Ry),1=1,...,N |
@ consequence of equations for up and uy:

(V(up— u}),Vvp) = (rh,ve)  Yvpe V,

Tools

@ flux and potential reconstructions
@ local Neumann MFE & local Dirichlet FE problems
@ separate components for algebraic & discretization errors

@ multilevel hierarchy (algebraic components) -

,,,,,,,,,,, p— ‘erc
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Q
o

Guaranteed upper bound in a unified framework
Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications

Numerical illustration

®© 6 6 ¢

(]

e Algebraic estimates and stopping criteria for iterative solvers
@ Upper and lower bounds on the algebraic error
@ Bounds on the total error

@ Stopping criteria
@ Numerical illustration
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta},,, € H(div,Q) be such that V.o, . = rj. Then
IV(un = up) = llohall
—_———— . ,

algebraic error upper algebraic est.

rd

rzia— = T
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)
Leta},,, € H(div,Q) be such that V.o, . = rj. Then

IV(up —up)ll = llohael

— N——

algebraic error upper algebraic est.

| \

Proof.

IV(un—uf)l = sup  (V(up— uf), Vvi);
VA€ Vi, ||V vp|=1

(V(Uh - u;’l)’ VVh) = (rfilv Vh) - (V'G%,algv Vh) - _(U;),alg7 VVh).

A\

rd

,,,,,,,,,,, oy ‘erc
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)
Leta},,, € H(div,Q) be such that V.o, . = rj. Then

IV(un = up)ll < lloh gl
—_——— \ ,

algebraic error upper algebraic est.

| \

Proof.

IV(un—uf)l = sup  (V(up— uf), Vvi);
VA€ Vi, ||V vp|=1

(V(Uh - U;,), VVh) = (rfilv Vh) - (V'G%,algv Vh) - _(U;),alg7 VVh).

Previous cheap constructions of a; alg

Q sweep trough T, local min. (JSV (2010))
(2] by precomputing v iterations (EV (2013)) "
&1/,7 ,,,,, S morematis erc
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)

Find p},; .. € Vi := P4 (Ti) N H{ () such that
(Vo aig: Via)ws = (I, Ya)us VA E Vyy

M. Vohralik A posteriori estimates: Laplace equation 38/53
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)

Find p},; .. € Vi := P4 (Ti) N H{ () such that
(Vohag Viba)wa = (7, Va)ua  ¥@ € Vi

@ P; FEs on T4 (no need for multigrid w/o post-smoothing)
@ gives hat function orthogonality on 7y
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)

Find p},; .. € Vi := P4 (Ti) N H{ () such that
(Vohag Viba)wa = (7, Va)ua  ¥@ € Vi

@ P; FEs on T4 (no need for multigrid w/o post-smoothing)
@ gives hat function orthogonality on 7y

Definition (Algebraic error flux reconstruction)

o = arg min IVhllwas

thV,i, V'thnog (’L/}a rA—Vzprp;Mlg)

oh g - Z O'h g © Vi € H(div, Q)

acyy

ing of wa
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Algebraic error flux reconstruction, two-level setting

Definition (Coarse grid Riesz representer)

Find p},; .. € Vi := P4 (Ti) N H{ () such that
(Vohag Viba)wa = (7, Va)ua  ¥@ € Vi

@ P; FEs on T4 (no need for multigrid w/o post-smoothing)
@ gives hat function orthogonality on 7y

Definition (Algebraic error flux reconstruction)

o = arg min IVhllwas

thV,i, V'thnog (’L/}a rA—Vzprp;Mlg)

oh g - Z O'h g © Vi € H(div, Q)

acyy

@ local homogeneous MFE Neumann problems
@ fine meshes of coarse patches wa
v extends to an arbitrary number of levels

M. Vohralik A posteriori estimates: Laplace equatlon 38/53
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Divergence of the algebraic error flux reconstruction

Lemma (Divergence of o}, )

There holds V-, ., = I

‘erc
“r o con—
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Divergence of the algebraic error flux reconstruction

Lemma (Divergence of o}, )

There holds V-o}, ., = I}

@ every fine grid element K € Ty, lies exactly in (d + 1)
coarse patches wa, a € Vy

@ partition of unity > .y, ke ¥ = 1k
°

i _ E :
v.ah7zl|g|K - v o-h a]g‘K
acVy,KCwa

= Y Ng,(tharh — Viba- Vol ag)lk = rhli

acVy,KCwa

v

-7 o e

M. Vohralik A posteriori estimates: Laplace equation 39/ 53
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Algebraic error lower bound

Theorem (Lower bound via algebraic residual liftings)

Let ), ., € V» be arbitrary. Then

(rflv plh,alg)

lower algebraic est.

IV (un = up)|| =
N————

algebraic error

-

,,,,,,,,,,, p— ‘erc
&zxna — i
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Algebraic error lower bound

Theorem (Lower bound via algebraic residual liftings)

Let ), ., € V» be arbitrary. Then

(r/{l’ pﬂl,alg)

lower algebraic est.

IV (un = up)|| =
N————

algebraic error

| A

Proof.

i i (rliv p;Lalg)
IV(up — up)ll = sup  (rpyVh) > ——-
Vi€ Vi [V Vil =1 IV 0l

N

-

,,,,,,,,,,, i S— aérc
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Algebraic residual lifting, two-level setting

Definition (Algebraic residual lifting, ~ sank & smith (1993), Oswald (1993), Ride

(1993), ..., Em & V. (2015))

Find pa’ € X2 := Pp(75) N H!(wa) such that

l] g

(vph ,alg? vvh)wa = (rfl:n Vh)wa - (v/)lll-l,aly vvh)wa vVh € Xi?

ay

coarse patch wy
(@) = 1, vala) = 0
fine mesh 75 of wq

a
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Algebraic residual lifting, two-level setting

Definition (Algebraic residual lifting, ~ sank & smith (1993), Oswald (1993), Ride

(1993), ..., Em & V. (2015))

Find pa’ € X2 := Pp(75) N H!(wa) such that

l] g

(vph ,alg? vvh)wa = (rfl:n Vh)wa - (v/)lll-l,aly vvh)wa vVh € Xi?

Set ;
i § :

ph,alg /)H alg + ph ,alg € Vh'
acVy

ay

coarse patch wy
(@) = 1, vala) = 0
fine mesh 75 of wq

a
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Algebraic residual lifting, two-level setting

Definition (Algebraic residual lifting, ~ sank & smith (1993), Oswald (1993), Ride

(1993), ..., Em & V. (2015))

Find /%' € X2 :=Pp(T;,) N H} (wa) such that

l] o

(vph ,alg? vvh)wa = (rfl:lv Vh)wa - (v/)lll-l,aly vvh)wa vVh € Xf?

Set ;
p;‘l,alg /)Hdl0 + Z ph ,alg = Vh'
acVy

@ local homogeneous Dirichlet FE problems
@ fine meshes of coarse patches wy
v/ extends to an arbitrary number of levels

ay

a
coarse patch w,

a Yala) = 1, Ua(a,) = 0
fine mesh 7;, of w,
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O Introduction

O A posteriori estimates based on potential & flux reconstruction
@ Guaranteed upper bound in a unified framework
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications
@ Numerical illustration

e Algebraic estimates and stopping criteria for iterative solvers
@ Upper and lower bounds on the algebraic error
@ Bounds on the total error
@ Stopping criteria
@ Numerical illustration

O Conclusions and outlook
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Discretization flux reconstruction

Definition (Discretization flux reconstruction, sraes & schaeri (2008), Ev

(2013))

a,j . ‘ ;
Uhdis = arg min ) . H(“’avu%—i_vhuwav
’ VhGVZ,VVh:I_IOz(f'L AV U, -Vipa—r?)

‘erc
(U —
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Discretization flux reconstruction

Definition (Discretization flux reconstruction, sraes & schaeri (2008), Ev

(2013))

a,j . ‘ ;
Uhdis = arg min ) . H(“’avu%—i_vhuwav
’ VhGVZ,VVh:I_IOz(f'L AV U, -Vipa—r?)

i o a,i
O hdis *= E T h dis

acyy,

‘erc
(U —
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Discretization flux reconstruction

Definition (Discretization flux reconstruction, sraes & schaeri (2008), Ev

(2013))

avi A H a i
O gis -= arg . min ,_ |2V up, + Vplwa,
VhEV], VVh=Nga (V2 =V U} Via—r}y?)

i o a,i
O hdis - — O p dis

acyy,

Neumann compatibility condition satisfied:

(VUp, Vi)y = (F,10)wn — () Vae V™

‘erc
— & co—
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Discretization flux reconstruction

Definition (Discretization flux reconstruction, sraes & schaeri (2008), Ev

(2013))

avi . H a i
T s *= arg min |1V uy, + Valwa,
VHEVE, V-vy=Mga (28— VUl -Vipa—riya)
h

i o a,i
O hdis - — O p dis

acyy,

Neumann compatibility condition satisfied:

(VUp, Vi)y = (F,10)wn — () Vae V™

Lemma (Divergence of o}, ;)

There holds . _
V'a';udis = thf - rllr

‘erc

- - ceee— -
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Upper bound on the total error

Theorem (Total error upper bound)
On each iteration i > 1, there holds

1/2

. . , . h2 ;
IV(u—up)l| <IVuh+oh gl + lohagll +4 D ﬁ\\f—”othK
KeTh

total error discretization est.  algebraic est.

~
data osc. est.

‘erc
[ ——
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Upper bound on the total error

Theorem (Total error upper bound)
On each iteration i > 1, there holds

1/2

. ) . ) h2 ;
IV (u=up)l| <IVUh+h gl + lohaell +4 D ﬁ\\f—ﬂothK
KETh

total error discretization est.  algebraic est.

~
data osc. est.

Proof.

IV (u—up)l = sup  (V(u—up),Vv)
veH} (), V=1

‘erc
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Upper bound on the total error

Theorem (Total error upper bound)
On each iteration i > 1, there holds

1/2

. ) . ) h2 ;
IV (u=up)l| <IVUh+h gl + lohaell +4 D ﬁ\\f—ﬂothK
KETh

total error discretization est.  algebraic est.

~
data osc. est.

Proof.

IV (u—up)l = sup  (V(u—up),Vv)
veH} (), V=1

(V(U - UL)? VV) :(fv V) - (VU;N VV) = (f - v'(o'j?.ungro-;ldis) ’ V)

i i i
- (o-h,alg+o-h,dis+vuh7 VV)
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On each iteration i > 1, there holds

1/2

. ) . ) h2 ;
IV (u=up)l| <IVUh+h gl + lohaell +4 D ﬁ\\f—ﬂothK
KETh

total error discretization est.  algebraic est.

~
data osc. est.

Proof.

IV (u—up)ll = sup (V(u—up),Vv)
veH!(Q), |V v]|=1
=Mg, f
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Lower bound on the total error

Definition (Total residual lifting, ~ sabuska and Stroubouis (2001), Repin (2008))

Find pfi € X3 == Pp(T5) N H'(wa) (together with mean value
or value on 89 zero) such that

(Vph o Ve = (FVh)ws — (VUL VVA)we  YVh € XP
and set

i . a ali
Phyot -— E P Ph tot*
acVy
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Lower bound on the total error

Definition (Total residual lifting, ~ sabuska and Stroubouis (2001), Repin (2008))

Find pfi € X3 == Pp(T5) N H'(wa) (together with mean value
or value on 69 zero) such that

(Vph o Ve = (FVh)ws — (VUL VVA)we  YVh € XP
and set

i . a ali
Phyot -— E 2 Ph tot*
acVy

@ local homogeneous Neumann FE problems

Theorem (Lower bound on the total error)

Zaevh ”v/)h tot”
IV Dol

There holds  ||V(u — u})|| >
—_——

total error

N i
lower total est. erc
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O Introduction

O A posteriori estimates based on potential & flux reconstruction
@ Guaranteed upper bound in a unified framework
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications
@ Numerical illustration

e Algebraic estimates and stopping criteria for iterative solvers
@ Upper and lower bounds on the algebraic error
@ Bounds on the total error
@ Stopping criteria
@ Numerical illustration

O Conclusions and outlook
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Stopping criteria

Galerkin orthogonality

IV (u — up)I? = |V (u— un)l® + ||V (un — up)I?

. . v. NV
total error discretization error algebraic error




| A posteriori estimates: unified framework Algebraic error C Algebraic Total Stopping criteria Numerics

Stopping criteria

Galerkin orthogonality

IV (u—up)|? = [IV(u— un)l® + ||V (un — up)|?

total error discretization error algebraic error

Discretization error upper and lower bounds

@ upper bound on total error & lower bound on algebraic
error = upper bound on the discretization error
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Discretization error upper and lower bounds
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Stopping criteria

Galerkin orthogonality

IV (u — up)I? = |V (u— un)l® + ||V (un — up)I?

total error discretization error algebraic error

Discretization error upper and lower bounds

@ upper bound on total error & lower bound on algebraic
error = upper bound on the discretization error

@ lower bound on total error & upper bound on algebraic
error = lower bound on the discretization error

Safe stopping criterion (v, ~ 0.1)

algebraic error <, discretization error
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Stopping criteria

Galerkin orthogonality

IV (u— up)I? = |V (u— up)|® + |1V (un — up)|?

TV
total error discretization error algebraic error

Discretization error upper and lower bounds

@ upper bound on total error & lower bound on algebraic
error = upper bound on the discretization error

@ lower bound on total error & upper bound on algebraic
error = lower bound on the discretization error

Safe stopping criterion (v, ~ 0.1)

upper algebraic estimate < ~,, lower discretization estimate

v stopping criterion = efficiency & p-robustness
v local stopping criterion = local efficiency & p—r%ust,ness e
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Q=(0,1) x (0, 1),
u(x,y) = x(x = 1)y(y -1
Q=(-1,1)x (=1,1)\ [0,1] x [-1,0],
u(r,0) = r2/*sin(20/3)

Peak ) @—100(x—0.5)2—-100(y—117/1000)>2

L-shape
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Numerical illustration

Algebraic Total Stopping criteria Numerics

Q=(0,1) x(0,1),

Peak
u(x,y) = x(x — 1)y(y — 1)e00(x=05)"=100(y~117/1000)"
Q=(-1,1) x (=1,1)\ [0,1] x [-1,0],
L-shape s
u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements, p=1,...,4
@ unstructured triangular meshes
@ 4 uniform refinements

&'2’7 ,,,,, PYASE erc

M. Vohralik A posteriori estimates: Laplace equation 46 /53



| A posteriori estimates: unified framework Algebraic error C

Numerical illustration

Algebraic Total Stopping criteria Numerics

Q=(0,1) x(0,1),

Peak
u(x,y) = x(x — 1)y(y — 1)e00(x=05)"=100(y~117/1000)"
Q=(-1,1) x (=1,1)\ [0,1] x [-1,0],
L-shape s
u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements, p=1,...,4
@ unstructured triangular meshes
@ 4 uniform refinements
Multigrid
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel
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Numerical illustration

Q=(0,1) x(0,1),

Peak
u(x,y) = x(x — 1)y(y — 1)e00(x=05)"=100(y~117/1000)"
Q=(-1,1) x (=1,1)\ [0,1] x [-1,0],
L-shape s
u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements, p=1,...,4
@ unstructured triangular meshes
@ 4 uniform refinements
Multigrid
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel

PCG
@ incomplete Cholesky with drop-off tolerance 1%"9{,%, e
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p

iter

1(2.55 x 10%)

2(1.03 x 10%)

3(2.34 x 10%)

4(4.17 x 10%)

5(6.52 x 10%)

O N0 W= ((NOWw=0Ww =W =N

-
w =




_ Algebraic Total Stopping criteria Numerics
Peak problem, multigrid

P iter| alg. error eff. UB eff. LB
1255x%x 105 1 [81x10°% 1.14 11077
2|43x10"* 1.13 1.127!

2(1.03 x 10%)| 1 [ 8.8 x 1073 1.17 1.08~"
2|61x10"% 1.19 1.037'
3|20x10°5 1.19 1.03~'

32234 x 109 1 [49%x107% 114 1.067T
3|27x1075 1.17 1.047"
5|1.6x10"7 1.15 1.04~"

4417 x10%| 1 [58x10°% 122 1.057"
3|1.0x10"% 1.16 1.037'
5|24x10°% 1.14 1.037'
7]|67x10°% 1.13 1.03°'

5(6.52 x 109 1 [ 48x 1073 119 1.047T
3|21x10"% 1.14 1,037
5|15x1075 1.11 1.027!

7| 1.4x10°% 112 1,027

9| 1.4x107 1.14 1.017"
1]11.3x1078 1.16 1.017!

13| 1.2x107° 1.16 1.017!

- r oA Y
P
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Peak problem, multigrid

P iter| alg. error eff. UB eff. LB tot. error  eff. UB eff. LB
1(255x 10%)[ 1 [ 81 x 103 144 110~ 7| 1.0 x 102 1.63 1.197 1
2 43x107% 1143 1.127'| 614 x10"3 113 1.057'

2(1.03x 109 1 [ 8.8x 103 117 1.08~ |88 x 103 1.72 1.18~1
2 61x107% 119 1.037'|72x10"% 1.75 1.127!
3[20x107° 1.19 1.037'|3.9x10"% 1.08 1.04~'

3234 x10%[ 1 [49x10"3 1.14 1.06~ 7| 49x 10-° 159 1.26~"
3|27x1075 1.17 1.047'|33x 1075 169 1.177!
5|1.6x10"7 1.15 1.04~'|1.9x10°5 1.02 1.09~'

4417 x10%] 1 [ 58x10"3 122 1.05 '] 58x 103 1.83 117!
3[1.0x10~% 1.16 1.037'| 1.0x10~% 1.71 1.08~!
524x107% 114 1.037"|25x107% 1.62 1.107'
7]167x10% 113 1.037"|82x107 1.10 1.16~"

5(6.52 x 10%)| 1 [ 4.8 x 1073 1.19 1.04~ 7| 48x 10°° 1.74 119"
3|21x107% 1.14 1.037'|21x10"* 163 1.097"
5|15x1075% 1141 1.027'|1.5x 105 155 1.077"

71 1.4%x107% 1142 1.027'| 1.4x10"% 157 1.05°"

9 [1.4x1077 114 1.017'| 1.4x 107 1.65 1.067'

111 1.3x 1078 1.6 1.017'| 3.4 x 1078 1.41 1.38~"

13 1.2x107° 1.6 1.017'| 3.1 x 1078 1.05 1.21~"
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Peak problem, multigrid

P iter| alg. error eff. UB eff. LB tot. error eff. UB eff. LB | disc. error eff. UB eff. LB
1(255x10%) | 1 [ 81 x 1073 1.14 1.10°7[1.0x10°2 1.63 1.19° 1|61 x 103  2.42 —
2 43x107% 1143 1.127'| 614 x10"3 113 1.057' 1.13 1.06~'
2(1.03x 10%)] 1 [ 88x 103 117 1.08 1|88 x 103 1.72 118 1| 3.9x 10~ % 328 x 101 —
2 61x107% 119 1.037'|72x10"% 1.75 1.127! 2.89 —
3[20x107° 1.19 1.037'|3.9x10"% 1.08 1.04~' 1.08  1.04~"
3(2.34 x10% [ 1 [ 49x107% 1.14 1.06~ 7| 49x10°° 159 1261 1.9x 10~ ° 3.33 x 102 —
3|27x1075 1.17 1.047'|33x 1075 169 1.177! 2.60 —
5|1.6x10"7 1.15 1.04~'|1.9x10°5 1.02 1.09~' 1.02  1.09~'
4417 x10%] 1 [ 58%x 103 122 1.05 1|58 x 103 1.83 117 1| 8.1 x 10~/ 1.12x 107 —
3[1.0x10~% 1.16 1.037'| 1.0x10~% 1.71 1.08~! 1.76 x 102 —
524x107% 114 1.037"|25x107% 1.62 1.107' 4.12 —
7]167x10% 113 1.037"|82x107 1.10 1.16~" 110 116~
5(6.52 x 10%)[ 1 [ 4.8 x 1073 1.19 1.04= 7| 48x 10-3 1.74 1197|341 x10°8 2.21 x 10° —
3|21x107% 1.14 1.037'|21x10"* 163 1.097" 8.78 x 10° —
5|15x1075% 1141 1.027'|1.5x 105 155 1.077" 5.57 x 10°  —
71 1.4%x107% 1142 1.027'| 1.4x10"% 157 1.05°" 5.34 x 10"  —
9 [1.4x1077 114 1.017'| 1.4x 107 1.65 1.067' 6.06 —
111 1.3x 1078 1.6 1.017'| 3.4 x 1078 1.41 1.38~" 1.47  1.627"
13 1.2x107° 1.6 1.017'| 3.1 x 1078 1.05 1.21~" 1.05  1.2171
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p

1(7.97 x 10%)

2(3.22 x 10%)

3(7.27 x 10%)

4(1.29 x 10°)

5(2.02 x 10°)




_ Algebraic Total Stopping criteria Numerics
L-shape problem, PCG

p iter| alg. error eff. UB eff. LB
1(7.97x10%) | 2 [ 29x10~T 1.25 4.08~'
12x 1073 124 41777

14 3.6271
18 3.1771
17 35371

2.1 x 107
2.5x 1078

2(3.22 x 10%)

1.3 .06 4.53"
10 3.557"

12 1.2x 1072 1.10 3.58~'

4
3
6
9|92x10°
3(7.27 x 10%)| 4
8

9.9 x 1072

4(1.29x10°)[ 5 [ 1.7x 1077 124 234 T
10| 24 x 1073 122 279!
15| 2.3 x10~% 127 233!

5(2.02 x 10°) | 6 1.1 09 41477
12| 85x 1072 1.11 3.75~!
18| 7.5 x 103 1.15 3.12~!
24| 39x10~% 1.15 3.17°'

1
1
1
1
1
1
1
16| 8.2 x 10~% 1.10 3.55~'
1
1
1
1
1
1
1

-

B
Csia
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L-shape problem, PCG

p iter| alg. error eff. UB eff. LB tot. error  eff. UB eff. LB
1(7.97x10%)[ 2 [ 29x10~T 125 408~ 7| 29x 101 1.38 6.151
4112x107% 124 4177'| 36x 1072 1.24 1421
2322x10%) | 3 [21x10~T 114 36277 21 x 10~ 1.26 6.03~ 1
6|25%x1073 1.18 3.177'| 1.5x 1072 1.47 1.32~1
9]92x107% 117 353" 1.4x1072 1.29 1.30~"

3(7.27 x 10%)| 4 1.3 1.06 4.537" 1.3 110 1.08 x 10"
8]9.9x1072 1.10 3.557'| 10.0x 1072 1.24 6.02~"
12 1.2x 1072 1.0 3.58~'| 1.5x 1072 1.71 2,671
16| 8.2 x10™*% 1.10 3.55'| 8.6 x 10~% 1.5 1.42~1
4129 x 10| 5 [ 1.7x 1077 124 234 T 1.7x 10" 1.42 3.357 1
10| 2.4x 1073 122 2797 '| 6.6 x107% 1.78 1.83~1
15| 2.3 x 1075 1.27 2337 "| 6.2x107% 1.44 1.62~!
5(2.02 x 105) | 6 1.1 1.09 4.1477 1.1 1.16 7.42-1
12| 85x1072 1.11 375~ '| 85x 1072 1.23 577"
18| 7.5 x 1073 1.15 3.127'| 8.9x10~% 1.76 3.437"
24| 39x%x10~% 115 3.177"| 47x107% 1.56 1.80~"
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L-shape problem, PCG

Algebraic  Total

Stopping criteria  Numerics

p iter| alg. error eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
1(7.97x10%) [ 2 [29x 10~ T 1.25 408~ 7| 29x 101 1.38 6.15~ 1 36x 1072 111 x 107 —
4112x107% 124 4177'| 36x 1072 1.24 1421 124 14271
2322x10%) | 3 [21x10~T 114 36277 21 x 10~ 1.26 6.03~ 1 1.4x 1072 1.76 x 100  —
6|25%x1073 1.18 3.177'| 1.5x 1072 1.47 1.32~1 1.49  1.357"
9]92x107% 117 353" 1.4x1072 1.29 1.30~" 129  1.30~'
3(7.27 x 104 | 4 1.3 1.06 4.537" 1.3 110 1.08x 10" | 8.6 x 1073 1.58 x 102 —
8]9.9x1072 1.10 3.557'| 10.0x 1072 1.24 6.02~" 1.41 x 10" —
12 1.2x 1072 1.0 3.58~'| 1.5x 1072 1.71 2,671 2.99 —
16| 8.2 x10™*% 1.10 3.55'| 8.6 x 10~% 1.5 1.42~1 152 1.437'
4129 x 105 [ 5 [ 1.7 x 107 1.24 234~ 7| 1.7 x 10" 1.42 3.35~1 6.2x 10~3 3.66 x 101 —
10| 2.4x 1073 122 2797 '| 6.6 x107% 1.78 1.83~1 1.90 293!
15| 2.3 x 1075 1.27 2337 "| 6.2x107% 1.44 1.62~! 1.44  1.627"
5(2.02 x 105) | 6 1.1 1.09 4.1477 1.1 1.16 7.42-1 47 %1073 271 x 102 —
12| 85x1072 1.11 375~ '| 85x 1072 1.23 577" 219 x 10" —
18| 7.5 x 1073 1.15 3.127'| 8.9x10~% 1.76 3.437" 3.31 —
24| 39x%x10~% 115 3.177"| 47x107% 1.56 1.80~" 157  1.82~!
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L-shape problem, p = 3, total error, 16th PCG iteration

Total error on elements Total error indicators

-
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_ Algebraic Total Stopping criteria Numerics
L-shape problem, p = 3, alg. error, 16th PCG iteration

Algebraic error on elements
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Conclusions and outlook

Conclusions

@ guaranteed energy error estimates
@ robustness (polynomial degree)
@ unified framework for all classical numerical schemes

Ongoing work
@ convergence and optimality
@ nonlinear problems

-
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Thank you for your attention!
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