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@ unsteady nonlinear degenerate systems of PDEs



Multi-phase, multi-compositional porous media flows
@ unsteady nonlinear degenerate systems of PDEs
® possibly algebraic inequality constraints (phase appearance/disappearance)
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Context

Multi-phase, multi-compositional porous media flows
@ unsteady nonlinear degenerate systems of PDEs
o

General polygonal/polyhedral meshes, arbitrary scheme

Permeability X,¥
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Example: steady nonlinear Darcy flow V-(—K(Vp)Vp) = f

Discretization: system of nonlinear algebraic eqs
Find P € RN such that

U (P)=F
~~
nonlin. op.
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Example: steady nonlinear Darcy flow V-(—K(Vp)Vp) = f

Discretization: system of nonlinear algebraic eqs
Find P € RN such that

u (P)=F
~~
nonlin. op.
Linearization: system of linear algebraic eqs
Find PX € RN such that
Uk_1 Pk _ Fk—1
—~—

matrix
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U (P)=F
~~
nonlin. op.

Linearization: system of linear algebraic eqs
Find P* € RN such that

Uk_1 Pk _ Fk—1
~——
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Algebraic solver:
On step /, one has P%/ € RN such that

Uk—1 Pk,f — Fk—1 _ Rk.i
~~

algebraic residual vector
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Example: steady nonlinear Darcy flow V-(—K(Vp)Vp) = f

Discretization: system of nonlinear algebraic eqs KEJUUUSIEITEN(l

Find P € RN such that @ too costly ifi,k —
X
\Z./[/ (P)=F mass balance lost
nonlin. op.

] o ) ) @ linearization stopping crit.
Linearization: system of linear algebraic eqs |Pk — Pk=1|. small

Pk - N
Find P* € R™ such that algebraic stopping crit.

k-1 pk _ pk-1 IR||2/[|RKC|| small:
matrix comparing apples and
oranges

Algebraic solver:
On step /, one has P%/ € RN such that

Uk_1 Pk,f — Fk—1 _ Rk.i
~~

algebraic residual vector
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Example: steady nonlinear Darcy flow V-(—K(Vp)Vp) = f

Discretization: system of nonlinear algebraic eqs KEJUUUSIEITEN(l

Find P € RN such that @ too costly ifi,k —
X
\u/ (P)=F mass balance lost

nonlin. op. ) ) ) ) )
. L . . @ linearization stopping crit.
Linearization: system of linear algebraic eqs HPk _ pk—1 . small

Bk - N
Find P* € R™ such that algebraic stopping crit.

k-1 pk _ ph-1 IR%[1o/[|RKO]l small:
—~ comparing apples and
Algebraic solver: orahges
On step /, one has P“/ ¢ RN such that @ no control of the overall
, _ error between the obtained
L e ﬁkf', numerical approximation
algebraic residual vector P4 and the exact solution p
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Goals
@ guaranteed a posteriori error estimate

nkl n,k,i n,k,i n,k,i
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Goals

@ guaranteed a posteriori error estimate

7k7l 7k1' 7k7. 7k’. 7k7.
Juls, = up™ < G o™ g™+

@ valid at each step: time n, linearization k, linear solver |
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Goals

@ guaranteed a posteriori error estimate

7k7l 7k,' 7k7. 7k’. 7k7.
Juls, = up™ < G o™ g™+

@ valid at each step: time n, linearization k, linear solver |
@ distinguishing different error components
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Goals

@ guaranteed a posteriori error estimate

n,k,i nk,i n.k,i n,k,i nk,i
Hu|ln —u, H < Nsp +Mm "+ ip 77211g
@ valid at each step: time n, linearization k, linear solver |

@ distinguishing different error components, all estimators with the same (flux)
physical units
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Goals

@ guaranteed a posteriori error estimate

nk,i ki | omkid ki nki

HU|/,,—Uh H§77gp + M "+ Mhin +nalg

@ valid at each step: time n, linearization k, linear solver |

@ distinguishing different error components, all estimators with the same (flux)
physical units

@ easy to code, fast to evaluate, cosy to use in practice
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Goals

@ guaranteed a posteriori error estimate

n,k,i n,k,i n,k,i n,k,i n,k,i

HU’/,,—Uh Hﬁngp + M "+ Mhin +nalg

@ valid at each step: time n, linearization k, linear solver |

@ distinguishing different error components, all estimators with the same (flux)
physical units

@ easy to code, fast to evaluate, cosy to use in practice

@ full adaptivity (stopping criteria for linear and nonlinear solvers, mesh hp
refinement, time step adjustment)
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Goals

@ guaranteed a posteriori error estimate

nk,i nki | ki ki, nki

Hu’In_uh Hﬁmp + N 7+ Min +7731g

@ valid at each step: time n, linearization k, linear solver |

@ distinguishing different error components, all estimators with the same (flux)
physical units

@ easy to code, fast to evaluate, cosy to use in practice

@ full adaptivity (stopping criteria for linear and nonlinear solvers, mesh hp
refinement, time step adjustment)

Construction of the estimates interconnected with
recovering mass balance at each step n, k, .

[n 7l = F
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o Introduction: context, motivation, and goals

e Steady linear Darcy flow
@ Discretization
@ A posteriori error estimate
@ Numerical experiments

e Adaptivity: mesh, polynomial degree, linear solvers, nonlinear solvers
@ Mesh and polynomial degree
@ Linear and nonlinear solvers
@ Error in a quantity of interest

° Unsteady multi-phase multi-compositional Darcy flow
e Conclusions
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e Steady linear Darcy flow
@ Discretization
@ A posteriori error estimate
@ Numerical experiments

o

@ Mesh and polynomial degree
@ Linear and nonlinear solvers
@ Error in a quantity of interest




_ Discretization A posteriori estimate Numerics
Linear Darcy flow

Steady linear Darcy flow

—V-(KVp) =f in Q,
p=0 on 012

@ Q CRY d>1,polytope
@ f € L2(Q) source term, pw constant for simplicity
@ K ¢ [L=(Q)]9*? symmetric elliptic diffusion-dispersion tensor (pw constant)
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Linear Darcy flow

Steady linear Darcy flow

—V-(KVp) =f in Q,
p=0 on 012

@ Q CRY d>1,polytope
@ f € L2(Q) source term, pw constant for simplicity
@ K ¢ [L=(Q)]9*? symmetric elliptic diffusion-dispersion tensor (pw constant)

Unknowns
@ p pressure head
@ u:= —KVp Darcy velocity (flux)

‘erc
Gozia— = 7
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Locally conservative discretization

Assumption A (Locally conservative discretization)
@ There is one pressure (P); € R per element K < T, and one face normal flux
(U), € R perface o € Ey.
@ The flux balance is satisfied, with (F)x := (f,1)k:
Y (U)onkon, = (F)x VK € Th.

o€k
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Locally conservative discretization

Assumption A (Locally conservative discretization)
@ There is one pressure (P); € R per element K < T, and one face normal flux
(U), € R perface o € Ey.
@ The flux balance is satisfied, with (F)x := (f,1)k:
Y (U)onkon, = (F)x VK € Th.

o€k

° (U)y~(un,1),=[ un
@ any (lowest-order) locally conservative method

@ the link between (U), and (P)k is not important for
the a posteriori error estimate upper bound

)., Coiza— =
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A posteriori error estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

K2 —un) < § > ke

KeTy

n|—

where

K —(UeXt)tA UEXt—FStKSKSK
+ 2(USY) ISt — 2(F) | K|~ "1V, Sk.
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A posteriori error estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

(K2 u—un)][ < > ke

n|—

KeTy
where
K —(UeXt)tA UEXt—FStKSKSK
+2(UR")'S%' — 2(F)k|K|~ "1k Sk.
Comments

@ UR, Sk, S¥: flux and pressure vectors on element K
° AK, Sk, Mk : mass/stiffness matrices on element K

-

h};, ,,,,, ...........
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A posteriori error estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

(K2 u—un)][ < > ke

n|—

KeTy
where
K —(UeXt)tA UeXt+St,(SKSK
+2(UR")'S%' — 2(F)k|K|~ "1k Sk.
Comments

@ UR, Sk, S¥: flux and pressure vectors on element K
° AK, Sk, Mk : mass/stiffness matrices on element K
@ guaranteed upper bound on the Darcy velocity error

-
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A posteriori error estimate

Theorem (Linear Darcy flow)
Under Assumption A, there holds

(K2 u—un)][ < > ke

n|—

KeTy
where
K —(UeXt)tA UeXt+St,(SKSK
+2(UR)'SR — 2(F)k|K| 1Mk Sk.
Comments

@ UR, Sk, S¥: flux and pressure vectors on element K
° AK, Sk, Mk : mass/stiffness matrices on element K
@ guaranteed upper bound on the Darcy velocity error
@ inexpensive: matrix-vector multiplication on each element Ay erc
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Energy error & simple polygonal estimate

Estimated error distribution Exact error distribution

7

,,,,,,,,,, -
&ZW o
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hm|  n(pn)
ho 1 1.25




h  m| n(ps)  rel error estimate 7X22
ho 1 1.25 28%




h m| n(ps)  rel error estimate K22 | |[V(p — py)]|

hy 1 1.25 28% 1.07




_ Discretization A posteriori estimate Numerics
How large is the overall error? (model pb, known sol.)

: N (o=
h m| n(ps)  rel error estimate X2 | |V (p — py)|| rel. error ISE_2all

hy 1 1.25 28% 1.07 24%

za—
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_ Discretization A posteriori estimate Numerics
How large is the overall error? (model pb, known sol.)

h m| n(ps) rel error estimate X2 | |[V(p — py)|| rel. error ISE_PAL] o — len) o,
ho 1 1.25 28% 1.07 24% 1.17
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_ Discretization A posteriori estimate Numerics
How large is the overall error? (model pb, known sol.)

h m| n(ps) rel error estimate X2 | |[V(p — py)|| rel. error ISE_PAL] o — len) o,
ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07 x 107" 14% 5.56 x 107" 13% 1.09

&'zmm..,,‘,m... ! A !
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_ Discretization A posteriori estimate Numerics
How large is the overall error? (model pb, known sol.)

h m| n(ps) rel error estimate X2 | |[V(p — py)|| rel. error ISE_PAL] o — len) o,

ho 1 1.25 28% 1.07 24% 1.17
~h/2 |6.07 x107! 14% 5.56 x 107" 13% 1.09
~hy/4 [3.10x 107" 7.0% 2.92 x 107" 6.6% 1.06
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_ Discretization A posteriori estimate Numerics
How large is the overall error? (model pb, known sol.)

h m| n(ps) rel error estimate X2 | |[V(p — py)|| rel. error ISE_PAL] o — len) o,

h 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07 x 107" 14% 5.56 x 107" 13% 1.09
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_ Discretization A posteriori estimate Numerics
How large is the overall error? (model pb, known sol.)

h m| n(ps) rel error estimate X2 | |[V(p — py)|| rel. error ISE_PAL] o — len) o,

ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07 x 107" 14% 5.56 x 107" 13% 1.09
~hy/4 |3.10x 107" 7.0% 2.92 x 107" 6.6% 1.06
~hy/8 |1.45x 107" 3.3% 1.39 x 107" 3.1% 1.04
~ho/2 2| 423 x 1072 95x10 "% 407x107%2 92x10 "% 1.04
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_ Discretization A posteriori estimate Numerics
How large is the overall error? (model pb, known sol.)

h m| n(ps) rel error estimate X2 | |[V(p — py)|| rel. error ISE_PAL] o — len) o,

ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07 x 107" 14% 5.56 x 107" 13% 1.09
~hy/4 |3.10x 107" 7.0% 2.92 x 107" 6.6% 1.06
~hy/8 |1.45x 107" 3.3% 1.39 x 107" 3.1% 1.04
~ho/2 2| 423 x 1072 95x10 "% 407x107%2 92x10 "% 1.04
~ho/4 3|262x10°* 59 x 10 %% 260 x107*  59x10°% 1.01
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How large is the overall error? (model pb, known sol.)

h  m| n(pn) rel. error estimate IV (p — pa)|| rel. error INEZEAL| o — _len)

ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07 x 107" 14% 5.56 x 107" 13% 1.09
~hy/4 |3.10x 107" 7.0% 2.92 x 107" 6.6% 1.06
~hy/8 |1.45x 107" 3.3% 1.39 x 107" 3.1% 1.04
~ho/2 2| 423 x 1072 95x10 "% 407x107%2 92x10 "% 1.04
~ho/4 3|262x10°* 59 x 10 %% 260 x107*  59x10°% 1.01
~ho/8 4260 x 107 5.9 x 10 %% 258 x 10~ 5.8x10%% 1.01

A. Ern, M. Vohralik, SIAM Journal on Numerical Analysis (2015)
V. Dolejsi, A. Ern, M. Vohralik, SIAM Journal on Scientific Computing (2016)
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Where (in space) is the error localized?

X107 10

Estimated error distribution 74 (p5) Exact error distribution |[V(p — pp) /[«
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Adaptive mesh refinement (linear problem with exact solvers)

Adaptive mesh refinement
@ Dorfler marking: subset M, containing ¢-fraction of the estimated error

> ak(p)? = 02> nk(pe)?

KeM, KeTy

-
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Adaptive mesh refinement (linear problem with exact solvers)

Adaptive mesh refinement
@ Dorfler marking: subset M, containing ¢-fraction of the estimated error

> ak(p)? = 02> nk(pe)?

KeM, KeTy
Convergence on a sequence of adaptively refined meshes
° IV(p—po)|| — 0

@ some mesh elements may not be refined at all: A0
@ Babuska & Miller (1987), Dérfler (1996)

-
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Adaptive mesh refinement (linear problem with exact solvers)

Adaptive mesh refinement
@ Dorfler marking: subset M, containing ¢-fraction of the estimated error

> ak(p)? = 02> nk(pe)?

KeM, KeTy
Convergence on a sequence of adaptively refined meshes
° IV(p—po)|| — 0

@ some mesh elements may not be refined at all: A0
@ Babuska & Miller (1987), Dérfler (1996)

Optimal error decay rate wrt degrees of freedom
° IV(p— pe)l| < |DoF, | ™9 (replaces h™)
@ same for smooth & singular solutions: higher-orderonly pay-off-forsm-—sok
@ decays to zero as fast as on a best-possible sequence of meshes
@ Morin, Nochetto, Siebert (2000), Stevenson (2005, 2007), Cascédn, Kreuzer,
Nochetto, Siebert (2008), Canuto, Nochetto, Stevenson, Verani (22‘112,)4,0’_ L e
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Can we decrease the error efficiently? f1p adaptivity, (smooth solution)
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Mesh 7, and pol. degrees myg
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Can we decrease the error efficiently? f1p adaptivity, (smooth solution)
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Mesh 7, and pol. degrees myg Exact solution
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Can we decrease the error efficiently? /1p adaptivity, (singular solution)

Mesh & pol. deg. Linear & nonlinear solvers Quantity of interest

Mesh 7, and polynomial degrees myg

Martin Vohralik

P5

P4

P3

P2

102

relative errors in energy norm [%)]

=
o
—

=
o
=]

101

uniform A, p=1
= h-adaptivity, p=1
—o— hp-adaptivity

—p—a priori best

5 10 15 20 25 30
DoF3

Relative error as a function of DoF
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Fully adaptive algorithm
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Balancing error components (nonlinear problem with inexact solvers)

Fully adaptive algorithm
o total error estimate on mesh 7, linearization step k, algebraic solver step /

K,i ki ki ki
Hp — b ”* < M disc + "¢ lin + " alg
total error discretization estimate  linearization estimate  algebraic estimate
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&2/740/— ,,,,,,,,,,,

Martin Vohralik A posteriori error estimates and adaptive solvers  13/22



Introduction Steady linear Darcy Adaptivity Multi-phase-compositional Darcy Conclusions Mesh & pol. deg. Linear & nonlinear solvers Quantity of interest

Balancing error components (nonlinear problem with inexact solvers)

Fully adaptive algorithm
@ total error estlmate on mesh 7:, linearization step k, algebraic solver step /

k,i K,i
Hp p ” ,/( dlSL + }l,lm + ’/(}zllg
~—— ~—~ ~——
total error discretization estimate  linearization estimate  algebraic estimate

@ balancing error componentS' work where needed

néf’a’lg YValg max{nz ise> e, K/ 1 stopping criterion linear solver,
W lm < /lmndlsc stopping criterion nonlinear solver,

Hng tise < ndm M, adaptive mesh refinement

-

,,,,,,,,,,, P ‘erc
Gozia— = 7
Martin Vohralik A posteriori error estimates and adaptive solvers  13/22



Introduction Steady linear Darcy Adaptivity Multi-phase-compositional Darcy Conclusions Mesh & pol. deg. Linear & nonlinear solvers Quantity of interest

Balancing error components (nonlinear problem with inexact solvers)

@ balancing error components: work where needed

Ki . ki : S rian [
Mo alg < Valg Mg Jin stopping criterion linear solver

@ link —inexact Newton method: Bank & Rose (1982), Hackbusch & Reusken
(1989), Deuflhard (1991), Eisenstat & Walker (1994)
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(adaptive inexact Newton method)

@ balancing error componentS' work where needed

néf’a’lg Yalg max{nz siser "I, K/ 1 stopping criterion linear solver,
W lm < ,hnndlsc stopping criterion nonlinear solver,

0774 tise < ndm M, adaptive mesh refinement
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Balancing error components (nonlinear problem with inexact solvers)

Fully adaptive algorithm (adaptive inexact Newton method)
@ total error estlmate on mesh 7:, linearization step k, algebraic solver step /

k,i K,i
Hp p ” ,/( dle + }l,lm + ’/(}zllg
~—— ~—~ ~——
total error discretization estimate  linearization estimate  algebraic estimate

@ balancing error componentS' work where needed

néf’a’lg YValg max{nz ise> e, K/ 1 stopping criterion linear solver,
né"l’m < llnndmc stopping criterion nonlinear solver,

Hng tise < ndm M, adaptive mesh refinement

Convergence, optimal error decay rate wrt DoFs
@ Gantner, Haberl, Praetorius, & Stiftner (2018), Heid & Wihler (2019)
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Balancing error components (nonlinear problem with inexact solvers)

Fully adaptive algorithm (adaptive inexact Newton method)
@ total error estlmate on mesh 7:, linearization step k, algebraic solver step /

k,i K,i
Hp p ” ,/( dm + }L]m + ’/(‘.zllg
~—— ~—~ ~——
total error discretization estimate  linearization estimate  algebraic estimate

@ balancing error componentS' work where needed

néf’a’lg YValg max{nz ise> e, K/ 1 stopping criterion linear solver,
né"l’m < llnndmc stopping criterion nonlinear solver,

Hng tise < ndm M, adaptive mesh refinement

Convergence, optimal error decay rate wrt DoFs
@ Gantner, Haberl, Praetorius, & Stiftner (2018), Heid & Wihler (2019)
Optimal error decay rate wrt overall computational cost
@ Haberl, Praetorius, Schimanko, & Vohralik (preprint, 2020) lvsisi erc
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Including algebraic error: U/,P,  F,
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_ Mesh & pol. deg. Linear & nonlinear solvers Quantity of interest
Including algebraic error: U,P, # F,

x1077 x1077
10
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g 8
6 6
4 4
2 2
Estimated algebraic errors 1, «(p}) Exact algebraic errors |V (p, — p})| «
J. Papez, U. Rude, M. Vohralik, B. Wohlmuth (2020)
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_ Mesh & pol. deg. Linear & nonlinear solvers Quantity of interest
Including algebraic error: U,P, # F,

Total error and its bounds Discretization and algebraic errors and their bounds
! ! ! ' ' dis. error
o alg. error 100 LG, e dis. error UB
10 total error = = dis. error LB
-------- total error UB
= = total error LB alg. error
-------- alg. error UB
~ = alg. error LB
102 102 —_________
4 1 10 ¢ i ing criteri 1
10 adaptive stopping criterion
1 2 3 4 5 1 2 3 4 5
MG iteration MG iteration
Total error Error components and adaptive st. crit.

J. Papez, U. Rude, M. Vohralik, B. Wohlmuth (2020)
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Nonlinear pb —V-o(Vp) = f: including linearization and algebraic
error: Uy(P,") + F,, UK—1p;/ £ Fi—

Dual error
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Nonlinear pb —V-o(Vp) = f: including linearization and algebraic
error: Uy(P,") + F,, UK—1p;/ £ Fi—
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Nonlinear pb —V-o(Vp) = f: including linearization and algebraic

error: UE(Pk’i) - Fy, UK-1py’ oL Bk
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_ Mesh & pol. deg. Linear & nonlinear solvers Quantity of interest
Convergence and optimal decay rate wrt DoFs & computational cost
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Convergence and optimal decay rate wrt DoFs & computational cost

10 T T T

° 600
- I I I I I I I I -
—e— energy error uniform 550 —&— uniform
- & -energy error adaptive 2 - A - adaptive

[EEEEE

@

<)

)
I

PN

o O

o O
1

R
’
*
Ll
w
a
o
I

Energy error

T
4
1

>

L
N
a1
o
I

10°

= N

a o

S o
T

,_‘

IS)

S)
I

Total number of algebraic solver iteratiol
w
o
o
I

A-- A
A - —

- - A - A
107 Ll Ll Ll L 0‘ T | | | | | | | |

10" 10° 10° 10* 10° 1 2 3 5 6 7 8 9 10 11 12 13

Number of faces Refinement level

Optimal decay rate wrt DoFs Optimal computational cost

Martin Vohralik A posteriori error estimates and adaptive solvers 16 /22



Introduction Steady linear Darcy Adaptivity Multi-phase-compositional Darcy Conclusions Mesh & pol. deg. Linear & nonlinear solvers Quantity of interest

Convergence and optimal decay rate wrt DoFs & computational cost

0

100 T T T q 600 I [ I I I I I I
E —e— energy error uniform |4 550 —&— uniform
C - 4 -energy error adaptive|] ‘é - A - adaptive
= - “E 500— —
r 7 2 450 -
_y 9]
10 — R S o = 2 400— —
S n ~e 3 @ L |
= E h N .© 350
5 f AN 3 g
3 S b g 300— =
5 L . 4 k=2
S *- © 250 2
,2 AN 5] -
107 . = 5 200 AT
E = = A7
L 3] E 150 et
I T < v
r R ® 100 & -
L - o A- - A"
= 50 a-AT —
107 Ll Ll Ll Lo 0‘ -f_q\‘ | | | | | | |
10* 10° 10° 10* 10° 1 2 3 4 5 6 7 8 9 10 11 12 13
Number of faces Refinement level
Optimal decay rate wrt DoFs Optimal computational cost

total alg. solver iterations|10890

classical , .
relative error estimate 4.6%

Martin Vohralik A posteriori error estimates and adaptive solvers 16 /22



Introduction Steady linear Darcy Adaptivity Multi-phase-compositional Darcy Conclusions

Mesh & pol. deg. Linear & nonlinear solvers Quantity of interest

Convergence and optimal decay rate wrt DoFs & computational cost
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Can we certify error in a practical case —V-(KVp) = f:

~
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Underground reservoir,
10th SPE test case
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Can we certify error in a practical case —V-(KVp) = f: outflow error
2000 KV (p — pr)-n| (goal functional)
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Q Introduction: context, motivation, and goals

Q Steady linear Darcy flow
@ Discretization
@ A posteriori error estimate
@ Numerical experiments

o Adaptivity: mesh, polynomial degree, linear solvers, nonlinear solvers
@ Mesh and polynomial degree
@ Linear and nonlinear solvers
@ Errorin a quantity of interest

° Unsteady multi-phase multi-compositional Darcy flow
O Conclusions
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Two-phase flow

Incompressible two-phase flow in porous media
Find saturations s, and pressures p,, o € {g,w}, such that

kl“()! SW
O1(¢8a) — V- <’()K(Vpa 4= pagV2)> — el a € {g,w},
Sg + Sy = 1,
Pe — Pw = Pe(Sw)

@ unsteady, nonlinear, and degenerate problem
@ coupled system of PDEs & algebraic constraints
@ sharp evolving fronts

erc
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Space/time/nonlinear solver/linear solver adaptivity

4441

3330

2220

1110

o
Fa-a k]

025 05 0.75 1

Spatial unknowns vs time

025 05 0.75 1

GMRes rel. res. vs time (log)

Martin Vohralik

Fully adaptive computation

120

10000

7500

5000

2500

GMRes iterations vs time

Newton iterations vs time

Time steps vs time

A posteriori error estimates and adaptive solvers

0 025 05 0.75

0 025 05 0.75

19/22



Introduction Steady linear Darcy Adaptivity Multi-phase-compositional Darcy Conclusions

3 phases, 3 components (black-oil) problem: permeability

Permeability X,Y Permeability 2z

4.910e-12 Je-11 2e-11 4.9106-11 2.450e-12 4e-12 5.5e-12 7e-12  8.580e-12
[RENEREE
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3 phases, 3 components (black-oil) problem: gas saturation and a
posteriori estimate

Gas saturation AMRError

1.209e-01 0.31 0.5 0.68 8.709e-01
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3 phases, 3 components (black-oil): alg. solver & mesh adaptivity
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sh adaptivity

3 phases, 3 components (black-oil): alg. solver & me
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Conclusions

@ a posteriori estimates: error control, unified framework for different schemes,
robustness with respect problem parameters and approximation polynomial
degree, fast evaluation of the estimators, polygonal/polyhedral meshes

o full adaptivity: linear solver, nonlinear solver, time step, space mesh (hp)
@ intrinsically leads to mass balance recovery in any situation
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Conclusions

@ a posteriori estimates: error control, unified framework for different schemes,
robustness with respect problem parameters and approximation polynomial
degree, fast evaluation of the estimators, polygonal/polyhedral meshes

o full adaptivity: linear solver, nonlinear solver, time step, space mesh (hp)
@ intrinsically leads to mass balance recovery in any situation
Ongoing work
@ convergence and optimality proofs
@ application to challenging porous media problems
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Conclusions

Conclusions

@ a posteriori estimates: error control, unified framework for different schemes,
robustness with respect problem parameters and approximation polynomial
degree, fast evaluation of the estimators, polygonal/polyhedral meshes

o full adaptivity: linear solver, nonlinear solver, time step, space mesh (hp)
@ intrinsically leads to mass balance recovery in any situation
Ongoing work
@ convergence and optimality proofs
@ application to challenging porous media problems

Thank you for your attention!
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