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Basis dependency

Finite elements
Find uy € V, := P,(T)) N H{(£2) such that

(Vuy,Vv) = (f,v) vv e V.

functional formulation

Algebraic problem
Find Uy € RIYI such that
AJUJ = FJ.
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Basis dependency

Finite elements
Find uy € V, := P,(T)) N H{(£2) such that

(Vuy,Vv) = (f,v) vv e V.

functional formulation

Algebraic problem
Find U, € RIY!I such that
AJUJ = FJ.
Basis-depenent
sparsity, condition number, ...

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 2/ 41



Introduction
@ Basis dependency
@ Moments and orthogonal decomposition
@ Line search
Stable patchwise decomposition (p-robust)
Stable levelwise decomposition (p = 1)
A posteriori error localization and adaptivity
@ p-robust multigrid in the H' setting
@ Solver
@ Numerical results
@ Adaptive number of smoothing steps and adaptive local smoothing
O p-robust multigrid and domain decomposition in the H(div) setting
@ Solvers
@ Numerical results

Q Conclusions and future directions

® 66 ¢




p=5+x+x2




p=5+x+x2

2 @, msTiror
. D B e
77
]
FENTE




p=po+t 1

p=5+x+x2

2 @, msTiror
. D B e
77
]
FENTE




= po+ 1+ p2
b= 24 x4t p=po+pi+p

1

2 @, msTiror
. D B e
77
]
FENTE




p:§+X+X2 p = po+ pi+p2

1




1 H setting  H(div) setting C Basis dependency Moments Line search Patchwise decomposition Levelwise decomposition Error localization

Moments, orthogonal decomposition

p = po-+p1+p2
2
Ipl1Z = > ollofl?

po =1

ool

p=5+x+x2

W=
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Moments, orthogonal decomposition, nonsymmetry

p = po-+p1+p2
2
Ipl1Z = > ollofl?

po =1

N

p=5+x+x°

From coarsest (most important) to finest (details) /- & © 5w
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Multigrid setting

meshes
@ 7y, uniformly or adaptively refined ;
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Multigrid setting

Hierarchy of meshes {7}o<j<y
@ 7y, uniformly or adaptively refined ;

KOS
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Multigrid setting

Hierarchy of meshes {7;}o<j<,

@ 7o, uniformly or adaptively refined : s
@ 7 is quasi-uniform
@ all 7; are shape-regular =

@ maximum strength of refinement between 7;_y and 7; X
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Multigrid setting

Hierarchy of meshes {7}o<j<y
@ 7y, uniformly or adaptively refined ;

@ 7 is quasi-uniform
@ all 7; are shape-regular <
@ maximum strength of refinement between 7;_; and 7;

%0

KOS

Hierarchy of increasing polynomial degrees
For given p > 1, let

=Po<p1=p2=...<py=
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Multigrid setting
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KOS

Hierarchy of increasing polynomial degrees
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Multigrid setting

Hierarchy of meshes {7}o<j<y
@ 7o, uniformly or adaptively refined : s
@ 7 is quasi-uniform :
@ all 7; are shape-regular =
@ maximum strength of refinement between 7;_; and 7; S
Hierarchy of increasing polynomial degrees
For given p > 1, let
=Po<p1=p2=...<py=
Hierarchy of nested spaces
Vi == Pp.(T;) N HY (£2).
3= Po(T) N Ho(£2) =Po=P1=...Py—1, Py = 7s
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Coarse-grid moment
. . .
py € Vo such that (Vph, Vvg) = (f,vo) — (VU, Vo) Yvo €V

J ~ J

globmifting initial alget;r;ic residual
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u', € V,;: moments

Coarse-grid moment
. , ,
Po ~ VO such that (V,Oé), VVO) — (f’ VO) _ (Vu!/, VVO) VVO - VO

global lifting initial algebraic residual

Level 1 moment
p € V4, the solution of

(Vp1, V) = (f,v1) = (V(U) + pp), Vi) Vg € V,

global lifting current algebraic residual
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u', € V,;: moments

Coarse-grid moment
i . ,
Po € VO such that (V,O6, VV()) = (f, Vo) — (VULII, VVO) VVQ S VO

globaﬁrlifting initial algebraic residual

Level j moments
p, € Vj, 1 < j < J, the solutions of

j—1
(Vo, V) =(Fv) = (VU +D ok |, VY] VeV
S— k=0

global lifting

~
current algebraic residual
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u', € V,;: moments

Coarse-grid moment
. , ,
po € Vosuehthat g 1 vy — (£, v) — (VUi Vo) Vv € Vo

globaﬁrlifting initial algebraic residual
Level j moments: impractical

pl € Vj, 1 <j < J, the solutions of

j—1
(Vo, V) =(Fv) = (VU +D ok |, VY] VeV
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global lifting

~
current algebraic residual
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u', € V,;: moments

Coarse-grid moment
. , ,
po € Vosuehthat g 1 vy — (£, v) — (VUi Vo) Vv € Vo

globaﬁrlifting initial algebraic residual
Level j moments: impractical

pl € Vj, 1 <j < J, the solutions of

j—1
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u', € V;: moments, decomposition

Coarse-grid moment
i . ,
Po € VO such that (V,O6, VV()) = (f, V()) — (VULII, VVO) VVQ S VO

globaﬁrlifting initial algebraic residual
Level j moments: impractical

pl € Vj, 1 <j < J, the solutions of

j—1
i _ i i
(Vo V) = (Fv) = (V[ Uh+ D nk |,V ] VeV,
N k=0
global lifting ~
current algebraic residual
decomposition

J

i '

vy =uf T =uh+ > gl
j=0
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u', € V;: moments, orthogonal decomposition

Coarse-grid moment
i . ,
Po € VO such that (V,O6, VV()) = (f, Vo) — (VULI/, VVO) VVQ S VO

globaﬁrlifting initial algebraic residual
Level j moments: impractical

pl € Vj, 1 <j < J, the solutions of

j—1
(Vo V) = (f,v) = [ V{W+D_nk |, Vv | VeV
S— k=0

global lifting

current aIgeI)rraic residual
Orthogonal decomposition
J

1. j i 1412 2 2
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N———
error decrease
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u', € V,;: moments, orthogonal decomposition, nonsymmetry

Coarse-grid moment
i . ,
Po < VO such that (V,O6, VV()) = (f, Vo) — (VULI/, VVO) VVQ € VO

globaﬁrlifting initial algebraic residual
Level j moments: impractical

pj € Vj, 1 < j < J, the solutions of

j—1
(Vo V) = (Fv) = (V[ Uh+ D nk |,V ] VeV,
k=0

global lifting

current aIgeBrraic residual
Orthogonal decomposition

J J
1 . . N2 . .
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N———
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Line search in multigrid

@ current approximation /; := U/, + >, Al g,
@ j-level update (descent direction): /)j’-
Lemma (Line search )

error |V (uy — (), + AP
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Line search in multigrid

@ current approximation /; := U/, + >, Al g,
@ j-level update (descent direction): pj’.
Lemma (Line search )

minimize the error ||V (uy — (U}, + Ap}))||? over all possible \ € R
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Line search in multigrid

@ current approximation /; := U/, + >, Al g,

@ j-level update (descent direction): /);
Lemma (Line search )
The choice - (f, p//j) _ (VUQ,H : ij/j)

N o= :
j RE

minimizes the error ||V (uy — (u),;_; + Ap}))||? over all possible \ € R
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Line search in multigrid

@ current approximation /; := U/, + >, Al g,

@ j-level update (descent direction): /);
Lemma (Line search )
The choice - (f, p//j) _ (VUQ,H : ij/j)

N o= :
j RE

minimizes the error ||V (uy — (u),;_; + Ap}))||? over all possible \ € R

Proof. (Minimization of a quadratic function R — R).

1V (g — (U jg + AP = 11V (g — o) IZ =27 (Y (uy = Ul 1), Vi) =22 V2

(f7pjl:)7(vu‘ij,l'_1 ,VP;)
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Line search in multigrid

@ current approximation /; := U/, + >, Al g,

@ j-level update (descent direction): p!
Lemma (Line search: error decrease Pythagoras formula)
The choice - (f, p/{) _ (VUQ,H : Vpl/j)

N o= :
j RE

minimizes the error ||V (uy — (u),;_; + \p}))||? over all possible \ € R and gives

19wy — (1 + NP = 19w =ty )IP— IV

TV
new error old error computable decrease

\,

Proof. (Minimization of a quadratic function R — R).
1V (g = (Ul oy + 2D = 1V (=t )IZ =27 (V(uy = U] j4), Vo)) 22 Vg 1?

(f7p})7(vu‘ij,l'_1 ,VP;)

€
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Moments and line search in multigrid

Impractical global lifting

J
i+1\(12 i\ (12 i12
0= [V(uy— M7 = V(= u))I” =D IVel”-
new error old error j=0
———
error decrease

eela— 2
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Moments and line search in multigrid

Impractical global lifting

0= V(uy—ujI? = |IV(u— u))IF” - Z IV alI° -

new error old error j=0
———
. error decrease
Line search

J 2

112 2 j i
IV (uy = uIP = IV (ug = DI =D (Ve

new error old error j=0

S \2
error decrease (nzlllg)

~ A
.
7 A0 | @k woue
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Moments and line search in multigrid

Impractical global lifting

0= V(uy—ujI? = |IV(u— u))IF” - Z IV alI° -

new error old error j=0
error decrease
Line search:
J
0 [V (uy = uf )P = 19 (us = )IE = 3 (VIVAl)”
new error old error /=0

S \2
error decrease (nzlllg)

~ Ale
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7 A |
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Moments and line search in multigrid

Impractical global lifting

0= V(uy—ujI? = |IV(u— u))IF” - Z IV alI° -

new error old error j=0
error decrease
Line search:
J
0 [V (uy = uf )P = 19 (us = )IE = 3 (VIVAl)”
new error old error /=0

S \2
error decrease (77;'.1g)

Guaranteed a posteriori error estimate on the algebraic error

s

Mg < IV(Uy — uy)| - NP—
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Moments and line search in multigrid

MG(p,p)-J: MG with » pre-smoothing
and p post-smoothing by Jacobi
(diagonal, symmetric)
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Moments and line search in multigrid

MG(p,p)-J: MG with » pre-smoothing
and p post-smoothing by Jacobi
(diagonal, symmetric)

uy, €V, ule Vv,

5 T YT G

Ta: od@ e @

Ti: R S

S Y SR
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Moments and line search in multigrid

MG(p,p)-J: MG with p pre-smoothing MG(0,1)"-J: MG with 0 pre-smoothing and 1

and p post-smoothing by Jacobi post-smoothing (moments) by Jacobi (diagonal,
(diagonal, symmetric) nonsymmetric) and line search on each level
uy, €V, ule Vv,
[ Y YR SO

To: @ @
Ti: @
S Y SR
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Moments and line search in multigrid

MG(p,p)-J: MG with p pre-smoothing MG(0,1)"-J: MG with 0 pre-smoothing and 1

and p post-smoothing by Jacobi post-smoothing (moments) by Jacobi (diagonal,
(diagonal, symmetric) nonsymmetric) and line search on each level
ul eV, ule Vv, u eV, uifle Vv,
[ Y YR SO U T qm—

line search

Ta: od@ e @ To: e @

1 line search

Ti: Y Ti: el s

1 line search

S Y SR To:  eeeeeeeeoeeeeeeeeeeneeneenens

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 9/ 41




1 H setting  H(div) setting C Basis dependency Moments Line search Patchwise decomposition Levelwise decomposition Error localization

Moments and line search

Sine Peak L-shape

J|p MG(0,1)"-J|MG(p,p)-J MG(0,1)"-J|MG(p,p)-J MG(0,1)"-J|MG(p,p)-J
411 19 11 10 8 33 20

2 32 19 21 24 63 102

4 101 160 47 - 145 -

6 893 - 393 - 2484 -
511 20 20 10 9 33 25

2 34 - 20 26 64 104

4 77 - 66 - 56 -

6 856 - 403 - 2485 -
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Moments and line search

Sine Peak L-shape
J|p||MG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J|[MG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J|[IMG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J
41 19 19 11 10 10 8 33 33 20

2 19 32 19 13 21 24 34 63 102
4 20 101 160 14 47 - 36 145 -
6 20 893 - 14 393 - 36 2484 -
51 20 20 20 10 10 9 33 33 25
2 20 34 - 13 20 26 33 64 104
4 20 77 - 14 66 - 33 56 -
6 20 856 - 14 403 - 33 2485 -

@ MG(0,1)"~bJ: MG with 0 pre-smoothing and 1 post-smoothing (moments) by
block Jacobi and line search on each level (the economical choice

Po=p1=...py-1=1)
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Moments and line search

Sine Peak L-shape
J|p||MG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J|[MG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J|[IMG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J
41 19 19 11 10 10 8 33 33 20

2 19 32 19 13 21 24 34 63 102
4 20 101 160 14 47 - 36 145 -
6 20 893 - 14 393 - 36 2484 -
51 20 20 20 10 10 9 33 33 25
2 20 34 - 13 20 26 33 64 104
4 20 77 - 14 66 - 33 56 -
6 20 856 - 14 403 - 33 2485 -

@ MG(0,1)"~bJ: MG with 0 pre-smoothing and 1 post-smoothing (moments) by
block Jacobi and line search on each level (the economical choice
Po=p1=...py—1=1)

@ the usual requirement of “sufficient number of smoothing steps” (unknown

parameter in practice) is avoided Loveia 2
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Moments and line search & block Jacobi: 1 post-smoothing sufficient

Sine Peak L-shape
J|p||MG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J|[MG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J|[IMG(0,1)"-bJ|MG(0,1)"-J|MG(p,p)-J
41 19 19 11 10 10 8 33 33 20

2 19 32 19 13 21 24 34 63 102
4 20 101 160 14 47 - 36 145 -
6 20 893 - 14 393 - 36 2484 -
51 20 20 20 10 10 9 33 33 25
2 20 34 - 13 20 26 33 64 104
4 20 77 - 14 66 - 33 56 -
6 20 856 - 14 403 - 33 2485 -

@ MG(0,1)"~bJ: MG with 0 pre-smoothing and 1 post-smoothing (moments) by
block Jacobi and line search on each level (the economical choice
Po=p1=...py—1=1)

@ the usual requirement of “sufficient number of smoothing steps” (unknown

parameter in practice) is avoided Loveia 2
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p-robust stable decomposition on 7, (additive Schwarz/block Jacobi)

Schoberl, Melenk, Pechstein, & Zaglmayr (2008)

o veP,(Ty)NH ()
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p-robust stable decomposition on 7, (additive Schwarz/block Jacobi)

Schoberl, Melenk, Pechstein, & Zaglmayr (2008)

o veP,(Ty)NH ()
@ verticesa eV,
@ decomposition v = v, + )

Vo € P1(Ty) N HI(£2)
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p-robust stable decomposition on 7, (additive Schwarz/block Jacobi)

Schoberl, Melenk, Pechstein, & Zaglmayr (2008)

e - -
\’/ \aj/ ds U7
"4
o veP,(Ty)NH ()
@ verticesa eV,
@ decomposition v = v, + Z Va ,
acyy

Vo € Pi(Ty) NHI(R2) , va € Po(Ta) N HY (w3)
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p-robust stable decomposition on 7, (additive Schwarz/block Jacobi)

Schoberl, Melenk, Pechstein, & Zaglmayr (2008)

\_/ \\\ \aj/ g

o veP,(Ty)NH ()

@ verticesac ),

e decomposition v = v + Z Va=Vo+ Vo + Vo + Va, + Va, + Va. + Vo + Va,
acyy

Vo € Pi(Ty) NHI(R2) , va € Po(Ta) N HY (w3)
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1 H setting  H(div) setting C Basis dependency Moments Line search Patchwise decomposition Levelwise decomposition Error localization

p-robust stable decomposition on 7, (additive Schwarz/block Jacobi)

Schoberl, Melenk, Pechstein, & Zaglmayr (2008)

\‘/ (~~~ \aj/ ”’a5

o veP,(Ty)NH ()
@ verticesac ),
@ decomposition v = v, + Z Va= Vo + Va + Vo + Va, + Va, + Vag + Vo, + Vay,
acyy
vo € Pi(Ty)N Hg(fz) , Va € Po(Ta) N Hg(wg)
@ p-stable:
2 2 2
IVl + D [VvaliZs < Vvl

acyy P
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1 H setting  H(div) setting C Basis dependency Moments Line search Patchwise decomposition Levelwise decomposition Error localization

p = 1 stable decomposition by levels x. cren anocnetio (2009)

XIT];

® veP(Ty)NHI(RN)

- J
% T @ decomposition v =1+ > Y vja, g € P1(To) N H(12),

j=1aey;

Via € P4 (7?) N Ha (w}’)
o o J-stable:

Ti:

J
I Vvl +> D IIVvia

j=1 acy
To: !

2 < Vvl
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1 H setting  H(div) setting C Basis dependency Moments Line search Patchwise decomposition Levelwise decomposition Error localization

A posteriori error localization and adaptivity

Moments, line search

J
i+1y(2 i\2 i i\ 2
19— dIE [ - G- 3 ()
new error old error j=0

S \2
error decrease (n;,ﬂg)
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A posteriori error localization and adaptivity

Moments, line search
J

IV = a5 IP = [V (s = uh)IF > (V)

J=0

new error old error

S \2
error decrease (n;,ﬂg)

)‘IvajHZ (f pj) (vuf/,j—1 ) ijl) = Z {(fv p;,a)wl@'_(vu‘i/,j—1 ) ijl:,a)w?}
aEVj
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1 H setting  H(div) setting C Basis dependency Moments Line search Patchwise decomposition Levelwise decomposition Error localization

A posteriori error localization and adaptivity

Moments, line search, and block Jacobi
J

IV = a5 IP = [V (s = uh)IF > (V)

J=0

new error old error

S \2
error decrease (n;,ﬂg)

/\’HV/O_/HZ (f pj) (vu;i/,j—hvf)]’:) = Z {(fvp;:,a)wf vUJ] 1>Vp]a } ZHija”z

acy; acy;

el
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A posteriori error localization and adaptivity

Moments, line search, and block Jacobi

IV (uy = UG = |V (g = up)I” V)l ZA’ > IVhjalle

aey;

new error old error j=1

S \2
error decrease (Wélg)

NIVAIIE = (£, ) (V) 1, Vo) = D {(f, pa)es—(VUy 1, Vija)us} = ZHVP,aHQ

acy acy

el
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A posteriori error localization and adaptivity

Moments, line search, and block Jacobi:

IV (uy = UG = |V (g = up)I” V)l ZA’ > IVhjalle

aey;

new error old error j=1

S \2
error decrease (n;lg)

NIVAIIE = (£, ) (V) 1, Vo) = D {(f, pa)es—(VUy 1, Vija)us} = ZHVp]aHQ

acy; acy;

el
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A posteriori error localization and adaptivity

Moments, line search, and block Jacobi:

IV (uy = UG = |V (g = up)I” V)l ZA’ > IVhjalle

aey;

new error old error j=1

S \2
error decrease (n;lg)

NIVAIIE = (£, ) (V) 1, Vo) = D {(f, pa)es—(VUy 1, Vija)us} = ZHVp]aHQ

acy; acy;

o over and

el
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1 H setting  H(div) setting C Basis dependency Moments Line search Patchwise decomposition Levelwise decomposition Error localization

A posteriori error localization and adaptivity

Moments, line search, and block Jacobi:

IV (uy = usHI17 = V(g — u)I IV epll” — ZA’ > IVhjalle

aey;

new error old error j=1

S \2
error decrease (n;lo)

NIVOjIZ = (£, ) =(V U1, Vp)) = Z{fpja)w (Ve 1>VP]a af = ZHVp]aHZ

acy; acy;

° over and
@ bulk-chasing criterion: #-fraction of the error

@ solver adaptivity (possibly on top of mesh adaptivity):
and
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| H setting H(div) setting C Solver Numerical results  Adaptivity

Multigrid for high-order finite elements

Line search
@ Heinrichs (1988)
Tensor-product meshes
@ Quarteroni & Sacchi Landriani (1988), Pavarino (1994), ..., Antonietti, Sarti,
Verani, & Zikatanov (2017), Pazner & Kolev (2022), ...

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 14 /41



| H setting H(div) setting C Solver Numerical results  Adaptivity

Multigrid for high-order finite elements

Line search
@ Heinrichs (1988)
Tensor-product meshes
@ Quarteroni & Sacchi Landriani (1988), Pavarino (1994), ..., Antonietti, Sarti,
Verani, & Zikatanov (2017), Pazner & Kolev (2022), ...
Simplicial meshes
@ Mandel (1990), Babuska, Craig, Mandel, & J. Pitkaranta (1991), Ainsworth
(1996), ..., Antonietti & Pennesi (2019)

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 14 /41



| H setting H(div) setting C Solver Numerical results  Adaptivity

Multigrid for high-order finite elements

Line search
@ Heinrichs (1988)
Tensor-product meshes
@ Quarteroni & Sacchi Landriani (1988), Pavarino (1994), ..., Antonietti, Sarti,
Verani, & Zikatanov (2017), Pazner & Kolev (2022), ...
Simplicial meshes
@ Mandel (1990), Babuska, Craig, Mandel, & J. Pitkaranta (1991), Ainsworth
(1996), ..., Antonietti & Pennesi (2019)

-robust solver/preconditoner on simplicial meshes
Schéberl, Melenk, Pechstein, & Zaglmayr: p-robust stable decomposition on7
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Multigrid for high-order finite elements

Line search
@ Heinrichs (1988)
Tensor-product meshes
@ Quarteroni & Sacchi Landriani (1988), Pavarino (1994), ..., Antonietti, Sarti,
Verani, & Zikatanov (2017), Pazner & Kolev (2022), ...
Simplicial meshes
@ Mandel (1990), Babuska, Craig, Mandel, & J. Pitkaranta (1991), Ainsworth
(1996), ..., Antonietti & Pennesi (2019)

-robust solver/preconditoner on simplicial meshes
Schéberl, Melenk, Pechstein, & Zaglmayr: p-robust stable decomposition on7

J-robust solver on graded simplicial meshes
Xu, Chen, & Nochetto: p = 1-stable decomposition by levels
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@ V-cycle geometric multigrid



I H! setting H(div) setting C Solver Numerical results  Adaptivity

V(0,1)-cycle multigrid

ufy €V, ute v,

g

______________ 1

A

shab

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
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I H! setting H(div) setting C Solver Numerical results  Adaptivity

V(0,1)-cycle multigrid

1

uly eV, uitt = ) +]i:o )\;p; ev; Mg = (;0 (A_’;HVp;H)?) 2
Y Se— T
Ta:
Ti: @ ---
AN S

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step

p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 15/ 41
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I H! setting H(div) setting C Solver Numerical results  Adaptivity

V(0,1)-cycle multigrid

) ) ) Joo ) J o o3
GEV, Wt =ui+ LN €Y, e = (3 (VA7)
J= J=
Tr: @ T
Ta:
T o —

UN To: e ph = coarse residual solve {r} €Vy; My=1€eR

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest P; coarse solve
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V(0,1)-cycle multigrid

) ) o d . N S22
GEV, Wt =ui+ LN €Y, e = (3 (VA7)
J= J=
Tr: @ T
Ta:
Ti:
N7 ) ph = coarse residual solve {r} €V, ; My=1€R
|\ )

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest P; coarse solve
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I H! setting H(div) setting C Solver Numerical results  Adaptivity

V(0,1)-cycle multigrid with block-Jacobi smoothing

1

N

) ) Jooo )
uy €V; ujtt =l + Zo Aipy €V Talg = ( )
j= =

Tr:

................ 1.

Ta:

T 401 = smoothing pat.sh?f..{. ....... : @ g}e%

T ) pé = coarse residual solve {r} eV, ; AZ) =1eR
ot e { |

@ V-cycle geometric multigrid

@ zero pre- and a single post-smoothing step

@ cheapest P; coarse solve

@ additive Schwarz/block-Jacobi smoothing /)/’3
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I H! setting H(div) setting C Solver Numerical results  Adaptivity

V(0,1)-cycle multigrid with block-Jacobi smoothing

. . o d ) J 1
uh €V, ui = i ZO Niph €V, Mg = ( ZU (A_‘,HW;H)Z)
Jj= j=
R Y. OO
R e B - T
T pt = smoothing patches {%X7 ;.,,;@;...; ¥E€V1
B Ui = | N 4N ) it i

T ) pé = coarse residual solve {r} eV, ; AZ) =1eR
ot e { |

@ V-cycle geometric multigrid

@ zero pre- and a single post-smoothing step

@ cheapest P; coarse solve

@ additive Schwarz/block-Jacobi smoothing /)/’3: fully parallel on each level
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V(0,1)-cycle multigrid with block-Jacobi smoothing

. ) ) Jooo ) J 1
uly €V, st =) +ZO Niph €V, Mg = ( ZU (Niveil) )
Jj= j=
R Y. OO
R e B - T
T pl—smoothlng patches {%X7 ;...;@;m; %Eevl ;)\ﬁGR
1 B | NV < N I~ E 7
PaNE ¥ ) pé = coarse residual solve { r} eV, ; AZ) =1eR
{ )

@ V-cycle geometric multigrid

@ zero pre- and a single post-smoothing step

@ cheapest P coarse solve

@ additive Schwarz/block-Jacobi smoothing p’ fully parallel on each level
@ level-wise step-sizes )\’ in correction stage

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 15/ 41



I H! setting H(div) setting C Solver Numerical results  Adaptivity

V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

. . o d J 1
uh €V, uitt = i, + X €V g = ( o) (N I94i)?)
J= =
R Y. OO
R e B - T
T pl—smoothlng patches {%%7 ;...;@;m; %Eevl ;)\ﬁGR
1- B | NV < N I~ E 7
PaNE ¥ ) pé = coarse residual solve { r} eV, ; AZ) =1eR
{ )

@ V-cycle geometric multigrid

@ zero pre- and a single post-smoothing step

@ cheapest P; coarse solve

@ additive Schwarz/block-Jacobi smoothing p’ fully parallel on each level

@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

) ) ) Jooo J 1
uy €V, utt =l +ZO ANipy €V Mg = ( Z (A}HVPHDZ)
i= =
I T O
Ta: L
T ) pl—smoothlng patches {%%7 ;...;@;m; %Eevl ;)\ﬁGR
1- B | NV < N I~ E 7
N 76 ) ph = coarse residual solve {r} €V, ; My=1€R
\ )

@ V-cycle geometric multigrid

@ zero pre- and a single post-smoothing step

@ cheapest P; coarse solve

@ additive Schwarz/block-Jacobi smoothing p’ fully parallel on each level

@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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| H' setting H(div) setting C

Solver Numerical results  Adaptivity

V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

ul € Vv,

T

: L
uit = ug+zo Niph eV,
i=

J 1
e = (33 (SIVA51D°)°

Ta:

Ti:

VN Ty

) o=

D
———
m
=
=
m
iz

coarse residual solve { r} eV, ; >\6 =1eR
{ )

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest P; coarse solve

@ additive Schwarz/block-Jacobi smoothing /)’ fully parallel on each level

@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

. J 1
uy €V; “f = uY +Z >‘7 Py ev; Nalg = ( 2 (A}HVﬂHDZ) ’

=0
T, p]—smoothlng patches{ ;@;m;
J: F N I Y /O NOOUO  Ns R )< U LA DN )< B

Ta:

VN Ty

T ) pl—smoothlng patches {%%7 7%
1 f@ Lo AL D NI TR B B N

@ V-cycle geometric multigrid
@ zero pre- and a single post-smoothing step
@ cheapest P; coarse solve

) ph = coarse residual solve {r} eVo; M=1€R
{ )

@ additive Schwarz/block-Jacobi smoothing /)’ fully parallel on each level
@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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Let U/, € V, be arbitrary.
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Functional writing

Let v/, € V, be arbitrary.

Coarse solve: Define ph € Vo by (Vph, Vo) = (f, vo) — (VU), Vo) Vg € V.

/

global lifting initial alget;rraic residual
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Functional writing

Let v/, € V, be arbitrary.

Coarse solve: Define p) € Vo by (Vph, V) = (f,vo) — (VU), Vo) Vv € V.

global lifting initial alget;rraic residual

Patchwise smoothing: For 1 <j < Jand all a € V;, define p]':,a € Vf" by

. . -1
(VP/I}aa vvj,a)wf = (fyvj,a)wf - <V<UL’J + E k=0 kpk):vvj,a>wa VVja € Vja-
j

local lifting

current local algebraic residual
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Functional writing
Let v/, € V, be arbitrary.

Coarse solve: Define p) € Vo by (Vph, V) = (f,vo) — (VU), Vo) Vv € V.

global lifting initial alget;rraic residual

Patchwise smoothing: For 1 <j < Jand all a € V;, define p]’i,a € Vf" by

. . -1
(VP/I}aa vvj,a)wf = (fyvj,a)wf - <V<UL’J + E k=0 kpk)’vvj,a>w‘a VVja € Vja-
j

local lifting

current local algebraic residual

j-level update (descent direction): Define pj € Vi by pf :=> pf,.
aGVj
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Functional writing
Let v/, € V, be arbitrary.

Coarse solve: Define p) € Vo by (Vph, V) = (f,vo) — (VU), Vo) Vv € V.

global lifting initial alget;rraic residual

Patchwise smoothing: For 1 <j < Jand all a € V;, define p]’i,a € Vf‘ by

. . -1
(VP/I}aa vvj,a)wf = (fvvj,a)wf - <V(UL’J + E k=0 kpk)avvj,a)u‘a VVja € Vja-
j

local lifting

current local algebraic residual

j-level update (descent direction): Define pj € Vi by pf :=> pf,.
aGVj
. . _1 . . .
(. p)) = (V(U}) + ko M) Vo))
P2
et
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Functional writing v/, " = u!, + > 7 o \lp]
Let v/, € V, be arbitrary.

Coarse solve: Define p) € Vo by (Vph, V) = (f,vo) — (VU), Vo) Vv € V.

global lifting initial alget;rraic residual

Patchwise smoothing: For 1 <j < Jand all a € V;, define p]’i,a € Vf‘ by

. . -1
(VP/I}aa vvj,a)wf = (fyvj,a)wf - <V(UL’J + E k=0 kpk)avvj,a>w‘a VVja € Vja-
j

local lifting

current local algebraic residual

j-level update (descent direction): Define pj € Vi by pf :=> pf,.
aGVj
. . _1 . . .
(. p)) = (V(U}) + ko M) Vo))
. 2 -
et
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Main results

Theorem (p-robust error contraction of the multilevel solver)

There holds

IV (uy = uff DI < ol V(uy = u)l
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Main results

Theorem (p-robust error contraction of the multilevel solver)
There holds

IV (uy = U NI < ol V(uy = uh)l

A

Theorem (p-robust reliable and efficient bound on the algebraic error)
There holds 1}y, < ||V (uy — u})|| and

g = AV (us = uj)ll, B=v1_a2
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Main results

Theorem (p-robust error contraction of the multilevel solver)
There holds

IV (uy — UH)) < ol|V(uy = d), 0 < a(kr,d,J) < 1.

A

Theorem (p-robust reliable and efficient bound on the algebraic error)
There holds 1}y, < ||V (uy — u})|| and

Mg = AV (us = uj)ll, B=V1-a?

@ «is independent of the polynomial degree
@ the dependence on J is at most linear under minimal H'-regularity
@ complete independence of J is obtained under H?-regularity
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Main results

Theorem (p-robust error contraction of the multilevel solver)

There holds
IV (uy — UH)) < ol|V(uy = d), 0 < a(kr, d,J) < 1.

Theorem (p-robust reliable and efficient bound on the algebraic error)
There holds 1}y, < ||V (uy — u})|| and

e = BV (uy — uh)ll, B=v1-a2

@ «is independent of the polynomial degree
@ the dependence on J is at most linear under minimal H'-regularity
@ complete independence of J is obtained under H?-regularity

@ recent extension (Miragi, Praetorius, Schimanko, & Streitberger): smoothing
near refined elements only and independence of J in H' S
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5 test cases

Sine: u(x,y) = sin(2rx)sin(2ry), 2 :=(—1,1)?
Peak: ux,y) = x(x = Dy(y — 1)e” ‘°°<(X*°-5>2*(Y*°~117)2), 2:=(0,1)2
L-shape: u(r,0) = r?3sin(20/3), 2= (—1,1)2\([0,1] x [-1,0])

Checkerboard u(r, o) = u(e), 2:=(—1,1)>?

r2e6

with jump in the diffusion coefficient 7 (K) = O(10°) or no jump

-1
Skyscraper: unknown analytic solution, £2:=(0,1)?
: with jump in the diffusion coefficient j(K) = 0(107) or j(K) _ 0(1)

1e7 -
P
1 . A | @

0 1 7/ 7 B
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Confirmation of p-robustness: contraction factors

L-shape problem, J = 3, p; = 1 (left) and p; = p (right), 1 <j < J

0.8 o 08¢
= _06
8061 S
8 &o4r
c c
204 ksl
§ J ——p=1 § 0.2F ——p=1
= ——p=3 = ——p=3
3 p=6 38 p=6
——p=9 ——p=9
0.2 : : ‘ ‘ ‘ ‘ ‘ : : :
0 5 10 15 20 25 30 0 5 10 15 20
iteration iteration
1-1,p 1.p—p
62/ W’ wwwww
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Confirmation of p-robustness: iteration numbers

IFy — AU < 10-5 [Fy — AJUS|

Stopping criterion: L ———
IE|l [IF|l

The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7s.

Sine Peak L-shape Checkerboard Skyscraper
K=/ K=/ K=/ K=/ JK)=0(109 | JK)=0(1) | JK)=0(107)
1=>1,pl,p—pli—=1pl,p—p|i—=1,p1,p—p|1—1p1,p—=plil=1p|l,p—=p|i—=1,pl,p—p1—=1,p1,p—p
J| p|DoF ls s ls s s s s s ls s ls s s ls
3] 1] 2% 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1ed 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9| 1eb 31 14 30 14 23 9 23 9 23 9 26 10 26 10
411 | 6e* 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3| 6ed 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 2¢8 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5eb 32 14 31 15 23 9 22 9 23 9 25 9 25 9
&,’ 7 /,e‘\
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Confirmation of p-robustness: iteration numbers

IFy — AU < 10-5 [Fy — AJUS|

Stopping criterion: L ———
IE|l [IF|l

The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7s.

H?2-regular
Sine Peak L-shape Checkerboard Skyscraper
K=/ K=/ K=/ K=/ JK)=0(109 | JK)=0(1) | JK)=0(107)
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J| p | DoF ls s Is s s s s s Is s Is s s ls
3] 1] 2% 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1ed 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9| 1eb 31 14 30 14 23 9 23 9 23 9 26 10 26 10
411 | 6e* 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3| 6e® 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 2¢8 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5eb 32 14 31 15 23 9 22 9 23 9 25 9 25 9
lovede A
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Confirmation of p-robustness: iteration numbers

IFy — AU < 10-5 [Fy — AJUS|

Stopping criterion: e O ed7 s AN
[IEyl [IF|l

The mesh hierarchies here are obtained from J uniform refinements of an initial Delaunay mesh 7s.

H?2-regular H-regular
Sine Peak L-shape Checkerboard Skyscraper
K=/ K=/ K=/ K=/ JK)=0(109 | JK)=0(1) | JK)=0(107)
1=>1,pl,p—pli—=1pl,p—p|i—=1,p1,p—p|1—1p1,p—=plil=1p|l,p—=p|i—=1,pl,p—p1—=1,p1,p—p
J| p | DoF ls s Is s s s s s Is s Is s s ls
3] 1] 2% 19 19 19 19 21 21 18 18 18 18 19 19 19 19
3| 1ed 29 13 28 14 29 11 27 11 28 11 31 13 31 13
6 | 6e° 30 13 30 14 26 9 24 9 25 10 28 11 28 11
9| 1eb 31 14 30 14 23 9 23 9 23 9 26 10 26 10
411 | 6e* 21 21 20 20 21 21 19 19 19 19 19 19 19 19
3| 6e® 29 13 29 14 28 11 26 11 27 11 30 11 30 11
6 | 2¢8 31 13 30 14 25 9 24 9 24 9 27 10 27 10
9 | 5eb 32 14 31 15 23 9 22 9 23 9 25 9 25 9

Numerical K- and J-robustness observed even in low-regularity cases. B -
Creia— 55
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Tests for graded meshes and H'-regular solutions

L-shape, K=/,1,p—p
Joll i Jlpl[i - J || i
5/1||16  10{1||15 15[1||17

3|| 7 3|| 6 3|11
6|/ 6 6|/ 5 6|/ 5
9||5 9||5 9|| 4
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Tests for graded meshes and H'-regular solutions

L-shape, K=/,1,p—p
Joll i Jlpl[i - J || i
5/1||16  10{1||15 15[1||17

3|7 3|/ 6 3|[11
6/ 6 6/| 5 6/| 5
9||5 9/|5 9| 4

Checkerboard, J(K) = O(109,1,p — p

Jpl[ i Jlplli - Jp]l i
51][33 10[1|57 15/1][97
315 3|23 |[a[js2
612 le[15  |6]|20
o1t o[tz |15
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Tests for graded meshes and H'-regular solutions

L-shape, K=/,1,p—p
Joll i Jlpl[i - J || i
5/1||16  10{1||15 15[1||17

3|| 7 3|| 6 3|11
6|/ 6 6|/ 5 6|/ 5
9||5 9||5 9|| 4

Checkerboard, J(K) = O(109,1,p — p
Jplli Jplli Jfpli
5/1||3 10(1||5 15/1

3 7 97
3|[15 3|23 3|32
6([12 6([15 6(20
9|11 9|[12 9|[15

These H'-regular test cases indicate the possibility of linear J-dependence,
in accordance with the theoretical results.

A. Miragi, J. Papez, M. Vohralik, |. Yotov

s
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Three space dimensions

Test cases: uniform mesh refinement, 1 — 1, p, and J = 4.

Cube: 2 :=(0,1)3, Nested cubes: (2 := (—1,1), Checkers cubes: 2 := (0,1)°,
u(x,y,z) =x(x —1)y(y — 1)z(z - 1), unknown analytic solution, unknown analytic solution,
K=l K = /and 10° « /in (—0.5,0.5)3. K = Iand 10%+/in (0,0.5)°U(0.5, 1)°
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Three space dimensions

Test cases: uniform mesh refinement, 1 — 1, p, and J = 4.

Cube: 2 :=(0,1)3, Nested cubes: (2 := (—1,1), Checkers cubes: 2 := (0,1)°,
u(x,y,z) =x(x —1)y(y — 1)z(z - 1), unknown analytic solution, unknown analytic solution,

K=1 K = /and 10° « /in (—0.5,0.5)3. K = /and 10%/in (0,0.5)%U(0.5,1)°

rel. error eng. norm
rel. error eng. norm
=
o
o
rel. error eng. norm

,_.
1)
&

0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
iteration iteration iteration

4 Ao | @ e
A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 22/ 41



I H! setting H(div) setting C Solver Numerical results  Adaptivity

Three space dimensions

Test cases: uniform mesh refinement, 1 — 1, p, and J = 4.

Cube: 2 :=(0,1)3, Nested cubes: (2 := (—1,1), Checkers cubes: 2 := (0,1)°,
u(x,y,z) =x(x —Ny(y — 1)z(z - 1), unknown analytic solution, unknown analytic solution,
K=1 K = /and 10° « /in (—0.5,0.5)3. K = /and 10%/in (0,0.5)%U(0.5,1)°

10° 100

_ _ 107t 107!

3 31072 3

3 3 g0

o g 107 o

Z 2 21073
10-5 1074
10-6 10-°

0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
iteration iteration iteration
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Adaptive number of smoothing steps

Recall: ||V (uy — uj")I2 = [V (uy — U))IP = ooy (A IVl

uh €V, ute v, ul €V, uftev,
1 vy
1 Vs
e
1 vy
Non-adaptive Adaptive

Variable number of smoothing steps

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.

A. Miragi, J. Papez, M. Vohralik, |. Yotov
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Adaptive number of smoothing steps

Recall: ||V (uy — uj")I2 = [V (uy — U))IP = ooy (A IVl

uy €V, ’*IGVJ uy €V, ’“6\/J
1 vy
1 Vs
e
1 v
Non-adaptive Adaptive

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Riide. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010. - A
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Adaptive number of smoothing steps

Recall: ||V (uy — uj")I2 = [V (uy — U))IP = ooy (A IVl

uy €V, uftev, uy €V ufttev,
1 vy %
o
(v
v g
1 v 53
e
T 3
—_— 9 7
. 2
1 vi g
&
© o i va))® o
>
=0 =1 ji=2 =J
J J J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Riide. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010. - A

s
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Adaptive number of smoothing steps

Recall: ||V (uy — uj")I2 = [V (uy — U))IP = ooy (A IVl

uy €V uftev, uy €V, uiftev,
1 vy %
o
O
. L=
1 v 53
e
T 3
—_— 9 7
. 2
1 vi g
[T 1 2
o . 2 (K3 Ve 4])
- b)) } e ‘
>
j=0 j=1 j=2 j=4J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Riide. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010. .
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Adaptive number of smoothing steps

Recall: ||V (uy — uj")I2 = [V (uy — U))IP = ooy (A IVl
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L . o
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Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Riide. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010. .
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Adaptive number of smoothing steps

Recall: ||V (uy — uj")I2 = [V (uy — U))IP = ooy (A IVl
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Variable number of smoothing steps/multigrid cycles:

@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Riide. “Optimizing the number of multigrid cycles in the full multigrid
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Adaptive number of smoothing steps

Recall: ||V (uy — uj")I2 = [V (uy — U))IP = ooy (A IVl

uy €V uftev, uy €V, uiftev,
1 vy %
o
O
i S3 ;
1 v o3 vi=3
£ES HERES MY
’ ¢§ ocaicenna)?
. Ly ALKV L))
1 vi=3 g
] . \ 5
o . 2 (K3 Ve 4])
- b)) } e ‘
- >
j=0 j=1 j=2 j=4J
Non-adaptive Adaptive level

Variable number of smoothing steps/multigrid cycles:
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Adaptive number of smoothing steps

Recall: |V (uy — U512 = [V (s — 42 — S3_, (NIl

uy €V uftev, uy €V, uiftev,
1 vy 9
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Variable number of smoothing steps/multigrid cycles:
@ Bramble and Pasciak. “New convergence estimates for multigrid algorithms”. Math. Comp. 1987.
@ Thekale, Gradl, Klamroth, and Riide. “Optimizing the number of multigrid cycles in the full multigrid
algorithm.” Numer. Linear Algebra Appl. 2010. - —
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Checkerboard case, .7 (K) = O(10°), p = 3, J = 3, and spaces hierarchy 1,p — p.
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Local smoothing in adaptively-refined meshes

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
e Rude. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM 1993.
e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer 2009.
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Local smoothing in adaptively-refined meshes vs adaptive local smoothing on a given mesh hierarchy
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Recall: || V(uy —
marking ()H1V65 g %107
full n2s
smoothing 2
substep 15
—
; 1+ i 10
5

i 7+1 L+2
W \/ OVl

Non-adaptive Adaptive local smoothing

J
bulk-chasing criterion': 42 <HK%V%H2 +3 VDY HK%Vp;._aHié) < ¥ DS HK%ij_aHié
=1 ey, i jerm 7 aé, 7

Local smoothing in adaptively-refined meshes vs adaptive local smoothing on a given mesh hierarchy

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987

e Rude. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM 1993.

e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer 2009.
" Dérfler. “A convergent adaptive algorithm for Poisson’s equation”. SIAM J. Numer. Anal. 4’996“2,_

p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 26 / 41

5 T
Vo S

A. Miragi, J. Papez, M. Vohralik, |. Yotov



| H setting H(div) setting C Solver Numerical results Adaptivity

Adaptive local smoothing

. i+1 i i J i i
Recall: [|V(uy — uj™)[1? = IV (uy — )l = Vapl2 = 3o5ms N Xaey, HVP,’-,aHfJIa

uly uj! uj {
1 1
- »
1 1

Non-adaptive

marking (%)![1V5a 2 %107
full adaptive 725
smoothing smoothing 20
substep substep
—_— | —— 15
10

ig 1l
; i+
N 2

¥ uy “f]ﬂ
1 1
CDHIVALaly
| | r

Adaptive local smoothing

J
bulk-chasing criterion: 42 <HK§V%“2 +3 VDY HK%Vp;._aHié) < ¥ DS HK%ij_aHié
j=1 " acy; i JEM T acM; f

Local smoothing in adaptively-refined meshes vs adaptive local smoothing on a given mesh hierarchy

e Bai and Brandt. “Local mesh refinement multilevel techniques.” SIAM J. Sci. Statist. Comput. 1987.
e Rude. “Mathematical and computational techniques for multilevel adaptive methods.” SIAM 1993.
e Xu, Chen, and Nochetto. “Optimal multilevel methods for H(grad), H(curl), and H(div) systems on graded and unstructured grids”. Springer 2009.
"'Dérfler. “A convergent adaptive algorithm for Poisson’s equation”. SIAM J. Numer. Anal. #3986/ — 2= | ® i
26/ 41

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings



| H setting H(div) setting C Solver Numerical results Adaptivity

Does the adaptivity pay off?

Skyscraper O(10?) test case
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5 8
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Hierarchy: J=3,pp=1,p1=1,p20=2,p3=3,0 =0.95
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Mixed finite element approximation

Finduy € V, and v, € W, such that
(K 'uy,vy) = (v, V-vy) =0 Vv, e Vy,
(Veuy,wy) = (fwy)  VYwye W,
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Finduy € V, and v, € W, such that
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(V-ug,wy) = (fwy)  Ywye W,

o V,:={v, e Hy(div, 2), vylx € RTp(K) VK € T;}: Raviart-Thomas, degree
o W,: piecewise polynomials on 7, of degree p and mean value 0 on (2

Dual formulation

Find uy € V', such that
(K 'uy,vy)=0 Vv eVl

o VI :={vyeV,: (Vvy,wy) = (g, wy)Yw, € W}
Hierarchy of nested spaces (0 =py < pi <p < ... < py=p)
V{ := {v; € Hy(div, 2), vj|x € RT(K) VK € T}, V-v; =0}
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Multigrid and domain decomposition for mixed finite elements

Multigrid for saddle-point formulations

@ Arnold, Falk, Winther (2000), Schéberl, Zulehner (2003), Xu, Chen, Nochetto
(2009), Brenner (2009, 2018), ...
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Domain decomposition
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p-robust stable decomposition on 7, (additive Schwarz/block Jacobi)

Falk & Winther (2025)

@ v ¢ VY (p-degree div-free Raviart-Thomas on 7))

e decomposition v = vo+ ) va, Vo € V{ lowest-order, v, € V3o
acy,
@ p-stable:
2 2 2
Ivol®+ > Ivallga = [lvl]

acyy
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p = 0 stable decomposition by levels ripmai, wo, ana zneng o)

XITJ;

NN @ v ¢ VY (0-degree div-free Raviart-Thomas on 7))

Ta: @ decomposition v = v( + Z/-Jﬂ 2 aev, Vja Vo € Ve,
0
Viac€ V)
4RN @ J-stable:
Ti: J
2 2 2
Ivoll® +>_ > _lIvjallZs < vl
j=1 aeV
X
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V(0,1)-cycle multigrid

@ V-cycle geometric multigrid as in Ewing, Wang (1994)
@ zero pre- and a single post-smoothing step
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V(0,1)-cycle multigrid
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V(0,1)-cycle multigrid with block-Jacobi smoothing
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To:
@ V-cycle geometric multigrid as in Ewing, Wang (1994)
@ zero pre- and a single post-smoothing step

@ cheapest RT; coarse solve

@ additive Schwarz/block-Jacobi smoothing p}
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To:
@ V-cycle geometric multigrid as in Ewing, Wang (1994)
@ zero pre- and a single post-smoothing step

@ cheapest RT; coarse solve .
@ additive Schwarz/block-Jacobi smoothing pj: fully parallel on each level
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V(0,1)-cycle multigrid with block-Jacobi smoothing
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To:
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V(0,1)-cycle multigrid with block-Jacobi smoothing and line search

J J 12
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Ta:
Ti:
To:

@ V-cycle geometric multigrid as in Ewing, Wang (1994)
@ zero pre- and a single post-smoothing step
@ cheapest RT; coarse solve
@ additive Schwarz/block-Jacobi smoothing p’ fully parallel on each level
@ level-wise step-sizes )\’ in correction stage: optlmally chosen by line search
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Functional writing: for u/, € V', arbitrary, construct pj N = U’
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/

globaﬁrlifting global algebraic residual
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Functional writing: for u’, € V', arbitrary, construct p/, \| = v/,

Coarse solve: p) c V3s.t. (K 'ph,vo)= —(K U/, vy) Vvge VS; uh:=u) + p).

globaﬁrlifting global algebraic residual

Patchwise smoothing (local solves): for 1 <j < Janda €V}, 111’17a € Vj‘i"os.t.

1 i a,0
(K P/I',a,Vj,a)wf‘_o = —(K ujl;ij,a)wf_O VVja € V/' .

local lifting local algebraic residual

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 33 /41



| H'setting H(div) setting C Solvers Numerical results

Functional writing: for u’, € V', arbitrary, construct p/, \| = v/,

Coarse solve: p) c V3s.t. (K 'ph,vo)= —(K U/, vy) Vvge VS; uh:=u) + p).

globaﬁrlifting global algebraic residual

Patchwise smoothing (local solves): for 1 <j < Janda €V}, pia € Vj‘i"os.t.

Ry 1y, a0
(K p},a’ Vjva)w,/a.o S —(K UI'-71, Vjva)wja.o Vija € V/ .

local lifting local algebraic residual

Correction direction: pj € V?,p/ := > pl,.
aGVj

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 33 /41



| H'setting H(div) setting C Solvers Numerical results

Functional writing: for u’, € V', arbitrary, construct p/, \| = v/,

Coarse solve: p) c V3s.t. (K 'ph,vo)= —(K U/, vy) Vvge VS; uh:=u) + p).
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Patchwise smoothing (local solves): for 1 <j < Janda €V}, pia € Vj‘i"os.t.

Ry 1y, a0
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local lifting local algebraic residual

Correction direction: pj € V?,p/ := > pl,.
aGVj

(K 1“;71 ’ pjl)

Level-wise step-sizes by line search: \/’ = TaE H2 .
K~ '<p!
J

A. Miragi, J. Papez, M. Vohralik, |. Yotov p-robust multigrid and domain decomposition solvers in the H' and H(div) settings 33 /41



| H'setting H(div) setting C Solvers Numerical results

Functional writing: for u/, € V', arbitrary, construct pj N = U’

Coarse solve: p) c Vist. (K 'ph vo)= —(K U, vy) Vvoe VS; u)):=u + p).

globaﬁrlifting global algebraic residual

Patchwise smoothing (local solves): for 1 <j < Janda €V}, pia € Vj‘i"os.t.
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Functional writing: for u/, € V', arbitrary, construct pj N = U’

Coarse solve: p) c Vist. (K 'ph vo)= —(K U, vy) Vvoe VS; u)):=u + p).

globaﬁrlifting global algebraic residual

Patchwise smoothing (local solves): for 1 <j < Janda €V}, pia € Vj‘i"os.t.

—1 B i a,0
(K p},a’ Vjva)w,ja.o = —(K UI'-71, Vj’a)“"/a.O Vija € V/ .

local lifting local algebraic residual
H H H . 0 i._ i
Correction direction: pj € V?,p/ := > pl,.
aGVj
1. .
(K~'ul_y, pl)

Level-wise step-sizes by line search: )\ -— — — .
KT
j

j-level update: u} := u}_; + \pjand u'/" := u]).
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Main results

Theorem (p-robust error contraction of the multilevel solver)

There holds

K2y —u ™| < oK 3y —d), 0 < a(kr,d,K,J) < 1.
J
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Main results

Theorem (p-robust error contraction of the multilevel solver)

There holds
HK 1/2 (uy — u’+1)H < (IHK71/2(UJ — uf,)

, 0 < a(kr,d,K,J) < 1.

Theorem (p-robust reliable and efficient bound on the algebraic error)
There holds n)), < ||[K~"?(u, — u})|| and
e O |

@ « is independent of the polynomial degree
Moments, line search, and block Jacobi:

L G | e Ll G [ L e ZA’ZHK "2ej

new error old error B acy

S \2
error decrease (”ng)
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Domain decomposition for high-order mixed finite elements

Coarse grid 7y (solid line), fine grid 7, (dashed line), patch domain w2
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3 test cases

Smooth: v(x, y) = cos(mx)cos(my), 2= (0,1)?
Well wavefront:  ~(r) = tan™ ' (a(r — 1)), 22 =(0,1)?
NN
NI

Checkerboard:  u(r,p) = riu(p); 2:=(-1,1)
‘ 1% jump in the diffusion coefficient 7 (K) = O(10°)

g 1 NN A - T
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Setting

setting C

Solvers  Numerical results

Smooth Wellwavefront Checkerboard
J=5 J=12 J=28
p=1 p=6 p=1 p=6 p=1 p==6
#DoF (mixed) 130816 1318016 191486 1927 051 33195 334215
#DoF (div-free) 82176 861056 119734 1256 969 20794 218134
#7; 16384 16384 23940 23940 4153 4153
#7o 16 16 16 16 24 24
MG min/max #elements 2/6 2/6 2/10 2/10 2/9 2/9
(per patch) min/max #DoF (mixed) 11/41 147/462 11/69 147/770 11/62 147/693
min/max #DoF (div-free) 6/24 91/294 6/40 91/490 6/36 91/441
DD min/max #elements 2048/6144 2048/6144 97/22785 97/22785 20/3898 20/3898
749/182203 7714/1 833 923|146/31 156 1561/313 691

(per subdomain)

min/max #DoF (mixed)

min/max #DoF (div-free)

A. Miragi, J. Papez, M. Vohralik, |. Yotov

16 256/48 960 164 416/493 920

10112/30528 107 072/321 888
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Results

Solvers  Numerical results
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Smooth Wellwavefront Checkerboard
J=3|J=4|J=5|J=4|J=8|J=12||J=7 |J=14|J=28
p MG DD‘MG DD‘MG DD|MG DD|MG DD|MG DD|{MG DD|MG DD|MG DD
18 9 |8 9 (7 9 |12 9 10 5 (10 5 (|19 10 |37 13 |85 13
219 9 8 9 |7 9 |12 7 |10 5 |8 5 ||{16 11 |30 12 |64 12
38 8 |7 8 |6 8 |10 7 |9 5 |8 5 |15 11 |26 11 |56 12
6|5 7 |4 7 |4 7 9 4|8 4 |6 4 |11 10|18 10 (37 11

-

s

PONTS
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Error and algebraic a posteriori error estimator, p = 1 (left), p =3
(right), levels j = 3, 6,9 (top to bottom)
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) 2
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@ functional writing:

e independent of the basis
e functional analysis tools available

@ one post-smoothing step enough
(parameter-free)

@ Pythagoras formula for error decrease

@ built-in a posteriori estimate on the
algebraic error (adaptive smoothing)

@ /-robustness
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Conclusions

@ first choose a basis:
e system of linear algebraic equations,
quality depends on the basis
e analysis restricted to linear
algebraic information and tools
o “sufficient” number of smoothing
steps necessary

@ saddle-point indefinite matrix / SPD
system on non-nested spaces,
(balancing, interior node compatibility)
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@ functional writing:

e independent of the basis
e functional analysis tools available

@ one post-smoothing step enough
(parameter-free)

@ Pythagoras formula for error decrease

@ built-in a posteriori estimate on the
algebraic error (adaptive smoothing)

@ o-robustness
@ unified treatment of multigrid and DD

@ reduced (flux-only) SPD system (and
no construction of div-free bases)
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