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Numerical approximation of PDEs

@ Q CRY d=1,2, 3, Lipschitz polytope (line segment, polygon, polyhedron)

@ H'(Q): scalar-valued functions in L2(Q) with weak gradient V in L(Q)
@ H(curl, Q): vector-valued functions in L2(Q) with weak curl Vx in L?(Q)
@ H(div,Q): vector-valued functions in L?(Q) with weak divergence V- in L2(Q)
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Numerical approximation of PDEs

Q c RY, d = 1,2, 3, Lipschitz polytope (line segment, polygon, polyhedron)

H'(Q): scalar-valued functions in L2(Q) with weak gradient V in L?(Q)
H(curl, Q): vector-valued functions in L?(Q) with weak curl Vx in L3(Q)
H(div, Q): vector-valued functions in L2(Q) with weak divergence V- in [2(1Q)

T a simplicial mesh of Q with characteristic mesh size /1 := }r<na7>_< hyk
€/n

Pp(Th): piecewise polynomials of total degree p > 0
@ N, (7x): piecewise Nédélec polynomials of order p > 0
@ R7T,(7Th): piecewise Raviart—-Thomas polynomials of order p > 0
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Potential &5 Potential reconstruction s,
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En € Pp(Th) = sne  Pp(Th) NHI(Q)
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Approximation of the potential reconstruction

Theorem (Global approximation; p’ = p + 1, em & vohraiik (2015, 2020))

Up to a jump term, s, is closer to &, than any u < H'(Q):

IVa(En = sn)ll = [[VA(én = V)l

@ <: up to a generic constant that only depends on the shape-regularity of the
mesh 7},

s, so good that no u € H'(Q) can do better
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Approximation of the potential reconstruction

Theorem (GIObaI apprOXimation; p/ = P, Karakashian & Pascal (2003), Chaumont-Frelet & Vohralik (2026))

Up to a jump term, s, is closer to &, than any u < H'(Q):

IVa(En = sn)ll p [IVa(En = V)]

@ ~,: up to a generic constant that only depends on the shape-regularity of the
mesh 7, and the polynomial degree p

s, so good that no u € H'(Q) can do better
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Approximation of the potential reconstruction

Theorem (Global approximation; p’ = p after a p-stable decomposition correction,

Vohralik (2026))

Up to a jump term, sy, is closer to &, than any u « H'(Q):

IVh(&n —sp)ll = IVa(én — )|

@ <:up to a generic constant that only depends on the shape-regularity of the
mesh 7,

sp so good that no u € H'(Q) can do better
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Approximation of the flux reconstruction

Theorem (Global approximation; p’ = p + 1, sraess, Pilwein, Schaberl (2009; 2D), Ern & Vohralik (2020; 3D))
o is closer to &, than any o < H(div. Q) such thatV-o = f:

1€n —onll = 1€n— |l

o so good that no o € H(div, Q) with V-0 = f can do better
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Approximation of the flux reconstruction

Theorem (Global approximation; p’ = p, em, Gudi smears, & Vohralik (2022))

o Is closer to &y, than any o < H(div,2) such thatV-o = f:

1€n = onll p 1€n =

o so good that no o € H(div, Q) with V-0 = f can do better
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Approximation of the flux reconstruction

Theorem (Global approximation; p’ = p after a p-stable decomposition correction,

Demkowicz & Vohralik (2026))

o is closer to &}, than any o < H(div. ) such that V.o = f:

1€n — ol = [1€n — ol

o so good that no o € H(div, Q) with V-0 = f can do better
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Optimal a posteriori error estimates

Theorem (Guaranteed upper bound, efficiency, and p-robustness)

Numerical approximation of the div—grad, curl—curl, and grad—div PDEs, using
and :
unknoKn error computable estimator unknown error
IV(u—=up)l < [[Vup+anll = [[V(U—un) :
[VX(A—Ap)l < [[VxAr =l = [[VX(A— Ay ;
IV-(€ —€nll = V4~ sl |
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Optimal a posteriori error estimates

Theorem (Guaranteed upper bound, efficiency, and p-robustness)

Numerical approximation of the div—grad, curl—curl, and grad—div PDEs, using

and :
unknown error computable estimator unknown error
7\

V=)l < IVun+onll <1V =) :
IVX(A—=Ap)|| < [[VXAs—anll = [[Vx(A— Al ,
IV-(€ =&l = [IV-&n — snll

@ constant-free upper bounds by the Prager—Synge theorem (error
certification) (pw polynomial data for simplicity)
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Optimal a posteriori error estimates

Theorem (Guaranteed upper bound, efficiency, and p-robustness)

Numerical approximation of the div—grad, curl—curl, and grad—div PDEs, using

and :
unknown error computable estimator unknown error
7\

V=)l < IVun+anll <NV(u= )l :
[VX(A—Ap)l < [[VxAr =l = [[VX(A— Ay )
IV-(&=&nll = IV-&n— snll
@ constant-free upper bounds by the Prager—Synge theorem (error

certification) (pw polynomial data for simplicity)
@ local potential and flux reconstructions
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Optimal a posteriori error estimates
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IV(u—=up)l < [[Vup+anll = [[V(U—un) :
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@ constant-free upper bounds by the Prager—Synge theorem (error
certification) (pw polynomial data for simplicity)

@ local potential and flux reconstructions

@ p-robust efficiency (also local)
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H' setting: How large is the error?

h  p| relative error estimate X | relative error ISE=t)l | effectivity index i
ho 1 2.8 x 10'% 2.4 x10'% 1.17

~ho/2 1.4 x10'% 1.3 x10'% 1.09

~hy/4 7.0% 6.6% 1.06
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H' setting: How large is the error?

h  p| relative error estimate X | relative error ISE=t)l | effectivity index i
hy 1 2.8 x10'% 2.4x10'% 1.17

~ho/2 1.4%x10'% 1.3 x 10'% 1.09

~hy/4 7.0% 6.6% 1.06

~ho/8 3.3% 3.1% 1.04
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H' setting: How large is the error?

h  p| relative error estimate X | relative error ISE=t)l | effectivity index i
hy 1 2.8 x10'% 2.4x10'% 1.17

~ho/2 1.4%x10'% 1.3 x 10'% 1.09

~hy/4 7.0% 6.6% 1.06

~ho/8 3.3% 3.1% 1.04
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H' setting: How large is the error?

h  p| relative error estimate X | relative error ISE=t)l | effectivity index i
ho 1 2.8 x 10'% 2.4x10'% 1.17

~ho/2 1.4%x10'% 1.3 x 10'% 1.09

~hy/4 7.0% 6.6% 1.06

~hy/8 3.3% 3.1% 1.04

~hy/2 2 9.5 %107 "% 92x 107 % 1.04

~ho/4 3 59 x 10°% 59 x 107°% 1.01

~hy/8 4 59 x 107%% 58 x 107%% 1.01

A. Ern, M. Vohralik, SIAM Journal on Numerical Analysis (2015)
V. Dolejsi, A. Ern, M. Vohralik, SIAM Journal on Scientific Computing (2016)
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H' setting: where (in space) is the error localized?

x10™

Estimated error distribution 7 () Exact error distribution |[V/(v — up) /[«
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H' setting: /p adaptivity, (smooth solution)

P5

P4

P3

P2

P1

Mesh T, and pol. degrees pg
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H' setting: /p adaptivity, (smooth solution)

P5

P4

P3

P2

P1

Mesh T, and pol. degrees pg Exact solution
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P3

P2

Mesh 7, and polynomial degrees px




H' setting: /p adaptivity, (singular solution)

102

i
e
H

=
<
N

~-3--uniform h, p=1
£ | -m- h-adaptivity, p=1
—o0— hp-adaptivity
—p—a priori best

relative errors in energy norm [%]
5
G

10 ‘ ‘ ‘
0 5 10 15 20 25 30
DoF'3
Mesh 7, and polynomial degrees px Relative error as a function of DoF

P. Daniel, A. Ern, I. Smears, M. Vohralik, Computers & Mathematics with Applications (2018)
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H(curl) setting: H® solution, uniform /-refinement

|V x(A— Ap Effectivity index n/||Vx(A — Ap)||
E T T 1T 1 7 T \E 1.08 T T 1T 1 7 T T
i | 1.07 -
1072} E
i \ ] 1.06 |- i
10-3 | \ AN E
B ’\hz t 1.05 |- .
| ] i
L1 ! ) 1.04 | I
100 101 100 101
h h
—e— error --E-- estimate, p =1 —m— effectivity index, p =1
—e— error estimate, p =2 —m— effectivity index, p =2
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H(curl) setting: H® solution, uniform p-refinement

IVx(A— A Effectivity index n/||Vx(A — Ap)||
F T T T T ]
g | 115 |
1072 E
E E 1.1
1072 E
- ] 1.05 |- -
L | | | | | | ] | | | | | |
1 2 3 4 5 6 1 2 3 4 5 6
p p
—e— error --E-- estimate, struct. mesh —m— effectivity index, struct. mesh
—e— error estimate, unstruct. mesh —m— effectivity index, unstruct. mesh
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@ Potential reconstruction
@ Flux reconstruction
@ A posteriori error estimates
@ Local commuting projectors
@ Local—-global equivalence
@ A priori error estimates
O Potential reconstruction
O Equilibrated flux reconstruction
o A p-stable local commuting projector P’,j‘“‘
Q Tools (hp-optimality, p-robustness)
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Commuting de Rham diagram

H(;,N(Q) Y, Ho n(curl, Q) vx, Ho n(div, ©2) EAAEN

[2(Q
l Pﬁ—H ,grad J{ Pﬁ,curl l Pg,div lng
Poe1 (Th) TH 5 () Np(Th) N Ho s (curl, Q)% RTp(Th) N Hon(div, Q) ~Pp(Th) NL3(R)
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De Rham diagram

Commuting de Rham diagram

H(;,N(Q) Y, Ho n(curl, Q) vx, Ho n(div, ©2) EAAEN

[2(Q
l Pﬁ—H ,grad l Pﬁ,curl l Pg,div lng
Poe1 (Th) TH 5 () Np(Th) N Ho s (curl, Q)% RTp(Th) N Hon(div, Q) ~Pp(Th) NL3(R)

Whitney (1957), Raviart & Thomas (1977), Nédélec (1980), Bossavit (1998), Schéberl (2001, 2005), Hiptmair (2002), Christiansen & Winther (2008),

V-

)

Bespalov & Heuer (2011), Falk & Winther (2014), Ern & Guermond (2016, 2017), Licht (2019), Arnold & Guzman (2021), Ern, Guzman, Potu, &

Vohralik (2026),



Commuting de Rham diagram

Hox(div,Q) 5 [4(Q)

12
l Pg,div l M Z

RT5(Th) NHo x(div, Q) ~5Pp(Th) NLE(RQ)



_ Potential Flux A posteriori Projectors Local-global A priori
De Rham diagram: optimal stable local commuting projectors

Hox(div, Q) N

‘ 12(Q
£ [ne

RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

)
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De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)
,div
I i
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)
@ is defined over the entire Hy x(div, ) (minimal regularity, partial BCs)
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De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)
,div
I i
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)
@ is defined over the entire Hy x(div, ) (minimal regularity, partial BCs)

p = 0 requests (Vi|k,-Nr)|F = (Vhli,-NF)lF = (v-np. 1)F/F]
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De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)
,div
I i
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)
@ is defined over the entire Hy x(div, ) (minimal regularity, partial BCs)

Face normal trace integrals (v-ng, 1) not available in H(div).

p = 0 requests (Vi|k,-Nr)|F = (Vhli,-NF)lF = (v-np. 1)F/F]
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C Potential Flux A posteriori Projectors Local—global A priori

De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)
lpg.dw ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

@ is defined locally (in neighborhood of each mesh element)

PPV (y) = ar min V-V
h (V) =are vheRn(n)mHo,N(div79)|| bl
V-vp=NL(V-v)

is a global problem, defined over the entire Q.
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C Potential Flux A posteriori Projectors Local—global A priori

De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)

lpﬁ.di\' ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

O is defined simply, ideally starting from the elementwise div-unconstrained
L?-orthogonal projection

T ‘= ar min V-V VK € T;
hlk gvhem; K)H nllk h
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De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)
lpﬁ.dlv ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

O has optimal /p approximation property, that of 7:
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De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) 5 [2(Q)
L |
RTH(Th)Ho x(div, Q) ~5Pp(T5)NLE(RQ)
O has optimal /p approximation property, that of 7:

lv =P W)l < IV =7l when V-v € Po(Tp)

(<: up to a generic constant that only depends on the shape-regularity of the
mesh 7,) (global-local equivalence)
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De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)
lpﬁ.dl\' ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

@ is locally p-stable in L? (up to data oscillation)
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Hon(div,Q) -5 [2(Q)
lpﬁ.dl\' ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

@ is locally p-stable in L? (up to data oscillation)

1P (W)l < [ Vliz,  when V-v € Py(Th)
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C Potential Flux A posteriori Projectors Local—global A priori

De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)

lpﬁ.div ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

@ is locally p-stable in L? (up to data oscillation)

1P (W)l < [ Vliz,  when V-v € Py(Th)

Uses degrees of freedom (unavailable at the
continuous level).
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De Rham diagram: optimal stable local commuting projectors

Hon(div, Q) Y 12(Q)

lp,z,di\ ln;’z
RT5(Th)NHox(div, Q) ~5Py(Th)NLE(Q)

O satisfies the commuting property expressed by the arrows

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 12/ 46



_ Potential Flux A posteriori Projectors Local-global A priori
De Rham diagram: optimal stable local commuting projectors

HO,N(diva Q) L *(Q)

L2
lpﬁ,div ll—lﬁ
RT5(Th)NHox(div, Q) ~5P,(Th)NLA(Q)

O satisfies the commuting property expressed by the arrows
Averaging-type quasi-interpolation excluded
Does not hit the correct gradient, curl, or divergence.



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C Potential Flux A posteriori Projectors Local—global A priori

De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)

lpﬁ.di\' ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

O satisfies the commuting property expressed by the arrows

Does not hit the correct gradient, curl, or divergence.

M, the L2-orthogonal projector onto Pp(75), is imposed.
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De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)

lpﬁ.di\' ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

@ is projector, i.e., leaves intact piecewise polynomials,

PYY(v) =v WV e RT,(Th) N Hon(div, Q)
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De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) -5 [2(Q)

lpﬁ.di\' ln;;
RT5(Th) Hox(div, Q) 5P, (Th)NL2(Q)

@ is projector, i.e., leaves intact piecewise polynomials,

PYY(v) =v WV e RT,(Th) N Hon(div, Q)

Not a projector.
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C Potential Flux A posteriori Projectors Local—global A priori

De Rham diagram: optimal stable local commuting projectors

Hon(div,Q) - [2(Q)

| |nt
RTp(Tr)NHo x(div, Q) ~Pp(Th) NL2()

@ is defined over the entire Hy x(div, ) (minimal regularity, partial BCs)

@ is defined locally

@ is defined simply, by from

Thlk = argminy, cr7 (k) IV — Vallk

O has optimal hp approximation property (global-local equivalence):

IV — PR (V)llk < |V = Thllz, when V-v € Pp(Th)

@ is locally p-stable in L? (up to data oscillation): || P2 (v)| |k < ||v|z, when

V-v € Py(Th)

O satisfies the commuting property expressed by the arrows

@ is projector, i.e., leaves intact piecewise polynomials
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: : Jdiv
A p-stable local commuting projector P}

Approximation error
o

Polynomial degree p Polynomial degree p

Approximation error by

Singular function w(x,y) = €lementwise L?-orthogonal
In(| In(v/X2 + y2))); projection ||V — 7| (red) Equivalence ratio

v i=(9,w,—0xw)!, V-v=0 anq by the local codmmuting v — P’,’,’diV(V)H/HV — 7]l
projector ||[v — PP (v)||
(green)
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Equivalence of global- and local-best approximations in H} ()

Theorem (GIObaI—local eqUivalence in H1, Carstensen, Peterseim, & Schedensack (2012), Aurada, Feischl,

Kemetmiiller, Page, & Praetorius (2013), Veeser (2016), Canuto, Nochetto, Stevenson, & Verani (2017))

min  ~, min
CG space DG space

@ ~,: up to a generic constant that only depends on the shape-regularity of the
mesh 7}, and the polynomial degree p
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Equivalence of global- and local-best approximations in H} ()

Theorem (Global-local equivalence in H, vonraiik 2026))

min  ~ min
CG space DG space

@ ~: up to a generic constant that only depends on the shape-regularity of the
mesh 7,
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Equivalence of local- and global-best approximations in H(div)

Theorem (Constrained equivalence in H(div), em, cudi, smears, & Vonraiik (2022))

min ~p min
MFE space with constraints broken MFE space without constraints
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Equivalence of local- and global-best approximations in H(div)

Theorem (Constrained equivalence in H(div), pemkowicz & vohraik (2026))

min = min
MFE space with constraints ~ broken MFE space without constraints
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Optimal hp approximation (a priori estimates)

Theorem (hp-optimal approximation, minimal elementwise Sobolev regularity,

Demkowicz & Vohralik (2026))
Let v € Hyn(div, Q) with
viee HH(L), (VW) e[Pp(L)P  VLETh

for s; > 0.
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Optimal hp approximation (a priori estimates)

Theorem (hp-optimal approximation, minimal elementwise Sobolev regularity,

Demkowicz & Vohralik (2026))
Let v € Hyn(div, Q) with
viee HH(L), (VW) e[Pp(L)P  VLETh

for s, > 0. Then, for all K < 7, )
[v= PR W)l

hmin{p+1,sL} 2
, 2 L
<C(xz,,5) Z <(p+1)SL”VHHSL(L)> :
LeTk
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C Potential Flux A posteriori Projectors Local—-global A priori

Optimal hp approximation (a priori estimates)

Theorem (hp-optimal approximation, minimal elementwise Sobolev regularity,

Demkowicz & Vohralik (2026))
Let v € Hyn(div, Q) with
viee H:(L), (V-v)lLe[Pp(L)F  VLETh

for s, > 0. Then, for all K < 7, )
[v= PR W)l

, hzﬂn{p—H,sL} 2
SC(f\',fK.S) Z <(p+1)SL”VHHSL(L)> .

LeTk

@ minimal Ho n(div, Q)-regularity
@ additional H®(L)-regularity requested separately on each mesh element

o optimal A""PT5L) j(p 1 1)st bound, separately on each mesh element
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Theorem (hp-optimal approximation, minimal elementwise Sobolev regularity,

Demkowicz & Vohralik (2026))
Let v € Hyn(div, Q) with
viee H:(L), (V-v)lLe[Pp(L)F  VLETh

for s, > 0. Then, for all K < 7, )
[v= PR W)l

, hzﬂn{p—H,sL} 2
SC(f\',fK.S) Z <(p+1)SL”VHHSL(L)> .

LeTk

@ minimal Ho n(div, Q)-regularity
@ additional H®(L)-regularity requested separately on each mesh element

o optimal A""PT5L) j(p 1 1)st bound, separately on each mesh element

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 17 / 46



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ‘div Tools C Potential Flux A posteriori Projectors Local—-global A priori

Outline

0 Introduction

Potential reconstruction

@ Flux reconstruction

@ A posteriori error estimates
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Potential reconstruction
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@ Conclusions and outlook
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ‘div Tools C

Potential reconstruction by averaging

&h

@ the easiest potential reconstruction
@ employs p/ = p
@ based on degrees of freedom — will not be p-robust

not used here
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

Potential reconstruction by averaging

&h

@ the easiest potential reconstruction

@ employs p/ = p

@ based on degrees of freedom — will not be p-robust

@ cumbersome/impossible extension to H(curl, ) and H(div, ) (not only
make conforming but also impose the constraint)

not used here

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 19/ 46
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

Potential reconstruction by local energy minimization, p’ = p + 1

Va

/ a i
a wa a
@ local conforming projection of 1a¢p: S2 := arg min IVa( vaéh  —Vh)llwa
VhEPpy1(Ta) H} (wa) N~~~
€Ppy1(Ta)

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 21/ 46



| Potential reconstruction  Flux reconstruction - Local commuting projector P{"  Tools C -
Potential reconstruction by local energy minimization, p’ = p + 1

3
/ \ !

@ Sp= Zaev,, Sf € Pp+1(7Th)



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

Potential reconstruction by local energy minimization, p’ = p + 1

&h

Sh

® Spi=> acy, Sh € Por1(Th)
@ extends to infinite dimension (no degrees of freedom) — p-robustness
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Potential reconstruction by local energy minimization, p’ = p + 1

&h

Sh

® Spi=> acy, Sh € Por1(Th)
@ extends to infinite dimension (no degrees of freedom) — p-robustness
using the broken polynomial extension operators as a theoretical tool
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

Potential reconstruction by local energy minimization, p’ = p + 1

&h

Sh

® Spi=> acy, Sh € Por1(Th)
@ extends to infinite dimension (no degrees of freedom) — p-robustness
using the broken polynomial extension operators as a theoretical tool

@ used in a posteriori error analysis, where p’ = p + 1 is allowed
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Potential reconstruction by local energy minimization, p’ = p

—
I

Va

/ a /"
a Wa a

@ Ip(va&n) € Pp(Ta): downsampling of 2y by the Lagrange elementwise projector
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| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

Potential reconstruction by local energy minimization, p’ = p

—

Va

/ a /"
a Wa a

@ Ip(vaén) € Pp(Ta): downsampling of 12¢, by the Lagrange elementwise projector
@ local conforming projection of Ip(¢aép): Sf :=arg  min IV h(lo(aén) —Vh)||wa
VhE€Pp(Ta)NHY (wa) ??T—)/
€Ppl/a
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Potential reconstruction by local energy minimization, p’ = p

&h

Sh

__——

® Sn:=> acy, Sh € Pp(Th)

@ based on degrees of freedom = will not be p-robust

@ used in a priori error analysis, where p’ = p is needed

@ extends to H(curl, Q) and H(div, ), imposing the constraint
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Potential reconstruction by local energy minimization, p’ = p

&h

Sh

__——

® Shi=3 acy, Sh € Po(Th) .

@ based on degrees of freedom — will not be p-robust ~ consolidated,
@ used in a priori error analysis, where p' = p is needed available

@ extends to H(curl, Q) and H(div, Q), imposing the constraint
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Potential reconstruction by local energy minimization and p-stable
decomposition, p’ = p

@ downsample ¥aéh € Pp11(Ta) 10 Ip(vah) € Po(Ta)
@ employ /p(vaéh) in local energy minimization for s2, s := >y, 2 € Pp(Th)
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§h— Sh

@ downsample ©a&p € Ppi1(Ta) 10 Ip(Vaén) € Pp(Ta)
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@ consider the remainder &, — sp,
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Potential reconstruction by local energy minimization and p-stable
decomposition, p’ = p

§h— Sh

o downsample ¢ath € Ppi1(Ta) 10 Ip(Vath) € Pp(Ta)

@ employ Ip(vaép) in local energy minimization for 7, sp := >_,cy, Sh € Po(Th)

@ consider the remainder &, — sp,

@ this remainder is zero when &, € Pp(75) N HI(2), can be made elementwise
mean-value-free forp > d + 1
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Potential reconstruction by local energy minimization and p-stable
decomposition, p’ = p

§h— Sh

a

Wa
o downsample va&h € Ppi1(7Ta) 10 ho(vasn) € Pp(Ta)
@ employ Ip(vaép) in local energy minimization for 7, sp := >_,cy, Sh € Po(Th)
@ consider the remainder &, — sp,
@ this remainder is zero when &, € Pp(75) N HI(2), can be made elementwise
mean-value-free forp > d + 1
extended
patches w,

ﬁ s ‘@
M. Vohralik Reconstructions for hp a priori & a posteriori estimates 25/ 46



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

Potential reconstruction by local energy minimization and p-stable
decomposition, p’ = p

§h — Sh
¢

= — .

a

Wa
@ downsample ©a&p € Ppi1(Ta) 10 Ip(Vaén) € Pp(Ta)
@ employ Ip(vaép) in local energy minimization for 7, sp := >_,cy, Sh € Po(Th)
@ consider the remainder &, — sp,
@ this remainder is zero when &, € Pp(75) N HI(2), can be made elementwise
mean-value-free forp > d + 1
@ conforming projection (f of £, — sp, by local energy minimization on extended
patches w, (no hat functions 14, polynomial degree p)

ﬁ s ‘@
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Potential reconstruction by local energy minimization and p-stable
decomposition, p’ = p

§h — Sh
¢

= — .

a

Wa

o downsample ¢ath € Pp1(Ta) 10 ho(talh) € Po(Ta)

@ employ Ip(vaép) in local energy minimization for 7, sp := >_,cy, Sh € Po(Th)

@ consider the remainder &, — sp,

@ this remainder is zero when &, € Pp(75) N HI(2), can be made elementwise
mean-value-free forp > d + 1

@ conforming projection (f of £, — sp, by local energy minimization on extended
patches w, (no hat functions 14, polynomial degree p)

o p-stable decomposition of (7, (2 =Y, ., 2% 3 Py(Tw) N H (war)

ﬁ s ‘@
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Potential reconstruction by local energy minimization and p-stable
decomposition, p’ = p

§h — Sh
Wa Cﬁ

= — .

a

Wa
@ downsample ©a&p € Ppi1(Ta) 10 Ip(Vaén) € Pp(Ta)
@ employ Ip(vaép) in local energy minimization for 7, sp := >_,cy, Sh € Po(Th)
@ consider the remainder &, — sp,
@ this remainder is zero when &, € Pp(75) N HI(2), can be made elementwise
mean-value-free forp > d + 1
@ conforming projection (f of £, — sp, by local energy minimization on extended
patches w, (no hat functions 14, polynomial degree p)
o p-stable decomposition of (7, (7 =", 5, g,‘;”a/, Q,",”"’/ € Po(Tar) N HY (war)
e correction ¢ == >, (%, sh— Sh+Ch ) |
lreia &
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Potential reconstruction by local energy minimization and p-stable
decomposition, p’ = p

§h — Sh
Wa Cﬁ

= — .

a

Wa
o downsample vath € Pp1(Ta) 10 Ip(Vath) € Pp(Ta)
@ employ Ip(vaép) in local energy minimization for 7, sp := >_,cy, Sh € Po(Th)
@ consider the remainder &, — sp,
@ this remainder is zero when &, € Pp(75) N HI(2), can be made elementwise
mean-value-free forp > d + 1
@ conforming projection (f of £, — sp, by local energy minimization on extended
patches w, (no hat functions 14, polynomial degree p)
o p-stable decomposition of (7, (2 =Y, ., 2% 3 Py(Tw) N H (war)
e correction ¢ == >, (%, sh— Sh+Ch
@ necessary for p-robustness when p’ = p (a priori error analysis) lreia . @
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Potential reconstruction by local energy minimization and p-stable
decomposition, p’ = p

Eh— Sh
Wa Cﬁ
e = ——— — ——— = °
Wa sharpest,

@ downsample ©a&p € Ppi1(Ta) 10 Ip(Vaén) € Pp(Ta) recent

@ employ Ip(ap) in local energy minimization for 7, sp:= , ey, Sp < 7 p(7h)

@ consider the remainder &, — sp

@ this remainder is zero when &, € Pp(75) N HI(2), can be made elementwise
mean-value-free forp > d + 1

@ conforming projection (f of £, — sp, by local energy minimization on extended
patches w, (no hat functions 14, polynomial degree p)

o p-stable decomposition of (7, (7 =", 5, g,‘;”a/, (,",”a/ € Po(Tar) N HY (war)

e correction ¢ == >, (%, sh— Sh+Ch

@ necessary for p-robustness when p’ = p (a priori error analysis) lreia . @

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 25/ 46



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

p'Stable decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

° - — . I

@ (2e Pp(7~;) N H'(@a) on an extended patch domain @, given
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p'Stable decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

@ (2e Pp(7~;) N H'(@a) on an extended patch domain @, given
@ (¢i.1)k =0forallK € Ta,
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p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

L
_ Al / Ca /
a—as ay h das

@ (e Pp(7~;) N H'(@a) on an extended patch domain @, given
@ (¢2 1)k = 0forall K € Ta,
e vertices @ € V,
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p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

@ (e Pp(7~;) N H'(@a) on an extended patch domain @, given

@ (¢2 1)k = 0forall K € Ta,

@ vertices @ € V,

e decomposition (=3, 5 (7% = + RGBT (B

¢2% € Py(Tar) N H (wa)
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p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

@ (e Pp(7~;) N H'(@a) on an extended patch domain @, given

@ (¢2 1)k = 0forall K € Ta,

@ vertices @ € V,

o decomposition ¢§ =3, 5, ¢ — + (2R By 2
Ch € PolTar) N H (war)

o p-stable | V(E7lu, < IV¢Hl,
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p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

¢ e Pp(7~;) N H'(@a) on an extended patch domain @, given

(¢8. 1)k = Oforall K € Ta,

vertices @ € V,

decomposition ¢7 =3, 5, ¢ — + (2R By 2
Ch € PolTar) N Hi(war)

p-stable | V(e S V¢TI,

no global (low-order) component since ¢ is elementwise mean-value free
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (ConStrUCtion of Sh Ern & Vohralik (2015), ~ Carstensen and Merdon (2013))

For each vertex a € Vy, perform local energy minimization

Sp = arg min IVa( vah — Vh)lw.
VhGVﬁ
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sy, Em & vohraik (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, perform local energy minimization

Sp = arg min 1V h(

15’a§h - Vh)HvJa
7S Vﬁ /

— interior patch w,

0 condition
Ual@) = 1, Galar) = 0
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sy, Em & vohraik (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, perform local energy minimization

Sp = arg min IVa( vaéh — Vh)lw.
VhE V=P (Ta)H] (wa) /

— interior patch w,

0 condition
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sy, Em & vohraik (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, perform local energy minimization

Sp = arg min IVa( vaéh — Vh)lw.
VhE V=P (Ta)H] (wa) /

0 A a a;§
and combine Sp = Z Sh-

— interior patch w,

0 condition
Ual@) = 1, Galar) = 0
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sy, Em & vohraik (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, perform local energy minimization

Sp = arg min V(' Vaéh — Vh)llw.
VhGVa::'Pp/(ﬁ)lﬁlHa(wa) /

. . a a4
and combine Sh = Z Sh-

Euler-Lagrange conditions (orthogonal projection):
Find sf € V£ such that
0 condition

(VSE, VVh)wa = (Vh  (Valn), VVh)w,  VVhe VE. ) =l =0

\V4 — interior patch w,
aj
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sy, Em & vohraik (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, perform local energy minimization

Sp = arg min V(' Vaéh — Vh)llw.
VhGVa::'Pp/(ﬁ)lﬁlHa(wa) /

. . a a4
and combine Sh = Z Sh-

Euler-Lagrange conditions (orthogonal projection):
Find sf € V£ such that
0 condition

(VSE, VVh)wa = (Vh  (Valn), VVh)w,  VVhe VE. ) =l =0

\V4 — interior patch w,
aj

3 choices
°op =p+1
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sy, Em & vohraik (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, perform local energy minimization

Sp = arg min V(o (1aén) — Va)|lw.
VhGVa::'Pp/(ﬁ)ﬂHa(wa) /

n . a a;§
and combine Sh = Z Sh-

Euler-Lagrange conditions (orthogonal projection):
Find sf € V£ such that

\V4 — interior patch w,
aj

0 condition

Vsa,vv Wa — V // ,VV wa Yv e Va' (o) = 1 o) = 0
3 choices (Vsh, VVh)ws = (Valy (Ya&n), V Vi) he V2

o p=p+1

o p/ —= p
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Potential reconstruction: datum ¢, € Pp(7h), p > 1

Definition (Construction of Sy, Em & vohraik (2015), ~ Carstensen and Merdon (2013))
For each vertex a € Vy, perform local energy minimization

Sp = arg min V(o (1aén) — Va)|lw.
VhGVa::'Pp/(ﬁ)ﬂHa(wa) /

n . a a;§
and combine Sh = Z Sh-

Euler-Lagrange conditions (orthogonal projection):
Find sf € V£ such that

— interior patch w,

0 condition

3 choices (VSh, VVh)wa = (Valy (Valh), VVh)ws  VVh € VE. n(0) = 1l =0
o p =p+1
e p=p
@ p' = pplus a correction by p-stable decomposition of conforming
projections of the reminder ¢, — s, losia . @
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Approximation of the potential reconstruction

Theorem (Local approximation Ern & Vohralik (2015, 2020), using-)

There holds

min  [Va(lpy (Yaén) = Vi)llwa = min (| Va(ly (vaén) = V)llwa-
VhG’Pp/(ﬁ)ﬁHA(wa) VGH&(wa)

Creia— %
M. Vohralik Reconstructions for hp a priori & a posteriori estimates 29/ 46



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

Approximation of the potential reconstruction

Corollary (Global approximation; p’ = p + 1, &m & vohraiik (2015, 2020))

Up to a jump term, sy, is closer to &, than any u < H'(Q):

IVa(€n = sp)ll = IVa(En — )l

s, so good that no u € H'(Q) can do better
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Approximation of the potential reconstruction

COI’Ollal’y (GlObal apprOXimation; p/ = P, Karakashian & Pascal (2003), Chaumont-Frelet & Vohralik (2026))

Up to a jump term, sy, is closer to &, than any u < H'(Q):

IVa(€n = sn)ll <p IVAa(én = U)ll

s, so good that no u € H'(Q) can do better
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Approximation of the potential reconstruction

Corollary (Global approximation; p’ = p after a p-stable decomposition correction,

Vohralik (2026))

Up to a jump term, sy, is closer to &, than any u < H'(Q):

IVh(&n — sp)ll = IVa(&n — )l

s, so good that no u € H'(Q) can do better
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f, ¥a)ws + (€n Via)oa =0 Vac V.
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws + (€n, Viia)uy =0 Vac V.

Definition (Constr. of o, pestuynder & Mativet (1999) & Braess & Schaberl (2008), Ern & Vohralik (2013))

For each a € V;,, perform local constrained energy minimization

0-2 = arg min H ’Uafh - Vh”'w‘a
VhGVg

ay
nterior patch w,

al o
! === no-flow condition

va(a) =1, va(a,) =0
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws + (€n, Viia)uy =0 Vac V.

Definition (Constr. of o, pestuynder & Mativet (1999) & Braess & Schaberl (2008), Ern & Vohralik (2013))

For each a € V;,, perform local constrained energy minimization

a .
o :=ar min " vl
! gVheV81=R7;,/(7—a)ﬁHo(di\nwa)H a&h ” a

V~Vh:

ay
nterior patch w,

al o
! === no-flow condition

va(a) =1, va(a,) =0
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws + (€n, Viia)uy =0 Vac V.

Definition (Constr. of o, pestuynder & Mativet (1999) & Braess & Schaberl (2008), Ern & Vohralik (2013))

For each a € V;,, perform local constrained energy minimization

a .
op = arg min Va€p — Vhllw
h VheVg::Rﬁ/(Ta)ﬁHo(di\p;ua)H h ” ?

Vovp=NE (Fiba+€p Vija)

ay
nterior patch w,

al o
! === no-flow condition

va(a) =1, va(a,) =0
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws + (€n, Viia)uy =0 Vac V.

Definition (Constr. of o, pestuynder & Mativet (1999) & Braess & Schaberl (2008), Ern & Vohralik (2013))

For each a € V;,, perform local constrained energy minimization

a .
op = arg min Va€p — Vhllw
h vheVZ::R7;,/(7Z-,)HHO(di\;wa)H h o

Vovp=NE (Fiba+€p Vija)

. . a
and combine Oh:= Z Oh-

ay
nterior patch w,

al o
! === no-flow condition

va(a) =1, va(a,) =0
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws + (€n, Viia)uy =0 Vac V.

Definition (Constr. of o, pestuynder & Mativet (1999) & Braess & Schaberl (2008), Ern & Vohralik (2013))

For each a € V;,, perform local constrained energy minimization

a .
op = arg min Va€p — Vhllw
h vheVZ::R7;,/(7Z-,)HHO(di\;wa)H h o

Vovp=NE (Fiba+€p Vija)

A o a
and combine o=y of.
acVy
Equilibrium } N — o i,
V~O'h = Z va'z = Z I—I’z (f?l)a + £hv¢]a) = ﬂ'ﬁ f ala) = 1, () = 0
acVy acVy
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws + (€n, Viia)uy =0 Vac V.

Definition (Constr. of o, pestuynder & Mativet (1999) & Braess & Schaberl (2008), Ern & Vohralik (2013))

For each a € V;,, perform local constrained energy minimization

a .
op = arg min Va€p — Vhllw
h vhevg::nn,(ﬂ,)mHo(din)H h o

Vovp=NE (Fiba+€p Vija)

A o a
and combine o=y of.
acVy
Equilibrium } N — o i,
V~O'h = Z va'z = Z I—Iﬁ (f?l)a + £hv¢]a) = ﬂ'ﬁ f ala) = 1, () = 0
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°p =p+1
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws + (€n, Viia)uy =0 Vac V.

Definition (Constr. of o, pestuynder & Mativet (1999) & Braess & Schaberl (2008), Ern & Vohralik (2013))

For each a € V;,, perform local constrained energy minimization

of = ar min Ly (v — vl
h gvheVﬁ::Rﬁ/(%)ﬁHo(di\wa)H ,D/( aéh) h” ?

Vovp=NE (Fiba+€p Vija)

and combine o=y of.
acyVy
Equilibrium y ;3
Viop=Y_ Voh=> Ny (fat&yVipa) =11
3 choices acvy acVy
°op =p+1
°ep =p
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Flux reconstruction: ¢, € RT,(7Th), p > 0, € L2(Q)

Assumption (Orthogonality wrt hat functions)
There holds (f,a)ws + (€n, Viia)uy =0 Vac V.

Definition (Constr. of o, pestuynder & Mativet (1999) & Braess & Schaberl (2008), Ern & Vohralik (2013))

For each a € V;,, perform local constrained energy minimization

of = ar min Ly (v — vl
h gvheVﬁ::Rﬁ/(%)ﬁHo(di\wa)H ,D/( aéh) h” ?

Vovp=NE (Fiba+€p Vija)

and combine o=y of.
acyVy
Equilibrium , )
Vo= Vof=3 Mp(fa+&yVia) =111
3 choices acvy, acv,
/

plus a correction by p-stable decomposition lreia— &
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction
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Approximation of the flux reconstruction

Theorem (Local approximation sraess, pilwein, schaber (2009; 2D), Er & Vohralik (2020; 3D), using @HIO0ED)

There holds
min I, -V < min ||l —Vvl|,..
vh€R7;/(Ta)ﬁHo(div,wHa)p (Va€n) = Villes = VGHO(div,uU)p (Va€h) = Vs
V'Vh:nﬁl(fiﬁa'f'ﬁh'v’lﬂa) V-V:I‘Iﬁ (fa+E€p-Vba)

Creia— %
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Approximation of the flux reconstruction

Corollary (Global approximation; p’ = p + 1, sraess, Pilwein, Schaberl (2009; 2D), Ern & Vohralik (2020; 3D))

o Is closer to &y, than any o < H(div,2) such thatV-o = f:

1€n = onll < 11€n =l

o so good that no o € H(div, Q) with V-0 = f can do better
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Approximation of the flux reconstruction

Corollary (Global approximation; p’ = p, em, Gudi, smears, & Vohralik (2022))

o Is closer to &y, than any o < H(div,2) such thatV-o = f:

1€n = onll p 1€n =

o so good that no o € H(div, Q) with V-0 = f can do better
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Approximation of the flux reconstruction

Corollary (Global approximation; p’ = p after a p-stable decomposition correction,

Demkowicz & Vohralik (2026))

o is closer to &}, than any o < H(div. ) such that V.o = f:

1€n — ol = [1€n — ol

o so good that no o € H(div, Q) with V-0 = f can do better
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o Equilibrated flux reconstruction
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Q Tools (hp-optimality, p-robustness)
@ Broken polynomial extension operators
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Conclusions and outlook .



Let v € Hg n(div, ©2) be given.



Let v € Hg n(div, ©2) be given.

@ Elementwise L?-orthogonal projection

‘=a i V—vVv VK € T;
Thlk 1= arg Vherqg%mll nllk h K
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: : ,div
A p-stable local commuting projector P}

Let v € Hy n(div, Q) be given.
@ Elementwise L?-orthogonal projection

T = ar min vV—-v VK € T;
hlk gvhem;(K)H nllk h

@ from infinite dimension to finite dimension:
T is piecewise polynomial
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A p-stable local commuting projector P}’
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A p-stable local commuting projector P24
Let v € Hy n(div, Q) be given.
@ Elementwise L?-orthogonal projection y
Thlk :==arg  min ||V — Vp|lk VK € Th i
VHERTH(K)
S S
@ from infinite dimension to finite dimension: ' T ~
1 ntinite « . SN TN AT A
This pl.eceW|se polynomlal | AN \\ B // 7
@ but 74 is normal-trace discontinuous _— N M A=
@ next steps: recover normal-trace continuity 0| l\i W éf L
el 2 N e
ey A NN S
::’Z/// [ N W\~
7/ 1IN AN
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: : ,div
A p-stable local commuting projector P}

Let v € Hy n(div, Q) be given.

@ Elementwise L?-orthogonal projection

Thlk = ar min V-V VK € Ty
nlk g, mn | nllk h "
S/

@ from infinite dimension to finite dimension: .
1 is piecewise polynomial ol N VNG W LAY A
. . . SN\ WA #~
@ but 74 is normal-trace discontinuous O N -

, . N NN\ W /A

@ next steps: recover normal-trace continuity, IS N A e
regain the commuting property (divergence S e
equal to NMP(V-v)) ool 2 1 71l N\
R //'/ f”\ \\\ =
20 NN WO~
'°_’f///fHH RN
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: : ,div
A p-stable local commuting projector P}

Let v € Hy n(div, Q) be given.

@ Elementwise L?-orthogonal projection

Thlk = arg Vhegnzl%(K)H nllk h K
S/
@ from infinite dimension to finite dimension: .

1 is piecewise polynomial ool N VNG W LAY 7 A
. . . SN\ WA A~
@ but 74 is normal-trace discontinuous e = N WU > e
@ next steps: recover normal-trace continuity, 02| 33 \H/ 5/5 e
regain the commuting property (divergence S e
equal to MP(V-v)), keep the approximation 02t —Z LA 1 L -
power of T, auf - A/ ”[\\‘ W\ —
20 NN WO~
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: : ,div
A p-stable local commuting projector P}

Let v € Hy n(div, Q) be given.

@ Elementwise L?-orthogonal projection

= in V-V VK € T;
Thlk argvhegnm(K)H hllk h %
S S

@ from infinite dimension to finite dimension: I ~
. . . . N \‘ / 74
T4 is piecewise polynomial o5 \\ \l H 1/ // s
@ but 74 is normal-trace discontinuous N A=
@ next steps: recover normal-trace continuity, 0o | T l\é W f/f L
regain the commuting property (divergence e = s e
equal to MP(V-v)), keep the approximation 02t —Z LA 1 L -
power of T, e 7| RN S
@ henceforth: manipulation of piecewise Z: ~ 7 f/ NN
polynomials M/ 1 VN

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 34 / 46



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ"ﬁv Tools C

A p-stable local commuting projector P}’

div

Let v € Hy n(div, Q) be given.
@ Elementwise L?-orthogonal projection

T = ar min vV—-v VK € T;
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” ” (div
A p-stable local commuting projector P}

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration

to T4
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A p-stable local commuting projector P}’

div

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration

to 74 (local energy G
minimizations on the vertex patch subdomains w,
).
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A p-stable local commuting projector P24 A

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration

to 7 (local energy G
minimizations on the vertex patch subdomains w,, cut-off
by the hat functions 5). —
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div

A p-stable local commuting projector P}’ g

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)

by applying the flux equilibration with an

minimizations on the vertex patch subdomains w,, cut-off

by the hat functions 5).

1

0.8

0.6

0.4

0.2

0

-0.2

-0.4

-0.6

-0.8

-1

PPN e
WS A A=

1\\ \\v/r r,::
< T N e

1 5 N

:’4 /‘/\\ \‘::
HE AN VN —
AT N
-0.5 0 0.5

Th

M. Vohralik

to 74 (local energy G

0.8

0.6

0.2

-0.2

-0.4

-0.6

-0.8

a

oh

Reconstructions for hp a priori & a posteriori estimates 35/ 46



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ‘div Tools C

: : ,div
A p-stable local commuting projector P}

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration with an
to 71, (local energy
minimizations on the vertex patch subdomains w,, cut-off
by the hat functions 5).

@ o is essentially the construction of Ern, Gudi, Smears, & Vohralik (2022)
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: : ,div
A p-stable local commuting projector P}

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration with an
to 71, (local energy
minimizations on the vertex patch subdomains w,, cut-off
by the hat functions 5).

@ o is essentially the construction of Ern, Gudi, Smears, & Vohralik (2022)
@ oy is stable, local, and a projector, o, = v when v € RTp(7h) N Hg n(div, Q)
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: : ,div
A p-stable local commuting projector P}

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration with an
to 71, (local energy
minimizations on the vertex patch subdomains w,, cut-off
by the hat functions 5).

@ o is essentially the construction of Ern, Gudi, Smears, & Vohralik (2022)

@ oy is stable, local, and a projector, o, = v when v € RTp(7h) N Hg n(div, Q)

@ o4 has the approximation property of 75, but only / robustly (use of the hat
function ¢ 5 and of the canonical projector I;’é’;- in the construction)
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: : ,div
A p-stable local commuting projector P}

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration with an
to 71, (local energy
minimizations on the vertex patch subdomains w,, cut-off
by the hat functions 5).

@ o is essentially the construction of Ern, Gudi, Smears, & Vohralik (2022)

@ oy is stable, local, and a projector, o, = v when v € RTp(7h) N Hg n(div, Q)

@ o4 has the approximation property of 75, but only / robustly (use of the hat
function ¢ 5 and of the canonical projector I;’é’;. in the construction)

@ o, keeps the and of Ty
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: : ,div
A p-stable local commuting projector P}

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration with an
to 71, (local energy
minimizations on the vertex patch subdomains w,, cut-off
by the hat functions 5).

@ o is essentially the construction of Ern, Gudi, Smears, & Vohralik (2022)

@ oy is stable, local, and a projector, o, = v when v € RTp(7h) N Hg n(div, Q)

@ o4 has the approximation property of 75, but only / robustly (use of the hat
function ¢ 5 and of the canonical projector I;’{;. in the construction)

@ o4 keeps the and of T,

(Th—0on )k =0 Vry € [Po(K)]%, VK € Th
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: : ,div
A p-stable local commuting projector P}

@ Obtain o € RT,(75) 1 Hon(div, Q) with Vo, = 117 (V-v)
by applying the flux equilibration with an
to 71, (local energy
minimizations on the vertex patch subdomains w,, cut-off
by the hat functions 5).

@ o, is essentially the construction of Ern, Gudi, Smears, & Vohralik (2022)

@ oy is stable, local, and a projector, o, = v when v € RTp(7h) N Hg n(div, Q)

@ o4 has the approximation property of 75, but only / robustly (use of the hat
function ¢ 5 and of the canonical projector I;’{;. in the construction)

@ o4 keeps the and of T,

(Th—0on )k =0 Vry € [Po(K)]%, VK € Th

@ the last step will only work on the (conforming projection of the) reminder
Th — op (“nonpolynomial part”): p-robust correction, no 13 and If]é’fr
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: : ,div
A p-stable local commuting projector P}

@ Apply to conforming projections ¢ of the reminder
T, — op a p-stable decomposition on extended vertex
patch subdomains w4
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A p-stable local commuting projector P}

@ Apply to conforming projections ¢ of the reminder
T, — op a p-stable decomposition on extended vertex

. ~ a a,a
patch subdomains wa = (7 = Za,@a ¢h
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A p-stable local commuting projector P}

@ Apply to conforming projections ¢ of the reminder v
T, — op a p-stable decomposition on extended vertex

. ~ / -
patch subdomains &a = ¢f = X, .5, ¢%% = correction

L a,a =
Ch = Zaevh Ch . @
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: : ,div
A p-stable local commuting projector P}

@ Apply to conforming projections ¢ of the reminder v
T, — op a p-stable decomposition on extended vertex

patch subdomains &a = ¢f = X, .5, ¢2¥ = correction
a,a o
Ch = Zaevh Ch . Ta
Q@ PLM(v):=0n+ ¢
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@ Thlk=arg min |V —vp|k (elementwise L?-orthogonal projection)
VHERTH(K)
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A p-stable local commuting projector P}

@ 7hlk:=arg min [V —Vh|k (elementwise L?-orthogonal projection)
VHERTH(K)
a .
o :=ar min T o—V
° " & VhERT (Ta)NHo(div,wa) ” YaTh h”wa

V-vh=  ¢aV-v+Via-v

(patchwise flux equilibration )

lreia -
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A p-stable local commuting projector P}

Thik :=arg min ||[v— vk elementwise L°-orthogonal projection
g proj

2 VERT(K)
opi=ar min / v
° k. | R (CCCLOR
V= $aV-Vv+Via-v
(patchwise flux equilibration )

lreia -
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A p-stable local commuting projector P}

Thik :=arg min ||[v— vk elementwise L°-orthogonal projection
g proj

2 VnERTe(K)
oy = ar min I _v
° R SN L (R
V-vp= $aV-v+Vepa-v
(patchwise flux equilibration )

lreia -
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A p-stable local commuting projector P}

Thik :=arg min ||[v— vk elementwise L°-orthogonal projection
g proj

2 VERT(K)
= ar, mi I v
LT . | R L (L Oh )
V=11, (1aV-V+Vba-v)
(patchwise flux equilibration )

lreia -



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ‘div Tools C

A p—Stable local Commuting prOjeCtor P'Z’div Ern, Gudi, Smears, & Vohralk (2022)

@ 7Thlk:=arg min ||V — vk (elementwise L?-orthogonal projection)
VhERTp(K)
Q o = arg min ‘}Ip('ﬁ/’aTh) — VhHwa

VhERT(Ta)NHo (div,wa)
V-vp=(4aV -V+Viba-v)

(patchwise flux equilibration )
ohi= Y of (gluing patchwise contributions)
acVy
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A p-stable local commuting projector P24
@ 7Thlk:=arg min ||V — vk (elementwise L?-orthogonal projection)
. VAERTH(K) _ L
o Th =38 vheR’Tg(g])lr?Ho(div,wa) H p(VaTh) — VhHwa

V-vp=(4aV -V+Viba-v)
(Varn)k=(Ip(VaTh),rn)k  VrnE[Po(K)9,VKETa  if p>1

(patchwise flux equilibration with an )
ohi= Y of (gluing patchwise contributions)
acVy
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A p-stable local commuting projector P}’
(elementwise L?-orthogonal projection)

T = ar min V-V
Q 7k gv,,eR’l;,(K)H nllk
H%("@’a’ h) — VhHwa

a
O (= arg
° h vhe'm;(ﬁ)mHo(dw wa)
V-vp= (?Pav V+V)a-v)
(vh,rh)K:(lp(waTh),rh)K VrnE[Po(K)9,VKETa  if p>1
)

(patchwise flux equilibration with an

ohi= Y of (gluing patchwise contributions)
a acVy .
Q Chi=arg min |Th —on— Vhllz,
VhER'T('Ta)ﬂHO ~(div,@a)

(vhsrn)k=(Th— Uh,fh)K 0 WhG[Po(K)]d VKETa
)

(patchwise div-free conforming projection of 7 — o, with an
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A p-stable local commuting projector P}’
(elementwise L?-orthogonal projection)

T = ar in V-V
Q 7k gv,,ear'l;,(K)H nllk
‘}Ip("ﬁ/’a7 h) - VhHwa

a
op = arg
° h vhe'm;(ﬁ)nHo(dw wa)
V-vp=(4aV -V+Viba-v)
(vh,rh)K:(lp(waTh),rh)K VrRe[Po(K)9,VKETa  if p>1
)

(patchwise flux equilibration with an

ohi= Y of (gluing patchwise contributions)
a acVy
(5] Ch:=arg min |Th —oh— Vhllz,
VhER'T('Ta)ﬂHO ~(div,@a)
(vhsrn)k=(Th— U'h,l‘h)K 0 V"hG['Po(K)]d vKeTa
)

(patchwise div-free conforming projection of 7 — o, with an
¢2= Z ¢3@ with in particular ¢2? € RT,(7Ta) N Ho(div, wa), V-¢3% =
(patchwise p-stable remainder decomposition)
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: : ,div
A p-stable local commuting projector P}

@ 7Thlk:=arg min ||V — vk (elementwise L?-orthogonal projection)
VhERTp(K)
) of = arg Fo(amh) = Vi,

VhER%(Ta)ﬂHO(dlv wa)
V-vp= (zpav v+Via-v)
(vh,rh)K:(lp(waTh),rh)K VrnE[Po(K)9,VKETa  if p>1

(patchwise flux equilibration with an )
ohi= Y of (gluing patchwise contributions)
acVy
Q ¢hi=arg min |7h —oh— Vallza
VhER'T('Ta)ﬂHO ~(div,@a)
(vh,rh)K (Th a'h,l‘h)K 67 VrhG[Po(K)]d VK€7—a
(patchwise div-free conforming projection of 7 — o, with an )
¢2= Z Cﬁ’a' with in particular ¢2% € RT,(Ta) N Ho(div,wa), V(5% =
a'cV, (patchwise p-stable remainder decomposition)
Cpi= Z ¢aa (gluing patchwise correction contributions) |
A<V lreia &
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A p-stable local commuting projector P?™ .= &, + ¢,
Q@ 7k :=arg %ifP(K)HV — Vhllk (elementwise L?-orthogonal projection)
VheERTp
o  alu 1o(ars) — va.,

VhER%(Ta)ﬂHO(dlv wa)
V-vp= (zpav v+Via-v)
(vh,rh)K:(lp(waTh),rh)K VrnE[Po(K)9,VKETa  if p>1

(patchwise flux equilibration with an )
ohi= Y of (gluing patchwise contributions)
acVy
Q ¢hi=arg min |7h —oh— Vallza
VhER'T('Ta)ﬂHO ~(div,@a)
(vh,rh)K (Th a'h,l‘h)K 67 VrhG[Po(K)]d VK€7—a
(patchwise div-free conforming projection of 7 — o, with an )
¢2= Z Cﬁ’a' with in particular ¢2% € RT,(Ta) N Ho(div,wa), V(5% =
a'cV, (patchwise p-stable remainder decomposition)
Cpi= Z ¢aa (gluing patchwise correction contributions) |
A<V lreia &
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A p-stable local commuting projector P>

Theorem (P2 . Ho n(div, Q) — RTp(Th) N Hox(div, Q))

P> is commuting since
V-PLY(v) = NA(V-v) Vv € Hon(div, Q),

s

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 38 / 46




| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ‘div Tools C

A p-stable local commuting projector P}’

Theorem (P2 . Ho n(div, Q) — RTp(Th) N Hox(div, Q))

P> is commuting and projector since
V-PPY(v) = MR(V-v) Vv € Hon(div, Q),

Pﬁ,diV(V) o Vv € RTp(Th) N Hon(div, Q).

div

s
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A p-stable local commuting projector P}’
Theorem (P2 . Ho n(div, Q) — RTp(Th) N Hox(div, Q))
P> is commuting and projector since

V-PPY(v) = MR(V-v) Vv € Hyn(div, Q),

div

PPN (v) — v Vv € RTp(Th) N Hon(div, Q).

It has hp-robust local-best approximation property
since, for all v € Hy n(div, Q) and K € T,

lv—PE ()%

< min v—v?
< v
LeTk

o

4 @'
- U
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A p-stable local commuting projector P}

Theorem (Ph™" : Ho x(div, Q) = RTp(7h) N Hox(div, 2))

P> is commuting and projector since
VPP (y) - 1P(V-v) Vv € Hox(div, Q),

PPN () — v Vv € RTp(Th) N Hon(div, ©2).

It has hp-robust local-best approximation property and is p-robustly L? stable
up to data oscillation, since, for all v € Hy n(div, Q) and K € T,

div

v —PE ()%

< min V—vy?
< v 2

LE%K

PP )% = > {Hvuf }

LE%K

fji!\i'
A B
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Potentials: one element

Lemma (H1 polynomial extension on a tetrahedron sabuska, suri (1987; 20), Mufioz-Sola (1997),

Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1, K € Tp, and 7). C Fk. Letr < P,(F)) be continuous on F¥. Then

min  IVvillcS  min Vvl
VhEPp(K) veH!(K)
Vh=rF on all FEFR v=rg on all FEFR

||f||H1/2(3K)
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Potentials: one element

Lemma (H1 polynomial extension on a tetrahedron sabuska, suri (1987; 20), Mufioz-Sola (1997),

Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1, K € Tp, and 7). C Fk. Letr < P,(F)) be continuous on F¥. Then

min  IVvillcS  min Vvl
VhEPp(K) veH!(K)
Vh=rF on all FEFR v=rg on all FEFR

||f||H1/2(aK)

v
Context
“Ak=0  inK,
(k=rF onall FeFg,
—Vik-ngk =0 onall F € Fi \ FK. .
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Potentials: one element

Lemma (H1 polynomial extension on a tetrahedron sabuska, suri (1987; 20), Mufioz-Sola (1997),

Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1, K € Tp, and 7). C Fk. Letr < P,(F)) be continuous on F¥. Then

min IVVhllk = min IVv]k = IV<klk-
Vh€Pp(K) veH'(K)
Vh=rF on all FEFR v=rg on all FEFR

||f||H1/2(aK)

v
Context
“Ak=0  inK,
(k=rF onall FeFg,
—Vik-ngk =0 onall F € Fi \ FK. .
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Potentials: one element

Lemma (H1 polynomial extension on a tetrahedron sabuska, suri (1987; 20), Mufioz-Sola (1997),

Demkowicz, Gopalakrishnan, & Schéberl (2009))

Letp>1, K € Tp, and 7). C Fk. Letr < P,(F)) be continuous on F¥. Then
FE . .

IVenkllk = min [V Vhllk = min IVvlik = [IVCk|lk-

VhEPp(K) veH!(K)

Vh=rF on all FEFR v=rg on all FEFR
Il 7200
v
Context
“Alk=0 inK,
Ck=rc onal FeFP,
—Vik-ngk =0 onall F € Fi \ FK. .
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Potentials: vertex patch

Theorem (Broken H' polynomial extension on a vertex patch em & vonraik (2015, 2020))
Forp>1andaec V™ letrc P,(F). Suppose the compatibility

rF|Fnaw3 =0 VF € ]_-iam’
ZLF7erF’e:0 Veéga

FeFe
Then
min  [VaVpllw, = min  [[VaVe,.
VhEPp(Ta) veH! (Ta)
Vh=0 YFEeFg" v=0 VFeF
[Vh]]ZI'F VFE]'—ém |[V]|:f/: VFG]'—iam
W
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & Mc-intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & Vohralik (2020))

Letp>0, K € Tp, )} C Fk. Letr € Pp(F}) x Pp(K), satisfying
ZFGFK(rF7 1)/: = (I’K, 1)K If]:N = .FK. Then

min 14 < min v
VhERTH(K) IVallk < veH(div,K) Vil
Vh-NK=IF VFE./—‘% V-Ng=rg VFE]‘—;}I
V-vp=rg V-v=ryg )
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & Mc-intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & Vohralik (2020))

Letp>0, K € Tp, )} C Fk. Letr € Pp(F}) x Pp(K), satisfying
ZFGFK(rF7 1)/: = (I’K7 1)K If]:N = .FK. Then

min 14 < min v
VhERTH(K) Ivallx = veH(div,K) Ivilk
Vp-Ng=Ig VFE./—'% V-Ng=rg VFE]‘—;}I
V-vp=rg V-v=rg
Context
—Alk = Ik in K,
—Vik-NK = Ir onall F ¢ F},
(k=0 onaIIFefK\}“}}’.
Set i := —Vik. - e
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & Mc-intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & Vohralik (2020))

Letp>0, K € Tp, )} C Fk. Letr € Pp(F}) x Pp(K), satisfying
ZFGFK(rF7 1)/: = (I’K7 1)K If]:N = .FK. Then

min 14 < min V|k = .
S el s min Vi = leklic
Vyp-Ng=IF VFE./—'% V-Nk=IF VFE]‘—;}I
V-vp=rg V-v=rg
Context
—ACK =IK in K,
—Vik-NK = Ir onall F ¢ F},
(k=0 onall F € Fx \ Fg.
Set i := —Vik. p .
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Fluxes: one element

Lemma (H(div) polynomial extension on a tetrahedron costavel & Mc-intosh (2010); Ainsworth &

Demkowicz (2009; 2D), Demkowicz, Gopalakrishnan, & Schéberl (2012); Ern & Vohralik (2020))
Letp>0,K € Tp, F); C Fik- éetr € Po(FR) x Po(K), satisfying
ZFGFK(rF7 1)/: = (I’K7 1)K If]:K = Fk. Then

MFEs

= min 14 < min V|k = .
lenkllk el [Vallk = L Iviik = llexlk
Vh-NK=IF VFE./—‘% V-Ng=rg VFE]‘—;}I
V-vp=rg V.v=rg
Context
—Alk = Ik in K,
—Vik-NK = Ir onall F ¢ F},
(k=0 onaIIFefK\}“}}’.
Set gy = —Vik. . i
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Fluxes: vertex patch

Theorem (Broken H(div) polynomial extension on a vertex patch sraess, iwein, & schober

(2009; 2D), Ern & Vohralik (2020; 3D))

Forp>0andac V™ letr c Py(Fa) x Pp(T2). Suppose the compatibility

> (e, k= > (re, 1) =0.

KeTa FEFa
Then
min [Vhllwa = min [V |eg-
VhE€RTp(Ta) veH(div,7a)
Vh-Ne=rg VFEFG" v-ng=rg YFEFg"
[vh-nel=re VFeFS! [v-ng]=re VFeFint
Vh-Vhlk=rk YKETa Vh-V|k=rx YKETa
v

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 42 / 46



O Introduction

Potential reconstruction
Flux reconstruction

A posteriori error estimates
Local commuting projectors
Local—global equivalence
A priori error estimates

O Potential reconstruction
O Equilibrated flux reconstruction
O A p-stable local commuting projector P’g"“‘

e Tools (hp-optimality, p-robustness)
@ Broken polynomial extension operators
@ p-stable decompositions

Conclusions and outlook .

(]

o
()
(*)
()

[



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C Polynomial extension operators p-stable decompositions

p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

° * — ® 7
ac\y Ch

@ (2e Pp(7~;) N H'(@a) on an extended patch domain @, given
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@ (2e Pp(7~;) N H'(@a) on an extended patch domain @, given
@ (¢i.1)k =0forallK € Ta,

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 43 / 46



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C Polynomial extension operators p-stable decompositions

p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

L
_ Al / Ca /
a—as ay h das

@ (e Pp(7~;) N H'(@a) on an extended patch domain @, given
@ (¢2 1)k = 0forall K € Ta,
e vertices @ € V,
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p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

@ (e Pp(7~;) N H'(@a) on an extended patch domain @, given

@ (¢2 1)k = 0forall K € Ta,

@ vertices @ € V,

e decomposition (=3, 5 (7% = + RGBT (B

¢3% € Pp(Ta) N H (wa)
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p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

@ (e Pp(7~;) N H'(@a) on an extended patch domain @, given

@ (¢2 1)k = 0forall K € Ta,

e vertices @ € V,

o decomposition ¢§ =3, 5, ¢ — + (2R By 2
Ch € PolTar) N H (war)

o p-stable | V(E7lu, < IV¢Hl,
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p-Stab|e decompOSItlon (nO glObal Component) ~ Schéberl, Melenk, Pechstein, & Zagimayr (2008)

¢ e Pp(7~;) N H'(@a) on an extended patch domain @, given

(¢8. 1)k = Oforall K € Ta,

vertices @ € V,

decomposition ¢7 =3, 5, ¢ — + (2R By 2
Ch € PolTar) N Hi(war)

p-stable | V(e S V¢TI,

no global (low-order) component since ¢ is elementwise mean-value free
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H(div) stable decomposition

Theorem (H(le) stable decompOSition in 2D, in extension of Schaberl, Melenk, Pechstein, & Zaglmayr (2008))

Let d = 2 and let the closure of w4 be contractible. Let
¢2 € RTp(Ta) N Hon(div,&a) with V¢2=0,  div-free
(€2 rk =0 Vr,e[Py(K)|% VK € Ta.  vanishing means
Then there exists a decomposition of 3 as
= > ¢2¥  decomposition
where a'cVa
CZ’”’ are supported on the vertex patch subdomains wy, linearly

depend on ¢ on the extended vertex patch subdomains @y,

and satisty ,
C2% € RTp(Ta) N Ho(div,wa) with V(3% =0,  div-free

162 0, S IIC2lz, V& € Va.  p-stable
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Conclusions
@ piecewise polynomial reconstructions (potential, flux)

@ a posteriori:
o p-robust error estimates (unified framework for all classical numerical schemes)



| Potential reconstruction Flux reconstruction Local commuting projector Pﬁ’div Tools C

Conclusions and outlook

Conclusions
@ piecewise polynomial reconstructions (potential, flux)
@ a posteriori:
e p-robust error estimates (unified framework for all classical numerical schemes)
@ a priori:
e p-stable local commuting projectors
e p-robust global-best — local-best equivalence (in H'; in H(curl) and H(div) while
removing constraints)
e optimal hp a priori error estimates under minimal elementwise regularity
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Conclusions and outlook

Conclusions
@ piecewise polynomial reconstructions (potential, flux)

@ a posteriori:
e p-robust error estimates (unified framework for all classical numerical schemes)
@ a priori:
e p-stable local commuting projectors
e p-robust global-best — local-best equivalence (in H'; in H(curl) and H(div) while
removing constraints)
e optimal hp a priori error estimates under minimal elementwise regularity

Ongoing work
@ extensions to other complexes
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Potential reconstruction
@ discontinuous pw polynomial — continuous pw polynomial
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~ Dualroles Aprioriestimates A posterioriestimates
Potential and flux reconstructions

Potential reconstruction
@ discontinuous pw polynomial — continuous pw polynomial

flux reconstruction
@ pw vector-valued polynomial with discontinuous normal trace and no

equilibrium — continuous normal trace



Dual roles A priori estimates A posteriori estimates
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Weak formulation
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A model partial differential equation

Laplace equation

Findu:Q—R
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u=0 on 0Q
Setting
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Weak formulation

Find v € H}(Q) such that
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2aA— W
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Dual roles A priori estimates A posteriori estimates

Error characterization

Theorem (Error equality)
Let u € H}(S) be the weak solution and let uj, € Pp(Th), p > 0, be arbitrary. Then

IVh(u — up)|?
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Dual roles A priori estimates A posteriori estimates

a posteriori error estimate, reliability

For any s, € H}(2) and o, € H(div. ) such that V.o, = f, there holds

IVa(u—up)l? <|[IVa(un = sn)lI? + [ Vntn + ol
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a posteriori error estimate, reliability (guaranteed upper
bound)

For any s, € H}(Q) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—un)?® < |IVa(un = sn)lI* + |Vt + ol

unknown error computable estimator ()

Lrzia . @
M. Vohralik Reconstructions for hp a priori & a posteriori estimates 52 / 46



Dual roles A priori estimates A posteriori estimates
a posteriori error estimate, reliability (guaranteed upper
bound)

For any s, € H}(Q) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—un)?® < |IVa(un = sn)lI* + |Vt + ol

unknown error computable estimator ()

Comments
@ local construction of piecewise polynomial s, and o, from up,

Lrzia . @
M. Vohralik Reconstructions for hp a priori & a posteriori estimates 52 / 46



Dual roles A priori estimates A posteriori estimates
a posteriori error estimate, reliability (guaranteed upper
bound)

For any s, € H}(Q) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—un)? < |IVa(un = sn)lI* + Vot + ol

unknown error computable estimator ()

Comments
@ local construction of piecewise polynomial s, and o, from up,

Lrzia . @
M. Vohralik Reconstructions for hp a priori & a posteriori estimates 52 / 46



Dual roles A priori estimates A posteriori estimates
a posteriori error estimate, reliability (guaranteed upper
bound)

For any s, € H}(Q) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—un)? < |IVa(un = sn)lI* + Vot + ol

-~
unknown error computable estimator ()

Comments
@ local construction of piecewise polynomial s, and o, from up,

Lrzia . @
M. Vohralik Reconstructions for hp a priori & a posteriori estimates 52 / 46



Dual roles A priori estimates A posteriori estimates
a posteriori error estimate, reliability (guaranteed upper
bound)

For good s, € H}(2) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—un)? < |IVa(un = sn)lI* + Vot + ol

unknown error computable estimator ()

min |[|[Va(up— V)2 + min Vhup + V|2
veH(}(Q)” ( )l VeH(div}Q)ll |
V.v=

A

Comments
@ local construction of piecewise polynomial s, and o, from up,

Lrzia . @
M. Vohralik Reconstructions for hp a priori & a posteriori estimates 52 / 46



Dual roles A priori estimates A posteriori estimates
a posteriori error estimate, reliability (guaranteed upper
bound)

For good s, € H}(2) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—un)? < |IVa(un = sn)lI* + Vot + ol

unknown error computable estimator ()

min |[|[Va(up— V)2 + min Vhup + V|2
veH(}(Q)” ( )l VeH(div}Q)ll |
V.v=

A

Comments
@ local construction of piecewise polynomial s, and o, from up,
@ s, s0 good that no v € H] () can do better (up to a constant)

Lrzia . @
M. Vohralik Reconstructions for hp a priori & a posteriori estimates 52 / 46



Dual roles A priori estimates A posteriori estimates

a posteriori error estimate, reliability (guaranteed upper
bound)

For good s, € H}(2) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—un)? < |IVa(un = sn)lI* + Vot + ol

unknown error computable estimator ()
< min [|[Vp(up—vV 24 min Vhup + V|2
S V= O+ i H
V=
Comments

@ local construction of piecewise polynomial s, and o, from up,
@ s, s0 good that no v € H] () can do better (up to a constant)
@ o, s0 good that no v € H(div, Q) with V-v = f can do better (up to a

constant) Lovece

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 52 / 46



Dual roles A priori estimates A posteriori estimates

a posteriori error estimate, reliability (guaranteed upper
bound)

For good s, € H}(2) and o, € H(div, Q) such that V.o, = f, there holds

IVh(u—un)? < |IVa(un = sn)lI* + Vot + ol

unknown error computable estimator ()
< min [|[Vp(up—vV 24 min Vhup + V|2
S V= O+ i H
V=
Comments

@ local construction of piecewise polynomial s, and o, from up,
@ s, s0 good that no v € H] () can do better (up to a constant)
@ o, s0 good that no v € H(div, Q) with V-v = f can do better (up to a

constant) Lovece

M. Vohralik Reconstructions for hp a priori & a posteriori estimates 52 / 46



Dual roles A priori estimates A posteriori estimates

Optimal a posteriori error estimate, reliability (guaranteed upper
bound), efficiency (p-robust)
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