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The curl-curl problem (current density j « Ho n(div. Q) with V-j = 0)

The curl—curl problem

Find the magnetic vector potential A : Q c R3 — R3 such that
Vx(VxA)=j, V-A=0 inQ,
Axng =0, onlp,
(VxA)xng =0, Ang=0 only.

-
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The curl-curl problem (current density j « Ho n(div. Q) with V-j = 0)

The curl—curl problem

Find the magnetic vector potential A : Q c R3 — R3 such that
Vx(VxA)=j, V-A=0 inQ,
Axng =0, onlp,
(VxA)xng =0, Ang=0 only.

Weak formulation

A € Hyp(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv € Hyp(curl, Q).
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scalar-valued L?(Q) functions with weak gradients in L3(Q),
H'(Q) := {v € [3(Q); Vv € L?(Q)}

vector-valued L?(Q) functions with weak curls in L3(Q),
H(curl, Q) := {v € L3(Q); Vxv € L?(Q)}
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Three key Sobolev spaces

scalar-valued L?(Q) functions with weak gradients in L3(Q),
H'(Q) := {v € [3(Q); Vv € L?(Q)}

vector-valued L%(Q) functions with weak curls in L3(Q),
H(curl, Q) == {v € L3(Q); Vxv € L3(Q)}
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Three key Sobolev spaces

scalar-valued L?(Q) functions with weak gradients in L3(Q),
H'(Q) := {v € [3(Q); Vv € L?(Q)}

vector-valued L%(Q) functions with weak curls in L3(Q),
H(curl, Q) == {v € L3(Q); Vxv € L3(Q)}

vector-valued L%(Q) functions with weak divergences in L2(Q),
H(div,Q) := {v € L3(Q); V-v € [3(Q)}
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Three key Sobolev spaces with inhomogeneous BCs

H n(9) := {v € H'(Q); v = 0o0n Iy}

Ho n(curl, Q) := {v € H(curl,Q); vxng = 0on Iy in appropriate
sense}

Ho n(div, Q) := {v € H(div,Q); v-ng = 0 on Iy in appropriate
sense}

-
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Meshes, elements, and patches
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Meshes, elements, and patches




vp(x) =ax +by+cz+d




ax? + by? + cz?
vp(x) = +dzy + eyz + fxz
+9r+hy+iz+j
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- Nédélec spaces Ny (K) = [Pp(K)]® + xx[Pp(K)]°, p> 0
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Raviart-Thomas spaces RT,(K) := [Pp(K)]® + Po(K)X, p > 0
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Approximation error estimates: context

h approximation estimate

Letv € H(curl, Q)

min v
VhENL(Th)NH(curl Q)
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Approximation error estimates: context

h approximation estimate

Let v € H(curl,Q) N H(Q2), s > 1/2. Then

[ v—v,| <C s AMin{o+H1SH Il s o
Vhe.'\fp(TrBIF?H(curl,Q)H hH - (&777’ ,,O) H HH(Q)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1/2. Then

hmin{p+1,s}

WHVHHS(Q)-

min v — vy < C(kT, S,
vheA&;(ﬂ,)ﬂH(curl,Q)H hH o ( Th ﬂ)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangular meshes)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1/2. Then

pmin{p+1,s}

. i< c N T
vrensn cmallV ~ Vall < Clemy, 8, P)In(R) ==y IVl

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangularmeshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1. Then

pmin{p+1,s}

lv = vall < C(k7, 5, p)Inkp) (

W”VHHS(Q)'

min
VhENL(Th)NH(curl Q)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangularmeshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

@ Melenk and Rojik (2020)

-

Y/ -

M. Vohralik A priori and a posteriori error analysis in H(curl) 6/ 31



| Apriori A posteriori Local-global eq. Commuting projector Equilibration Numerics C

Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(<), s >-1/2. Then

hmin{p—H,s}
v —vpl| < C(“n,syﬂ)WW”VHHS(Q)'

min
VhENR(Th)NH(curl, Q)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)

@ Monk (1994, rectangularmeshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

@ Melenk and Rojik (2020)

@ Ern, Gudi, Smears, Vohralik (2022, H(div) setting)

-
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Approximation error estimates

Theorem ( hp-optimal approximation under )
Let v € Hyn(curl, Q) with

vk € HS(K), (VxVv)lx e H(K) VKeT,

fors > 0ands>t>max{0,s—1}.

-
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Approximation error estimates

Theorem (Local approximation under minimal Sobolev regularity)
Let v € Hyn(curl, Q) with

fors > 0ands>t>max{0,s—1}. Then

vk € HS(K), (VxVv)lx e H(K) VKeT,
. 2
V-V
VhEJ\/;;(ﬁ?PWIIEI]O,N(CurIQ |:H hH + Z <

> i) |

Z h;in{p—H ,S} 2 hy hmln{p+1 t} 2
<Clor.0 3 [ (B v ) + (5 9%Vl ) |
K (p+1)3 p+1 (p+1

-
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Approximation error estimates

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)
Let v € Hyn(curl, Q) with

fors > 0ands>t>max{0,s—1}. Then

vk € HS(K), (VxVv)lx e H(K) VKeT,
. 2
V-V
VhE.’V,Z;(ﬁ?PWIIEI]o,N(CurIQ |:H hH + Z <

> i) |

Z h;in{p—H ,S} 2 hy hmln{p+1 t} 2
<C(k7;, 5, 1) [(HVHH m) + ( L HVXVHH’(K> ]
i L\ (p+1)° p+1 (/0+1

Comments
@ hpcase: |Ip| = 0 and convex patch subdomains w, for all vertices /, ., 4> =
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A posteriori error estimates: context

Weak formulation
A € Hyp(curl, Q) satisfies
(VXA VxvV)=(j,V) Vv € Hyp(curl, Q).
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A posteriori error estimates: context

Nédélec finite element discretization
Vi :=N,(75) N Hop(curl, ), p > 0; A, € V,, satisfies
(VXAh, V x Vh) = (j, Vh) Yvp € V.

M. Vohralik A priori and a posteriori error analysis in H(curl) 8/ 31



| Apriori A posteriori Local—-global eq. Commuting projector Equilibration Numerics C

A posteriori error estimates: context

Nédélec finite element discretization
Vi :=N,(75) N Hop(curl, ), p > 0; A, € V,, satisfies
(VXAh, V x Vh) = (j, Vh) Yvp € V.

Reliability

[VX(A—Ap)|| <C U
—— ~—
unknown error computable estimator

N,

Residual estimates (unknown constant C)
@ Monk (1998)
@ Beck, Hiptmair, Hoppe, & Wohlmuth (2000)
@ Nicaise & Creusé (2003)

-
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A posteriori error estimates: context

Nédélec finite element discretization
Vi :=N,(75) N Hop(curl, ), p > 0; A, € V,, satisfies
(VXAh, V x Vh) = (j, Vh) Yvp € V.

VX (A= Ap)|| < [VxAn— hy

~

TV
unknown error computable estimator

-
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A posteriori error estimates: context

Nédélec finite element discretization

Vi = Np(Tn) N Hyp(curl,Q), p>0; A, € V), satisfies
(VXAh, V x Vh) = (], Vh) Yvp € V.

VX (A= Ap)| < [VxAn— hpl|

unknown error

computable estimator

Functional estimates (global flux construction)
@ Repin (2007)
@ Hannukainen (2008)
@ Neittaanmaki & Repin (2010)

-
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A posteriori error estimates: context

Nédélec finite element discretization

Vi = N,(75) N Hop(curl, ), p > 0; A, € V,, satisfies
(VXA Vxvp)=(j,vn)  Yvhe Vp

N

and via
[VX(A—Ap)l < [VxAp—hp| = [[Vx(A—Ap)l|
unknown error computable estimator unkno% error

Equlibrated estimates (local flux construction)
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A posteriori error estimates: context

Nédélec finite element discretization

Vi = N,(75) N Hop(curl, ), p > 0; A, € V,, satisfies
(VXA Vxvp)=(j,vn)  Yvhe Vp

N

and via
[VX(A—Ap)l < [VxAp—hp| = [[Vx(A—Ap)l|
unknown error computable estimator unkno% error

Equlibrated estimates (local flux construction)
@ Braess & Schéberl (2008): lowest-order case p = 0
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A posteriori error estimates: context

Nédélec finite element discretization

Vi = N,(75) N Hop(curl, ), p > 0; A, € V,, satisfies
(VXA Vxvp)=(j,vn)  Yvhe Vp

N

and via
[VX(A—Ap)l < [VxAp—hp| = [[Vx(A—Ap)l|
unknown error computable estimator unkno% error

Equlibrated estimates (local flux construction)
@ Braess & Schéberl (2008): lowest-order case p = 0
@ Licht (2019): a conceptual discussion
@ Gedicke, Geevers, & Perugia (2020): equilibrated-residual-style construction
@ Gedicke, Geevers, Perugia, & Schéberl (2021): p-robust modification
@ Ern, Chaumont-Frelet, Vohralik (2021): p-robust broken patchwise %&gﬂb’ A
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A posteriori error estimates

Weak formulation

A € Hyp(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv € Hyp(curl, Q).
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A posteriori error estimates

Weak formulation

A € Hyp(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv € Hyp(curl, Q).

Nédélec finite element discretization

Vi = Np(7n) N Hyp(curl,Q), p>0; A, € V), satisfies
(VxAn, Vxvp) = (j,vn)  Yvp€ Vp
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A posteriori error estimates

Weak formulation

A € Hyp(curl, Q) satisfies
(VxA,Vxv)=(j,v) Vv € Hyp(curl, Q).

|

Nédélec finite element discretization
Vi = Np(7n) N Hyp(curl,Q), p>0; A, € V), satisfies
(VxAn, Vxvp) = (j,vn)  Yvp€ Vp

[hh € Npii(Th) N Hon(curl, Q) s.t. Vi hy, = j: local equilibrated flux reconstructionj

Theorem (Guaranteed upper bound,
IVX(A—Ap)l| < [IVxAp—hpl| < C(r7,) |V (A — Ap)|
~—_——

unknown error computable estimator unknown error rc
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Context Equivalence

Equivalence of local- and global-best approximations in Hj(2): 1D
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Equivalence of local- and global-best approximations in H} ()

EqU|Va|ence n I'I1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013), Veeser

(2016)

bigger ~ smaller
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Equivalence of local- and global-best approximations in H} ()

EQU|Va|enCG n I'I1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013), Veeser

(2016)

min A~  min
smaller space  bigger space

-
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Equivalence of local- and global-best approximations in H} ()

EqU|Va|ence n l‘ll1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013), Veeser

(2016)

min &~ min
CG space DG space

-

Creca 22 7"
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Equivalence of local- and global-best approximations in H} ()

EQU|ValenCG In I'I1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013), Veeser

(2016)

Let u € H}(Q) and p > 1 be arbitrary. Then,

-

-
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Equivalence of local- and global-best approximations in H} ()

EQU|ValenCG In I'I1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013), Veeser

(2016)
Let u € H}(Q) and p > 1 be arbitrary. Then,
min IV (u = vi)|I?
VhEPp(Th)H (2)
global-best on

frace-continuity constraint

-
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Equivalence of local- and global-best approximations in H} ()

EQU|ValenCG In I'I1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013), Veeser

(2016)
Let u € H}(Q) and p > 1 be arbitrary. Then,
. 2 . 2
min [V(u—w)|? ~ Y min [[V(u—va)l%.
VhEPp(Th)NH} (2) KeTr VREPH(K)
global-best on local-best on each K < Ty,
trace-continuity constraint no trace-continuity constraint

-
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Equivalence of local- and global-best approximations in H} ()

EQU|ValenCG In I'I1 , Carstensen, Peterseim, Schedensack (2012), Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013), Veeser

(2016)
Let u € H}(Q) and p > 1 be arbitrary. Then,
. 2 . 2
min [V(u—w)|? ~ Y min [[V(u—va)l%.
VhEPp(Th)NH} (2) KeTr VREPH(K)
global-best on local-best on each K < Ty,
trace-continuity constraint no trace-continuity constraint

@ =, up to a generic constant that only depends on space dimension d,
shape-regularity of the mesh r7;, and polynomial degree p

-
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Theorem (Constrained equivalence in H(curl))

bigger ~ smaller
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

min ~ min
smaller space with constraints  bigger space without constraints
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

min = min
Nédélec space with constraints  broken Nédélec space without constraints
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyon(curl,Q) and p > 0 be arbitrary. Then,
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyon(curl,Q) and p > 0 be arbitrary. Then,

i 2
min vV — +
VhEN(Th)NHo n(curl,Q) I Vil K;f (
Vxvy=PP(Vxv)

2
"T(va)HK)

~-
global-best on 2

tangential-trace-continuity constraint
curl constraint

&rzu’a/—,
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| Apriori A posteriori Local-global eq. Commuting projector Equilibration Numerics C Context Equivalence

Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyon(curl,Q) and p > 0 be arbitrary. Then,

. 2
min vV — aF
VhENB(Th)NHg n(curl,Q) ” h” Z (

2
"T(va)uK)

. KeTh
Vxvy=PP(Vxv)
global-Bgst on Q)
tangential-trace-continuity constraint
curl constraint
h 2
~ g 2
~ 3|, min v = vil (" 2 (TxV)l) |
KeTh ik

local-best on each K < T,
no tangential-trace-continuity constraint
no curl constraint

&rzu’a/—,
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyon(curl,Q) and p > 0 be arbitrary. Then,

: 2
min vV — =
VhENB(Th)NHg n(curl,Q) ” h” Z (

2
"T(va)uK)

. KeTh
Vxvy=PP(Vxv)
global-Bgst on Q)
tangential-trace-continuity constraint
curl constraint
h 2
~ g 2
~ 3|, min v = vil (" 2 (TxV)l) |
KeTh ik

local-best on each K < T},
no tangential-trace-continuity constraint
no curl constraint

@ =,: only depends on shape-regularity of 7, and the polynomial de%iaep
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@ Context
@ Equivalence

e A stable local commuting projector

o
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@ Commuting de Rham diagram, wishlist, and context
@ A stable local commuting projector P2

@ Patchwise equilibration
@ Main tool: stable (broken) H(curl) polynomial extensions
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O Local-best—global-best equivalence
@ Context
@ Equivalence
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@ Main tool: stable (broken) H(curl) polynomial extensions
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Commuting de Rham diagram and wishlist for P5"

Commuting de Rham diagram

H3 N (Q) Y, Hon(curl, Q) X, Hon(div, Q) v, [2(Q)

lpﬁ,grad lpg,curl Jpg,div ll—l,z
Po(TH)NH N (Q) = Np(Th)NHon(eurl, Q) 5 RTp(Th)Hon(div, Q) ~ Po(Th)NLE(Q)

Y/ -
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Commuting de Rham diagram and wishlist for P5"

Commuting de Rham diagram

Hon(curl, Q) AN Hon(div, Q) My 12(Q)
lpg,curl Jpg,dw lng
No(Th)NHon(curl, Q) 5% RTH(Th)NHon(div, Q) ~25 Pp(Th)NLE(RQ)

-
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Commuting de Rham diagram and wishlist for P5"

Commuting de Rham diagram

Hon(div, Q) v, [2(Q)
J{Pg,dlv lng
RTH(Th)Hon(div,Q) s Po(Th)NLE(Q)

o P>: Emn, Gudi, Smears, Vohralik (2022)

-
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Commuting de Rham diagram and wishlist for P5"

Commuting de Rham diagram

Ho n(curl, Q) VX, Ho n(div, Q)

lpﬁ.curl lpﬁ’div
Npp(Th)NHon(curl, Q) 25 RT,(Th)NHon(div, Q)

Requirements on P>°"
@ be defined over the entire infinite-dimensional space Hy n(curl, Q)

© be defined locally (in neighborhood of mesh elements)

© be defined simply (starting from elementwise polynomial projections)

© have optimal approximation properties, that of elementwise unconstrained
L2-orthogonal projector (local-best—global-best equivalence)

© be stable in L?(Q) (up to data oscillation)

© satisfy the commuting properties expressed by the arrows

@ be projector, i.e., leave intact piecewise polynomials lreia -t T

M. Vohralik A priori and a posteriori error analysis in H(curl) 13/ 31
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Stable local commuting projectors defined on H(div)/H(curl)

@ Schéberl (2001, 2005): not local
@ Christiansen and Winther (2008): not local

@ Bespalov and Heuer (2011): low regularity but still not H(div)/H(curl)

@ Falk and Winther (2014): local and H(div)/H(curl)-stable but not L?-stable
@ Ern and Guermond (2016): not local

@ Ern and Guermond (2017): H(div)/H(curl) regularity but not commuting

@ Licht (2019): essential boundary conditions on part of 0Q

z i
. A\ erc

Creca 22 7"
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o [lv—vh|? = Ckerllv—valk




Classical elementwise interpolation

® [|[v— il = CkerlIv—vallk
@ v € H(curl,Q) = v|k € H(curl, K) = so interpolate v|x
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Classical elementwise interpolation: conformity enforcement

o ve H (K UKy)iff ve H'(Ky), v € H'(Kz), and (V|k, )| = (V|k,)|F

Creia -
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Classical elementwise interpolation: conformity enforcement

o ve H (K UKy)iff ve H'(Ky), v € H'(Kz), and (V|k, )| = (V|k,)|F
@ = ensure this by putting DoFs at the face F (Lagrange interpolate)

-
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Classical elementwise interpolation: conformity enforcement

o ve H (K UKy)iff ve H'(Ky), v € H'(Kz), and (V|k, )| = (V|k,)|F
@ = ensure this by putting DoFs at the face F (Lagrange interpolate)

-

Point values not available in H'. Lovede
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Classical elementwise interpolation: conformity enforcement

@ v € H(curl, Ky U Ky) iff v € H(curl, K1), v € H(curl, K>), and
(V|k, xNng)|F = (V|k,xNF)|F in appropriate sense

M. Vohralik A priori and a posteriori error analysis in H(curl)
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Classical elementwise interpolation: conformity enforcement

< RN N N N N N NN NN NN

@ v € H(curl, Ky U Ky) iff v € H(curl, K1), v € H(curl, K>), and
(V|k, xNng)|F = (V|k,xNF)|F in appropriate sense
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Classical elementwise interpolation: conformity enforcement

@ v € H(curl, Ky U Ky) iff v € H(curl, K1), v € H(curl, K>), and
(V|k, xNng)|F = (V|k,xNF)|F in appropriate sense

Not a single tetrahedron K € Ty, if the minimal regularity v € H(curl,Q) requested. e«

M. Vohralik A priori and a posteriori error analysis in H(curl) 15/ 31
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Classical patchwise interpolation (Clément)

@ some local-best polynomial
approximation on wg

@ values on wa as weights for basis
functions supported on w4

Allows the minimal regularity

> erc
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Classical patchwise interpolation (Clément)

@ some local-best polynomial
approximation on wg

@ values on wa as weights for basis
functions supported on w4

Allows the minimal regularity but breaks the projection property, the elementwise
structure, and the commuting diagram.

lrneia—te 5"
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A stable local commuting projector P2°"

Definition (A stable local commuting projector PP

Let v € Hon(curl, Q) be given (minimal regularity). V

@ For each K & 7, prepare the datum 74|«

7 ‘= ar min Vxv—w
hlk 3, (K)H nllk
V-wp=0

and define ¢p|k by the elementwise constrained projection

= ar min vV —
Lhlk = g, A'% o v — vhllk
VXVp=Th

M. Vohralik A priori and a posteriori error analysis in H(curl)
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A stable local commuting projector P2°"

Definition (A stable local commuting projector PP

Let v € Hon(curl, Q) be given (minimal regularity). V

@ For each K & 7, prepare the datum 74|«

7 ‘= ar min Vxv—w
hlk 3, (K)H nllk
V-wp=0

and define ¢p|k by the elementwise constrained projection

L = ar mln vV —
hlk = 3., v — vhllk
VXVh Th

(discrete but tangential trace discontinuous).

M. Vohralik A priori and a posteriori error analysis in H(curl)

17/31

erc



| Apriori A posteriori Local—-global eq. Commuting projector Equilibration Numerics C Commuting de Rham diagram  Projector

A stable local commuting projector P2°"

Definition (A stable local commuting projector PP

Let v € Hon(curl, Q) be given (minimal regularity). V

@ For each K & 7, prepare the datum 74|«

7 ‘= ar min Vxv—w
hlk 3, (K)H nllk
V-wp=0

and define ¢p|k by the elementwise constrained projection

= V —_
Lhlk = arg T\IEK v — vhllk
Vx Vh=Th
(discrete but tangential trace discontinuous).
@ Obtain PP (v) € N, (T5) N Hon(curl, Q) by applying the flux equilibration
h P
procedure to ¢p; in particular, Py (v) := hy, := Y,.,, hf, where h are
obtained by local energy minimizations on the patch subdomains w;. irc
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A stable local commuting projector P2°"

Theorem (A stable local commuting projector Pﬁ"’“”)

P> js a commuting projector since
Vx PP () — PPOV(7 ) Vv € Hon(curl, Q),
Pﬁ,curl(v) —v Vv € ./\/70(7],) N Hon(curl, Q).

erc
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A stable local commuting projector P2°"

Theorem (A stable local commuting projector P‘,Z"C“”)

P> js a commuting projector since
Vx PP (y) — PRy ) Vv € Hon(curl, ),
Pﬁ,curl(v) —v Vv € ./\/70(7],) N Hon(curl, Q).

Moreover, it has local-best approximation properties and is L? stable up to data
oscillation, since, for all v e Hyn(curl, Q) and K € Tp,

’ 2
lv = P (w) o + <p+K1HVX("— Pﬁw("””“)
h 2
Sp Z { v enferK/ Iv— vl + <P (VXV)”KI> }7

K'eTk
2
) } erc

hk
pP,CurI v 2 < Z V2 K Uy — H
IPE (W)l <o Vi + | 57l
M. Vohralik A priori and a posteriori error analysis in H(curl) 18/ 3—1«-
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Eq uilibrated flux reconstruction in H (d |V) Destuynder and Métivet (1998), Braess & Schaberl (2008)

1
NI
06 \ N /
"”,\\ \‘ \\"f/ '/ f/,“F
e ~ N \Y /S - =
02l NN\ Y # T 74—
e e S
027 — /,v//7 /N “\\\‘\\ -
04 : d a7/ // TN \»\ Nw =~ :
oo BN Ay -
-0.8
EUAOE ) N
-1-1 -0.5 0 0.5 1
Flux ¢p

th € RTp(Th); 1 € Ppy1(Th)

(F1% ) +(1n, V16).sp=0 VaEVI




Eq uilibrated flux reconstruction in H (d |V) Destuynder and Métivet (1998), Braess & Schaberl (2008)

1 )
ool _ ]\ avans AN (
— \! \\ \\ / / % —
0.4 ~ \ / — - .
02— N\ V¥V ¥ T P/V B ! -
o= <<Kf= NG,
02— X L7 A AN A e PR
0412~ NF / A ‘\ VA
o6F N pa—
_ / VN o
Ul N
-1-1 05 0 0.5 1
Flux ¢p
th € RTp(Th), f € Ppy1(Th)
(F0®)wa+(th, V@) wa=0 Vacyin s




Eq uilibrated flux reconstruction in H (d |V) Destuynder and Métivet (1998), Braess & Schaberl (2008)

1

Olsﬂl:\l:tl/ 1&
NENIR A Ny
— YW — N .
0.4 SN T \ / dl — > S
02 N NN\ Y #Z T 54— - / -
= <<= T WAh
020 — <, /’/ /7 /N ‘{\ ™~ X T ’ T )
V4~ / AN \ NG T S il
sl — T PRV v SE—— > -
} —_ 1 / / 1 1 \ \ - S—= ==t
038
ALl N - i -
-1-1 -0.5 0 0.5 1 r n 5 a
Flux ¢p hy
th € RTp(Th), f € Ppia(Th)

(f40®)wa+(th, V)?)wy=0 Vacyin

Lreiat e




| Apriori A posteriori Local—-global eq. Commuting projector Equilibration Numerics C

Eq U I | I brated ﬂ UX reCO nStrUCtlon |n H(d |V) Destuynder and Métivet (1998), Braess & Schéberl (2008)

Equilibration  Polynomial extensions

1

TN
06, — \\ } N A // // - =
04l —~ — J N \\ W[ ¥ /' v e
02— TN\ Y #Z T F—
B ==
02f — //'//7 N R\\‘\\ -
04 A SN N~ R
S (B N
P Pt bk —
ATt N
-1»1 -0.5 0 0.5 1
Flux ¢p

INSIN AN A
ool N \\\ W /// 7 -
SENNW7 A =7
02| TN M| A A
ool N e
Rt //’/ ff ‘k \\‘\\ D
oo T TN N

1

’ -1. . -0.5 0 0.5 . 1
Equilibrated flux reconstruction hy,

(f:¢a)wa +(thv¢a)wa =0 VaeV}?‘

th € RTp(Th), f € Ppt(Th) = hp= Y h§ € RTp41(Th) (1 H(div), V-hy = f

acyVy

- A

M. Vohralik

A priori and a posteriori error analysis in H(curl) 19/ 31



H(div)-case

@ When there exists
vy € RT5(Ta) N Hy(div.ws) such
that V-vy, = jﬁ')

@ When j& € Py(Ta) and (7. 1)., = O if
adélp.




Equilibration — the bottom line

H(div)-case H(curl)-case
@ When there exists @ When there exists
Vi € RT5(Ta) N Ho(div, w,) such Vi € Np(Ta) N Hy(curl,w,) such that
that V-Vh :jﬁ? V x Vhp = [27
@ When j& € Py(7a) and (ji, 1)., = 0 if @ When j& € RT7,(72) N Ho(div,wa)
agrp. with V-j# = 0.
o
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Continuous level
@ A € Hyp(curl, Q) satisfies
(VxA,VxV) = (j,v)VveHyp(curl, Q).




Continuous level
@ A € Hyp(curl, Q) satisfies
(VxA,VxV) = (j,v)VveHyp(curl, Q).

@ Thus VxA < Hyn(curl, ©2) with
Vx(VxA)=j.




Patchwise equilibrated fluxes

Continuous level
@ A< Hyp(curl, Q) satisfies
(VxA,VxV) = (j,v)VveHyp(curl, Q).

@ Thus V<A ¢ Hy(curl, Q) with
Vx(VxA)=]j.

@ Take h? := ¢)3(VxA) € Hy(curl,wa)
and note that >~ ,, h* = V<A.




Patchwise equilibrated fluxes

Continuous level
@ A< Hyp(curl, Q) satisfies
(VxA,VxV) = (j,v)VveHyp(curl, Q).

@ Thus V<A € Hyn(curl, ©2) with
Vx(VxA)=]j.
@ Take h? := ¢)3(VxA) € Hy(curl,wa)
and note that >~ ,, h* = V<A.
@ Rewritten implicitly,
h? :=arg  min ||1/13(V><A)—V||L208
veHy(curl,wa)

Vxv=j2
with

J2 =3 + Vi< (V x A).

A priori and a posteriori error analysis in H(curl) 21/31



| Apriori A posteriori Local—-global eq. Commuting projector Equilibration Numerics C Equilibration Polynomial extensions

Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, vonraiik (2022))
@ A € Hp(curl, Q) satisfies For each vertex a € Vy, solve the local
(VxA,VxV) = (j, v) Vv e Ho p(curl, Q). constrained min.imization pb
hf .= arg min [V x Ap)— V12,
@ Thus V<A ¢ Hy(curl, Q) with S
Vx(VxA)=]. and combine
@ Take h? := ¢)3(V x A) € Hy(curl,wy)
and note that >, h® = Vx<A.

@ Rewritten implicitly,
h? :=arg  min )Hwa(VxA)—VHga

veHy(curlwa
VvV xv=j2

with
J? =3 + Viax(VxA).

-

lreia L2
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, Vohralik (2022))
@ A € Hyp(curl,Q) satisfies For each vertex a € Vy, solve the local
(VxA,Vxv) = (j, v)¥veHyp(curl, Q). constrained minimization pb
’ hf .= arg AL in 142V < Ap) = Va2,
® Thus VA & Ho y(curl, ©) with SNy T o)
Vx(VxA)=]. and combine "
@ Take h? := ¢)3(V x A) € Hy(curl,wy)
and note that >, h® = Vx<A.

@ Rewritten implicitly,
h? :=arg  min )Hwa(VxA)—VHga

veHy(curlwa
VvV xv=j2

with
J? =3 + Viax(VxA).

-
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, Vohralik (2022))
@ A € Hyp(curl, Q) satisfies For each vertex a € Vp, solve the local
(VxA, Vxv) = (f, v) Vv e Hgp(curl, Q). constrained minimization pb
’ hf = arg AL in 12(V x Ap)=Vall3,
® Thus VA & Ho y(curl, 2) with S
Vx(VxA) =] and combine
@ Take h? := ¢)3(V x A) € Hy(curl,wy)
and note that >, h® = Vx<A.

@ Rewritten implicitly,
h? :=arg  min )Hwa(VxA)—VHga

veHy(curlwa
VvV xv=j2

with
J? =3 + Viax(VxA).

-

lreia L2
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, vonraiik (2022))
@ A € Hyp(curl,Q) satisfies For each vertex a € Vy, solve the local
(VxA,Vxv) = (j, v)¥veHyp(curl, Q). constrained minimization pb
’ hf .= arg AL in 142V < Ap) = Va2,
® Thus VA & Ho y(curl, 2) with S
VX(VxA) =] and combine
@ Take h? := ¢3(VxA) € Hy(curl,ws) hy:=>" hj.
and note that >, h® = Vx<A. acv,
@ Rewritten implicitly,

h:=arg  min [y (VxA)-V[Z,
veHy(curl,wa)
Vxv=j2
with
J* = 0%+ VX (V< A).

-

lreia L2
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, Vohralik (2022))
@ A c Hyp(curl, Q) satisfies For each vertex a € V, solve the local
(VxA, Vxv) = (f, v) Vv e Hgp(curl, Q). constrained minimization pb
’ h? .= arg " mlnH | ”L,-a(VXAh)—vhnga
@ Thus V<A< HO_N(curI,Q) with V‘/Qihp11(ﬁ)vrl oxc(:uvr;jh) ;
Vx(VxA)=J. and combine
@ Take h? := ¢3(VxA) € Hy(curl,ws) hy:=>" hj.
and note that >, h® = Vx<A. acv, :
@ Rewritten implicitly, Key points \
. homogeneous tangential BC on/ow;,:
h = AvxA)-v|]z ° a
arg veHg?CISrl_,wa)Hw (VxA)-vii, hy, ¢ N}m (Tn) N H(curl, Q)
with vxv=j* @ global equilibrium V< h, = Y Vxhi
acVy
.= % + Vi@ x(V xA). = Y WA+ VI (VxA)) =]
acVy V/ Y i
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, Vohralik (2022))
@ A € Hyp(curl,Q) satisfies For each vertex a € Vy, solve the local
(VxA,VxV) = (j,v)VveHyp(curl, Q). constrained minimization pb
h? .= arg " mlnH | ”L,-a(VXAh)—vhnga
@ Thus Vx A & Hoy(curl, ©) with V”;f,hpj(]j”vi Oxt(juvr;jh) /
Vx(VxA)=]j. T L T
@ Take h? := ¢3(VxA) € Hy(curl,w,) hy =" h,
and note that >, h? = VxA. acv, L L )
@ Rewritten implicitly, Key points \
@ homogeneous tangential BC on/ow;,:

h?:=arg  min |[¥(VxA)—V|2,

veHy(curl,wa)

h, € -/V;J-H (777) N H(CUI’|, Q)

Vxv=j2 arr _ a

with @ global equilibrium vV x hy, aez;,,VXhh
J =% 4 VX (VX A). = WU+ VI(VxAn)) =]
acVy &zua/— : al
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Patchwise equilibrated fluxes

Continuous level Definition (chaumont-Frelet, Vohraiik (2022))
@ A € Hyp(curl,Q) satisfies For eaCthwertex a € Vy, solve the local

(VxA,Vxv) = (j,v)VveHyp(curl Q). constrainedminimization pb

h? .= arg min [02(V x Ap)— V4|2,
o Thus V<A & Hyy(curl, ) with Wil (UL S6 E
Vx(VxA)=]j. V@ X (VX Ap
@ Take h? := ¢3(VxA) € Hy(curl,w,) hy =" h,
and note that >, h? = VxA. acv, )
@ Rewritten implicitly, Key points \
@ homogeneous tangential BC on/ow;,:

h?:=arg  min |[¥(VxA)—V|2,

veHy(curl,wa)

h, € -/V;J-H (777) N H(CUI’|, Q)

Vxv=j P _ a
with @ global equilibrium YV x hy, aEGVthhh
J2 =% + Vi x (V< A). = > WU+ VI (VxA)) =]

acvy lreia B2 T
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Stage 1: Raviart-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Vipax(VxAp) — vpl2..

h & vheR’I;/(%)lﬂHo(div,wa) IV h) = Vhlle,
Vovp=—Vyi.j

-

-
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Stage 1: Raviart-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Vipax(VxAp) — vpl2..

h & vheR’I;/(%)lﬂHo(div,wa) IV h) = Vhlle,
Vovp=—Vyi.j

Comments
o v¢aX(VXAh) g 7-\’,770/(7’3) N Ho(diV, wa)

-

Y/ -
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Stage 1: Raviart-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Vipax(VxAp) — vpl2..

h & vheR’I;/(%)lmHo(div,wa) IV h) = Vhlle,
Vovp=—Vyi.j

Comments
@ V@x(VxAp) ¢ RTp(Ta) N Ho(div,wa)
@ remainder 6, == >_ ., 0f
e should be zero (~ partition of unity) but is not
@ 0y €< Rﬁ/('ﬁ,) n Ho_’N(diV7 Q) and V-6, =0

-
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Stage 1: overconstrained Raviart—-Thomas projection

Projection of to a Raviart—-Thomas space

For all vertices a € Vy, consider p' := min{p, 1}-degree patchwise minimizations:

02 .= ar min Viax(VxAp) — vpl? .
& VheRT; (Ta)NHo(div,wa) IV ) i
V-Vp=—V?.j

(Vi rn)k=(VYaX(V X Ap),Fp)k  Vrac[Po(K)]®,VKETa

Comments

@ V@x(VxAp) ¢ RTp(Ta) N Ho(div,wa)

@ remainder 6, == >_ ., 0f
e should be zero (~ partition of unity) but is not
@ 0p €< R%/('ﬁ,) n Ho_’N(diV7 Q) and V-6, =0

@ additional orthogonality constraint
e crucial for stage 2
e only possible thanks the lowest-order Galerkin orthogonality of Ay

s

e requests min{p,1} breia -t

‘erc
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart-Thomas piecewise polynomial 4,

Divergence-free decomposition of

For all tetrahedra K € Ty, consider (p + 1)-degree elementwise minimizations:

8%k = arg min lVh — 20,5 Vae Vx whenp > 1.
VhERTp11(K)
V-v,=0
Vh~nK:w36h-nK on oK

Y/ -
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart-Thomas piecewise polynomial 4,

Divergence-free decomposition of

For all tetrahedra K € Ty, consider (p + 1)-degree elementwise minimizations:
82|k = ar min v,— I a5,)|% Vae Vx whenp = 0,
Aici=arg | min (Ve = e (8700 k when p

V-vp=0
Vh-nk=I5%1(4238p)-ng on K
8|k = ar min vy — 35,5 Vaec Vg whenp > 1.
hlKk R [vh — ¢35ll% K p>
V-v,=0
Vh~nK:w36h-nK on oK

Y/ -
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart-Thomas piecewise polynomial 4,

Divergence-free decomposition of

For all tetrahedra K € T, consider (p + 1)-degree elementwise minimizations:
82|k = ar min v,— I a5,)|% Vae Vx whenp = 0,
Aici=arg | min (Ve = e (8700 k when p

V-vp=0
Vh-ng=I1(438y)-nk on oK
62| = ar min v, — 25,2 Vaec Vx whenp > 1.
hlk R lvh —¢nllk K p>
V-v,=0
Vh~nK:w36h-nK on 0K

Comments
@ patchwise contributions

08 € RTp+1(Ta) " Ho(div,wa) and V-68=0 Vae,

leeia L2 7
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Stage 2: divergence-free decomposition of the given
divergence-free Raviart-Thomas piecewise polynomial 4,

Divergence-free decomposition of

For all tetrahedra K € T, consider (p + 1)-degree elementwise minimizations:
82|k = ar min v,— I a5,)|% Vae Vx whenp = 0,
Aici=arg | min (Ve = e (8700 k when p

V-vp=0
Vh-ng=I1(438y)-nk on oK
62| = ar min v, — 25,2 Vaec Vx whenp > 1.
hlk R lvh —¢nllk K p>
V-v,=0
Vh~nK:w36h-nK on 0K

Comments
@ patchwise contributions

08 € RTp+1(Ta) " Ho(div,wa) and V-68=0 Vae,

e 47 form a divergence-free decomposition of 5, 6, = > &5 |

acyy, lrzia L2 T°
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Stage 2: divergence-free decomposition of the given divergence-free
current density j

Divergence-free decomposition of the current density

Set
in =%+ 05 — 3.

Then
J% € RTp41(Ta) N Ho(div, wa),
S =i
acVy

.
- erc
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Stage 3: discrete patchwise equilibrated fluxes

Deﬁnition (Chaumont-FreIet, Vohralik (2021))
For each vertex a € Vy, solve the local constrained minimization problem

h2 .= arg Vi min |5/%(V < Ap) — Vh||c2ua
V X Vh=

and combine

qmmmmmmmm e oo

BV I
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Stage 3: discrete patchwise equilibrated fluxes

Deﬁnition (Chaumont-FreIet, Vohralik (2021))
For each vertex a € Vy, solve the local constrained minimization problem

h2 .= ar min DT XAL) — ViR
h g VhE-/\qu(ﬁ)ﬁHo(curl.wa)” ‘ ( h) hHwa
VXxvp=

and combine

qmmmmmmmm e oo

NS
/%--
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Stage 3: discrete patchwise equilibrated fluxes

Deﬁnition (Chaumont-FreIet, Vohralik (2021))
For each vertex a € Vy, solve the local constrained minimization problem

h? .= ar min DV XAL) — ViR
h g Vhe-/\fp—1(7—a)ﬁHo(CUr|.wa)” ( h) h||aJa
VX Vp=jj

and combine

qmmmmmmmm e oo

NS
/%--
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Stage 3: discrete patchwise equilibrated fluxes

Deﬁnition (Chaumont-FreIet, Vohralik (2021))
For each vertex a € Vy, solve the local constrained minimization problem

h? .= ar min DV XAL) — ViR
h g Vhe-/\fp—1(7—a)ﬁHo(CUr|.wa)” ( h) h||aJa
VX Vp=jj

hy:=> " hj.

and combine

qmmmmmmmm e oo

NS
/%--
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Stage 3: discrete patchwise equilibrated fluxes

Deﬁnition (Chaumont-FreIet, Vohralik (2021))
For each vertex a € Vy, solve the local constrained minimization problem

h2 .= ar min DV XAL) — ViR
h g Vhe-/\fp—1(7—a)ﬁHo(CUr|.wa)” ( h) h||aJa
V x Vh:jz

hy:=> " hj.

acVy

and combine

qmmmmmmmm e oo

NS
/%--

Key points

@ global equilibrium V< h), = Z Vxh? = Z ja=j

acyVy acyvy
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H(curl) polynomial extensions on a tetrahedron

Theorem (H(curl) polynomial extension on a single tetrahedron costave! & mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Chaumont-Frelet, Ern, & Vohralik (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx = 0, and for all
rr € N§(TF) such that r-ng = curlg(rg) for all F € F, there holds

min Vol < Cat_min V]

VpENL(K veH(curl,K)
VXVpZI'K VXv=rg
K Vp|}:r]_- V|}'_.:f]:

-
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H(curl) polynomial extensions on a tetrahedron

Theorem (H(curl) polynomial extension on a single tetrahedron costave! & mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Chaumont-Frelet, Ern, & Vohralik (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx = 0, and for all
rr € N§(TF) such that r-ng = curlg(rg) for all F € F, there holds

min Vol < Cat_min V]

VpENL(K veH(curl,K)
VXVpZI'K VXv=rg
K Vp|}:r]_- V|:’7'__:ff
Comments

@ Cg; only depends on the shape-regularity of K
@ p-robustness: for (pw) p-polynomial data rg, rz, minimization over Np(K) is
up to Cst as good as minimization over the entire H(curl, K)
lreia L2 T
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H(curl) polynomial extensions on a tetrahedron and on paiches

Theorem (H(curl) polynomial extension on a single tetrahedron costave! & mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Chaumont-Frelet, Ern, & Vohralik (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx = 0, and for all
rr € N§(TF) such that r-ng = curlg(rg) for all F € F, there holds

min _||[Vpllk < Cst min |[V]k.

VpEN(K) veH(curl,K)
Vxvp=rg Vxv=rx A -
z VplZ=rr V|Z=rr
e .
Comments AV

@ Cg; only depends on the shape-regularity of K
@ p-robustness: for (pw) p-polynomial data rg, rz, minimization over Np(K) is
up to Cst as good as minimization over the entire H(curl, K)
@ extension to an edge patch: Chaumont-Frelet, Ern, & Vohralik (2021)
Creia—
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H(curl) polynomial extensions on a tetrahedron and on paiches

Theorem (H(curl) polynomial extension on a single tetrahedron costave! & mc-intosh (2010);

Demkowicz, Gopalakrishnan, & Schéberl (2009); Chaumont-Frelet, Ern, & Vohralik (2020))

Let() C F C Fk be a (sub)set of faces of a tetrahedron K. Then, for every
polynomial degree p > 0, for all rx € RTp(K) such that V-rx = 0, and for all
rr € N§(TF) such that r-ng = curlg(rg) for all F € F, there holds 4

min |Vpllk < Cst  min [|[v]k. AR
.min Vel < Cst_min [Vl
VX Vp=rk VXv=rg
2 VplF=rr V|Z=rr
Comments

@ Cg; only depends on the shape-regularity of K

@ p-robustness: for (pw) p-polynomial data rg, rz, minimization over Np(K) is

up to Cst as good as minimization over the entire H(curl, K)
@ extension to an edge patch: Chaumont-Frelet, Ern, & Vohralik (2021)
@ extension to a vertex patch: Chaumont-Frelet & Vohralik (2022) Zzzca —
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Patchwise equilibration, H® solution, /-refinement

IVx(A— A Effectivity index n/||Vx(A — Ap)||
F T T T T \: 108 rr T T
i | 1.07 |- =
102 g E
\ 1.06 |- -
1073 | \ & E
i \h2 : 1.05 |- 8
. s |
L1 1 ! | 1 1.04 L1 LI
100 101 100 101
h h
—e— error --E-- estimate, p =1 —a— effectivity index, p = 1 _
—e— error estimate, p = 2 —m— effectivity indexggrsz2-22 _°°
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Patchwise equilibration, H® solution, p-refinement

IVx(A— A Effectivity index n/||Vx(A — Ap)||
E | \ | | - 1.15
1072 1 ]
1072 1 E
i | 1.05 | :
104 | E
E | | | | | (— | | | | |
1 2 3 4 5 6 1 2 3 4 5 6
P P
—e— error --E- - estimate, struct. mesh —m— effectivity index, struct. mesh
—e— error estimate, unstruct. mesh —m— effectivity index, dnstract ‘mesh’
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Patchwise equilibration, singular solution, adap. refinement (p = 2)

|V x(A— Ap Effectivity index n/||V x (A — Ap)||
T T T T T T T T T
1.2 =
10-1 - . 111 8
1L i
L] ! I | | | | | | |
104 105 0 2 4 6 8 10
Nyots Adaptive refinement iteration
—e— error --E-- estimate —m— effectivity index i,
Creia —*- :
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Patchwise equilibration, singular solution, adap. refinement (p = 2)

6.6e-3

0.0

Estimators (left) and actual error (right), adaptive mesh refinement iteration #10.

-

Top view (top) and side view (bottom) lreia L2 F°
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@ local hp-optimal approximation under minimal Sobolev regularity
@ guaranteed, locally efficient, and p-robust a posteriori estimates
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Conclusions
@ local hp-optimal approximation under minimal Sobolev regularity
@ guaranteed, locally efficient, and p-robust a posteriori estimates
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@ local hp-optimal approximation under minimal Sobolev regularity
@ guaranteed, locally efficient, and p-robust a posteriori estimates
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