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A posteriori error estimates: certify the error in a FE discretization
Laplacian: find u : Ω → R such that

−∇·(∇u) = f in Ω,
u = 0 on ∂Ω.

Guaranteed error upper bound (reliability)

∥∇(u − uℓ)∥︸ ︷︷ ︸
unknown error

η(uℓ)︸ ︷︷ ︸
estimator computable from uℓ

Error lower bound (efficiency)

η(uℓ) ≤ Ceff∥∇(u − uℓ)∥
Ceff a generic constant independent of Ω, u, uℓ and namely of the number of
mesh elements |Tℓ| (h if Tℓ uniform) and of the polynomial degree p
Ceff only depends on mesh shape regularity κT and d
Prager & Synge (1947), Ladevèze (1975), Babuška & Rheinboldt (1987),
Verfürth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Braess, Pillwein, & Schöberl (2009), Ern & Vohralík (2015), . . .
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How large is the error? (steady linear Darcy, known solution)

h ≈ 1/|Tℓ|
1
2 p relative error estimate η(uℓ)

∥∇uℓ∥
relative error ∥∇(u−uℓ)∥

∥∇uℓ∥
effectivity index η(uℓ)

∥∇(u−uℓ)∥
h0 1 28% 24% 1.17

≈h0/2 14% 13% 1.09
≈h0/4 7.0% 6.6% 1.06
≈h0/8 3.3% 3.1% 1.04
≈h0/2 2 9.5 × 10−1% 9.2 × 10−1% 1.04
≈h0/4 3 5.9 × 10−3% 5.9 × 10−3% 1.01
≈h0/8 4 5.9 × 10−6% 5.8 × 10−6% 1.01

A. Ern, M. Vohralík, SIAM Journal on Numerical Analysis (2015)
V. Dolejší, A. Ern, M. Vohralík, SIAM Journal on Scientific Computing (2016)
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Where (in space) is the error localized? (steady linear Darcy)

Estimated local error ηK (uℓ) = ∥∇uℓ + σℓ∥K Exact local error ∥∇(u − uℓ)∥K

P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Goals
Error control

Guaranteed

a posteriori error estimates

locally efficient

and robust with
respect to the strength of nonlinearities.

|||u − uℓ||| ≤ η(uℓ)

≤ Ceff|||u − uℓ|||,

Ceff independent of nonlinearitiesfor all K ∈ Tℓ

Usage
provide sharp computable bounds in physically-based error
measures

predict the error localization (in discretization, in linearization, in
linear solver)
adapt the nonlinear solver and the linear solver (balancing error
components), adaptive mesh refinement . . .
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A model steady nonlinear problem
Nonlinear elliptic problem

Find u : Ω → R such that

−∇·(a(|∇u|)∇u) = f in Ω,

u = 0 on ∂Ω.

Ω ⊂ Rd , 1 ≤ d ≤ 3, open bounded polytope with Lipschitz boundary ∂Ω
f piecewise polynomial for simplicity

Assumption (Nonlinear function a)

Function a : [0,∞) → (0,∞), for all x ,y ∈ Rd ,

|a(|x |)x − a(|y |)y | ≤ ac|x − y | (Lipschitz continuity),

(a(|x |)x − a(|y |)y) · (x − y) ≥ am|x − y |2 (strong monotonicity).

am ≤ a(r) ≤ ac, am ≤ (a(r)r)′ ≤ ac
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

a(r) := am +
ac − am√

1 + r2
.

r

a(r) with am = 1

ac = 1
ac = 10
ac = 100

0 5 10
0

50

100

Strength of the nonlinearity

ac

am
=

Lipschitz continuity
strong monotonicity

r

(a(r)r)′ with am = 1

0 5 10
0

50

100
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Weak solution

Definition (Weak solution)

u ∈ H1
0 (Ω) such that

(a(|∇u|)∇u,∇v) = (f , v) ∀v ∈ H1
0 (Ω).
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Energy

Definition (Energy functional)

J : H1
0 (Ω) → R

J (v) :=
∫
Ω
ϕ(|∇v |)− (f , v), v ∈ H1

0 (Ω),

with function ϕ : [0,∞) → [0,∞) such that, for all r ∈ [0,∞),

ϕ(r) :=
∫ r

0
a(s)s ds.

Equivalently
u = arg min

v∈H1
0 (Ω)

J (v)
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Finite element approximation
Definition (Finite element approximation)

uℓ ∈ V p
ℓ such that

(a(|∇uℓ|)∇uℓ,∇vℓ) = (f , vℓ) ∀vℓ ∈ V p
ℓ .

Tℓ simplicial mesh of Ω
p ≥ 1 polynomial degree
V p
ℓ := Pp(Tℓ) ∩ H1

0 (Ω)

conforming finite elements
Equivalently

uℓ = arg min
vℓ∈V p

ℓ

J (vℓ)
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Energy difference

Energy difference
J (uℓ)− J (u)

J (uℓ)− J (u) ≥ 0, J (uℓ)− J (u) = 0 if and only if uℓ = u
physically-based error measure
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Iterative linearization

Need to solve a nonlinear system
Aℓ(Uℓ) = Fℓ

Definition (Linearized finite element approximation)

uk
ℓ ∈ V p

ℓ such that

(Ak−1
ℓ ∇uk

ℓ ,∇vℓ) = (f , vℓ) + (bk−1
ℓ ,∇vℓ) ∀vℓ ∈ V p

ℓ .

u0
ℓ ∈ V p

ℓ a given initial guess
iterative linearization index k ≥ 1
linearization: Ak−1

ℓ : Ω → Rd×d matrix, bk−1
ℓ : Ω → Rd vector constructed from

uk−1
ℓ
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Examples

Example (Picard (fixed-point))

Ak−1
ℓ = a(|∇uk−1

ℓ |)Id , bk−1
ℓ = 0.

Example (Zarantonello)

Ak−1
ℓ = γId , bk−1

ℓ =
(
γ − a(|∇uk−1

ℓ |)
)
∇uk−1

ℓ ,

with γ ≥ a2
c

am
a constant parameter.

Example (Newton)

Ak−1
ℓ = a(|∇uk−1

ℓ |)Id +
a′(|∇uk−1

ℓ |)
|∇uk−1

ℓ |
∇uk−1

ℓ ⊗∇uk−1
ℓ ,

bk−1
ℓ = a′(|∇uk−1

ℓ |)|∇uk−1
ℓ |∇uk−1

ℓ .
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Main idea

Observation
None of the known approaches employs in the analysis, to define norms, the
iterative linearization, i.e., how do we solve the nonlinear system Aℓ(Uℓ) = Fℓ.

Definition (Linearized energy functional)

J k−1
ℓ : H1

0 (Ω) → R

J k−1
ℓ (v) :=

1
2

∥∥∥(Ak−1
ℓ )

1
2∇v

∥∥∥2
− (f , v)− (bk−1

ℓ ,∇v), v ∈ H1
0 (Ω).

Equivalently
uk
ℓ := arg min

vℓ∈V p
ℓ

J k−1
ℓ (vℓ)
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)
For all linearization steps k ≥ 1, Ek

ℓ ≤ ηk
ℓ .

Moreover, for k satisfying a stopping criterion, there holds

ηk
ℓ ≤ Ceff(d , κT )Ck

ℓ Ek
ℓ +quadrature error terms,

where

Ck
ℓ

:= max
a∈Vℓ

(
max. eig. Ak−1

ℓ |ωa
ℓ

min. eig. Ak−1
ℓ |ωa

ℓ

)


= 1 Zarantonello

≤ max. eig. Ak−1
ℓ |Ω

min. eig. Ak−1
ℓ |Ω

≤ ac

am
in general.

✓ Ck
ℓ = 1 for Zarantonello =⇒ robustness wrt the strength of nonlinearities

✓ Ck
ℓ given by local conditioning of the linearization matrix Ak−1

ℓ : typically
much better than ac/am, improves with mesh refinement

✓ Ck
ℓ computable: we can affirm robustness a posteriori, for the given case
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A posteriori error estimates for an augmented energy difference
Augmented energy difference

Ek
ℓ =

1
2

energy difference + λk
ℓ ×

1
2
(linearized energy difference)

Ek
ℓ :=

1
2
(J (uk

ℓ )− J (u)︸ ︷︷ ︸
energy difference

)

λk
ℓ computable weight to make the two components comparable

Practically

Ek
ℓ = J (uk

ℓ )− J (u) at convergence
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Fenchel conjugate, dual energy, flux equilibration, estimator
Definition (Fenchel conjugate)

ϕ∗(·, s) := sup
r∈[0,∞)

(sr − ϕ(·, r)).

Definition (Dual energy)

J ∗(v) := −
∫
Ω
ϕ∗(·, |v |), v ∈ H(div,Ω).

Definition (Flux equilibration: σk
ℓ =

∑
a∈Vℓ

σa,k
ℓ )

σa,k
ℓ := arg min

vℓ∈RTp+1(Ta)∩H0(div,ωa)

∇·vℓ=Πℓ,p(ψ
af−∇ψa·(Ak−1

ℓ ∇uk
ℓ−bk−1

ℓ ))

∥(Ak−1
ℓ )−

1
2 (ψaΠRTN

ℓ,p−1(A
k−1
ℓ ∇uk

ℓ−bk−1
ℓ )+v ℓ)∥2

ωa .

Definition (Estimator)

ηk
ℓ :=

1
2
(J (uk

ℓ )− J ∗(σk
ℓ )︸ ︷︷ ︸

en. diff. estimate

) + λk
ℓ

1
2
(
J k−1
ℓ (uk

ℓ )− J ∗,k−1
ℓ (σk

ℓ )︸ ︷︷ ︸
linearized en. diff. estimate

)
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Smooth solution

Setting
unit square Ω = (0,1)2

known smooth solution u(x , y) := 10 x(x − 1)y(y − 1)
p = 1
effectivity indices

Ik
ℓ :=

(
ηk
ℓ

Ek
ℓ

) 1
2

︸ ︷︷ ︸
total

, Ik
N,ℓ :=

(J (uk
ℓ )−J ∗(σk

ℓ )

J (uk
ℓ )−J (u)

) 1
2

︸ ︷︷ ︸
energy difference
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values are below 1.2. The robustness is anticipated for Zarantonello based on Remark491

3.4, but the fact that the ratios are so good for Newton and Picard implies that the492

constant Ck` of (1.2), in practice is quite close to 1. We next remark that for all493

three solvers the nonlinear effectivity IkN,` behaves the same regardless of linearization494

method which is to be expected since the results are computed at convergence. Next,495

we remark that the results for the Picard iteration and Zarantonello are very similar496

for the linearization effectivity IkL,` whereas the index for Newton behaves more like497

the nonlinear effectivity index. This could be explained by the fact that the constant498

Ck` in (1.2) is more complicated for the Newton iteration. However, since all the499

effectivities are so close, these could also just be numerical artifacts.500
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Fig. 1: [Mean curvature nonlinearity (5.4), smooth solution (5.3), unit square domain,
3969 DOFs] Effectivity indices for the components and total quantities.

We now consider a non-decreasing nonlinear function.501

Example 5.2 (Kink nonlinearity). The kink nonlinearity is defined such that502

for all r ∈ [0,∞),503

(5.5) a(r) :=

{
am if r ≤ r0,

ac + (am − ac) r0r otherwise,
504

where r0 ∈ (0,∞), and am, ac ∈ (0,∞) with am ≤ ac. Observe that Assumption 2.1
holds for the kink nonlinearity. Indeed, Proposition A.2 holds since we have for all
r ∈ [0,∞)\{r0},

φ′′(r) =

{
am if r < r0,

ac otherwise
∈ [am, ac].

The kink nonlinearity fails to be regular enough to satisfy all the hypotheses, e.g., the505

Newton solver to converge. To alleviate this, we introduce a regularized version of506
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the kink. The results for this nonlinear function are given in Figure 2. In this case,507

the Picard solver failed to converge for large values; this is consistent with the theory508

presented in [29], where it is assumed that the nonlinearity equivalent to our function509

a needs to be decreasing. The results for Newton and Zarantonello are similar to510

those of Example 5.1. Both Zarantonello and Newton present effectivity indices close511

to 1 that stabilize for large enough values of the ratio am/ac.512
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Fig. 2: [Kink nonlinearity (5.5), smooth solution (5.3), unit square domain, 3969
DOFs] Effectivity indices for the components and total quantities. The Picard lin-
earization is not included because the solver does not converge for large values of the
ratio.

We finally consider a non-monotone nonlinear function similar to the example513

given in [29, Section 5.3.2].514

Example 5.3 (Exponential nonlinearity). The exponential nonlinearity is de-515

fined such that for all r ∈ [0,∞),516

(5.6) a(r) := am + (ac − am)
1− e− 3

2 r
2

1 + 2e−
3
2

.517

where am, ac ∈ (0,∞) with am ≤ ac. Observe that Assumption 2.1 holds for the
exponential nonlinearity. Indeed, Proposition A.2 holds since we have by construction
that for all r ∈ [0,∞),

φ′′(r) = am + (ac − am)
1 + (3r2 − 1)e−

3
2 r

2

1 + 2e−
3
2

∈ [am, ac].

The results are presented in Figure 3. We observe that the results for the Zaran-518

tonello iteration are similar to those of Figure 2. However, the effectivity indices of519

the Newton iteration follow an exponential law for large enough values of the ratio520

am/ac. We can see that the reason is that the constant Ck` is becoming very large,521

which is at least a good indicator that the robustness cannot be obtained in this case.522

5.2. Singular solution. We consider the L-shaped domain defined such that523

= (−1, 1)2 \ ([0, 1)×(−1, 0]) and the singular solution u defined in polar coordinates524

such that for all (ρ, θ) ∈ [0,∞)× [0, 2π],525

u(ρ, θ) = ρα sin(αθ)(5.7)526527

with α := 2
3 , so that u ∈ H1(Ω)\H2(Ω). We consider the exponential nonlinearity528

of Example 5.3 ; this choice of solution ensures that the right-hand side f belongs to529

This manuscript is for review purposes only.
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I Gradient-dependent nonlinearities Gradient-independent nonlinearities C Setting Known results Iterative linearization Estimates Duality Numerics

How large is the error? Robustness wrt the nonlinearities
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I Gradient-dependent nonlinearities Gradient-independent nonlinearities C Setting Known results Iterative linearization Estimates Duality Numerics

Singular solution

Setting
L-shaped domain Ω = (−1,1)2 \ ([0,1)× (−1,0])

known singular solution u(ρ, θ) = ρ
2
3 sin(2

3θ)

a(r) = am + (ac − am)
1−e− 3

2 r2

1+2e− 3
2

p = 1
uniform or adaptive mesh refinement
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Observation

Observation
Not all nonlinear problems admit an energy minimization structure.
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A model steady nonlinear problem

Nonlinear elliptic problem

Find u : Ω → R such that
−∇·

(
τK (x)(D(x ,u)︸ ︷︷ ︸

diffusion

∇u + q(x ,u)︸ ︷︷ ︸
advection

)
)
+ f (x ,u)︸ ︷︷ ︸

reaction

= 0 in Ω,

u = 0 on ∂Ω.

τ > 0 a parameter (time step size in transient problems: applies to Richards
on each time step)

Assumption (Nonlinear functions D, q, and f )

|D(x1,u1)−D(x2,u2)| ≤ DM(|x1 − x2|+ |u1 − u2|) ∀x1,x2 ∈ Ω and u1,u2 ∈ R,
0 ≤ f (x ,u2)− f (x ,u1) ≤ fM (u2 − u1) ∀x ∈ Ω and u1,u2 ∈ R,u2 ≥ u1,

q is “small” wrt KD.
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Finite element discretization and iterative linearization

Definition (Linearized finite element approximation)

uk
ℓ ∈ V p

ℓ such that((
uk
ℓ − uk−1

ℓ , vℓ
))

uk−1
ℓ

= −⟨R(uk−1
ℓ )︸ ︷︷ ︸

residual

, vℓ⟩ ∀vℓ ∈ V p
ℓ .

covers most linearization schemes: Picard (fixed-point), L & M-schemes, . . .
linearization: reaction–diffusion scalar product((

w , v
))

uk−1
ℓ

:= ( Lk−1
ℓ︸︷︷︸

reaction coef. =0 if f=f (x)

w , v)+( Ak−1
ℓ︸ ︷︷ ︸

diffusion coef. =τK (x)D(x ,uk−1
ℓ )

∇w ,∇v), w , v ∈ H1
0 (Ω)

Iteration-dependent norm

|||v |||2
1,uk−1

ℓ

:=
((

v , v
))

uk−1
ℓ

=
∥∥(Lk−1

ℓ )1/2v
∥∥2

+
∥∥(Ak−1

ℓ )1/2∇v
∥∥2
, v ∈ H1

0 (Ω)

induced by the linearization scalar product
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An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and
discretization components)
For all linearization steps k ≥ 1, there holds

|||R(uk−1
ℓ )|||2−1,uk−1

ℓ︸ ︷︷ ︸
total residual/error

|||uk−1
ℓ −uk

⟨ℓ⟩|||1,uk−1
ℓ

= |||uk−1
ℓ − uk

ℓ |||21,uk−1
ℓ︸ ︷︷ ︸

linearization
error

+ |||Ruk−1
ℓ

disc (uk
ℓ )|||2−1,uk−1

ℓ︸ ︷︷ ︸
discretization residual/error

|||uk
ℓ−uk

⟨ℓ⟩|||1,uk−1
ℓ

.

orthogonal decomposition
error components
uk
⟨ℓ⟩ ∈ H1

0 (Ω) such that((
uk
⟨ℓ⟩ − uk−1

ℓ , v
))

uk−1
ℓ

= −⟨R(uk−1
ℓ )︸ ︷︷ ︸

residual

, v⟩ ∀v ∈ H1
0 (Ω)
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A posteriori error estimates for an iteration-dependent norm
Theorem (A posteriori estimate of iteration-dependent norm)
For all linearization steps k ≥ 1,

|||R(uk−1
ℓ )|||−1,uk−1

ℓ
≤ η(uk

ℓ ).

Moreover, for all linearization steps k ≥ 1

and for each element K ∈ Tℓ

, there holds

η(uk
ℓ ) ≤ Ceff(d , κT ,p)Ck

ℓ |||R(uk−1
ℓ )|||−1,uk−1

ℓ

,ωK

+quadrature error terms,

where

Ck
K :=

(
max. eig. Ak−1

ℓ |ωK

min. eig. Ak−1
ℓ |ωK

)1/2

+

(
max. Lk−1

ℓ |ωK

min. Lk−1
ℓ |ωK

)1/2

if react. dom.

✓ Ck
K given by local conditioning of the linearization matrix Ak−1

ℓ :

typically
much better than global conditioning (= worst-case scenario)

✓ Ck
K computable: we can affirm robustness a posteriori, for the given case

✓ local efficiency
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One time step of the Richards equation

Setting
unit square Ω = (0,1)2

realistic data

f (x ,u) = S(u)− S(un−1
ℓ (x)), D(x ,u) = κ(S(u)), q(x ,u) = −κ(S(u))g,

K =

[
1 0.2

0.2 1

]
, g =

(
1
0

)
van Genuchten saturation and permeability laws

S(u) :=
(

1 + (2 − u)
1

1−λ

)−λ
, κ(s) :=

√
s
(

1 − (1 − s
1
λ )λ
)2
, λ = 0.5

time step length τ ∈ [10−3,1]
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One time step of the Richards equation: saturation u

Time step length τ = 1 Time step length τ = 0.01
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How large is the error? Robustness wrt the nonlinearities
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K. Mitra, M. Vohralík, to be sumbitted (2023)
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Where is the error localized?

Estimated local error, τ = 1 Exact local error, τ = 1
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Where is the error localized?

Estimated local error, τ = 0.01 Exact local error, τ = 0.01
K. Mitra, M. Vohralík, to be sumbitted (2023)
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Error components and adaptivity via stopping criteria
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Conclusions
Conclusions

a posteriori certification of the error for nonlinear problems
robustness with respect to the strength of nonlinearities for model cases
augmenting the energy difference by the (discretization) error on the given
linearization step
employing iteration-dependent norms

HARNIST A., MITRA K., RAPPAPORT A., VOHRALÍK M. Robust energy a posteriori
estimates for nonlinear elliptic problems. HAL Preprint 04033438, 2023.

MITRA K., VOHRALÍK M. Guaranteed, locally efficient, and robust a posteriori
estimates for nonlinear elliptic problems in iteration-dependent norms. An orthogonal
decomposition result based on iterative linearization. HAL Preprint 04156711, 2023.

Thank you for your attention!
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Error measures Adaptivity Flux

Sobolev space and error

Sobolev space

H1
0 (Ω)

Sobolev norm error

∥∇(uℓ − u)∥

M. Vohralík A posteriori error estimates robust wrt nonlinearities 35 / 34
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Residual and its dual norm

Definition (Residual)

R : H1
0 (Ω) → H−1(Ω); for w ∈ H1

0 (Ω), R(w) ∈ H−1(Ω) is given by

⟨R(w), v⟩ := (a(|∇w |)∇w ,∇v)− (f , v), v ∈ H1
0 (Ω).

Definition (Dual norm of the finite element residual)

|||R(uℓ)−R(u)|||−1 = |||R(uℓ)|||−1 := sup
v∈H1

0 (Ω)

⟨R(uℓ), v⟩
|||v ||| .

|||R(uℓ)|||−1 ≥ 0, |||R(uℓ)|||−1 = 0 if and only if uℓ = u
subordinate to the choice of the norm ||| · ||| on the Sobolev space H1

0 (Ω)

the most straightforward choice: |||v ||| := ∥∇v∥
mathematically-based error measure
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Decreasing the error efficiently: optimal decay rate wrt DoFs
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Error measures Adaptivity Flux

Partition of unity ∑
a∈Vℓ

ψa = 1
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Error measures Adaptivity Flux

Equilibrated flux reconstruction Destuynder and Métivet (1998), Braess & Schöberl (2008), Ern & Vohralík (2013)
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ιℓ ∈ RTp(Tℓ), f ∈ Pp(Tℓ)︸ ︷︷ ︸

(f ,ψa)ωa+(ιℓ,∇ψa)ωa=0 ∀a∈V int
ℓ
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σa
ℓ := arg min

vℓ∈RTp+1(Ta)∩H0(div,ωa)
∇·vℓ=fψa+ιℓ·∇ψa

∥ψaιℓ − v ℓ∥2
ωa
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ιℓ ∈ RTp(Tℓ), f ∈ Pp(Tℓ)︸ ︷︷ ︸

(f ,ψa)ωa+(ιℓ,∇ψa)ωa=0 ∀a∈V int
ℓ

→ σℓ :=
∑
a∈Vℓ

σa
ℓ ∈ RTp+1(Tℓ) ∩ H(div),∇·σℓ = f
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Error measures Adaptivity Flux

Equilibrated flux reconstruction

Use
a posteriori error estimates

comparison of the original & reconstructed flux ∥∇uℓ + σℓ∥: discretization error
error component fluxes: linearization and algebraic errors

recovery of mass conservative fluxes
local on patches of mesh elements from FE-type approximations
local on elements from FV- & DG-type approximations
inexact nonlinear solvers (still local)
inexact linear solvers (price of one MG iteration)
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