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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

The curl—curl problem

Find the magnetic vector potential A : Q c R® — R3 such that
Vx(VxA) =j, VA=0 inQ,
Axng =0, onlp,
(VxA)xng =0, Ang=0 only.
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VXA Vxv)=(j,Vv) Vv € Hyp(curl, Q).

LooiaL:
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VXA Vxv)=(j,Vv) Vv € Hyp(curl, Q).

Property of the weak solution
A € Hyp(curl, Q) (primal variable)
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VXA Vxv)=(j,Vv) Vv € Hyp(curl, Q).

Property of the weak solution Consequence of the weak formulation
A € Hyp(curl, Q) (primal variable) h:=VxA e Hyn(curl,Q), Vxh=j
(dual variable)

lezia —~ £
M. Vohralik Equilibration in H(curl) and applications in magnetostatic analysis 2/ 14



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VXA VxV) = (j, V)

Vv € Hgp(curl, Q).

Property of the weak solution
A € Hyp(curl, Q) (primal variable)

Primal Nédélec approximation

Vi := Np(Th) N Hop(curl,Q), p > 0;

Ay, € Vy such that
(VxAp, Vxvp) = (j, vp)

Vv e Vp

M. Vohralik

Consequence of the weak formulation
h:=VxA e Hyn(curl,Q), Vxh=j
(dual variable)
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VXA Vxv)=(j,Vv) Vv € Hyp(curl, Q).

Property of the weak solution Consequence of the weak formulation
A € Hyp(curl, Q) (primal variable) h:=VxA e Hyn(curl,Q), Vxh=j
(dual variable)

Primal Nédélec approximation

Dual Nédélec approximation

V= ./\/,3(7;7) n HO’D(CUI’L Q),p>0; hy, := arg min ||Vh||2
Aj, € Vy, such that vheNpéTh)mH%[ n(eurl,Q)

x Vp=IIpj
(VXA VxVvy) = (j,vy)  VYvye V e
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The curl—curl problem (current density j < Hyn(div. Q) with V.j = 0)

Weak formulation (consequence)

A € Hy p(curl, Q) satisfies
(VXA VxV) = (j, V)

Vv € Hgp(curl, Q).

Property of the weak solution
A € Hyp(curl, Q) (primal variable)

Primal Nédélec approximation

Vi = Np(Th) N Hop(curl,Q), p > 0;

Ay, € Vy such that
(VxAp, Vxvp) = (j, vp)

Yvp e Vy

M. Vohralik

Consequence of the weak formulation
h:=VxA e Hyn(curl,Q), Vxh=j
(dual variable)

Dual Nédélec approximation

h, = ar min val?
g & v,,eNp(Th)mHO,N(curl,Q)H hl
V x v,,:l‘[pj
gives
|h— hy|| = min [h— v
VHEN(Th)NHo n(curl Q) .
Vxvp=IIpj &zz@_
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Eq uilibration in H (d |V) Destuynder and Métivet (1998), Braess & Schéberl (2008)
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Eq uilibration in H (d |V) Destuynder and Métivet (1998), Braess & Schéberl (2008)
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Eq U | | | bratIOn | n H(d |V) Destuynder and Métivet (1998), Braess & Schéberl (2008)

1 2
O,B;W\ifwzti;
06F _ . AN i P - \ .
— '\\ \\ \\ f/ '/ f/ — N v
04 NS ~ R \ / Lt o L] * %
2= X" T\ Y #Z T 5~ - / -
S o S e TNy,
02f— £, /'/ /7 N ‘i\ \‘\ <X T ’ T )
R Vadied 'z / VAN \\ Ny~ S J . il B
o6t A -
. f !/ it A A ' - S S
-0.8
Pl N AN -
-l-l -0.5 0 0.5 1 r n X a
Flux ¢ + hj
th € RT(Th), f € Po(Tr 2= ar min a, —vp?
h p(7h) o(Th) h V%€R7;7+1(7—a)ﬂHo(diV,JJ;§ h—Vhlle,
(f @) wa+(en, Vp)w,=0 Vacyint V-vp=fpa+ip-Vp? .

Creia—
M. Vohralik Equilibration in H(curl) and applications in magnetostatic analysis 3/ 14



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Eq U | | | bratlon | n H(d |V) Destuynder and Métivet (1998), Braess & Schéberl (2008)
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Previous contributions
@ Braess & Schoberl (2008): lowest-order case p = 0
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Equilibration in H(curl)

Previous contributions
@ Braess & Schéberl (2008): lowest-order case p = 0
@ Licht (2019): a conceptual discussion
@ Gedicke, Geevers, & Perugia (2020): equilibrated-residual-style construction
@ Gedicke, Geevers, Perugia, & Schoéberl (2021): p-robust modification
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Equilibration in H(curl)

Previous contributions
@ Braess & Schéberl (2008): lowest-order case p = 0
@ Licht (2019): a conceptual discussion
@ Gedicke, Geevers, & Perugia (2020): equilibrated-residual-style construction
@ Gedicke, Geevers, Perugia, & Schdberl (2021): p-robust modification

Our construction

Lh GNp(,ﬁq),]’G Rn(,ﬁ‘l)mHO,N(diva Q)

?777=0 v?7?
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Equilibration in H(curl)

Previous contributions
@ Braess & Schéberl (2008): lowest-order case p = 0
@ Licht (2019): a conceptual discussion
@ Gedicke, Geevers, & Perugia (2020): equilibrated-residual-style construction
@ Gedicke, Geevers, Perugia, & Schdberl (2021): p-robust modification

Our construction

Lh EN;;(%),]ER%(%)HHQN(C!N, Q) hz =777

777=0 Vv?7?
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Equilibration in H(curl)

Previous contributions
@ Braess & Schéberl (2008): lowest-order case p = 0
@ Licht (2019): a conceptual discussion
@ Gedicke, Geevers, & Perugia (2020): equilibrated-residual-style construction
@ Gedicke, Geevers, Perugia, & Schdberl (2021): p-robust modification

Our construction

Lh GNp(ﬁ),jER%(ﬁ)ﬂHo7N(diV, Q) — hh::Z hﬁeJ\GD+1(77,)ﬁH0_N(curI, Q),Vxh,=j

acyy

~
?777=0 Vv?7?
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(hh € Npot(Th) N Hon(curl, Q) s.t. Vi hy, = j: local equilibrated flux reconstruction]
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A posteriori error estimates

[hh € Npi1(Th) N Hon(curl, Q) s.t. Vi hy, = j: local equilibrated flux reconstructionj

Theorem (Guaranteed upper bound,

[VX(A—Ap)|| < [[VxAn— hyl

VvV vV B
unknown error computable estimator

lezia —~ £
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A posteriori error estimates

[hh € Npi1(Th) N Hon(curl, Q) s.t. Vi hy, = j: local equilibrated flux reconstructionj

Theorem (Guaranteed upper bound,

[VX(A—Ap)| < [VxAn—hy| = [Vx(A- Ay

vV vV
unknown error computable estimator unknown error

Creia L2
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A posteriori error estimates

[hh € Npi1(Th) N Hon(curl, Q) s.t. Vi hy, = j: local equilibrated flux reconstructionj

Theorem (Guaranteed upper bound,

[VX(A—Ap)| < [VxAn—hy| = [Vx(A- Ay

vV vV
unknown error computable estimator unknown error

@ <:only depends on the shape-regularity 7,

lezia —~ £
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H? solution, uniform h-refinement

IVx(A— A Effectivity index n/||Vx(A — Ap)||
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—e— error estimate, p =2 —m— effectivity index, p £R2zca 42
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H?® solution, uniform p-refinement

|V x(A— Ap Effectivity index n/||Vx (A — Ap)|
= T T T T E
; o s| ]
1072 E
i | 1.1} 3
107s E
i ] 1.05 |- |
L | | | | | | ] | | | | | |
1 2 3 4 5 6 1 2 3 4 5 6
P P
—e— error --E-- estimate, struct. mesh —m— effectivity index, struct. mesh
—e— error estimate, unstruct. mesh ~ —m— effectivity index, unstryct, mesh .

M. Vohralik Equilibration in H(curl) and applications in magnetostatic analysis 6/ 14



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Singular solution, adaptive mesh refinement (p = 2)

IVx(A— A Effectivity index n/||Vx(A — Ap)||
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M. Vohralik Equilibration in H(curl) and applications in magnetostatic analysis 7 /14



| Equilibration A posteriori Commuting projector Local—global equiv. A priori C

Singular solution, adaptive mesh refinement (p = 2)

0.007

0.000

Estimators (left) and actual error (right), adaptive mesh refinement iteration #10.

-

Top view (top) and side view (bottom) lonade
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Commuting de Rham diagram

Commuting de Rham diagram

HIn () v, Hon(cur, Q) 2% Hon(div, Q) ~,

[2(Q
lpﬁ—H ,grad lp;fyl,curl lpg,div Jng
Por1(Th) H N (Q) ~ Np(Th)NHo(curl, Q) > RT,(Th) NHon(div, Q) ~ Po(Th)NLA(Q)

)
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Commuting de Rham diagram with operator Pﬁ’cu”

Commuting de Rham diagram
Hon(cur, Q) % Hon(div, Q)
curl i
lpg cur lpg iv
Ny (Th)NHon(curl, Q) V5 RT5(Th)NHo n(div, Q)

. o,curl
Properties of P,

@ is defined over the entire infinite-dimensional space Hy n(curl, Q)

@ is defined locally (in neighborhood of mesh elements)

© is defined simply (starting from elementwise polynomial projections)

© has optimal approximation properties, that of elementwise
curl-unconstrained L2-orthogonal projector (local-global equivalence)

© is stable in L2(Q) (up to data oscillation)

© satisfies the commuting properties expressed by the arrows

@ is projector, i.e., leaves intact piecewise polynomials lreia~1£2
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Stable local commuting projectors defined on H(div)/H(curl)

@ Schoberl (2001, 2005): not local

@ Christiansen and Winther (2008): not local

@ Bespalov and Heuer (2011): low regularity but still not H(div)/H(curl)

@ Falk and Winther (2014): local and H(div)/H(curl)-stable but not L-stable
@ Ern and Guermond (2016): not local

@ Ern and Guermond (2017): H(div)/H(curl) regularity but not commuting

@ Licht (2019): essential boundary conditions on part of 9Q

@ Arnold and Guzman (2021): L?-stable

@ Ern, Gudi, Smears, and Vohralik (2022): all the above properties in H(div)

-
s
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Global-best approximation =~ local-best approximation

Previous contributions
@ Carstensen, Peterseim, Schedensack (2012): H'! (lowest-order case p = 1)

@ Aurada, Feischl, Kemetmiiller, Page, Praetorius (2013): H' (boundary
approximation context)

@ Veeser (2016): H' (any p)

@ Canuto, Nochetto, Stevenson, and Verani (2017): H' (improvement of the
dependence of the equivalence constant in 2D)

@ Ern, Gudi, Smears, and Vohralik (2022): H(div)
@ Chaumont-Frelet & Vohralik (2021): H(curl) without data oscillation
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

bigger ~, smaller
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

min = min
smaller space with curl constraints > bigger space without curl constraints

&,zub/— /T*QA
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))

min = min
conforming Nédélec space with curl constraints 2 broken Nédélec space without curl constraints

&,zub/— /T*QA
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyn(curl,Q2) and p > 0 be arbitrary. Then,
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyn(curl,Q2) and p > 0 be arbitrary. Then,

hy 2
(er 3 |Vxv— H%T(Vx V)||K>

min v —val?+ >
VhENG(Th)NHo n(curl ) KT
Vxvy=P> W (Vxv) g

/

global-best on Q
tangential-trace-continuity constraint
curl constraint
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyn(curl,Q2) and p > 0 be arbitrary. Then,

. 2
min V- +
Vx Vh:Pﬁ’dw(VX V)

(va)HK)Z

/

global-best on Q
tangential-trace-continuity constraint
curl constraint

h 2

. 2 K P

~ E m V-V = — lpr V XV .
g KeTh [Vhe-’\lf;?(K)H hHK <P+1 ( . )|K> ]

local-best on each K < T,
no tangential-trace-continuity constraint
no curl constraint
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Global-best approximation ~ local-best approximation in H(curl)

Theorem (Constrained equivalence in H(curl))
Let v € Hyn(curl,Q) and p > 0 be arbitrary. Then,

2
: 2
min Vv — + VXV
e ey ] KZT( 2 (V0] )
Vxvy=P> W (Vxv)
global-best on Q

tangential-trace-continuity constraint
curl constraint

h 2
L2 K P
N Zrh [Vhé“A'f,Z‘(K Iv Vh”ﬁ(pﬂ RT(WVHK) ]

local-best on each K < T,
no tangential-trace-continuity constraint
no curl constraint

@ ~,: only depends on the shape-regularity ~7;, and the polynomial degreZ
zéa—
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Approximation error estimates: context

h approximation estimate

Letv € H(curl, Q)

min [V — vl
VhENR(Th)NH(curl,Q)

>

-
A

lreia L2
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Approximation error estimates: context

h approximation estimate

Letv € H(curl,Q) N H®(Q2), s > 1/2. Then

. V— vl < hmin{p+1,s} Vllws/on.
VhEM;(TerH(curI,Q)H h” - C(ﬁﬁ” 5, ,0) H HH ()

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1/2. Then

hmin{p+1,s}

WHVHHS(Q)-

min v— vy < C(kT, S,
vhe.i\/;g(ﬂ,)ﬂH(curl,Q)H hH o ( Th ﬂ)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangular meshes)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1/2. Then
pmin{p+1,s}

W”VHHS(Q)'

' vV — vy < C(k7, S, p)!
VhGJ\/p(TrBIF?H(curI,Q)” nll < C(kT;, 8, p)In(p)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangutar meshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(Q), s > 1. Then

hmin{p+1,s}

lv — vl < C(k7,, 5, p)In(p) (

W”VHHS(Q)'

min
VhENR(Th)NH(curl, Q)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangutar meshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

@ Melenk and Rojik (2020)
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Approximation error estimates: context

h approximation estimate

Let v € H(curl,Q) N H%(Q2), s >1/2. Then

. v—-v < C 787 hmin{p+1,s} v S .
VhGNL(7r7?):WnH(curI,Q)“ nll < C(kT;, 8, P) [VI|g Q)

@ Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
@ Monk (1994, rectangular meshes)

@ Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

@ Melenk and Rojik (2020)
@ Ciarlet Jr. (2016)
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Approximation error estimates: context

hp approximation estimate

Let v € H(curl,Q) N H%(), s >-1/2. Then

hmin{p+1,s}
HV_ Vh” < C(KTh,S,ﬂ)WWHVHHSLQ)'

min
VhENR(Th)NH(curl, Q)

Nédélec (1980), Hiptmair (2002), Boffi, Brezzi, Fortin (2013)
Monk (1994, rectangular-meshes)

Demkowicz and Buffa (2005)(under a conjecture on polynomial extension
operators proved in 2009-2012)

Melenk and Rojik (2020)
Ciarlet Jr. (2016)
Ern, Gudi, Smears, Vohralik (2022, H(div) setting)
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Approximation error estimates

Theorem ( hp-optimal approximation under )
Let v € Hyn(curl,Q) with

Vi € HS(K), (VxV)|x € Hi(K) VK c T,

fors > 0ands>t>max{0,s—1}.
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Approximation error estimates

Theorem (Local approximation under minimal Sobolev regularity)

Let v € Hyn(curl,Q) with

fors > 0ands>t>max{0,s—1}. Then

Vlk € HS(K), (VxV)x e H(K) VKeT,
- 2
lv—v
vhej\/p(ﬂ,;pwll-rllo,N(curIQ [‘ hH * Z <

by i) 2]

Z hmm{p+1 s} 2 hk h’ngin{p+1,f} 2
<Crp, 5. 1) [( Ve ) ( : IIVXVHHw) ]
ker L\ (p+1)¢ p+1 (p+1)
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Approximation error estimates

Theorem (Local hp-optimal approximation under minimal Sobolev regularity)
Let v € Hyn(curl,Q) with

Vlk € HS(K), (VxV)x e H(K) VKeT,

fors > 0ands>t>max{0,s—1}. Then

by v vl ) 2]

Z hmm{p+1 s} 2 hk h[n;in{p%»‘l,f} 2
<Crp, 5. 1) [( Ve ) ( : IIVXVHHm) ]
ker L\ (p+1)¢ p+1 (p+1)

i 2
min V—vVv 4+
VhG-MJ(Wv)ﬁHo,N(CurI Q) |:H hH Z <P 41

Comments

@ hpcase: I'p = () and convex patch subdomains w, for all vertices Y/~
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Conclusions

Equilibration in H(curl):
@ guaranteed, locally efficient, and p-robust a posteriori error estimates
@ a stable local commuting projector
@ local-best—global-best equivalence
@ local hp approximation (a priori) error estimates under min. Sobolev regularity
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@ A stable local commuting projector in H(curl)

© Local-best—global-best equivalence in H' in 1D
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Commuting projector Local—global equiv.

A stable local commuting projector P2"

Definition (A stable local commuting projector PP")

Let v € Hyn(curl, Q) be given (minimal regularity). “

@ For each K < 7, prepare the datum 7|k ‘V

T ‘= ar min Vxv—w
hlk gwheka)H nllk
V-wp=0

and define ¢p|k by the elementwise (constrained) projection

L ‘= a i V-V
hlk rg Vhern./\l/,{)1(K)” nllk
VXVp=Th
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A stable local commuting projector P2"

Definition (A stable local commuting projector PP")

Let v € Hyn(curl, Q) be given (minimal regularity). “

@ For each K < 7, prepare the datum 7|k ‘V

T ‘= ar min Vxv—w
hlk gwheka)H nllk
V-wp=0

and define ¢p|k by the elementwise (constrained) projection

‘= a i V-V
Lhlk rg Vhern./\l/,{)1(K)” nllk
VXVp=Th

(discrete, tangential-trace discontinuous).
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Commuting projector Local—global equiv.

A stable local commuting projector P‘,ﬂ’

curl

Definition (A stable local commuting projector PP")

Let v € Hyn(curl, Q) be given (minimal regularity). “

@ For each K < 7, prepare the datum 7|k ‘V

T ‘= ar min Vxv—w
hlk gwheka)H nllk
V-wp=0

and define ¢p|x by the elementwise (constrained) projection’

= i V—vVv
Lhlk = arg Vhern./\l/,{)1(K)” nllk
VXVp=1h
(discrete, tangential-trace discontinuous).
@ Obtain PP (v) € Ny(75) 11 Hon(curl, ) by applying the flux equilibration
procedure to ¢p; in particular, PR (v) := hy, := 3" ,.,, hZ, where h are
obtained by local energy minimizations on the patch subdomains w;.
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Commuting projector Local—global equiv.

A stable local commuting projector P‘,ﬂ’

curl

Theorem (A stable local commuting projector P’f;cu”)

P> js a commuting projector since
VP (v) = PR (Vxv) v € Hon(curl, ),
PPy — v Vv € Np(Th) N Hon(curl, Q).
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Commuting projector Local—global equiv.

A stable local commuting projector P‘,ﬂ’

curl

Theorem (A stable local commuting projector P’f;"“”)

P> js a commuting projector since
VP (v) = PR (Vxv) v € Hon(curl, ),
PPy — v Vv € Np(Th) N Hon(curl, Q).

Moreover, it has local-best approximation properties and is L? stable up to data
oscillation, since, for all v € Hyn(curl, Q) and K € Tp,

" 2
lv— PR ()i + (prWX (v~ PE™(v) HK)

hy 2
Sp D in_||v—vp|% Vxv— T8 (VxV)|lx |
~ {Vhenfvp?K’)H allie <p+ TV (VX )HK) }

K'eTk
2
K/) }.
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O A stable local commuting projector in H(curl)

@ Local-best—global-best equivalence in H' in 1D
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Equivalence of local- and global-best approximations in Hj(2): 1D
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Equivalence of local- and global-best approximations in Hj(2): 1D

Commuting projector Local—global equiv.
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