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Nonlinear elliptic problem
Find v : Q — R such that
—V-(a(|Vu|)Vu)=f in Q,
u=0 on 09Q.
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Setting

Nonlinear elliptic problem
Find v : Q — R such that
—V-(a(|Vu))Vu)=f in Q,
u=0 on 0Q.

@ Q c RY 1< d <3, open bounded polytope with Lipschitz boundary o0
@ a strongly monotone and Lipschitz continuous
@ f piecewise polynomial for simplicity
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Setting

Nonlinear elliptic problem
Find v : Q — R such that
—V-(a(|Vu))Vu)=f in Q,
u=0 on 0Q.

@ Q c RY 1< d <3, open bounded polytope with Lipschitz boundary o0
@ a strongly monotone and Lipschitz continuous

@ f piecewise polynomial for simplicity

@ numerical approximation v,
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Goals

Guaranteed a posteriori error estimates efficient and robust with
respect to the strength of nonlinearities:

llu = well] < n(ue) < Cesill|lu — uell|,  Cer independent of a
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Goals

Guaranteed a posteriori error estimates locally efficient and robust with
respect to the strength of nonlinearities:

Nk (Ur) < Cesl||u — Ugll].oe s for all K € T;.
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Goals

Guaranteed a posteriori error estimates locally efficient and robust with
respect to the strength of nonlinearities:

Nk (Ur) < Cesl||u — Ugll].oe s for all K € T;.

@ what to choose for ||| - |||?

-
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Sobolev norm wrt £2)

am||V(ue — u)|| < n(ue) < Cerae||V(ue — U]




Sobolev norm (not robust wrt j—;)
aml|V(ue — u)|| < n(ue) < Cesrac||V(ue — u|
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Sobolev norm (not robust wrt j—;)
aml|V(ue — u)|| < n(ue) < Cesrac||V(ue — u|

® Pousin & Rappaz (1994), Verfirth (1994), Kim (2007), Houston, Siili, & Wihler
(2008), Garau, Morin, & Zuppa (2011), Gantner, Haberl, Praetorius, & Stiftner
(2018), Heid & Wihler (2020), ...
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Energy difference
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Sobolev norm (not robust wrt 2=)
am||V (e — u)l| < n(ug) < Cerac||V(ue — U)|

® Pousin & Rappaz (1994), Verfirth (1994), Kim (2007), Houston, Siili, & Wihler
(2008), Garau, Morin, & Zuppa (2011), Gantner, Haberl, Praetorius, & Stiftner
(2018), Heid & Wihler (2020), ...
Energy difference (not robust wrt =)

az
T (ue) = T (u) < n(ue)? < C§ff¥°(~7 (ug) — T (u))
m
® Zeidler (1992), Han (1994), Repin (1997), Ladeveze & Moés (1997), Diening
& Kreuzer (2008), Bartels & Milicevic (2020), ...
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Previous results

Sobolev norm (not robust wrt 5—;)
am||V(ue — U)|l < n(ue) < Cefrac||V(ug — U)||

Energy difference (not robust wrt )

T (ug) = T(u) < n(ue)? < Cy 2( (ug) — T (u))

Dual norm of the residual
IIR(uell -1 < n(ue) < Ceill|R(Ue)|I| -1
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Previous results

Sobolev norm (not robust wrt 5—;)
am||V(ue — U)|l < n(ue) < Cefrac||V(ug — U)||

Energy difference (not robust wrt )

2
T () = T (W) < n(w)? < C5 = (T () = T(W))

Dual norm of the residual (robust wrt 2),
IR (ue)lll—1 = n(ue) < Ceiil[|R(ue)ll| -1
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Previous results

Sobolev norm (not robust wrt g—;)
am||V(ue — U)|l < n(ue) < Cefrac||V(ug — U)||

Energy difference (not robust wrt )
aZ
T () = T (W) = m(ue)® < Cly— (T (u) = T ()

Dual norm of the residual (robust wrt j—;), “bypasses” the nonlinearity, “weak”

IR (ue)lll—1 = n(ue) < Ceiil[[R(ue) ||| -1
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Previous results

Sobolev norm (not robust wrt g—;)
am||V(ue — U)|l < n(ue) < Cefrac||V(ug — U)||

Energy difference (not robust wrt )
T (ue) = T (u) < n(ug)® < Céffjé (T (ue) = T (u))
°
Dual norm of the residual (robust wrt j—;), “bypasses” the nonlinearity, “weak”

IIR(uelll -1 = nlue) < CerrllIR(ue)ll] -1
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New robust result #1

Augmented energy difference

gk = %energy difference + AK x %(Iinearized energy difference)

£ = S () ~ I (1)

energy difference
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New robust result #1

Augmented energy difference

1 . 1 . ,
E,f‘ = éenergy difference + )\f X E(Ilnearlzed energy difference)

2

energy difference linearized energy difference

o = )~ T + Mg (W) - 7 (wy)
—_————
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New robust result #1

Augmented energy difference

gk = 1energy difference + \K x 1(Iinearized energy difference)

2 2
1
&f 125(\7(“?)—7( ))+)\52(~7 (uf) =T/ ()
——— —
energy difference linearized energy difference

@ )\ computable weight to make the two components comparable
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Augmented energy difference

gk = 1energy difference + \K x 1(Iinearized energy difference)

2 2
1
&f 125(\7(“?)—7( ))+)\52(~7 (uf) =T/ ()
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energy difference linearized energy difference

@ )\ computable weight to make the two components comparable
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New robust result #1

Augmented energy difference

gk = 1energy difference + \K x 1(Iinearized energy difference)

2 2
1
&f 125(\7(115)—7( ))+)\52(~7 (uf) =T/ ()
——— ———
energy difference linearized energy difference

@ )\ computable weight to make the two components comparable
e the associated 1/ is equivalent to the usual estimator up to a factor }

EK = J(uk) — J(u) at linearization convergence
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New robust result #1

Augmented energy difference

1 . 1. , ,
£K = —energy difference + Ak x ~(linearized energy difference)

2 2
1
&f 125(\7(115)—7( ))+)\52(~7 (uf) =T/ ()
——— ———
energy difference linearized energy difference

@ )\ computable weight to make the two components comparable
e the associated 1/ is equivalent to the usual estimator up to a factor }

EK = J(uk) — J(u) at linearization convergence

Previous use of augmented error norms
@ advection-dominated problems: augmenting the energy norm by the dual
norm of the skew-symmetric part: robustness wrt advection (Verfiirth 2005)
@ parabolic pbs: augmenting by temporal jumps: space-time local efficiency
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Dual norm of the residual in an iteration-dependent energy norm
IRy s

Creia -2



| Gradient-dependent nonlinearities Gradient-independent nonlinearities C

New robust result #2a

Dual norm of the residual in an iteration-dependent energy norm
[EL Ol

e for w € H}(Q), the residual R(w) € H=1(RQ) is given by
(R(w), v) = (a(|]VW|)Vw,Vv) — (f,v) v e H(RQ)
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New robust result #2a

Dual norm of the residual in an iteration-dependent energy norm
IR (UE Iy -

e for w € H}(Q), the residual R(w) € H=1(RQ) is given by
(R(w), v) = (a(|]VW|)Vw,Vv) — (f,v) v e H(RQ)

@ dual norm of the residual

Kk—1
. (R(u™), v)
IIR(ug ™I v = sup W
veH{(Q) tug™
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New robust result #2a

Dual norm of the residual in an iteration-dependent energy norm
IR (UE Iy -

e for w € H}(Q), the residual R(w) € H=1(RQ) is given by
(R(w), v) = (a(|]VW|)Vw,Vv) — (f,v) v e H(RQ)

@ dual norm of the residual

Kk—1
. (R(u™), v)
IIR(ug ™I v = sup W
veH{(Q) tug™

@ iteration-dependent norm induced by the linearization scalar product

VI o= (0 W)y = )2V Al ) 2evP v e Hy@)

-

e
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New result #2b

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

2 k112
IR, -t = = |lluy —Ue|||1 - 1+||\Rd.sc (WA, k1 -
total residual/error lineaplgation discretization residual/error
lllug™ *U?@Illwgq error llluf —u 2>H|1,U§71
.
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New result #2b

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

k—1y((12 k—1 k2
IR (U™ MIZy gt = Mllug ™ = ugllly 1+|H7€d.5C (WA, k1 -
total residual/error lineaplgation discretiiation residual/error
lllug™ *U?@Illwgq error lllug —u 2>H|1,u271
.
@ orthogonal decomposition
@ error components
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New result #2b

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

k—1y((12 k—1 k2
IR (U™ MIZy gt = Mllug ™ = ugllly 1+|H7€d.5C (WA, k1 -
total residual/error lineaplgation discretiiation residual/error
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@ orthogonal decomposition
@ error components
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A model nonlinear problem

Nonlinear elliptic problem
Find v : Q2 — R such that

=V-(a(|Vu))Vu)=f in Q,
u=0 on 09Q.

@ Q c RY 1< d < 3, open bounded polytope with Lipschitz boundary o9
@ f piecewise polynomial for simplicity
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A model nonlinear problem

Nonlinear elliptic problem
Find v : Q2 — R such that
=V-(a(|Vu))Vu)=f in Q,
u=0 on 09.

@ Q c RY 1< d < 3, open bounded polytope with Lipschitz boundary o9
@ f piecewise polynomial for simplicity

Assumption (Nonlinear function a)

Function a : [0, 00) — (0,00), forall x, y € RY,

la(|x])x — a(|ly])y| < ac|x — y| (Lipschitz continuity),
(a(|x|)x — a(ly))y)- (x —y) > an|x — y|>  (strong monotonicity).
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A model nonlinear problem

Nonlinear elliptic problem
Find v : Q2 — R such that
=V-(a(|Vu))Vu)=f in Q,
u=0 on 09.

@ Q c RY 1< d < 3, open bounded polytope with Lipschitz boundary o9
@ f piecewise polynomial for simplicity

Assumption (Nonlinear function a)

Function a : [0, 00) — (0,00), forall x, y € RY,

la(|x])x — a(|ly])y| < ac|x — y| (Lipschitz continuity),
(a(|x|)x — a(ly))y)- (x —y) > an|x — y|>  (strong monotonicity).

® an < alr) < aam<(alrr) < a lreia L2
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

dc — am

Virr

alr) = am+

a(r) with am = 1
100 1

a; =100

0 5 107
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

ac — am
a(r) = am + ——.
(1) =am+ iz
a(r) with am =1 (a(r)r) with am = 1
100 100
50 50 +
a. = 100
0 = = 0 , ,
0 5 10 " 0 5 107
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Example of the nonlinear function a

Example (Mean curvature nonlinearity)

a(r) = am + ac — am a _ Lipschitz continuity
T Axe an  strong monotonicity
a(r) with am =1 (a(r)r) with am = 1
100 1 100 1
50 + 50 +
a. = 100
0 f . 0 : }
0 5 10 " 0 5 10 "
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Weak solution

Definition (Weak solution)

u € H}(Q) such that

(a(|Vu|)Vu,Vv) = (f,v) Vv e H(Q).
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Energy

Definition (Energy functional)
J:H(Q) - R
TW)i= [ A9V =(v). Ve H@).

with function ¢ : [0, 00) — [0, 00) such that, for all r € [0, c0),

o(r) = /Or a(s)sds.
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Energy

Definition (Energy functional)
J:H(Q) - R
TW)i= [ A9V =(v). Ve H@).

with function ¢ : [0, 00) — [0, 00) such that, for all r € [0, c0),

o(r) = /Or a(s)sds.

Equivalently u=arg min J(v)
veHl(Q)

-
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Finite element approximation

Definition (Finite element approximation)

up € VY such that

(a(|Vue)Vue, Vvp) = (f,vg) Vv e VP
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Finite element approximation

Definition (Finite element approximation)

up € VY such that

(a(|Vue)Vue, Vvp) = (f,vg) Vv e VP

@ 7; simplicial mesh of Q

@ p > 1 polynomial degree
o VP :="Py(Te) N H{(Q)

@ conforming finite elements
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Finite element approximation

Definition (Finite element approximation)

up € VY such that

(a(|Vu|)Vup, Vve) = (f,ve))  Yvee VP

@ 7; simplicial mesh of Q

@ p > 1 polynomial degree

o VP :="Py(Te) N H{(Q)

@ conforming finite elements
Equivalently

up = arg min_ J7(v)
VgGVtF
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Energy difference

J(ug) = I (u)

o J(u)—J()>0,J(u)—Ju)=0ifandonly if up = u
@ physically-based error measure
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lterative linearization

Ae(Up) = Fy

Definition (Linearized finite element approximation)

uf € VP such that
(A'VUl Vve) = (F,ve) + (BS 1, Vv) Vv e VP
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lterative linearization

Ao(Up) = Fy

Definition (Linearized finite element approximation)

uf € VP such that
(A 'Vul, Vve) = (f,ve) + (b5, Vv)) Vv e VP

e uf € VP agiven initial guess
@ iterative linearization index k > 1

e linearization: AX~": Q — R9*9 matrix, bf~': Q — R? vector constructed from
k-1
u
! )
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Examples

Example (Picard (fixed-point))

AT = (VU g, b =0.
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Examples

Example (Picard (fixed-point))

A = sV, b =0.

Example (Zarantonello)

AT =qlg. b = (v - a( vy ) Ve
with v > ;ﬁ a constant parameter.

m

-
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Examples

Example (Picard (fixed-point))
A = sV, b =0.

Example (Zarantonello)

A =Alg, BT = (v - a(vVu T D))V
with ~v > % a constant parameter. |
Example (Newton)
A = a(|Vuf g + WVUF @ vy,
BA-1 — (V) Tk .
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_ Setting Iterative linearization Estimates Duality Numerics
Main idea

Observation

None of the known approaches employs in the analysis, to define norms, the
iterative linearization, i.e., how do we solve the nonlinear system A,(U,) = F,.
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Main idea

None of the known approaches employs in the analysis, to define norms, the
iterative linearization, i.e., how do we solve the nonlinear system A,(U;) = F,.

IS HN Q) - R

T (v) ‘Ak ‘ VHZ—(f, v)— (b5, Vv), veHI(Q).

-2

-
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Main idea

None of the known approaches employs in the analysis, to define norms, the
iterative linearization, i.e., how do we solve the nonlinear system A,(U;) = F,.

IS HN Q) - R

T (v) ‘Ak ‘ VHZ—(f, v)— (b5, Vv), veHI(Q).

-2

Equivalently
Uk .= arg min jg '(v)
VgEV
M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 16/ 35
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)
For all linearization steps k > 1, EX < k.
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)

For all linearization steps k > 1, EX < k.
Moreover, for all kK > 1, there holds
nf < Cen(d, k) CHES :
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)

For all linearization steps k > 1, EF < nf.
Moreover, for all k > 1, there holds
15 < Ceir(d, 57)CLES ),
where
=1 Zarantonello
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A posteriori error estimates for an augmented energy difference

Theorem (A posteriori estimate of augmented energy)
For all linearization steps k > 1, EX < k.
Moreover, for all k > 1, there holds

8 < Cerr(d. k7)CFES :

CK := max

acl,

max. eig. Ak~ - =1 Zarantonello
< l ) in general.

min. eig. Af ..

v/ CF =1 for Zarantonello = robustness wrt the strength of nonlinearities

4 Cé‘ given by local conditioning of the linearization matrix A§*1: typically
much better than a./a., improves with mesh refinement

v Cé‘ computable: we can affirm robustness a posteriori, for the given case
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A posteriori error estimates for an augmented energy difference

Augmented energy difference

1 . 1 . ,
E,f‘ = éenergy difference + )\f X E(Imeanzed energy difference)
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1 . 1 . ,
£ = éenergy difference + )\éf X E(Imearlzed energy difference)

£ = L)~ T(W) + Mo (T (W) - 7 ()

energy difference linearized energy difference

@ )/ computable weight to make the two components comparable
e the associated a posteriori error estimator 1/ is equivalent to the usual energy
difference estimator up to a factor }
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A posteriori error estimates for an augmented energy difference

Augmented energy difference

gk = 1energy difference + A x 1(Iinearized energy difference)
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Fenchel conjugate, dual energy, flux equilibration, estimator

Definition (Fenchel conjugate)

¢*(,8) := sup (sr—o(-,r)).
ref0,00) y

V ke
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Definition (Estimator)
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_ Setting lterative linearization Estimates Duality Numerics
Smooth solution

Setting
@ unit square Q = (0,1)>?
@ known smooth solution u(x, y) :=10x(x — 1)y(y — 1)
ep=1
@ effectivity indices

() e Gt

total energy difference
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How large is the error? Robustness wrt the nonlinearities
(a(r) = am+ \/—)

Picard Zarantonello Newton
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How large is the error? Robustness wrt the nonlinearities

B2
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(a(r) = am + (a; — am)—=—=, robustness only for Zarantonello)
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Singular solution

Setting
@ L-shaped domain Q = (—1,1)2\ ([0,1) x (—1,0])

e known singular solution u(p, 6) = pé sin(20)
3,2

2

@ a(r) = am + (a — am) =22
1+2e 2

e p=1
@ uniform or adaptive mesh refinement
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How large is the error? Robustness wrt the nonlinearities

Setting lterative linearization Estimates Duality Numerics
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Not all nonlinear problems admit an energy minimization structure.

leeia L2
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A model nonlinear problem

Nonlinear elliptic problem
Find v : Q — R such that
—V-(rK(x)(D(x,u)Vu + g(x,u))) + f(x,u) =0 in Q,
S—— S—— SN——

diffusion advection reaction

u=0 on 99.

@ 7 > 0 a parameter (time step size in transient problems: applies to Richards
on each time step)

-
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A model nonlinear problem

Nonlinear elliptic problem
Find v : Q — R such that
—V-(rK(x)(D(x,u)Vu + g(x,u))) + f(x,u) =0 in Q,
S—— S—— SN——

diffusion advection reaction

u=0 on 99.

@ 7 > 0 a parameter (time step size in transient problems: applies to Richards
on each time step)

Assumption (Nonlinear functions D, q, and f)

|D(x1,u1) — D(X2, U2)| < Dpm(|X1 — Xo| + |ug — U2]) VXq,Xo € Q and uy,us € R,
0 <f(x,up)—f(x,u1) <fu(uo—uy) VxeQanduy,us € R ux > uy,
q is “small” wrt KD.

-
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Finite element discretization and iterative linearization

Definition (Linearized finite element approximation)

u, € VP such that
(uf — uf, Vé’))u,f*1 = (RN, ve)  VYvee VP

residual

lezia ~* e
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Finite element discretization and iterative linearization

Definition (Linearized finite element approximation)

u, € VP such that
(uf — uf, VP)) et = —(R(ufNY, i) Vv e VP

residual

@ covers most linearization schemes: Picard (fixed-point), L & M-schemes, ...
@ linearization: reaction—diffusion scalar product
(w.v)or=( L w, v)+( Al Vw,Vv), w,ve H)(Q)
!
reaction coef. =0 if f=f(X) diffusion coef. =rK(x)D(x,u ")

17

lteration-dependent norm
O [V o= ((va V) o = ICLE Y2V P [l V20w, v e Hy(@)

@ induced by the linearization scalar product /R~

M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 27 / 35



| Gradient-dependent nonlinearities Gradient-independent nonlinearities C Setting Estimates Numerics

An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

2 k112
IR, -t = = |lluy —Ue|||1 - 1+||\Rd.sc (WA, k1 -
total residual/error lineaplgation discretization residual/error
lllug™ *U?@Illwgq error llluf —u 2>H|1,u271
.

M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 28 / 35



| Gradient-dependent nonlinearities Gradient-independent nonlinearities C Setting Estimates Numerics

An orthogonal decomposition of the total residual/error

Theorem (Orthogonal decomposition of the total error into linearization and

discretization components)
For all linearization steps k > 1, there holds

k—1y((12 k—1 k
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A posteriori error estimates for an iteration-dependent norm

Theorem (A posteriori estimate of iteration-dependent norm)
For all linearization steps k > 1,

IRy gt < m(utf)-

u,
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A posteriori error estimates for an iteration-dependent norm

Theorem (A posteriori estimate of iteration-dependent norm)
For all linearization steps k > 1,

IRy gt < m(uf):
Moreover, for all linearization steps k > 1 , there holds
n(uf) < Cei(d, fsvr./o)CflllR(Ué"1)IIL1,U;—1 :
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A posteriori error estimates for an iteration-dependent norm

Theorem (A posteriori estimate of iteration-dependent norm)
For all linearization steps k > 1,

IRy g < n(ub).

u,

Moreover, for all linearization steps k > 1 and for each element K € 7, there holds
i (Uf) < Cerr(d, fmp)C;’illlR(Ué"1)|||,1,u;—1

WK ’
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A posteriori error estimates for an iteration-dependent norm

Theorem (A posteriori estimate of iteration-dependent norm)
For all linearization steps k > 1,

IRy g < n(ub).

Uy
Moreover, for all linearization steps k > 1 and for each element K € 7, there holds

i (Uf) < Cerr(d, fmp)C;’QIIIR(Ué"1)III,1,u;—1
where

1/2
iy Ak—1
ck . [ max. eg. Ao
K -— 2 F K—1
min. eig. A; ™|«

WK ’

M. Vohralik A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 29 / 35



| Gradient-dependent nonlinearities Gradient-independent nonlinearities C Setting Estimates Numerics

A posteriori error estimates for an iteration-dependent norm

Theorem (A posteriori estimate of iteration-dependent norm)
For all linearization steps k > 1,

IR,

k
ué(_1 S T](UE )'

Moreover, for all linearization steps k > 1 and for each element K € 7, there holds
i (Uf) < Cerr(d, Hmp)C;’QIIIR(ugK’1)III,1,u§—1
where

1/2
iy Ak—1
ck ._ [ max. eg. Ao
K -— 2 . K—1
min. eig. A; |,

WK ’

4 C,’§ given by local conditioning of the linearization matrix A§*1: typically
much better than global conditioning (= worst-case scenario)
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A posteriori error estimates for an iteration-dependent norm

Theorem (A posteriori estimate of iteration-dependent norm)
For all linearization steps k > 1,

IRy,

k
ué(_1 S T](UK )

Moreover, for all linearization steps k > 1 and for each element K € 7, there holds
i (Uf) < Cerr(d, f«np)C;’QIIIR(ugK’1)III,1,u§—1
where

1/2
iy Ak—1
ck ._ [ max. eg. Ao
K -— 2 F K—1
min. eig. A; ™|«

WK ’

4 C,’§ given by local conditioning of the linearization matrix A§*1: typically
much better than global conditioning (= worst-case scenario)
v C,’§ computable: we can affirm robustness a posteriori, for the given case
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A posteriori error estimates for an iteration-dependent norm

Theorem (A posteriori estimate of iteration-dependent norm)
For all linearization steps k > 1,
IRy,

k
ué(_1 S n(uﬁ )'

Moreover, for all linearization steps k > 1 and for each element K € 7, there holds
mic(Uf) < Cen(d. 7, PYCIIR(UE Iy ot ,

where

1/2
iy Ak—1
ck ._ [ max. eg. Ao
K -— 2 . K—1
min. eig. A; |,

4 C,’§ given by local conditioning of the linearization matrix A§*1: typically
much better than global conditioning (= worst-case scenario)

v C,’§ computable: we can affirm robustness a posteriori, for the given case

v local efficiency
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One time step of the Richards equation

Setting
@ unit square Q = (0,1)?
@ realistic data

f(x,u) = S(u) = S(uf~'(x)), D(x,u) = K(S(u)), q(x,u)=—r(S(u))g.

<=loz % o= (o)

@ van Genuchten saturation and permeability laws

2

S(u) = (1+(2—u)ﬁ)”, k() ::\/§<1—(1—3%)A> . A=05

@ time step length 7 € [1073,1]

-
s

lezia ~* e
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One time step of the Richards equation: saturation u
1=2,t=1

IsoValue 1=2,t=0.01

IsoValue

lux T

No Flux ST

m-1.1
m-0.9
m-0.7
m-0.5
m-0.3
m-0.1
m0.1
il
No Flux 1
Time step length 7 =1 Time step length - = 0.01 N
zia ,—
M. Vohralik
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How large is the error? Robustness wrt the nonlinearities

Picard M-Scheme N L-Scheme

K. Mitra, M. Vohralik, preprint (2023)
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Where is the error localized?

ni MS 1=2,t=1,1i=9 IsoValue
Ka r W

Error MS 1=2,t=1,i=9

IsoValue
m-4.01 m-4.09
m-3.77 m-3.86
m-3.53 m-3.64
m-2.10 2.29
m-1.86 2.06
m-1.62 1.83

Estimated local error, 7 = 1 Exact local error, 7 = 1

&W
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i MS 1=2,t=0.01,i=5 .Is%/%us Error MS 1=2,1=0.01,1i=5 isovale
m-5.02
m-4.71

Estimated local error, = = 0.01 Exact local error, 7 = 0.01

K. Mitra, M. Vohralik, prepr' (2023) &
A —




I Gradient-dependent nonlinearities | Gradient-independent nonlinearities "G ~Setting Estimates Numerics
Error components and adaptivity via stopping criteria

L-Scheme 7 =0.01, / =2

v, Picard 7= 0.01, £ =2 £ oM-Scheme 7 = 0.01, £ =2 @ g ‘
2 : 2 : 2 \“ 5
< : < : 15 '
[ e £ s 2 gt
- - | = 1
=, A, =g \\\“\N\‘
3 =3 B :
2 -6 5 Z 4 i '1 ©_. :
2 | —IRul -1, B IR -1 g IR -1
Mg +nfin,g A +"711_1n,n : +7711_1n,n

= e s

0 2 4 6 8 7 10 0 2 4 6 8 7 10 0 10 20 7 30

Time step length 7 = 0.01

K. Mitra, M. Vohralik, preprint (2023)

_ A posteriori estimates robust wrt nonlinearities & orthogonal decomposition 34 / 35



Q Introduction

Q Gradient-dependent nonlinearities

Setting

@ lterative linearization

@ A posteriori error estimates for an augmented energy difference
@ Fenchel conjugate, dual energy, flux equilibration, estimator

@ Numerical experiments

®

Q Gradient-independent nonlinearities
@ Setting
@ A posteriori error estimates for an iteration-dependent norm
@ Numerical experiments

Q Conclusions



| Gradient-dependent nonlinearities Gradient-independent nonlinearities C

Conclusions

Conclusions
@ a posteriori certification of the error for nonlinear problems
@ robustness with respect to the strength of nonlinearities

@ augmenting the energy difference by the (discretization) error on the given
linearization step

@ employing iteration-dependent norms

-
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Conclusions

Conclusions
@ a posteriori certification of the error for nonlinear problems
@ robustness with respect to the strength of nonlinearities
@ augmenting the energy difference by the (discretization) error on the given
linearization step
@ employing iteration-dependent norms

@ HARNIST A., MITRA K., RAPPAPORT A., VOHRALIK M. Robust augmented energy a
posteriori estimates for Lipschitz and strongly monotone elliptic problems. HAL
Preprint 04033438, 2023.

[4 MITRA K., VOHRALIK M. Guaranteed, locally efficient, and robust a posteriori
estimates for nonlinear elliptic problems in iteration-dependent norms. An orthogonal
decomposition result based on iterative linearization. HAL Preprint 04156711, 2023.

-
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Conclusions

Conclusions
@ a posteriori certification of the error for nonlinear problems

@ robustness with respect to the strength of nonlinearities

@ augmenting the energy difference by the (discretization) error on the given
linearization step

@ employing iteration-dependent norms

@ HARNIST A., MITRA K., RAPPAPORT A., VOHRALIK M. Robust augmented energy a
posteriori estimates for Lipschitz and strongly monotone elliptic problems. HAL
Preprint 04033438, 2023.

[4 MITRA K., VOHRALIK M. Guaranteed, locally efficient, and robust a posteriori
estimates for nonlinear elliptic problems in iteration-dependent norms. An orthogonal
decomposition result based on iterative linearization. HAL Preprint 04156711, 2023.

Thank you for your attention! Cveia Lo
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Adaptivity Flux

Decreasing the error efficiently: optimal decay rate wrt DoFs

Error and estimator

10*

10°

775,2‘ (adaptive)
:S'IE.,Z (adaptive)
--- O(DOFs~?)
775.2 (uniform)
“:II\}.K (uniform)
— O(DOFs~#)

10

10? 10° 10*
DOFs

Q 3

2= =10
M. Vohralik

Error and estimator

10%

10*

10! 10? 10% 10*
DOFs
gt
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Q Adaptivity

@ Equilibrated flux reconstruction
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Adaptivity Flux

Partition of unity

>0

acy,

0.8

0.6

0.4

0.2

11
Hat basis function 2 Y/
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- Adapiviy Flux
Eq uilibrated flux reconstruction Destuynder and Métivet (1998), Braess & Schdberl (2008), Ern & Vohralik (2013)

1

ol RN

o.eiql\‘\‘ H //*Fi
04> ™ TN\ J ZT
02l =X TN Y Z T -
e
-O-ZA/:/? A ‘(\\:\«
S = NN S
.0'64 1/‘/ 1 \'\t —
P A N

1
-0.5

Flux ¢¢ ¢ H(div) (e.g. FE flux —Vuy)
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- Adapiviy Flux
Eq uilibrated flux reconstruction Destuynder and Métivet (1998), Braess & Schdberl (2008), Ern & Vohralik (2013)

1

ol RN

o.eiql\‘\‘ H //*Fi
04>~ ™ TR \ J/ AT 4
02 = TN Y Z T F -
R L
-O-ZA/:/? A ‘(\\:\«
S = NN S
.0'64 1/‘/ 1 \'\t —
P A N

-1
0.5 1

Flux e & H(diV), Voeg £ f
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- Adapiviy Flux
Eq uilibrated flux reconstruction Destuynder and Métivet (1998), Braess & Schdberl (2008), Ern & Vohralik (2013)

1

NN Va
04> ™ TN\ J ZT
02 =X TNV L -
T RO
-O-ZA/:/? A ‘(\\:\«
S = NN S
oo N Ay —
P Yl N

-1
5 0 0.5 1

" Flux Lg ¢ H(div), V-1p # f
Lo € RTp(Te), f € Pp(Te)

/

-~
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Adaptivity Flux

Eq u i I i b rated fl UX reCO nStru Ct i O n Destuynder and Métivet (1998), Braess & Schéberl (2008), Ern & Vohralik (2013)

1

06f__ __ \‘} i —
oab —~ R V\‘V/V A — =
w2t =" TN\ VY # .1 5~
0:::> < : —
2f— A L7 A A X e —
4 A Y 4/4 n\ DN S
_Z::q e N e —
A

-1-1 -0.5 0 0.5
Flux ¢p ¢ H(diV), V-tp # f
v € RTp(To), f € Pp(Te)

(F @) wa+(te, Vp?)wa=0 Vac it FoA
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Adaptivity Flux

Eq u i I i b rated fl UX reCO nstru Ct i O n Destuynder and Métivet (1998), Braess & Schéberl (2008), Ern & Vohralik (2013)
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Adaptivity Flux

Eq U i I i b rated fl UX reCO nStru Ct i O n Destuynder and Métivet (1998), Braess & Schéberl (2008), Ern & Vohralik (2013)
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Adaptivity Flux

Eq U i I i b rated fl UX reCO nstru Ct i O n Destuynder and Métivet (1998), Braess & Schéberl (2008), Ern & Vohralik (2013)
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- Adapiviy Flux
Eq uilibrated flux reconstruction Destuynder and Métivet (1998), Braess & Schdberl (2008), Ern & Vohralik (2013)
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