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I Laplace Algebraic error Inexact Newton Porous media C

Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A :RN→ RN , vector F ∈ RN : find U ∈ RN s.t.

A(U) = F

Algorithm (Inexact iterative linearization)
1 Choose initial vector U0. Set k := 1.
2 Uk−1 ⇒ matrix Ak−1 and vector F k−1: find Uk s.t.

Ak−1Uk ≈ F k−1.

3 1 Set Uk,0 := Uk−1 and i := 1.
2 Do an algebraic solver step⇒ Uk,i s.t. (Rk,i algebraic res.)

Ak−1Uk,i = F k−1 − Rk,i .

3 Convergence? OK⇒ Uk := Uk,i . KO⇒ i := i + 1, back
to 3.2.

4 Convergence? OK⇒ finish. KO⇒ k := k + 1, back to 2.
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I Laplace Algebraic error Inexact Newton Porous media C

Context and questions
Approximate solution

approximate solution Uk ,i does not solve A(Uk ,i) = F
Numerical method

underlying numerical method: the vector Uk ,i is associated
with a (piecewise polynomial) approximation uk ,i

h

Partial differential equation
underlying PDE, u its weak solution: A(u) = f

Question (Stopping criteria)

What is a good stopping criterion for the linear solver?
What is a good stopping criterion for the nonlinear solver?

Question (Error)

How big is the error ‖u − uk ,i
h ‖ on Newton step k and

algebraic solver step i, how is it distributed?
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Laplace model problem

Model problem

−∆u = f in Ω,

u = 0 on ∂Ω

Ω ⊂ Rd , d = 2,3 polygon/polyhedron
f ∈ L2(Ω)

Weak formulation
Find u ∈ H1

0 (Ω) such that

(∇u,∇v) = (f , v) ∀v ∈ H1
0 (Ω)

Properties of the weak solution
u ∈ H1

0 (Ω) (primal variable constraint)
σ := −∇u (constitutive relation)
∇·σ = f (equilibrium)
σ ∈ H(div,Ω) (dual variable constraint)
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, Prager and Synge

(1947), Dari, Durán, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralík (2007), . . .)

Let u ∈ H1
0 (Ω) be the weak solution;

uh ∈ H1(Th) := {v ∈ L2(Ω), v |K ∈ H1(K ) ∀K ∈ Th} be
arbitrary (thus uh 6∈ H1

0 (Ω) and −∇uh 6∈ H(div,Ω));
sh ∈ H1

0 (Ω) and σh ∈ H(div,Ω) be such that

(∇·σh,1)K = (f ,1)K for all K ∈ Th.

Then

‖∇(u − uh)‖2 ≤
∑

K∈Th

(
‖∇uh + σh‖K︸ ︷︷ ︸
constitutive relation

+
hK

π
‖f −∇·σh‖K

︸ ︷︷ ︸
equilibrium

)2

+
∑

K∈Th

‖∇(uh − sh)‖2K︸ ︷︷ ︸
primal constraint

.
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Proof I
Proof.

define s ∈ H1
0 (Ω) by

(∇s,∇v) = (∇uh,∇v) ∀v ∈ H1
0 (Ω)

develop (Pythagoras)

‖∇(u − uh)‖2 = ‖∇(u − s)‖2 + ‖∇(s − uh)‖2

projection definition of s:

‖∇(s − uh)‖2 = min
v∈H1

0 (Ω)
‖∇(v − uh)‖2

︸ ︷︷ ︸
distance of uh to H1

0 (Ω)

dual norm characterization, definition of s:

‖∇(u − s)‖2 = sup
ϕ∈H1

0 (Ω); ‖∇ϕ‖=1
(∇(u − ),∇ϕ)2

︸ ︷︷ ︸
dual norm of the residual
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Proof II
Proof (continuation).

nonconformity upper bound:

min
v∈H1

0 (Ω)
‖∇(v − uh)‖ ≤ ‖∇(uh − sh)‖

weak solution definition, equilibrated flux, Green theorem:

(∇(u − uh),∇ϕ) = (f , ϕ)− (∇uh,∇ϕ)

= (f −∇·σh, ϕ)− (∇uh + σh,∇ϕ)

Cauchy–Schwarz and Poincaré inequalities, equilibration:

−(∇uh + σh,∇ϕ) ≤
∑

K∈Th

‖∇uh + σh‖K‖∇ϕ‖K ,

(f −∇·σh, ϕ) =
∑

K∈Th

(f −∇·σh, ϕ− ϕK )K

≤
∑

K∈Th

hK

π
‖f −∇·σh‖K‖∇ϕ‖K
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Global potential and flux reconstructions

Ideally

σh := arg min
vh∈Vh,∇·vh=ΠQh

f
‖∇uh + vh‖

sh := arg min
vh∈Vh

‖∇(uh − vh)‖

Vh ⊂ H(div,Ω), Qh ⊂ L2(Ω), Vh ⊂ H1
0 (Ω)

too expensive, global minimization problems (the
hypercircle method . . . )
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Local potential and flux reconstructions

Definition (Constr. of σh, Destuynder and Métivet (1999) & Braess and Schöberl (2008))
For each a ∈ Vh, solve the local mixed FE problem

σa
h := arg min

vh∈Va
h,∇·vh=ΠQa

h (ψaf−∇ψa·∇uh)

‖ψa∇uh + vh‖ωa .

Definition (Construction of sh, ≈ Carstensen and Merdon (2013), EV (2015))
For each a ∈ Vh, solve the local conforming FE problem

sa
h := arg min

vh∈V a
h

‖∇(ψauh − vh)‖ωa .

Key ideas

local minimizations
cut-off by hat basis functions ψa

σh :=
∑

a∈Vh

σa
h, sh :=

∑

a∈Vh

sa
h

a ∈ Vh

patch ωa

ψa(a) = 1, ψa(a∗) = 0a1

a2

a3

a4

a5
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Potential reconstruction

Figure 5 – Solution post-traitée unh (à gauche) et solution conforme snh (à droite)

Remarque 3.2. On observe que pour tout 0 ≤ n ≤ N , Inav(unh) ∈ H1
0 (Ω) et on observe aussi

que la partie contenant les fonctions bulles appartient également à H1
0 (Ω). On obtient alors que

snh ∈ H1
0 (Ω) pour tout 0 ≤ n ≤ N et par suite s ∈ P1

τ (H1
0 (Ω)), comme imposé par (3.10).

Une conséquence importante de (3.7) est le résultat suivant :

Lemme 3.1. On suppose que sh,τ vérifie (3.7) et (3.10). Alors, pour tout 1 ≤ n ≤ N , on a

(∂nt sh,τ , 1)K = (∂nt uh,τ , 1)K , ∀K ∈ T n. (3.11)

On présente la preuve donnée dans [10].

Démonstration. Tout d’abord, on observe que, pour tout 1 ≤ n ≤ N ,

∂nt (sh,τ − uh,τ ) = 1
τn [(snh − unh)− (sn−1

h − un−1
h )].

De plus, par (3.7), snh et unh possèdent les mêmes valeurs moyennes sur tous les éléments des
maillages T n et T n+1. De même, sn−1

h et un−1
h possèdent les mêmes valeurs moyennes sur tous les

éléments des maillages T n et T n−1. Alors, (snh − sn−1
h ) et (unh − un−1

h ) possèdent les mêmes valeurs
moyennes sur tous les éléments du maillage T n. D’où (3.11).

Remarque 3.3 (Evalution de snh). La condition (3.7) utilise le maillage T n+1 qui n’est pas encore
connu au temps discret tn. En pratique, il suffit d’ajuster les moyennes de snh uniquement sur
les éléments du maillage actuel T n (en mettant temporairement T n+1 := T n). Ensuite, au pas
de temps suivant tn+1, et uniquement s’il existe des éléments du maillage T n+1 qui sont des
rafinements des éléments de T n, des fonctions bulles supplémentaires sont ajoutées à snh, comme
décrit par (3.8) et (3.9), avant l’évaluation de l’erreur à tn+1.

La figure 5 représente la solution post-traitée (à gauche) et son interpolation H1
0 (Ω)-conforme

(à droite).

4 Borne supérieure de l’erreur

Le but de cette section est de dériver une estimation d’erreur a posteriori pour le problème (1.1a)–
(1.1c) discretisé en utilisant la méthode de volumes finis centrés par maille en espace donnée par
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Potential reconstruction sh
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Equilibrated flux reconstruction

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5
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2.5
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Figure 3 – Exemple d’un flux reconstruit ayant la composante normale continue.

3.3 Post-traitement

La solution donnée par la méthode des volumes finis centrés par mailles unh est constante
par morceaux en espace. Notre objectif est de dériver une estimation a posteriori dans la norme
d’énergie de l’erreur. Pour cela, on ne peut pas utiliser cette solution dans notre estimation d’erreur
comme la valeur de son gradient brisé est nulle.

Suivant [20], on introduit une approximation quadratique unh pour tout 1 ≤ n ≤ N vérifiant
pour tout K ∈ T n,

−S∇unh|K = θnh |K , (3.5)

(unh, 1)K = (unh, 1)K . (3.6)

Soit P1(T n) l’espace des fonctions polynomiales sur chaque élément du maillage T n. Quand
S = νId, unh appartient à l’espace P1,2(T n) qui est l’espace P1(T n) enrichi élément par élément

par
∑d

i=1 x
2
i : unh|K = anK(x2 + y2) + bnKx + cnKy + dK pour d = 2 et unh|K = anK(x2 + y2 + z2) +

bnKx+ cnKy + dKz + eK pour d = 3.
Quand S 6= Id, alors unh vérifiant (3.5) et (3.6) est un polynôme complet du second ordre sur

chaque élément K ∈ T n (la symétrie de S est importante dans ce cas), cf. [20].
On note également que ce post-traitement est local et le coût du calcul est négligeable.
La figure 4 représente la solution initiale constante par mailles donnée par la méthode des

volumes finis (à gauche) et la nouvelle solution post-traitée (à droite).
On définit la solution post-traitée globale en temps uh,τ ∈ P1(H1(T n)) donnée par les N + 1

valeurs unh en chaque temps discret tn. Cette fonction uh,τ : QT → R est telle que pour tout
1 ≤ n ≤ N et pour tout t ∈ In,

uh,τ (·, t) := (1− ρ(t))un−1
h + ρ(t)unh, ρ(t) = 1

τn (t− tn−1).

3.4 Reconstruction de potentiel

Soit 1 ≤ n ≤ N . La solution post-traitée unh est non conforme, i.e., elle est uniquement continue
par morceaux, unh ∈ H1(T n), mais elle n’est pas globalement continue. On va alors utiliser une
reconstruction du potentiel H1

0 (Ω)-conforme basée sur un opérateur d’interpolation par moyenne

7

Flux −∇uh

Estimation a posteriori Reconstructions pour les schémas VF

Reconstructions des flux

Forme générale :
θh,τ et ψh,τ : constantes par morceaux en temps
θn

h := θh,τ |In , ψn
h := ψh,τ |In ∈ H(div,Ω), ∀1 ≤ n ≤ N.

20 / 50

Flux reconstruction σh
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Continuous-level patch problems

Definition (Continuous-level flux reconstruction)
For each a ∈ Vh, set

σa := arg min
v∈H(div,ωa),

∇·v=(ψaf−∇ψa·∇uh)
v·nωa =0 on ∂ωa (\∂Ω)

‖ψa∇uh + v‖ωa .

Definition (Continuous-level potential reconstruction)
For each a ∈ Vh, set

sa := arg min
v∈H1

0 (ωa)
‖∇(ψauh − v)‖ωa .
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Assumptions

Assumption A (Galerkin orthogonality wrt hat functions)
There holds

(∇uh,∇ψa)ωa = (f , ψa)ωa ∀a ∈ V int
h .

Assumption B (Weak continuity)
There holds 〈[[uh]],1〉e = 0 ∀e ∈ Eh.

Assumption C (Piecewise polynomials, data, and meshes)
The approximation uh and the datum f are piecewise
polynomial. The degrees of the MFE reconstructions σh and sh
are chosen correspondingly. The meshes Th are shape-regular.
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /
continuous stability Braess, Pillwein, and Schöberl (2009); Costabel and McIntosh (2010);

Demkowicz, Gopalakrishnan, and Schöberl (2012), EV (2015))
Let u be the weak solution and let Assumptions A, B, and C
hold. Then there exists constants Cst,Ccont,PF,Ccont,bPF > 0 only
depending on the shape-regularity parameter κT such that

‖σa
h +ψa∇uh‖ωa≤Cst‖σa+ψa∇uh‖ωa≤CstCcont,PF‖∇(u−uh)‖ωa ;

‖∇(ψauh−sa
h)‖ωa≤Cst‖∇(ψauh−sa)‖ωa≤CstCcont,bPF‖∇(u−uh)‖ωa.

Remarks

Cst can be bounded by solving the local Neumann
problems by conforming FEs
⇒ maximal overestimation factor guaranteed
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Conforming finite elements

Conforming finite elements
Find uh ∈ Vh such that

(∇uh,∇vh) = (f , vh) ∀vh ∈ Vh.

Vh := Pp(Th) ∩ H1
0 (Ω), p ≥ 1

Assumption A: take vh = ψa

Vh ⊂ H1
0 (Ω): sh := uh, no need for Assumption B

Assumption C: technical, always satisfied
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Nonconforming finite elements

Nonconforming finite elements
Find uh ∈ Vh such that

(∇uh,∇vh) = (f , vh) ∀vh ∈ Vh.

Vh := Pp(Th), p ≥ 1, vh ∈ Vh satisfy

〈[[vh]],qh〉e = 0 ∀qh ∈ Pp−1(e), ∀e ∈ Eh

Assumption A: take vh = ψa

Assumption B: building requirement for the space Vh
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Mixed finite elements

Mixed finite elements
Find a couple (σh, ūh) ∈ Vh ×Qh such that

(σh,vh)− (ūh,∇·vh) = 0 ∀vh ∈ Vh,

(∇·σh,qh) = (f ,qh) ∀qh ∈ Qh.

postprocessed solution uh ∈ Vh, Vh := Pp(Th), p ≥ 1;
vh ∈ Vh satisfy

〈[[vh]],qh〉e = 0 ∀qh ∈ Pp′(e), ∀e ∈ Eh

Assumption A: no need for flux reconstruction, σh comes
from the discretization
Assumption B satisfied, building requirement for the
space Vh
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Numerics: smooth case

Model problem

−∆u = f in Ω := (0,1)2,

u = 0 on ∂Ω

Exact solution

u(x , y) = sin(2πx) sin(2πy)

Discretization

symmetric interior penalty discontinuous Galerkin method
unstructured triangular grids
uniform refinement
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Uniform refinement: asymptotic exactness

h p ‖∇d(u−uh)‖ ‖u−uh‖DG ‖∇duh +σh‖ ηosc ‖∇d(uh−sh)‖ η ηDG Ieff Ieff
DG

h0 1 1.07E-00 1.09E-00 1.12E-00 5.55E-02 4.16E-01 1.25E-00 1.26E-00 1.17 1.16
≈h0/2 5.56E-01 5.61E-01 5.71E-01 7.42E-03 1.82E-01 6.07E-01 6.11E-01 1.09 1.09
≈h0/4 2.92E-01 2.93E-01 2.96E-01 1.04E-03 8.77E-02 3.10E-01 3.11E-01 1.06 1.06
≈h0/8 1.39E-01 1.39E-01 1.40E-01 1.10E-04 3.85E-02 1.45E-01 1.45E-01 1.04 1.04

h0 2 1.54E-01 1.55E-01 1.55E-01 5.10E-03 3.05E-02 1.63E-01 1.64E-01 1.06 1.06
≈h0/2 4.07E-02 4.09E-02 4.13E-02 3.53E-04 7.55E-03 4.23E-02 4.26E-02 1.04 1.04
≈h0/4 1.10E-02 1.11E-02 1.12E-02 2.51E-05 1.97E-03 1.14E-02 1.15E-02 1.03 1.03
≈h0/8 2.50E-03 2.52E-03 2.54E-03 1.30E-06 4.21E-04 2.57E-03 2.59E-03 1.03 1.03

h0 3 1.37E-02 1.37E-02 1.37E-02 3.58E-04 1.74E-03 1.41E-02 1.41E-02 1.03 1.03
≈h0/2 1.85E-03 1.85E-03 1.85E-03 1.26E-05 2.10E-04 1.88E-03 1.88E-03 1.01 1.01
≈h0/4 2.60E-04 2.60E-04 2.60E-04 4.73E-07 2.54E-05 2.62E-04 2.62E-04 1.01 1.01
≈h0/8 2.75E-05 2.75E-05 2.75E-05 1.15E-08 2.55E-06 2.76E-05 2.76E-05 1.01 1.01

h0 4 9.87E-04 9.87E-04 9.84E-04 2.12E-05 1.11E-04 1.01E-03 1.01E-03 1.02 1.02
≈h0/2 6.92E-05 6.93E-05 6.92E-05 3.96E-07 7.44E-06 7.00E-05 7.00E-05 1.01 1.01
≈h0/4 5.04E-06 5.04E-06 5.04E-06 7.58E-09 4.98E-07 5.07E-06 5.07E-06 1.01 1.01
≈h0/8 2.58E-07 2.59E-07 2.58E-07 8.96E-11 2.47E-08 2.60E-07 2.60E-07 1.01 1.01

h0 5 5.64E-05 5.64E-05 5.63E-05 1.06E-06 4.50E-06 5.75E-05 5.75E-05 1.02 1.02
≈h0/2 2.01E-06 2.01E-06 2.01E-06 9.88E-09 1.46E-07 2.03E-06 2.03E-06 1.01 1.01
≈h0/4 7.74E-08 7.74E-08 7.73E-08 1.01E-10 4.35E-09 7.76E-08 7.76E-08 1.00 1.00
≈h0/8 1.86E-09 1.86E-09 1.86E-09 1.70E-12 1.00E-10 1.86E-09 1.86E-09 1.00 1.00

h0 6 2.85E-06 2.85E-06 2.85E-06 4.70E-08 2.18E-07 2.90E-06 2.90E-06 1.02 1.02
≈h0/2 5.42E-08 5.42E-08 5.42E-08 2.40E-10 4.02E-09 5.46E-08 5.46E-08 1.01 1.01
≈h0/4 1.07E-09 1.07E-09 1.07E-09 1.03E-11 6.90E-11 1.08E-09 1.08E-09 1.01 1.01
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Numerics: singular case

Model problem

−∆u = 0 in Ω := (−1,1)2 \ [0,1]2,

u = uD on ∂Ω

Exact solution
u(r , φ) = r2/3 sin(2φ/3)

Discretization

incomplete interior penalty discontinuous Galerkin method
unstructured non-nested triangular grids
hp-adaptive refinement
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hp-adaptive refinement: exponential convergence
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hp-refinement grids
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2 A posteriori estimates based on potential & flux reconstruction
Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications and numerical illustration

3 Algebraic estimates and stopping criteria for iterative solvers
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4 Adaptive inexact Newton method
Stopping criteria, efficiency, and nonlinearity-robustness
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Including iterative algebraic solver
Finite element approximation of the Laplace problem
Find uh ∈ Vh := Pp(Th) ∩ H1

0 (Ω), p ≥ 1, such that

(∇uh,∇vh) = (f , vh) ∀vh ∈ Vh.

Linear algebraic system
Find Uh ∈ RN such that

AhUh = Fh

Algebraic solver (iterative)
On each iteration i ≥ 1: approximate vector U i

h ∈ RN such that
AhU i

h = Fh − R i
h (R i

h := Fh − AhU i
h)

Algebraic error representer
On each iteration i ≥ 1: approximate solution ui

h ∈ Vh such that
(∇ui

h,∇ψl) = (f , ψl)− (r i
h, ψl) ∀l = 1, . . . ,N,

where the algebraic error representer r i
h ∈ L2(Ω) is such that

(r i
h, ψl) = (R i

h)l , l = 1, . . . ,N;

⇒ (∇(uh − ui
h),∇vh) = (r i

h, vh) ∀vh ∈ Vh.
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Let σi
h,alg ∈ H(div,Ω) be such that ∇·σi

h,alg = r i
h. Then

‖∇(uh − ui
h)‖︸ ︷︷ ︸

algebraic error

≤ ‖σi
h,alg‖︸ ︷︷ ︸

upper algebraic est.

.

Proof.

‖∇(uh − ui
h)‖ = sup

vh∈Vh,‖∇vh‖=1
(∇(uh − ui

h),∇vh);

(∇(uh − ui
h),∇vh) = (r i

h, vh) = (∇·σi
h,alg, vh) = −(σi

h,alg,∇vh).

Constructions of σi
h,alg

1 sequential sweep trough Th, local min. (JSV (2010))
2 approximate by precomputing ν iterations (EV (2013))
3 multilevel flux reconstruction
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Algebraic error flux reconstruction

a ∈ Vh

patch ωa

ψa(a) = 1, ψa(a∗) = 0a1

a2

a3

a4

a5

Coarse grid Riesz representer (coarse mesh TH )

AHΥi
H = R i

H
⇔

(∇υi
H ,∇ψa)ωa = (r i

h, ψa)ωa ∀a ∈ VH

Homogeneous Neumann pbs on coarse patches ωa, mixed
FE space (Destuynder & Métivet (1999), Braess & Schöberl (2008), EV (2013))

σa,i
h,alg := arg min

vh∈Va
h,∇·vh=ΠQa

h
(ψar i

h−∇ψa·∇υi
H )
‖vh‖ωa ,

σi
h,alg :=

∑

a∈VH

σa,i
h,alg

every fine grid element K ∈ Th lies exactly in (d + 1) coarse
patches ωa, a ∈ VH & partition of unity

∑
a∈VH ,K⊂ωa

ψa = 1|K :

∇·σi
h,alg|K =

∑

a∈VH ,K⊂ωa

∇·σa,i
h,alg|K =

∑

a∈VH ,K⊂ωa

ΠQh (ψar i
h−∇ψa·∇υi

H)|K = r i
h|K
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every fine grid element K ∈ Th lies exactly in (d + 1) coarse
patches ωa, a ∈ VH & partition of unity

∑
a∈VH ,K⊂ωa

ψa = 1|K :

∇·σi
h,alg|K =

∑

a∈VH ,K⊂ωa

∇·σa,i
h,alg|K =

∑

a∈VH ,K⊂ωa

ΠQh (ψar i
h−∇ψa·∇υi

H)|K = r i
h|K
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I Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Algebraic error lower bound

a ∈ Vh

patch ωa

ψa(a) = 1, ψa(a∗) = 0a1

a2

a3

a4

a5

Setting
coarse vertices a ∈ VH and patches ωa

X a
h := Pp(Th) ∩ H1

0 (ωa)
conforming FE space

Homogeneous Dirichlet pbs on coarse patches ωa
(Babuška and Strouboulis (2001), Repin (2008))

υa,i
h ∈X a

h s.t. (∇υa,i
h ,∇vh)ωa = (r i

h, vh)ωa ∀vh ∈ X a
h ,

υi
h :=

∑

a∈VH

υa,i
h

Theorem (Lower bound via algebraic residual liftings)

There holds ‖∇(uh − ui
h)‖︸ ︷︷ ︸

algebraic error

≥
∑

a∈VH
‖∇υa,i

h ‖2ωa

‖∇υi
h‖︸ ︷︷ ︸

lower algebraic est.

.
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I Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Numerical illustration

Peak Ω = (0,1)× (0,1), u(x , y) =
x(x−1)y(y−1) exp(−100(x−0.5)2−100(y−117/1000)2)

L-shape (−1,1)× (−1,1) \ [0,1]× [−1,0], u(r , θ) = r2/3 sin(2θ/3)

Discretization
conforming finite elements with p = 1, . . . ,5
unstructured triangular meshes
4 uniform refinements
stopping criterion ηi

alg ≤ 0.1(ηi
disc + ηosc)

Multigrid setting
geometric multigrid V-cycle
5 pre-smoothing steps of Gauss–Seidel

PCG setting
incomplete Cholesky with drop-off tolerance 1e-4
preconditioning
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I Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Peak problem, multigrid

MG algebraic total discretization
p iter error eff. UB eff. LB error eff. UB eff. LB error eff. UB eff. LB

1 (2.55× 103) 1 8.1× 10−3 1.14 1.10−1 1.0× 10−2 1.63 1.19−1 6.1× 10−3 2.42 —
2 4.3× 10−4 1.13 1.12−1 6.1× 10−3 1.13 1.05−1 1.13 1.06−1

2 (1.03× 104) 1 8.8× 10−3 1.17 1.08−1 8.8× 10−3 1.72 1.18−1 3.9× 10−4 3.28× 101 —
2 6.1× 10−4 1.19 1.03−1 7.2× 10−4 1.75 1.12−1 2.89 —
3 2.0× 10−5 1.19 1.03−1 3.9× 10−4 1.08 1.04−1 1.08 1.04−1

3 (2.34× 104) 1 4.9× 10−3 1.14 1.06−1 4.9× 10−3 1.59 1.26−1 1.9× 10−5 3.33× 102 —
3 2.7× 10−5 1.17 1.04−1 3.3× 10−5 1.69 1.17−1 2.60 —
5 1.6× 10−7 1.15 1.04−1 1.9× 10−5 1.02 1.09−1 1.02 1.09−1

4 (4.17× 104) 1 5.8× 10−3 1.22 1.05−1 5.8× 10−3 1.83 1.17−1 8.1× 10−7 1.12× 104 —
3 1.0× 10−4 1.16 1.03−1 1.0× 10−4 1.71 1.08−1 1.76× 102 —
5 2.4× 10−6 1.14 1.03−1 2.5× 10−6 1.62 1.10−1 4.12 —
7 6.7× 10−8 1.13 1.03−1 8.2× 10−7 1.10 1.16−1 1.10 1.16−1

5 (6.52× 104) 1 4.8× 10−3 1.19 1.04−1 4.8× 10−3 1.74 1.19−1 3.1× 10−8 2.21× 105 —
3 2.1× 10−4 1.14 1.03−1 2.1× 10−4 1.63 1.09−1 8.78× 103 —
5 1.5× 10−5 1.11 1.02−1 1.5× 10−5 1.55 1.07−1 5.57× 102 —
7 1.4× 10−6 1.12 1.02−1 1.4× 10−6 1.57 1.05−1 5.34× 101 —
9 1.4× 10−7 1.14 1.01−1 1.4× 10−7 1.65 1.06−1 6.06 —

11 1.3× 10−8 1.16 1.01−1 3.4× 10−8 1.41 1.38−1 1.47 1.62−1

13 1.2× 10−9 1.16 1.01−1 3.1× 10−8 1.05 1.21−1 1.05 1.21−1
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L-shape problem, PCG

PCG algebraic total discretization
p iter error eff. UB eff. LB error eff. UB eff. LB error eff. UB eff. LB

1 (7.97× 103) 2 2.9× 10−1 1.25 4.08−1 2.9× 10−1 1.38 6.15−1 3.6× 10−2 1.11× 101 —
4 1.2× 10−3 1.24 4.17−1 3.6× 10−2 1.24 1.12−1 1.24 1.12−1

2 (3.22× 104) 3 2.1× 10−1 1.14 3.62−1 2.1× 10−1 1.26 6.03−1 1.4× 10−2 1.76× 101 —
6 2.5× 10−3 1.18 3.17−1 1.5× 10−2 1.47 1.32−1 1.49 1.35−1

9 9.2× 10−6 1.17 3.53−1 1.4× 10−2 1.29 1.30−1 1.29 1.30−1

3 (7.27× 104) 4 1.3 1.06 4.53−1 1.3 1.10 1.08× 101−1 8.6× 10−3 1.58× 102 —
8 9.9× 10−2 1.10 3.55−1 10.0× 10−2 1.24 6.02−1 1.41× 101 —

12 1.2× 10−2 1.10 3.58−1 1.5× 10−2 1.71 2.67−1 2.99 —
16 8.2× 10−4 1.10 3.55−1 8.6× 10−3 1.51 1.42−1 1.52 1.43−1

4 (1.29× 105) 5 1.7× 10−1 1.24 2.34−1 1.7× 10−1 1.42 3.35−1 6.2× 10−3 3.66× 101 —
10 2.4× 10−3 1.22 2.79−1 6.6× 10−3 1.78 1.83−1 1.90 2.93−1

15 2.3× 10−5 1.27 2.33−1 6.2× 10−3 1.44 1.62−1 1.44 1.62−1

5 (2.02× 105) 6 1.1 1.09 4.14−1 1.1 1.16 7.42−1 4.7× 10−3 2.71× 102 —
12 8.5× 10−2 1.11 3.75−1 8.5× 10−2 1.23 5.77−1 2.19× 101 —
18 7.5× 10−3 1.15 3.12−1 8.9× 10−3 1.76 3.43−1 3.31 —
24 3.9× 10−4 1.15 3.17−1 4.7× 10−3 1.56 1.80−1 1.57 1.82−1
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L-shape problem, p = 3, total error, 16th PCG iteration
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L-shape problem, p = 3, alg. error, 16th PCG iteration
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Outline

1 Introduction

2 A posteriori estimates based on potential & flux reconstruction
Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications and numerical illustration

3 Algebraic estimates and stopping criteria for iterative solvers
Multilevel (multigrid) setting
Domain decomposition methods

4 Adaptive inexact Newton method
Stopping criteria, efficiency, and nonlinearity-robustness
Applications and numerical illustration

5 Application to complex porous media flows

6 Conclusions and outlook
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I Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Numerical illustration
Model problem with tensor diffusion

−∇·(K∇u) = f in Ω := (0,1)2,

u = 0 on ∂Ω

K :=

{
15−10 sin(10πx) sin(10πy) x , y ∈ (0,1/2) or (1/2,1)
15−10 sin(2πx) sin(2πy) otherwise

Exact solution
u(x , y) = x(1− x)y(1− y)

Setting
Schwarz domain decomposition
9 subdomains
Robin transmission conditions
lowest-order mixed finite element discretization

Error components and stopping criteria
distinction of discretization and algebraic (DD) error
stopping criterion ηi

DD ≤ 0.1(ηi
disc + ηosc)
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Error and estimate
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Effectivity index
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DD stopping criterion
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Error and estimators distribution, 20th DD iteration
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Outline

1 Introduction

2 A posteriori estimates based on potential & flux reconstruction
Potential and flux reconstructions
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Applications and numerical illustration
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Model nonlinear problem, discretization

Quasi-linear elliptic problem

−∇·σ(u,∇u) = f in Ω,
u = 0 on ∂Ω

p > 1, q := p
p−1 , f ∈ Lq(Ω)

example: p-Laplacian with σ(u,∇u) = |∇u|p−2∇u
f piecewise polynomial for simplicity
weak solution: u ∈ V := W 1,p

0 (Ω) such that

(σ(u,∇u),∇v) = (f , v) ∀v ∈ V

Numerical approximation

simplicial mesh Th, linearization step k , algebraic step i
uk ,i

h ∈V (Th) := {v ∈ Lp(Ω), v |K ∈W 1,p(K ) ∀K ∈Th} 6⊂ V
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I Laplace Algebraic error Inexact Newton Porous media C Stopping criteria & efficiency Applications and numerics

Abstract assumptions

Assumption A (Total flux reconstruction)

There exists σk ,i
h ∈ Hq(div,Ω) and ρk ,i

h ∈ Lq(Ω) such that

∇·σk ,i
h = f − ρk ,i

h︸︷︷︸
algebraic
remainder

.

Assumption B (Discretization, linearization, and alg. fluxes)

There exist fluxes σk ,i
h,dis,σ

k ,i
h,lin,σ

k ,i
h,alg ∈ [Lq(Ω)]d such that

(i) σk ,i
h = σk ,i

h,dis + σk ,i
h,lin + σk ,i

h,alg;

(ii) as the linear solver converges, ‖σk ,i
h,alg‖q → 0;

(iii) as the nonlinear solver converges, ‖σk ,i
h,lin‖q → 0.
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)
Let

u ∈ V be the weak solution,
uk ,i

h ∈ V (Th) be arbitrary,
Assumptions A and B hold.

Then there holds

Ju(uk ,i
h )︸ ︷︷ ︸

dual norm of the residual + NC

≤ ηk ,i
disc + ηk ,i

lin︸︷︷︸
‖σk,i

h,lin‖q

+ ηk ,i
alg︸︷︷︸

‖σk,i
h,alg‖q

+ ηk ,i
rem︸︷︷︸

hΩ‖ρk,i
h ‖q,K

+ ηk ,i
quad.
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Stopping criteria and efficiency
Global stopping criteria γrem, γalg, γlin ≈ 0.1

ηk ,i
rem ≤ γrem max

{
ηk ,i

disc, η
k ,i
lin , η

k ,i
alg

}
,

ηk ,i
alg ≤ γalg max

{
ηk ,i

disc, η
k ,i
lin

}
,

ηk ,i
lin ≤ γlinη

k ,i
disc

Theorem (Global efficiency)
Under the global stopping criteria and usual assumptions,

ηk ,i
disc + ηk ,i

lin + ηk ,i
alg + ηk ,i

rem ≤ C(Ju(uk ,i
h ) + ηk ,i

quad),

where C is independent of σ and q.

local (elementwise) stopping criteria⇒ local efficiency
robustness with respect to the nonlinearity thanks to the
choice of Ju as error measure
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Applications

Discretization methods

conforming finite elements
nonconforming finite elements
discontinuous Galerkin
various finite volumes
mixed finite elements

Linearizations

fixed point
Newton

Linear solvers

independent of the linear solver

. . . all Assumptions A to D verified
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Numerical experiment I

Model problem

p-Laplacian

∇·(|∇u|p−2∇u) = f in Ω,

u = uD on ∂Ω

weak solution (used to impose the Dirichlet BC)

u(x , y) = −p−1
p

(
(x − 1

2)2 + (y − 1
2)2
) p

2(p−1)
+ p−1

p

(
1
2

) p
p−1

tested values p = 1.5 and 10
Crouzeix–Raviart nonconforming finite elements
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step.
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Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh
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Predicting the error distribution

1

1.5

2

2.5

3

3.5

4

4.5

5

5.5

x 10
−3

Estimated error distribution

1

1.5

2

2.5

3

3.5

4

4.5

5

x 10
−3

Exact error distribution

M. Vohralík A posteriori error estimates and solver adaptivity 46 / 59



I Laplace Algebraic error Inexact Newton Porous media C Stopping criteria & efficiency Applications and numerics

Newton and algebraic iterations: huge savings
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Effectivity indices, p = 10 vs p = 1.5: robustness
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Numerical experiment II

Model problem

p-Laplacian

∇·(|∇u|p−2∇u) = f in Ω,

u = uD on ∂Ω

weak solution (used to impose the Dirichlet BC)

u(r , θ) = r
7
8 sin(θ 7

8)

p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
Crouzeix–Raviart nonconforming finite elements
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Error distribution on an adaptively refined mesh
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Energy error and overall performance

10
1

10
2

10
3

10
4

10
5

10
−3

10
−2

10
−1

10
0

Number of faces

E
ne

rg
y 

er
ro

r

energy error uniform
energy error adaptive

Energy error

1 2 3 4 5 6 7 8 9 10 11 12 13
0

50

100

150

200

250

300

350

400

450

500

550

600

Refinement level

T
ot

al
 n

um
be

r 
of

 a
lg

eb
ra

ic
 s

ol
ve

r 
ite

ra
tio

ns

uniform
adaptive

Overall performance

M. Vohralík A posteriori error estimates and solver adaptivity 51 / 59



I Laplace Algebraic error Inexact Newton Porous media C

Outline

1 Introduction

2 A posteriori estimates based on potential & flux reconstruction
Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications and numerical illustration

3 Algebraic estimates and stopping criteria for iterative solvers
Multilevel (multigrid) setting
Domain decomposition methods

4 Adaptive inexact Newton method
Stopping criteria, efficiency, and nonlinearity-robustness
Applications and numerical illustration

5 Application to complex porous media flows

6 Conclusions and outlook

M. Vohralík A posteriori error estimates and solver adaptivity 51 / 59



I Laplace Algebraic error Inexact Newton Porous media C

Multiphase, multi-compositional flows

Two-phase immiscible incompressible flow

∂t (φsα) +∇·uα = qα, α ∈ {o,w},
−λα(sw)K(∇pα + ραg∇z) = uα, α ∈ {o,w},

so + sw = 1,
po − pw = pc(sw)

+ boundary & initial conditions

Mathematical issues

coupled system
unsteady, nonlinear
elliptic–degenerate parabolic type
dominant advection
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Distinguishing the error components

Theorem (Distinguishing the error components)
Let

n be the time step,
k be the linearization step,
i be the algebraic solver step,

with the approximations (sn,k ,i
w,hτ ,p

n,k ,i
w,hτ ). Then

J n
sw,pw

(sn,k ,i
w,hτ ,p

n,k ,i
w,hτ ) ≤ ηn,k ,i

sp + ηn,k ,i
tm + ηn,k ,i

lin + ηn,k ,i
alg .

Error components
ηn,k ,i

sp : spatial discretization

ηn,k ,i
tm : temporal discretization

ηn,k ,i
lin : linearization

ηn,k ,i
alg : algebraic solver

Full adaptivity
only a necessary number of
all solver iterations
“online decisions”:
algebraic step / linearization
step / space mesh refinement
/ time step modification
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Estimators and stopping criteria
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GMRes iterations
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Space/time/nonlinear solver/linear solver adaptivity

Fully adaptive computation
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Conclusions and outlook

Conclusions

guaranteed energy error estimates
robustness (polynomial degree, nonlinearity)
full adaptivity (linear solver, nonlinear solver, mesh)
unified framework for all classical numerical schemes

Ongoing work

convergence and optimality
higher-order time discretizations
DD for nonlinear problems (CEMRACS ApostDD project)
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