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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F
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System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

Q@ O SetU°:=Ur"'andi:=1. | ‘
@ Do an algebraic solver step = U""' s.t. (R algebraic res.)
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@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F

Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q@ UX' = matrix A" and vector F*': find U" s.t.
ARTUK ~ PR
Q@ O SetUY:=Uk"Tandi:=1. v .
@ Do an algebraic solver step = U"' s.t. (R algebraic res.)
Ak_1 Uk,i _ Fk—1 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO= i :=i+1, back
fo 3.2.

©Q Convergence? OK = finish. KO = k := k + 1, back to 2. rc
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@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"
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@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopping criteria)
@ What is a good stopping criterion for the linear solver?

@ What is a good stopping criterion for the nonlinear solver?
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Context and questions

Approximate solution
@ approximate solution U/ does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U* is associated
with a (piecewise polynomial) approximation u,’f)"

Partial differential equation

@ underlying PDE, v its weak solution: A(u) = f
Question (Stopping criteria)

@ What is a good stopping criterion for the linear solver?

@ What is a good stopping criterion for the nonlinear solver?

v

Question (Error)

@ How big is the error ||u — u';,” | on Newton step k and 1
algebraic solver step i, how is it distributed? rc
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@ A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration
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Laplace model problem

Model problem
—Au=f in Q,
u=20 on 90Q

@ Q c RY d = 2,3 polygon/polyhedron
e fel?(Q)
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Laplace model problem

Model problem

“Au=f inQ,
u=20 on 09
@ Q C RY, d = 2,3 polygon/polyhedron
e fel?(Q)
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)

h.m&m,m.mm
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Laplace model problem

Model problem
—Au=f in Q,
u=0 on 90Q

@ Q c RY d = 2,3 polygon/polyhedron
e fel?(Q)

Weak formulation

Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)

Properties of the weak solution

@ u e Hl(Q) (primal variable constraint)

@ o := —Vu (constitutive relation)

@ V.o = f (equilibrium)

@ o € H(div, Q) (dual variable constraint) &’1/71
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

...............
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Theorem (A guaranteed a posteriori error estimate, prager and synge
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@ Letu € H}(Q) be the weak solution;

o uye H'(Th) == {v e L2(Q), v|x € H'(K) VK € Tp) be
arbitrary (thus up ¢ H1 () and —Vup, € H(div, Q));

® s, € H}(Q) and o, € H(div, Q) be such that
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Dari, Duran, Padra, and Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

@ Letu € H}(Q) be the weak solution;

o uye H'(Th) == {v e L2(Q), v|x € H'(K) VK € Tp) be
arbitrary (thus up ¢ H1 () and —Vup, € H(div, Q));

® s, € H}(Q) and o, € H(div, Q) be such that

(Veop 1)k = (f,1)k forall K € Th.
Then
h 2
19— w2 < 3 (IVun + ol + 2 = V-onlli)
I e g ™

KeTh constitutive relation

+ ) IV(un — sn)llx -
~———

KeTh primal constraint

equilibrium

...............
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)

'rc
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

IV(s — up)|? = m'? IV (v — up)|?
0
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

IV(s — up)|? = m'? IV (v — up)|?
0

distance of uj, to H}(Q)

@ dual norm characterization

IV (u—s)* = sup  (V(u~s),Vy)?
M} () Vol =1

-~
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u = un)? = IV (u = 8)II” + V(s — un)|?
@ projection definition of s:

IV(s — up)|? = m'? IV (v — up)|?
0

distance of uj, to H}(Q)

@ dual norm characterization, definition of s:

IV (u—s)? = sup  (V(u— up), Vo)
M} () Vol =1

dual norm of the residual #e
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Proof Il

Proof (continuation).
@ nonconformity upper bound:

TA? V(v = un)l| < IV (un = sl
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Proof Il

Proof (continuation).
@ nonconformity upper bound:

min [|V(v — up)|| < ||V (up — s
min 19(v =l < [V(en = sn)

@ weak solution definition, equilibrated flux, Green theorem:

(V(u—un), V) = (f, ) = (Vun, V)
= (f=V-on,0) = (VUp+ oh, Vo)
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Proof Il

Proof (continuation).
@ nonconformity upper bound:

TA? V(v = un)l| < IV (un = sl

@ weak solution definition, equilibrated flux, Green theorem:

(V(u—un), V) = (f, ) = (Vun, V)
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Proof Il

Proof (continuation).
@ nonconformity upper bound:

TA? V(v = un)l| < IV (un = sl

@ weak solution definition, equilibrated flux, Green theorem:

(V(u—un), V) = (f, ) = (Vun, V)
= (f=V-on,0) = (VUp+ oh, Vo)

@ Cauchy—Schwarz inequalities, equilibration:
~(Vun+0on, V) < 3 IVun+anlklVellk,
KeTh
(f - V'Uha 90) = Z (f - V'O'h, © — 7:K)K
KeTh

irc

M. Vohralik A posteriori error estimates and solver adaptivity 8 /59



| Laplace Algebraic error Inexact Newton Porous media C Reconstructions  Efficiency Applications and numerics

Proof Il

Proof (continuation).
@ nonconformity upper bound:

TA? V(v = un)l| < IV (un = sl

@ weak solution definition, equilibrated flux, Green theorem:

(V(u—un), V) = (f, ) = (Vun, V)
= (f=V-on,0) = (VUp+ oh, Vo)

@ Cauchy—Schwarz and Poincaré inequalities, equilibration:

~(Vun+0n, Vo) < Y IVun + onllkl Vel

KeTh
(f=Veane) = 3 (F=Vone o
KeTh h
. .
<y — N = V-anlkl Vel irc
KeTh :

M. Vohralik A posteriori error estimates and solver adaptivity 8 /59



@ Introduction

@ A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

O Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

O Application to complex porous media flows

O Conclusions and outlook

lozia



_ Reconstructions  Efficiency Applications and numerics
Global potential and flux reconstructions

Ideally

op:=ar min Vup+vVv
h thEVh,V-ththf” h h||

Sh = arg Vgéif\)hHV(Uh — V)|

@ V, C H(div,Q), Qy C L3(Q), V4 C H}(Q)
@ too expensive, global minimization problems (the
hypercircle method . ..)
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Local potential and flux reconstructions

Definition (CO nstr. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))

For each a € V}, solve the local mixed FE problem

oh:=arg min 11YaVup + Val|w,-
VhEVh, V'Vh:nog(waf—vkba'vuh)

rd
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Local potential and flux reconstructions

Definition (CO nstr. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))

For each a € V}, solve the local mixed FE problem

ohi=arg min [¥aVup + V|-
VheEVS, V'Vh:nog(waf—vu;a-Vuh)

Definition (ConS’[ruction of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € V, solve the local conforming FE problem

sy :=arg min || V(v¥atp — Vh)||w.-
VhEVﬁ

rd
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Local potential and flux reconstructions

Definition (CO nstr. of O h, Destuynder and Métivet (1999) & Braess and Schéber (2008))

For each a € V}, solve the local mixed FE problem

. .
of = arg min |YvaVun + Val|e.-
V/-,EV%,V.Vh:noz(wa/_v¢a.Vuh) ’

Definition (ConS’[ruction of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € V, solve the local conforming FE problem

sy :=arg min || V(v¥atp — Vh)||w.-
VhEVﬁ

Key ideas

@ local minimizations
@ cut-off by hat basis functions 5

OO'h::ZO'?,, sh::Zs‘;‘,

acVy acVy

M. Vohralik A posteriori error estimates and solver adaptivity 10 /59



Potential reconstruction

02

Potential up

025
02
oss
01
o0s
o

3
3
S s
057 s
>~ " os
N
05 0s

Potential reconstruction sy

: informatics #Pmathematics
m European Resewch Councl



| Laplace Algebraic error Inexact Newton Porous media C Reconstructions  Efficiency Applications and numerics

Equilibrated flux reconstruction

N

Flux —Vup, Flux reconstruction o

v d

&tmﬂ;m’m.mm
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Continuous-level patch problems

Definition (Continuous-level flux reconstruction)

For each a € Vy, set

a .
7T i YaVUup + V| wa-
veH(div,wa) V'V=(waf—v¢a.vuh)“ & [
sWa 7V.nWa:0 on awa (\89)
4 informatics g mathematics
&1740/-
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Continuous-level patch problems

Definition (Continuous-level flux reconstruction)

For each a € V, set

o? = arg

min |vaVUup + V||w,-
veH(div,wa) VV=(tpaf =Viba-VUp)

’V-Ny, =0 0N dwa (\02)

Definition (Continuous-level potential reconstruction)

For each a € V), set

Si—arg min [V(dath— V).
VEH&(wa)

v d

h.m&m,m.mm h
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Assumptions

Assumption A (Galerkin orthogonality wrt hat functions)

There holds
(VUh, Vtoa)us = (f, 0a)w, ~ Va e Vit

v d

&t.mé.,m,mm.mm h
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Assumptions

Assumption A (Galerkin orthogonality wrt hat functions)
There holds

(VUh, Vba)wa = (f,0a)a VA€ Vi

Assumption B (Weak continuity)
There holds <|Iuh]]s 1>e —0 Ve € &,
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Assumptions

Assumption A (Galerkin orthogonality wrt hat functions)
There holds

(Vun, Viba)w = (f,00a)us VA€ VI

A

Assumption B (Weak continuity)
There holds

<|IUh]],1>e:O Ve € &p.

Assumption C (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum f are piecewise
polynomial. The degrees of the MFE reconstructions o, and sy,
are chosen correspondingly. The meshes T;, are shape-regular.

v d

h&,mnm
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /

continuous Stablllty Braess, Pillwein, and Schéberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A~ and C
hold. Then there exists constants C.; > 0 only
depending on the shape-regularity parameter r+ such that

lo5+aV tnllwe < Citll o +4baV Un|l g :
IV ($atin—57)llwa < Cstl|V (atin—5)|q

v d

h&,mnm
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /

continuous Stablllty Braess, Pillwein, and Schéberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A, B, and C

hold. Then there exists constants Cy, Ceonipr, Ceontopr > 0 only

depending on the shape-regularity parameter -+ such that

HUeribaVUhHwa < CstHO'a—i-anUh”wa < Csthont,PF”v(U* Uh) ”wa;
IV (¥ath—57)lwa < CstllV(hatih—5%)|wa < Ct Ceont,bpE ||V (U — Un) ||ivar

v d

h&,mnm
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Polynomial-degree-robust efficiency

Theorem (Polynomial-degree-robust efficiency via MFE / FE /

continuous Stablllty Braess, Pillwein, and Schéberl (2009); Costabel and Mclntosh (2010);

Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015))

Let u be the weak solution and let Assumptions A, B, and C

hold. Then there exists constants Cy, Ceonipr, Ceontopr > 0 only

depending on the shape-regularity parameter -+ such that

HUeribaVUhHwa < CstHO'a—i-anUh”wa < Csthont,PF”v(U* Uh) ”wa;
IV (thatin— 57)llwa < CutllV (thatin = %) [lwa < Cst Ceont,pEl|V (U~ Un) [lue

Remarks

@ C, can be bounded by solving the local Neumann
problems by conforming FEs

@ = maximal overestimation factor guaranteed
v d

h;/mnm
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Conforming finite elements

Conforming finite elements
Find u, € Vj, such that

(Vuh, VVh) = (f, Vh) Yvh € V.

informatics g mathematics :
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Conforming finite elements

Conforming finite elements
Find u, € V}, such that

(Vup, Vvp) = (f,vp) Yvp € Vp.

@ V= Pp(75) N H)(Q), p> 1

@ Assumption A: take v, = 94

® Vi, C HY(Q): sp := up, no need for Assumption B
@ Assumption C: technical, always satisfied

M. Vohralik A posteriori error estimates and solver adaptivity 16 /59



_ Reconstructions  Efficiency  Applications and numerics
Nonconforming finite elements

Nonconforming finite elements
Find u, € Vj, such that

(Vunp, Vvp) = (f,vn) Yvp € Vp.

v d
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(VUh,VVh) = (f, Vh) Yvp € Vp.

@ Vp:=Pu(Th), p>1, vy € V) satisfy
(Ivel,gn)e =0 Van € Pp_1(€), Ve € &,

@ Assumption A: take vy = 13
@ Assumption B: building requirement for the space Vj,

M. Vohralik A posteriori error estimates and solver adaptivity 17 /59



_ Reconstructions  Efficiency  Applications and numerics
Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-Vp) =0 Yvp € Vi,
(V-on,an) = (f,qn)  Vgn e Qp.

informatics g mathematics
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Mixed finite elements

Mixed finite elements
Find a couple (o, Up) € Vi x Qp such that

(oh,Vh) — (Un, V-vp) =0 WY € Vp,
(V-on,qn) = (f,qn)  Van < Qn

@ postprocessed solution up € Vi, Vi :=Pp(74), p > 1;
vy € Vj, satisfy

(Ivil.gn)e =0 Van € Py(e), Ve € &y

@ Assumption A: no need for flux reconstruction, o, comes
from the discretization

@ Assumption B satisfied, building requirement for the
space Vj,

v d
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Model problem

—Au=f inQ:=(0,1)3
u=0 on 990

- :
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_ Reconstructions  Efficiency  Applications and numerics
Numerics: smooth case

Model problem

~Au=f inQ:=(0,1)
u=0 on 9Q

Exact solution

u(x, y) = sin(2rx) sin(2ry)

v d

: informatics g mathematics




| Laplace Algebraic error Inexact Newton Porous media C Reconstructions  Efficiency  Applications and numerics

Numerics: smooth case

Model problem

—~Au=f in Q:=(0,1)?
u=0 on oQ

Exact solution
u(x, y) = sin(2rx) sin(2ry)

Discretization

@ symmetric interior penalty discontinuous Galerkin method
@ unstructured triangular grids
@ uniform refinement

v d

h;/mnm
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| Laplace Algebraic error

Inexact Newton Porous media C

Uniform refinement: asymptotic exactness

Reconstructions  Efficiency  Applications and numerics

h pllIVa(u=up)ll [Ju—tnloc [[Vatn+onl  nese  [[Va(un—sp)ll] 7 DG Fr R

hy 1| 1.07E-00 1.09E-00 | 1.12E-00 5.55E-02 4.16E-01 |1.25E-00 1.26E-00|1.17 1.16
~hy/2 5.56E-01 5.61E-01 5.71E-01 7.42E-03 1.82E-01 |6.07E-01 6.11E-01|1.09 1.09
~hy/4 2.92E-01 2.93E-01 2.96E-01 1.04E-03 8.77E-02 |3.10E-01 3.11E-01|1.06 1.06
~hy/8 1.39E-01 1.39E-01 1.40E-01 1.10E-04 3.85E-02 |1.45E-01 1.45E-01|1.04 1.04

hy 2| 1.54E-01 1.55E-01 1.55E-01 5.10E-03 3.05E-02 |1.63E-01 1.64E-01[1.06 1.06
~hy/2 4.07E-02  4.09E-02 | 4.13E-02 3.53E-04 7.55E-03 |4.23E-02 4.26E-02|1.04 1.04
~hy/4 1.10E-02 1.11E-02 | 1.12E-02 2.51E-05 1.97E-03 |1.14E-02 1.15E-02|1.03 1.03
~hy/8 2.50E-03 2.52E-03 | 2.54E-03 1.30E-06 4.21E-04 |2.57E-03 2.59E-03|1.03 1.03

hy 3| 1.37E-02 1.37E-02 | 1.37E-02 3.58E-04 1.74E-03 |1.41E-02 1.41E-02|1.03 1.03
~hy/2 1.85E-03  1.85E-03 | 1.85E-03 1.26E-05 2.10E-04 |1.88E-03 1.88E-03|1.01 1.01
~hy/4 2.60E-04 2.60E-04 | 2.60E-04 4.73E-07 2.54E-05 |2.62E-04 2.62E-04|1.01 1.01
~hy/8 2.75E-05 2.75E-05 | 2.75E-05 1.15E-08 2.55E-06 |2.76E-05 2.76E-05|1.01 1.01

hy 4| 9.87E-04 9.87E-04 | 9.84E-04 2.12E-05 1.11E-04 |1.01E-03 1.01E-03|1.02 1.02
~hy/2 6.92E-05 6.93E-05 | 6.92E-05 3.96E-07 7.44E-06 |7.00E-05 7.00E-05|1.01 1.01
~hy/4 5.04E-06 5.04E-06 | 5.04E-06 7.58E-09 4.98E-07 |5.07E-06 5.07E-06|1.01 1.01
~hy/8 2.58E-07 2.59E-07 | 2.58E-07 8.96E-11 2.47E-08 |2.60E-07 2.60E-07|1.01 1.01

hy 5| 5.64E-05 5.64E-05 | 5.63E-05 1.06E-06 4.50E-06 |5.75E-05 5.75E-05|1.02 1.02
~hg/2 2.01E-06 2.01E-06 | 2.01E-06 9.88E-09 1.46E-07 |2.03E-06 2.03E-06|1.01 1.01
~hy/4 7.74E-08  7.74E-08 | 7.73E-08 1.01E-10 4.35E-09 |7.76E-08 7.76E-08|1.00 1.00
~hy/8 1.86E-09 1.86E-09 | 1.86E-09 1.70E-12 1.00E-10 |1.86E-09 1.86E-09|1.00 1.00

hy 6| 2.85E-06 2.85E-06 2.85E-06 4.70E-08 2.18E-07 |2.90E-06 2.90E-06|1.02 1.02
~hg/2 5.42E-08 5.42E-08 | 5.42E-08 2.40E-10 4.02E-09 |5.46E-08 5.46E-08|1.01 1.01
~hy/4 1.07E-09 1.07E-09 | 1.07E-09 1.03E-11  6.90E-11 |1.08E-09 1.08E-09|1.01

7
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Model problem

—Au = 0 inQ:=(1,1)2\]0,1],
u = up onoN

P :
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_ Reconstructions  Efficiency  Applications and numerics
Numerics: singular case

Model problem

AU = 0 in Q:=(1,1)2\[0,1]2,
u = up onoN

Exact solution
u(r, 6) = r*?sin(2¢/3)
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Numerics: singular case

Model problem

~Au = 0 inQ:=(1,1)2\]0,1]?
u = up on o
Exact solution
u(r, ¢) = r**sin(2¢/3)
Discretization
@ incomplete interior penalty discontinuous Galerkin method

@ unstructured non-nested triangular grids
@ hp-adaptive refinement

v d
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Laplace Algebraic error

Inexact Newton Porous media C

Reconstructions  Efficiency  Applications and numerics

hp-adaptive refinement: exponential convergence

error in energy norm
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hp-refinement grids
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hp

N

~¢

g5

(%

4
AN

J

o

U VA
‘5‘&1"4&7
NS

| P LN

1OE+00 0.0E400 LOE+00  ~1.0E+00 0.0E+00 LOE+00  ~10E+00 0.0E400 LOE+00

4

total view

3

P
P
P
P
P
P

2

o

zoom 10x

e
©

T -
oo

~1OE-01 0.0E+00 LOE-01  ~1.0E-01 0.0E+00 LOE-01  ~1.0E-01 0.0E+00 1.OE-01
V4

informatics #Pmathematics
&Zua/- -

M. Vohralik A posteriori error estimates and solver adaptivity 23 /59




o
p4

@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

e Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

o
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Including iterative algebraic solver

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
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Including iterative algebraic solver

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
Linear algebraic system

Find U, € RN such that
ApUp = Fp
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Including iterative algebraic solver

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
Linear algebraic system
Find U, € RN such that
ApUp = Fp
Algebraic solver (iterative)
On each iteration i > 1: approximate vector Ul € RN such that

ApU, = Fp— RL (Rl := Fp — ApUL)

h;,mnm
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| Laplace Algebraic error Inexact Newton Porous media C Multilevel setting Domain decomposition

Including iterative algebraic solver

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.
Linear algebraic system

Find U, € RN such that
ApUp = Fp

Algebraic solver (iterative) ‘
On each iteration i > 1: approximate vector Ul € RN such that
ApUL,=Fn— R, (R, := Fn— ApU})

Algebraic error representer .

On each iteration i > 1: approximate solution u;, € V}, such that
(Vup, V) = (1) = (rp,br)  VI=1,...,N,

where the algebraic error representer rl € L?(Q) is such that

(risv) =Ry 1=1,...,N,;

v d
hlz;au;lmmmm
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Including iterative algebraic solver

Finite element approximation of the Laplace problem
Find up € Vi :=Pp(Th) N HJ (), p > 1, such that

(Vuh,Vvh) = (f, Vh) YV € Vp.

Linear algebraic system

Find U}, € RN such that
ApUp = Fp

Algebraic solver (iterative)
On each iteration i > 1: approximate vector Ul € RN such that
ApUL,=Fn— R, (R, := Fn— ApU})

Algebraic error representer .
On each iteration i > 1: approximate solution u;, € V}, such that
(VU Vi) = (F) = () VI=1,..N,
where the algebraic error representer r} € L2(Q) is such that
(I’fi],(/)/) = (R;I)/, | = 1,...,N;
= (V(un— 0h), V) = (hovi) 0 Y575
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@ Introduction

O A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

e Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

O Application to complex porous media flows

O Conclusions and outlook
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(up —up)ll = llohael
algebraic error upper algebraic est.
v d
informatics g mathematics
Crsia -
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(up = tp)ll = lloh agl
algebraic error upper algebraic est.
IV(un = up)ll=  sup  (V(un— up), Vvp);
VA€ Vi, ||V V| =1
(V(un— U;r)’ Vvp) = (rl’v Vh) = (V'U’h,alg’ Vh) = _(Ulh,algv V).

h&,mnm E
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Algebraic error upper bound

Theorem (Upper bound via algebraic error flux reconstruction)

Leta}, ,, € H(div,Q) be such that V-o}, . = rj. Then
IV(un = up)ll = llohagll
algebraic error upper algebraic est.
IV(up—up)ll = sup  (V(Up— Up), Vvh);
Vh€ Vi, ||V Vp[|=1
(V(un— U;r)’ Vvp) = (rl’v Vh) = (V'U’h,alg’ Vh) = _(U%,algv V).

i i
Constructions of o}, ,,

Qo sweep trough 75, local min. (JSV (2010))
Q by precomputing v iterations (EV (2013))
© multilevel flux reconstruction &1/,7;’2 )
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_ Multilevel setting Domain decomposition
Algebraic error flux reconstruction

Coarse grid Riesz representer (coarse mesh 74)
AxTh = R

= a5

(VU;'-Iu VT/Ja)wa = (rflu wa)Wa Va € VH

vala) =1, Yula,) =0

_ A posteriori error estimates and solver adaptivity 26 / 59
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Algebraic error flux reconstruction

Coarse grid Riesz representer (coarse mesh 74)
AnTL = R,
= a
(VU;-H VT/Ja)wa = (rlgﬂba)wa Va e VH

a;

Homogeneous Neumann pbs on coarse patches w,, mixed
FE space (pestuynder & Metivet (1999), Braess & Schaberl (2008), EV (2013))

a,j . .
o, = arg min IVl was
e vhevz,V-vh:I'IQg(uarAfVL-a-Vrp

h;,mnm
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Algebraic error flux reconstruction

Coarse grid Riesz representer (coarse mesh 74)
AnTL = R,
= a
(VU;-H VT/Ja)wa = (rlgﬂba)wa Va e VH

a;

Homogeneous Neumann pbs on coarse patches w,, mixed
FE space (pestuynder & Metivet (1999), Braess & Schaberl (2008), EV (2013))

a-," E— i i Ep— a)i
o-h,ulg ‘= arg a min ; ’ iy th”wm Ohalg -— E : Uh,alg
vhth,V-vh:I'IQg(uarthL-a-TvH acy,,

h;,mnm
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Algebraic error flux reconstruction
Coarse grid Riesz representer (coarse mesh 74)
AnTL = R,
&
(Vi Vda)us = (M Va)we V@ E€ Vi

Homogeneous Neumann pbs on coarse patches w,, mixed
FE space (pestuynder & Metivet (1999), Braess & Schaberl (2008), EV (2013))

a,i . 7 i S a,i
o-hﬂlg ‘= arg a min ; ’ Yy thHwav Ohalg -— E : Uh,alg
Vhev/,yv'VhZHQz(l’afh*Tl'a‘vl'H acy,

every fine grid element K € 7 lies exactly in (d + 1) coarse
patches wa, @ € Vi & partition of unity 3",y o ¥? = 1lk:

k=D Vohulk =D Na,(¥alh—VeaVop)lk = rhlig,

acVy,KCwa acVy,KCwa

i
v'o-h.u]g

— — —  turopesn Resesrch Counci
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_ Multilevel setting Domain decomposition
Algebraic error lower bound

Setting
@ coarse vertices a € Vy; and patches wj
@ X7 :=Pp(Th) N Hg (wa)
conforming FE space

Ua(@) = 1, vala) =0
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Algebraic error lower bound

Setting
@ coarse vertices a € V; and patches wa,
® X2 =Pp(T5) N H} (wa)
conforming FE space

Homogeneous Dirichlet pbs on coarse patchés w,

(Babuéka and Strouboulis (2001), Repin (2008))

a,i a,i j
’Uh'/ GX,? s.t. (Vvh I, VVh)wa = (I’A7 Vh)wa VVh E Xﬁ,

h;,mnm
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Algebraic error lower bound

Setting
@ coarse vertices a € V; and patches wa, .
@ X2 :=Py(Th) N H](wa)

conforming FE space

Homogeneous Dirichlet pbs on coarse patchés w,

(Babuéka and Strouboulis (2001), Repin (2008))

B eXB st (VO VVi)ua = (T Vh)wa YVh € X2, v, =y T

Theorem (Lower bound via algebraic residual liftings)

> acv VR l1Z,

There holds ||V (up — ul)|| >
————

algebraic error

IV

lower algebraic est. ?rc

-_—— - - — European Research Counci
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_ Multilevel setting Domain decomposition
Numerical illustration

Peak Q = (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2—100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [-1,0], u(r, ) = r?/3sin(20/3)

Informatics #Fmathematics
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Numerical illustration

Peak Q= (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2 —100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [~1,0], u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements withp=1,...,5
@ unstructured triangular meshes

@ 4 uniform refinements

@ stopping criterion 7}, < 0.1(nf. + 7osc)
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Numerical illustration

Peak Q= (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2 —100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [~1,0], u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements withp=1,...,5

@ unstructured triangular meshes

@ 4 uniform refinements

@ stopping criterion 7}, < 0.1(nf. + 7osc)
Multigrid setting

@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel
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Numerical illustration

Peak Q= (0,1) x (0,1), u(x,y) =
x(x—1)y(y—1)exp(—100(x —0.5)2 —100(y — 117/1000)?)
L-shape (—1,1) x (=1,1)\ [0,1] x [~1,0], u(r,8) = r?/3sin(26/3)
Discretization
@ conforming finite elements withp=1,...,5
@ unstructured triangular meshes
@ 4 uniform refinements
@ stopping criterion 7, < 0.1(Njig + Nosc)
Multigrid setting
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel
PCG setting
@ incomplete Cholesky with drop-off tolerance 1e-4

preconditioning s e
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Peak problem, multigrid

MG algebraic total discretization
p iter error eff. UB eff. LB error eff. UB eff. LB error eff. UB eff. LB
1(2.55 x 10%)[ 1 [8.1x 1073 114 110 1[1.0x10°2 1.63 1.19°1|6.1 x 10°3  2.42 —
2 [43x10~* 1.13 1.127'[6.1x 103 1.13 1.05~" 113 1.06~"
2(1.03x 10%)] 1 [8.8x 1073 1.17 1.08~7[8.8x 10°° 1.72 1.1871[3.9x 10~ % 3.28 x 107 —
2 6.1 x107% 1.19 1.0371|[72x10"% 1.75 {1.12~! 2.89 —
3 [20x107% 1.19 1.037'(3.9x10"* 1.08 1.04~" 1.08  1.047"
3(2.34 x 10%)[ 1 [4.9x 1073 114 1.06"1[4.9x10°° 159 1.26°1[1.9x 1075 3.33 x 10° —
3 27x107% 1.17 1.047'(3.3x107% 1.69 1.17~! 2.60 —
5 (1.6 x10~7 1.15 1.04~'[1.9x 1075 1.02 1.09~' 1.02  1.09~'
4417 x 10%| 1 [56.8x10™° 122 1.05-1[58 x 10~° 1.83 1.17-1[81 x 10~/ 1.12 x 10% —
3 [1.0x107% 1.16 1.037'[1.0x107* 1.71 1.087! 1.76 x 102 —
5 24x107% 114 1.037'[25x 10" % 162 1.107" 4.12 —
7 16.7x108 113 1.037'(82x 107 1.10 1.16~" 110 1.167"
5(6.52 x 10%)[ 1 [4.8x 1073 1.19 1.04~1[4.8x 10°3 1.74 1.19-1[3.1 x 1078 221 x 105 —
3 21x107* 1.14 1.037'[21x10~* 1.63 1.09~" 8.78 x 10° —
5 [1.5x107° 1.11 1.027'[(1.6x10~% 155 1.07~" 5.57 x 10° —
7 [1.4x107% 112 1.027'[{1.4x107® 157 1.05~" 5.34 x 10"  —
9 [1.4x10~7 1.14 1.01~'|{1.4x 107 1.65 1.06~" 6.06 —
11(1.3%x 1078 116 1.017'|3.4x 1078 1.41 1.38"' 1.47 1.
13 [1.2%x107% 1.16 1.0171|3.1x 1078 1.05 1.217" 1.05 1.
v d
informatics gFmathematics
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L-shape problem, PCG

Inexact Newton Porous media C

Multilevel setting Domain decomposition

algebraic total discretization
p error eff. UB eff. LB eff. UB eff. LB error eff. UB eff. LB
1(7.97 x 10%) 10T 1.25 4.08°7 1.38 6.15~ 1 3.6 x 1072 111 x 107 —
103 1.24 41777 1.24 112! 124  1.127!
2(3.22 x 10%) 10T 114 3.6277 1.26 6.037 1 1.4 x 1072 1.76 x 10
1073 1148 3.1777 1.47 1.3271 1.49  1.3571
105 1147 3.53~' 1.29 1.30~! 129 1.30~"
3(7.27 x 10%) 1.3 1.06 4.5371 1.10 1.08 x 10" 7' [8.6 x 1073 1.58 x 102 —
1072 1.40 3.557' 1.24 6.027" 1.41 x 10'
1072 1.40 3.58~' 1.71 267" 2.99
104 1.0 3.55~' 1.51 1.42—1 152 1.4371
4(1.29 x 105) 10~T 124 2347 1.42 3.35° 1 6.2 x 10~3 3.66 x 101 —
103 1.22 27977 1.78 1.83~1 1.90 293~
105 1.27 2.33~' 1.44 1.62~" 1.44 1627
5(2.02 x 10°) 1.1 1.09 41471 1.16 7.427T 47 %1073 271 x 102 —
1072 1141 3.757! 1.23 577" 2.19 x 10
1073 1.45 3.127! 1.76 3.4371 3.31
104 1.145 3.4777 1.56 1.80~! 157  1.8271
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L-shape problem, p = 3, total error, 16th PCG iteration

Total error on elements Total error indicators

%10

i

v d
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_ Multilevel setting Domain decomposition
L-shape problem, p = 3, alg. error, 16th PCG iteration

Algebraic error on elements
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O A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

e Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

O Application to complex porous media flows
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Numerical illustration

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 90
_ { 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise

=

h&,mnm

M. Vohralik A posteriori error estimates and solver adaptivity 33 /59




| Laplace Algebraic error Inexact Newton Porous media C Multileve! setting  Domain decomposition

Numerical illustration

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_{ 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise
Exact solution

=

u(x,y)=x(1-x)y(1-y)
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Numerical illustration

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_ { 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise
Exact solution
ulx,y) =x(1-x)y(1-y)

=

Setting
@ Schwarz domain decomposition
@ 9 subdomains
@ Robin transmission conditions
@ lowest-order mixed finite element discretization
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Numerical illustration

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_{ 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise
Exact solution

=

u(x,y) =x(1-x)y(1 -y)

Setting

@ Schwarz domain decomposition

@ 9 subdomains

@ Robin transmission conditions

@ lowest-order mixed finite element discretization
Error components and stopping criteria

@ distinction of discretization and algebraic (DD) error

tics g mathematics

@ stopping criterion 77{313 <0.1 (ntgisc + Tosc) g s
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Error and estimate

S

1
S10 —
e error.
is —~—total. est
s}
()]
3 ]
—
S
s}
O
D ]
3
4
v

-2

10 L L

27 10" 10" 10” 10’

Number of DD iterations

CF O CAAR
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Effectivity index

~-effectivity ind|

¢ A 8

w
Ul

Effectivity index
N
ul

2 i ]
1.50 5, .
?i"n..k
10 ‘1 ‘2 3
10 _ 10 , 10
Number of DD iterations
LU — .
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DD stopping criterion

-

=
o

=

107 ——total. est|
‘‘‘‘‘ -disc. est
-v-DD. est.

|
<

10" . 10° .
Number of DD iterations
CF O CAAR
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Error and estimators distribution, 20th DD iteration

Total estimator

5 2
Disc. estimator 5,10 x 10~
3
10 .8
8
612
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Ouitline

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration
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Model nonlinear problem, discretization

Quasi-linear elliptic problem

—Vo(u,Vu)=f in Q,
u=2~0 on 0f2

o p>1,q:= 52, feliQ)

e example: p-Laplacian with a(u, Vu) = |VulP~?Vu
@ f piecewise polynomial for simplicity

e weak solution: u ¢ V .= W] ”(Q) such that

(a(u,Vu),Vv) = (f,v) VveV

v d
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Model nonlinear problem, discretization

Quasi-linear elliptic problem
—Vo(u,Vu)=f in Q,
u=20 on 0f2
o p>1,q:= 52, feliQ)
e example: p-Laplacian with a(u, Vu) = |VulP~?Vu
@ f piecewise polynomial for simplicity
e weak solution: u ¢ V .= W] ”(Q) such that

(a(u,Vu),Vv) = (f,v) VveV

Numerical approximation

@ simplicial mesh 7, linearization step k, algebraic step /
o U eV(Ty) = {velP(Q), vk e WP(K) YKeTp} ¢ V
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Abstract assumptions

Assumption A (Total flux reconstruction)

There exists o' € H(div, Q) such that

V-o";,’i =f

rezia—.,
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Abstract assumptions

Assumption A (Total flux reconstruction)

There exists o' « H9(div, Q) and py € L9(R) such that

K,i K,i
Vo, ' =f—  p,
~—
algebraic
remainder
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Abstract assumptions

Assumption A (Total flux reconstruction)
There exists o' < H9(div, Q) and pi' € L9(Q) such that

ki ki
Vo, ' =f—  p,
~—~—

Assumption B (Discretization linearization, and alg. fluxes)

There exist fluxes oy s agl’m, T g € [LI(Q)]? such that

. K,i K,i 5
(I) Oh = Ohdis + Uh lm + Uh alg’
(i) as the linear solver converges, ||a h alg||q — 0;

(iii) as the nonlinear solver converges, Hcr,,jhan — 0.

el —

Jirc
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)
Let

@ u € V be the weak solution,

° u,’;’i € V(Ty) be arbitrary,

@ Assumptions A and B hold.

Then there holds
K,i K,i K,i K,i K,i K,i
jU(uh ) S ndisc + '71in + Ualg + Trem +77quad'
: : g
dual norm of the residual + NC o tnllq lokglla "ollon”llax
v d
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Potential and flux reconstructions
Polynomial-degree-robust local efficiency
Applications and numerical illustration

® 6 ¢

Multilevel (multigrid) setting
@ Domain decomposition methods

@ Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration
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Stopping criteria and efficiency

Global stopping criteria yem, Vaig; Yiin ~ 0.1

K,i K,i
nrem < TYrem max{ndlsc’ nhn ’ nalg}
77a1g Yalg maX{ndlsc’ 171111 }

k7 7
Min = ’71in77disc

informatics g mathematics
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

nrergn < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndlsc’ Min }

7711[71 < ’Ylinndi’sc

Theorem (Global efficiency)

Under the global stopping criteria and usual assumptions,
k,i ki | ki | kK
Naise  Thin T Tagg + Mhem < C(Tu(uy") + Uquad)

where C is independent of & and q.
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

nrergn < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndlsc’ Mhin }

7711[71 < ’Ylinndi’sc

Theorem (Global efficiency)

Under the global stopping criteria and usual assumptions,
k,i ki | ki | kK
Naise  Thin T Tagg + Mhem < C(Tu(uy") + Uquad)

where C is independent of & and q.

@ local (elementwise) stopping criteria = local efficiency

v d
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Stopping criteria and efficiency

Global stopping criteria yrem, Valg, iin ~ 0.1

nrergn < “Yrem max{”dlsc’ 77lm ’ nalg}
nalg < Yalg max{ndlsc’ Mhin }

7711[71 < ’Ylinndi’sc

Theorem (Global efficiency)

Under the global stopping criteria and usual assumptions,
k,i ki | ki | kK
Naise  Thin T Tagg + Mhem < C(Tu(uy") + Uquad)

where C is independent of & and q.

@ local (elementwise) stopping criteria = local efficiency
@ robustness with respect to the nonlinearity thanks to the

H informatics gZmathematics
choice of 7, as error measure 57e
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Applications

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements
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Applications

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations

o fixed point
@ Newton

h;/mnm

M. Vohralik A posteriori error estimates and solver adaptivity 42 /59




| Laplace Algebraic error Inexact Newton Porous media C Stopping criteria & efficiency  Applications and numerics

Applications

Discretization methods

@ conforming finite elements

@ nonconforming finite elements

@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements
Linearizations

o fixed point

@ Newton
Linear solvers

@ independent of the linear solver
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Applications

Discretization methods

@ conforming finite elements

@ nonconforming finite elements
@ discontinuous Galerkin

@ various finite volumes

@ mixed finite elements

Linearizations

o fixed point
@ Newton

Linear solvers

@ independent of the linear solver

...all Assumptions A to D verified g s
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Numerical experiment |

Model problem

@ p-Laplacian

V-(|VuP2vVu)=f inQ,
u=up onoQ2
@ weak solution (used to impose the Dirichlet BC)
1 2 2\ 2T 1(1)5
u(xy) = =25 ((x = 12+ (v = $7) 7 + 21(})
@ tested values p=1.5and 10
@ Crouzeix—Raviart nonconforming finite elements

v d
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step.

10 T T T T T T 10 T 1 T T

T
—e—error
—=— estimate

—A— discretization est.
10721 _ —4— linearization est.
r algebraic est. 7
10°H —e—error up _ adaptive stopping criterion

—=— estimate

Error and estimates
=
o,
I
|
Error and estimates

—A— discetization est.

i tesL usual stopping criterion \ 0 :7 \’A_‘,# U S S A 7:
10° : = I I N \ \ I | | |
0 100 200 300 400 500 600 700 0 5 10 15 20 25 30 35
Conjugate gradiets iteration Conjugate gradients iteration
Usual stopping criterion Adaptive stopping criterion

v d
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Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh

Wer—T1 717 17 17 17 1T T =—Ct——T—3
3 —e—errorup 3
N\ —=—estimate |
1074 —A—disc. est. |5
E —+—lin.est. |3
w0' .
5 5 f i
= ) 0
a &} r ]
w0 E
0 1
DY Y Y N I B |
0 2 4 6 8 10 12 14 16 18 20 1 2 3 4 5 6 7 8 9 10 11 12 13
Newton iteration Newton iteration
Usual stopping criterion Adaptive stopping criterion
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Predicting the error distribution

KAl KR
R (" O

"¢ () S
P IR

4}i§1F - o)
s | | 2

Estimated error distribution Exact error distribution

European Research Counci
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Newton and algebraic iterations: huge savings

—a—1ul
—e—inex H
—&—adapt. inex. ]

F|—e—inex.
[[|—4—adapt. inex.

Number of Newton iterations

Number of algebraic st

Total number of algebraic solver terations

10 Lo M 10" | | | |

3 4 3 4
Refinement level Newton fteration Refinement level

Newton it. / refinement alg. it. / Newton step  alg. it. / refinement
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Effectivity indices, p = 10 vs p = 1.5: robustness

L8 1.25 T
" o
Sa17+ = k]
2 2 121 —
216~ - 2z
2 2
5 5
215 = 2 115 =
5 T
8 14 - s
3 8 11 B
S 13 - E]
3 3
$12- — £ 105 —
3 3
z =
E11 = g
2 i A
g 1= - &
=} =]
ool il il 0l oosb— il il el
10" 10° 10° 10* 10° 10! 10° 10° 10" 10°
Number of faces Number of faces

p=10 p=15
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Numerical experiment I

Model problem
@ p-Laplacian

V-(|VulP2vVu)=f inQ,
u=up onoQ2

@ weak solution (used to impose the Dirichlet BC)
u(r,0) = ré sin(62)

@ p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
@ Crouzeix—Raviart nonconforming finite elements

v d
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Error distribution on an adaptively refined mesh

) NN
L

NV\NP
() gt~ b\

O
v
4’\

Estimated error distribution Exact error distribution
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Energy error and overall performance

—e—energy error uniform |
C - 4 -energy error adaptive|]

Energy error

100—

.
Total number of algebraic solver iterations
8
8
T

A A

a A A
s Y Y B
4 10 11 12 13

3| 1 1 |
10 T BT B
10" 10° 10° 10* 10
Number of faces

Energy error Overall performance

6 7 8
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Q Introduction

Q A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

Q Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

o Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

e Application to complex porous media flows

o Conclusions and outlook
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Multiphase, multi-compositional flows

Two-phase immiscible incompressible flow

0t(#Sa) + VU, = Qa,s a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {o,w},
So + Sw = 17

Po — Pw = pc(sw)
+ boundary & initial conditions
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Multiphase, multi-compositional flows

Two-phase immiscible incompressible flow

0t(#Sa) + VU, = Qa,s a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {o,w},
So + Sw = 17

Po — Pw = pc(sw)
+ boundary & initial conditions
Mathematical issues

@ coupled system

@ unsteady, nonlinear

@ elliptic—degenerate parabolic type
@ dominant advection

v d
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
ij,Pw(Sw,hT’pw,hT) E Tsp + " F i+ Tatg

v d
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,
@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
ij,Pw(Sw,hT’pw,hT) E Tsp + " F i+ Tatg

Error components
nk,i.

@ 7 . spatial discretization
o nhk/: temporal discretization
nK,i. : :
@ ;"' linearization
nk,i.

@ 7,, : algebraic solver
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
ij,Pw(SW,hT’pw,hT) < nSp + Tltm + Thin + 77211g :
Error components Full adaptivity
o ' spatial discretization @ only a necessary number of

- , N Il solver iteration
e 1™%/: temporal discretization a sc.> e te. a_'to S
o 1™k linearization @ “online decisions”:

nli"k N algebraic step / linearization
n’ 7’-

@ 7,, : algebraic solver step / space mesh refinement

/ time step&é@ﬁ%@_
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Estimators and stopping criteria

10* 10"
10° - 10° N
10 Lttt 00 | 10°
o ¢
2.2 £ 107
£ 10" g soppgcrteron] 1
& & gl | A= spaal
107 B temporal
—=—total —— linearization|
—A—spatial 10°H algebraic B
107 ——temporal i
107 Sloebiaie ) | | 1 1 I I L L L L L L L L N
0 20 40 60 80 100 120 140 160 180 200 220 1 2 3 4 5 6 7 8 9 10
GMRes iteration Iterative coupling iteration
Estimators in function of Estimators in function of
GMRes iterations iterative coupling iterations
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GMRes iterations

250
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150t

Number of GMRes iterations
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Space/time/nonlinear solver/linear solver adaptivity

Fully adaptive computation

uuuuuuuuuuuuuuuuuuuuu
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Q A posteriori estimates based on potential & flux reconstruction
@ Potential and flux reconstructions
@ Polynomial-degree-robust local efficiency
@ Applications and numerical illustration

Q Algebraic estimates and stopping criteria for iterative solvers
@ Multilevel (multigrid) setting
@ Domain decomposition methods

o Adaptive inexact Newton method
@ Stopping criteria, efficiency, and nonlinearity-robustness
@ Applications and numerical illustration

O Application to complex porous media flows

@ Conclusions and outlook
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Conclusions and outlook

Conclusions

@ guaranteed energy error estimates

@ robustness (polynomial degree, nonlinearity)

@ full adaptivity (linear solver, nonlinear solver, mesh)
@ unified framework for all classical numerical schemes
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Conclusions and outlook

Conclusions

@ guaranteed energy error estimates

@ robustness (polynomial degree, nonlinearity)

o full adaptivity (linear solver, nonlinear solver, mesh)
@ unified framework for all classical numerical schemes

Ongoing work
@ convergence and optimality

@ higher-order time discretizations
@ DD for nonlinear problems (CEMRACS ApostDD project)
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