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Introduction Reaction–diffusion equation Heat equation Conclusions

An optimal a posteriori estimate for steady-state problems

Guaranteed upper bound
‖u − uh‖2?,Ω ≤

∑
K∈T ηK (uh)2

no undetermined constant: error control
Global efficiency∑

K∈T ηK (uh)2 ≤ Ceff‖u − uh‖2?,Ω
mathematical equivalence between the unknown error and known estimate

Robustness
Ceff independent of the domain Ω, solutions u,uh, data, meshes size and form

Small evaluation cost
estimators ηK (uh) can be evaluated cheaply (locally) from uh

Asymptotic exactness∑
K∈T ηK (uh)2/‖u − uh‖2?,Ω ↘ 1

overestimation factor goes to one with increasing effort
A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 2 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions

An optimal a posteriori estimate for steady-state problems

Guaranteed upper bound
‖u − uh‖2?,Ω ≤

∑
K∈T ηK (uh)2

no undetermined constant: error control
Global efficiency∑

K∈T ηK (uh)2 ≤ Ceff‖u − uh‖2?,Ω
mathematical equivalence between the unknown error and known estimate

Robustness
Ceff independent of the domain Ω, solutions u,uh, data, meshes size and form

Small evaluation cost
estimators ηK (uh) can be evaluated cheaply (locally) from uh

Asymptotic exactness∑
K∈T ηK (uh)2/‖u − uh‖2?,Ω ↘ 1

overestimation factor goes to one with increasing effort
A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 2 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions

An optimal a posteriori estimate for steady-state problems

Guaranteed upper bound
‖u − uh‖2?,Ω ≤

∑
K∈T ηK (uh)2

no undetermined constant: error control
Local efficiency

ηK (uh) ≤ Ceff‖u − uh‖?,neighbors of K

local error lower bound (optimal space mesh refinement)
Robustness

Ceff independent of the domain Ω, solutions u,uh, data, meshes size and form
Small evaluation cost

estimators ηK (uh) can be evaluated cheaply (locally) from uh

Asymptotic exactness∑
K∈T ηK (uh)2/‖u − uh‖2?,Ω ↘ 1

overestimation factor goes to one with increasing effort
A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 2 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions

An optimal a posteriori estimate for steady-state problems

Guaranteed upper bound
‖u − uh‖2?,Ω ≤

∑
K∈T ηK (uh)2

no undetermined constant: error control
Global efficiency∑

K∈T ηK (uh)2 ≤ Ceff‖u − uh‖2?,Ω
mathematical equivalence between the unknown error and known estimate

Robustness
Ceff independent of the domain Ω, solutions u,uh, data, meshes size and form

Small evaluation cost
estimators ηK (uh) can be evaluated cheaply (locally) from uh

Asymptotic exactness∑
K∈T ηK (uh)2/‖u − uh‖2?,Ω ↘ 1

overestimation factor goes to one with increasing effort
A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 2 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions

An optimal a posteriori estimate for steady-state problems

Guaranteed upper bound
‖u − uh‖2?,Ω ≤

∑
K∈T ηK (uh)2

no undetermined constant: error control
Global efficiency∑

K∈T ηK (uh)2 ≤ Ceff‖u − uh‖2?,Ω
mathematical equivalence between the unknown error and known estimate

Robustness
Ceff independent of the domain Ω, solutions u,uh, data, meshes size and form

Small evaluation cost
estimators ηK (uh) can be evaluated cheaply (locally) from uh

Asymptotic exactness∑
K∈T ηK (uh)2/‖u − uh‖2?,Ω ↘ 1

overestimation factor goes to one with increasing effort
A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 2 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions

An optimal a posteriori estimate for steady-state problems

Guaranteed upper bound
‖u − uh‖2?,Ω ≤

∑
K∈T ηK (uh)2

no undetermined constant: error control
Global efficiency∑

K∈T ηK (uh)2 ≤ Ceff‖u − uh‖2?,Ω
mathematical equivalence between the unknown error and known estimate

Robustness
Ceff independent of the domain Ω, solutions u,uh, data, meshes size and form

Small evaluation cost
estimators ηK (uh) can be evaluated cheaply (locally) from uh

Asymptotic exactness∑
K∈T ηK (uh)2/‖u − uh‖2?,Ω ↘ 1

overestimation factor goes to one with increasing effort
A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 2 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions

Previous results (reaction–diffusion equation)

Verfürth (1998) / Ainsworth and Babuška (1999): robustness wrt. singular
perturbation
Grosman (2006): robustness & anisotropic meshes, polynomial degree p = 1
Cheddadi, Fučík, Prieto, Vohralík (2009): guaranteed upper bound &
robustness, p = 1
Ainsworth and Vejchodský (2011, 2014): guaranteed upper bound &
robustness but requires submesh (complicated), (2019) without submesh
(simple but with restrictions), p = 1
Kopteva (2017): guaranteed upper bound, robustness, & anisotropic meshes,
p = 1
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The reaction–diffusion equation
The reaction–diffusion equation
Find u : Ω ⊂ Rd → R, d ≥ 1, such that

−ε2∆u + κ2u = f in Ω,

u = 0 on ∂Ω

f ∈ L2(Ω), ε > 0, κ ≥ 0 fixed real parameters
Singular perturbation

ε� κ

Weak solution
Find u ∈ H1

0 (Ω) such that

ε2(∇u,∇v) + κ2(u, v) = (f , v) ∀v ∈ H1
0 (Ω)

Finite element approximation
Find uh ∈ Vh := Pp(T ) ∩ H1

0 (Ω), p ≥ 1, such that

ε2(∇uh,∇vh) + κ2(uh, vh) = (f , vh) ∀vh ∈ Vh
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Equivalence between error and residual
Energy norm

|||ϕ|||2 := ε2‖∇ϕ‖2 + κ2‖ϕ‖2 ϕ ∈ H1
0 (Ω)

|||ϕ||| = sup
v∈H1

0 (Ω); |||v |||=1
{ε2(∇ϕ,∇v) + κ2(ϕ, v)} ϕ ∈ H1

0 (Ω)

Residual of uh ∈ H1
0 (Ω)

R(uh) ∈ H−1(Ω), the misfit of uh in the weak formulation:
〈R(uh), v〉 := (f , v)− ε2(∇uh,∇v)− κ2(uh, v) v ∈ H1

0 (Ω)

dual norm of the residual
|||R(uh)|||H−1(Ω) := sup

v∈H1
0 (Ω); |||v |||=1

〈R(uh), v〉

Energy error is the dual norm of the residual

|||(u − uh)||| = sup
v∈H1

0 (Ω); |||v |||=1
{(f , v)− ε2(∇uh,∇v)− κ2(uh, v)} = |||R(uh)|||H−1(Ω)
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Upper bound: motivation
Bound on the residual

let σh ∈ H(div,Ω) and φh ∈ L2(Ω) be such that ∇·σh + κ2φh = f
σh: equilibrated flux reconstruction, ≈ −ε2∇u
φh: potential reconstruction, ≈ u
Green theorem (∇·σh, v) + (σh,∇v) = 0 for v ∈ H1

0 (Ω):

〈R(uh), v〉 = (f , v)− ε2(∇uh,∇v)− κ2(uh, v)

= −(ε∇uh + ε−1σh, ε∇v)− (κ(uh − φh), κv)

≤
[
‖ε∇uh + ε−1σh‖2 + ‖κ (uh − φh)‖2

] 1
2 |||v |||

then

|||(u − uh)||| = |||R(uh)|||H−1(Ω) ≤
[
‖ε∇uh + ε−1σh‖2 + ‖κ (uh − φh)‖2

] 1
2

how to obtain suitable practical (inexpensive) σh and φh?
counter-example where ‖ε∇uh + ε−1σh‖ can largely overestimate the error

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 7 / 34
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Upper bound: motivation
Bound on the residual

let σh ∈ H(div,Ω) and φh ∈ L2(Ω) be such that ∇·σh + κ2φh = f
σh: equilibrated flux reconstruction, ≈ −ε2∇u
φh: potential reconstruction, ≈ u
Green theorem (∇·σh, v) + (σh,∇v) = 0 for v ∈ H1

0 (Ω):

〈R(uh), v〉 = (f , v)− ε2(∇uh,∇v)− κ2(uh, v)

= −(ε∇uh + ε−1σh, ε∇v)− (κ(uh − φh), κv)

≤
[
‖ε∇uh + ε−1σh‖2 + ‖κ (uh − φh)‖2

] 1
2 |||v |||

then

|||(u − uh)||| = |||R(uh)|||H−1(Ω) ≤
[
‖ε∇uh + ε−1σh‖2 + ‖κ (uh − φh)‖2

] 1
2

how to obtain suitable practical (inexpensive) σh and φh?
counter-example where ‖ε∇uh + ε−1σh‖ can largely overestimate the error
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Counter-example (−ε2∆u + κ2u = f in Ω, u = 0 on ∂Ω)
Data

Ω := (−1/2,1/2), d = 1
odd integer m
f : piecewise affine Lagrange int. of cos(mπx)

uniform mesh T with 2N = (m + 1)2 intervals
h = 1/(m + 1)2

Finite element approximation
Vh := P1(T ) ∩ H1

0 (Ω)

µh := 6
2+cos(mπh)

1−cos(mπh)
h2

uh = (ε2µh + κ2)−1f

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
vertex

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

u

10-4

1D exact solution
1D FE approximation

ε = 1, κ = 102, m = 3

1 2 3 4
vertex

-10

-7.5

-5

u

10-5

detailed view

10-6 10-5 10-4 10-3 10-2 10-1 100 101 102 103 104

Parameter 

100

101

102

103

E
ffe

ct
iv

ity
 in

de
x

effectivity ind. weights
effectivity ind. no weights

κ = 102, m = 3, eff. ind.
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Equilibrated flux and potential reconstructions

Definition (Flux σh and potential φh)
For each vertex a ∈ V, let

(σa
h, φ

a
h) := arg min (vh,qh)∈RTNp(T a)×Pp(T a)⊂H0(div,ωa)×L2(ωa)

∇·vh+κ2qh=Πh(fψa)−ε2∇uh·∇ψa

Ja
uh

(vh,qh)

Ja
uh

(vh,qh) := w2
a‖εψa∇uh + ε−1vh‖2ωa + ‖κ [Πh(ψauh)− qh]‖2ωa

with the weight wa := min

{
1,C∗

√
ε

κhωa

}
. Combine

σh :=
∑
a∈V

σa
h ∈RTNp(T ) ∩ H(div,Ω), φh :=

∑
a∈V

φa
h ∈ Pp(T ).

Comments
local discrete constrained minimization problems
choose the locally best-possible estimators
yields ∇·σh + κ2φh = Πhf
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Equilibrated flux reconstruction
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−ε2∇uh ∈RTNp(T ), f ∈ L2(Ω)︸ ︷︷ ︸
(f ,ψa)ωa−ε2(∇uh,∇ψa)ωa−κ2(uh,ψa)ωa =0 ∀a∈V int

→ σh ∈RTNp(T ) ∩ H(div,Ω),∇·σh + κ2φh = Πhf
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Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution and let uh ∈ Vh be its finite element approximation. Let
σh ∈RTNp(T ) ∩ H(div,Ω) and φh ∈ Pp(T ) be the flux and potential
reconstructions. Then

|||u − uh|||2 ≤
∑
K∈T

[
wK‖ε∇uh + ε−1σh‖K + ‖κ (uh − φh)‖K + w̃K‖f − Πhf‖K

]2
with

wK := min

{
1,C∗

√
ε

κhK

}
, w̃K := min

{
hK

πε
,

1
κ

}
, K ∈ T .

Comments
guaranteed upper bound on the unknown error
the weight wK with min crucial for robustness

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 11 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution and let uh ∈ Vh be its finite element approximation. Let
σh ∈RTNp(T ) ∩ H(div,Ω) and φh ∈ Pp(T ) be the flux and potential
reconstructions. Then

|||u − uh|||2 ≤
∑
K∈T

[
wK‖ε∇uh + ε−1σh‖K + ‖κ (uh − φh)‖K + w̃K‖f − Πhf‖K

]2
with

wK := min

{
1,C∗

√
ε

κhK

}
, w̃K := min

{
hK

πε
,

1
κ

}
, K ∈ T .

Comments
guaranteed upper bound on the unknown error
the weight wK with min crucial for robustness

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 11 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution and let uh ∈ Vh be its finite element approximation. Let
σh ∈RTNp(T ) ∩ H(div,Ω) and φh ∈ Pp(T ) be the flux and potential
reconstructions. Then

|||u − uh|||2 ≤
∑
K∈T

[
wK‖ε∇uh + ε−1σh‖K + ‖κ (uh − φh)‖K + w̃K‖f − Πhf‖K

]2
with

wK := min

{
1,C∗

√
ε

κhK

}
, w̃K := min

{
hK

πε
,

1
κ

}
, K ∈ T .

Comments
guaranteed upper bound on the unknown error
the weight wK with min crucial for robustness

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 11 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution and let uh ∈ Vh be its finite element approximation. Let
σh ∈RTNp(T ) ∩ H(div,Ω) and φh ∈ Pp(T ) be the flux and potential
reconstructions. Then

|||u − uh|||2 ≤
∑
K∈T

[
wK‖ε∇uh + ε−1σh‖K + ‖κ (uh − φh)‖K + w̃K‖f − Πhf‖K

]2
with

wK := min

{
1,C∗

√
ε

κhK

}
, w̃K := min

{
hK

πε
,

1
κ

}
, K ∈ T .

Comments
guaranteed upper bound on the unknown error
the weight wK with min crucial for robustness

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 11 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Guaranteed a posteriori error estimate

Theorem (Guaranteed a posteriori error estimate)
Let u be the weak solution and let uh ∈ Vh be its finite element approximation. Let
σh ∈RTNp(T ) ∩ H(div,Ω) and φh ∈ Pp(T ) be the flux and potential
reconstructions. Then

|||u − uh|||2 ≤
∑
K∈T

[
wK‖ε∇uh + ε−1σh‖K + ‖κ (uh − φh)‖K + w̃K‖f − Πhf‖K

]2
with

wK := min

{
1,C∗

√
ε

κhK

}
, w̃K := min

{
hK

πε
,

1
κ

}
, K ∈ T .

Comments
guaranteed upper bound on the unknown error
the weight wK with min crucial for robustness

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 11 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Outline

1 Introduction

2 The reaction–diffusion equation
Equivalence between error and dual norm of the residual
Guaranteed upper bound
Local efficiency and robustness
Numerical experiments

3 The heat equation
Equivalence between error and dual norm of the residual
High-order discretization & Radau reconstruction
Guaranteed upper bound
Local space-time efficiency and robustness
Numerical experiments

4 Conclusions and future directions

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 11 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Local efficiency and robustness

Theorem (Local efficiency and robustness)
Let f be a piecewise polynomial for simplicity. Then, for all K ∈ T ,

wK‖ε∇uh + ε−1σh‖K + ‖κ (uh − φh)‖K ≤ Ceff|||u − uh|||ωK
,

where the constant Ceff only depends on the space dimension d, the
shape-regularity constant ϑT of the mesh T , and on the polynomial degree p of uh.

Comments
the computable elementwise estimators are local lower bounds for the
unknown error
Ceff independent of the parameters ε and κ⇒ robustness
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Boundary layer, solution u(x , y) = e−
κ
ε x + e−

κ
ε y , p = 1
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Boundary layer, solution u(x , y) = e−
κ
ε x + e−

κ
ε y , p = 2

IsoValue
0
0.0261124
0.0522247
0.0783371
0.104449
0.130562
0.156674
0.182786
0.208899
0.235011
0.261124
0.287236
0.313348
0.339461
0.365573
0.391685
0.417798
0.44391
0.470022
0.496135
0.522247
0.548359
0.574472
0.600584
0.626696
0.652809
0.678921

energy errors

Exact en. error on each mesh element

IsoValue
0
0.0384606
0.0769211
0.115382
0.153842
0.192303
0.230763
0.269224
0.307684
0.346145
0.384606
0.423066
0.461527
0.499987
0.538448
0.576908
0.615369
0.653829
0.69229
0.73075
0.769211
0.807672
0.846132
0.884593
0.923053
0.961514
0.999974

estimators

Estimated en. error on each mesh element

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 15 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reliability Efficiency and robustness Numerical experiments

Counter-example with ε = 1, κ = 102, m = 3, p = 1

IsoValue
3.35661e-07
9.3568e-06
1.83779e-05
2.73991e-05
3.64202e-05
4.54413e-05
5.44625e-05
6.34836e-05
7.25047e-05
8.15259e-05
9.0547e-05
9.95682e-05
0.000108589
0.00011761
0.000126632
0.000135653
0.000144674
0.000153695
0.000162716
0.000171737
0.000180758
0.00018978
0.000198801
0.000207822
0.000216843
0.000225864
0.000234885

epsilon*|dx(u)-dx(u_h)|

Pointwise H1-seminorm errors

IsoValue
1.82027e-18
6.88653e-06
1.37731e-05
2.06596e-05
2.75461e-05
3.44327e-05
4.13192e-05
4.82057e-05
5.50923e-05
6.19788e-05
6.88653e-05
7.57519e-05
8.26384e-05
8.95249e-05
9.64115e-05
0.000103298
0.000110185
0.000117071
0.000123958
0.000130844
0.000137731
0.000144617
0.000151504
0.00015839
0.000165277
0.000172163
0.00017905

kappa*|u-u_h|

Pointwise κ× L2-norm errors
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Counter-example with ε = 1, κ = 102, m = 3, p = 1

IsoValue
0
2.06408e-07
4.12815e-07
6.19223e-07
8.25631e-07
1.03204e-06
1.23845e-06
1.44485e-06
1.65126e-06
1.85767e-06
2.06408e-06
2.27048e-06
2.47689e-06
2.6833e-06
2.88971e-06
3.09611e-06
3.30252e-06
3.50893e-06
3.71534e-06
3.92174e-06
4.12815e-06
4.33456e-06
4.54097e-06
4.74738e-06
4.95378e-06
5.16019e-06
5.3666e-06

energy errors

Exact en. error on each mesh element

IsoValue
0
3.09156e-07
6.18311e-07
9.27467e-07
1.23662e-06
1.54578e-06
1.85493e-06
2.16409e-06
2.47325e-06
2.7824e-06
3.09156e-06
3.40071e-06
3.70987e-06
4.01902e-06
4.32818e-06
4.63734e-06
4.94649e-06
5.25565e-06
5.5648e-06
5.87396e-06
6.18311e-06
6.49227e-06
6.80142e-06
7.11058e-06
7.41974e-06
7.72889e-06
8.03805e-06

estimators

Estimated en. error on each mesh element

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 18 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reconstruction Reliability Efficiency and robustness Num. exp.

Outline

1 Introduction

2 The reaction–diffusion equation
Equivalence between error and dual norm of the residual
Guaranteed upper bound
Local efficiency and robustness
Numerical experiments

3 The heat equation
Equivalence between error and dual norm of the residual
High-order discretization & Radau reconstruction
Guaranteed upper bound
Local space-time efficiency and robustness
Numerical experiments

4 Conclusions and future directions

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 18 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reconstruction Reliability Efficiency and robustness Num. exp.

The heat equation (f ∈ L2(0,T ; L2(Ω)), u0 ∈ L2(Ω))
The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω
Spaces

X := L2(0,T ; H1
0 (Ω)),

‖v‖2X :=

∫ T

0
‖∇v‖2 dt ,

Y := L2(0,T ; H1
0 (Ω)) ∩ H1(0,T ; H−1(Ω)),

‖v‖2Y :=

∫ T

0
‖∂tv‖2H−1(Ω) + ‖∇v‖2 dt + ‖v(T )‖2

Weak solution
Find u ∈ Y with u(0) = u0 such that∫ T

0
〈∂tu, v〉+ (∇u,∇v) dt =

∫ T

0
(f , v) dt ∀ v ∈ X
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An optimal a posteriori estimate for evolutive problems
Guaranteed upper bound

‖u − uhτ‖2?,Ω×(0,T ) ≤
∑N

n=1
∑

K∈T n ηn
K (uhτ )2

no undetermined constant: error control
Local efficiency

ηn
K (uhτ ) ≤ Ceff‖u − uhτ‖?,neighbors of K×(tn−1,tn)

optimal space-time mesh refinement
local in time and in space error lower bound

Robustness
Ceff independent of data, domain Ω, final time T , meshes, solutions u, uhτ ,
polynomial degrees of uhτ in space p and in time q

Small evaluation cost
estimators ηn

K (uhτ ) can be evaluated cheaply (locally) from uhτ
Asymptotic exactness∑N

n=1
∑

K∈T n ηn
K (uhτ )2/‖u − uhτ‖2?,Ω×(0,T ) ↘ 1

overestimation factor goes to one with increasing effort
A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 20 / 34
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Previous results

Picasso / Verfürth (1998), work with the energy norm X :
3 upper bound ‖u − uhτ‖2

X ≤ C
∑N

n=1
∑

K∈T n ηn
K (uhτ )2

7 constrained lower bound (h and τ strongly linked)

Repin (2002), guaranteed upper bound
Verfürth (2003) (cf. also Bergam, Bernardi, and Mghazli (2005)), work with the
Y norm:

3 upper bound ‖u − uhτ‖2
Y ≤ C

∑N
n=1

∑
K∈T n ηn

K (uhτ )2

3 efficiency
∑

K∈T n ηn
K (uhτ )2 ≤ C‖u − uhτ‖2

Y (In)

3 robustness with respect to the final time T , no link h↔ τ
7 efficiency local in time but global in space

Makridakis and Nochetto (2006): Radau reconstruction
Ern and Vohralík (2010): unified framework for different spatial discretizations
(FEs, NCFEs, DGs, MFEs, FVs)

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 21 / 34
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Equivalence between error and residual
The heat equation

∂tu −∆u = f in Ω× (0,T ),

u = 0 on ∂Ω× (0,T ),

u(0) = u0 in Ω
Spaces

X := L2(0,T ; H1
0 (Ω)),

‖v‖2X :=

∫ T

0
‖∇v‖2 dt ,

Y := L2(0,T ; H1
0 (Ω)) ∩ H1(0,T ; H−1(Ω)),

‖v‖2Y :=

∫ T

0
‖∂tv‖2H−1(Ω) + ‖∇v‖2 dt + ‖v(T )‖2

Weak solution
Find u ∈ Y with u(0) = u0 such that∫ T

0
〈∂tu, v〉+ (∇u,∇v) dt =

∫ T

0
(f , v) dt ∀ v ∈ X

Theorem (Parabolic inf–sup identity)
For every ϕ ∈ Y, we have

‖ϕ‖2Y =

[
sup

v∈X , ‖v‖X =1

∫ T

0
〈∂tϕ, v〉+ (∇ϕ,∇v) dt

]2

+ ‖ϕ(0)‖2.

Residual of uhτ ∈ Y
R(uhτ ) ∈ X ′, the misfit of uhτ in the weak formulation:

〈R(uhτ ), v〉 :=

∫ T

0
(f , v)− 〈∂tuhτ , v〉 − (∇uhτ ,∇v) dt v ∈ X

dual norm of the residual
‖R(uhτ )‖X ′ := sup

v∈X , ‖v‖X =1
〈R(uhτ ), v〉

Y norm error is the dual X norm of the residual + initial condition error

‖u − uhτ‖2Y = ‖R(uhτ )‖2X ′ + ‖u0 − uhτ (0)‖2
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Proof of the parabolic inf–sup identity: ϕ ∈ Y
Proof.

let w∗ ∈ X be defined by, a.e. in (0,T ),

(∇w∗,∇v) = 〈∂tϕ, v〉 ∀v ∈ H1
0 (Ω)⇒ ‖∇w∗‖2 = ‖∂tϕ‖2H−1(Ω)

using
∫ T

0 2〈∂tϕ,ϕ〉 dt = ‖ϕ(T )‖2 − ‖ϕ(0)‖2 gives[
sup

v∈X , ‖v‖X =1

∫ T

0
dt

]2

= ‖w∗ + ϕ‖2X =

∫ T

0
‖∇(w∗ + ϕ)‖2 dt

=

∫ T

0
‖∇w∗‖2 + 2(∇w∗,∇ϕ) + ‖∇ϕ‖2 dt

=

∫ T

0
‖∂tϕ‖2H−1(Ω) + 2〈∂tϕ,ϕ〉+ ‖∇ϕ‖2 dt = ‖ϕ‖2Y − ‖ϕ(0)‖2
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Approximate solution and Radau reconstruction

Numerical method

Find uhτ ∈ Vhτ such that, at each time-step,
∫

In

(∂t(Iuhτ ), vhτ ) + (∇uhτ ,∇vhτ ) dt =

∫

In

(f , vhτ ) dt

for all vhτ ∈ Qqn (In;V n).

Remark: Special case qn = 0 ⇐⇒ implicit Euler method.

Initial data approximation:
uhτ (t0) := Πhu0 ≈ u0

Notation for jumps:
Lvhτ Mn := vhτ (tn)− vhτ (t+

n )

Radau reconstruction operator:
Iuhτ := uhτ − Luhτ Mn−1

(−1)qn

2
(Ln

qn −Ln
qn+1)

Ln
q the q-th Legendre polynomial on In

tn−2 tn−1 tn

v(tn−1)
v(t+n−1)

uhτ

8/18

Approximate solution
3 uhτ (t), t ∈ In, is a piecewise continuous polynomial in space in

V n
h :=

{
vh ∈ H1

0 (Ω), vh|K ∈ PpK (K ) ∀K ∈ T n}
7 uhτ is a piecewise discontinuous polynomial in time
7 uhτ 6∈ Y ⇒ impossible to estimate ‖u − uhτ‖Y

Radau reconstruction
3 Iuhτ ∈ Y , Iuhτ |In ∈ Qqn+1

(
In; Ṽ n

h

)
(Makridakis–Nochetto)∫

In
(∂tIuhτ , vhτ ) + (∇uhτ ,∇vhτ ) dt =

∫
In

(f , vhτ ) dt ∀ vhτ ∈ Qqn (In; V n
h )
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Results in the Y norm

Theorem (Guaranteed upper bound in the Y norm)
Suppose no data oscillation (f and u0 piecewise polynomial). Then, for any
σhτ ∈ L2(0,T ; H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ , there holds

‖u − Iuhτ‖2Y ≤
∫ T

0
‖σhτ +∇Iuhτ‖2 dt .
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Proof of the upper bound

Proof.
equivalence error-residual (supposing no error in the initial condition):

‖u − Iuhτ‖Y = sup
v∈X , ‖v‖X =1

〈R(Iuhτ ), v〉

Green theorem ∫ T

0
(σhτ ,∇Iuhτ ) + (∇·σhτ , Iuhτ ) dt = 0

residual definition, Cauchy–Schwarz inequality:

〈R(Iuhτ ), v〉 =

∫ T

0
(f , v)− (∂tIuhτ , v)− (∇Iuhτ ,∇v) dt

=

∫ T

0
(f − ∂tIuhτ −∇·σhτ︸ ︷︷ ︸

=0

, v)− (∇Iuhτ + σhτ ,∇v) dt

≤
{∫ T

0
‖σhτ +∇Iuhτ‖2 dt

} 1
2 ‖v‖X
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Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vh∈V a,n
hτ

∇·vh=ψa(f−∂tIuhτ )−∇ψa·∇uhτ

∫
In
‖vh + ψa∇uhτ‖2ωa dt .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comments
3 satisfies σhτ ∈ L2(0,T ; H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ

7 a priori a local space-time problem, V a,n
hτ := Qqn (In; V a,n

h )

3 uncouples to qn elliptic problems posed in V a,n
h

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 27 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reconstruction Reliability Efficiency and robustness Num. exp.

Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vh∈V a,n
hτ

∇·vh=ψa(f−∂tIuhτ )−∇ψa·∇uhτ

∫
In
‖vh + ψa∇uhτ‖2ωa dt .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comments
3 satisfies σhτ ∈ L2(0,T ; H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ

7 a priori a local space-time problem, V a,n
hτ := Qqn (In; V a,n

h )

3 uncouples to qn elliptic problems posed in V a,n
h

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 27 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reconstruction Reliability Efficiency and robustness Num. exp.

Equilibrated flux reconstruction

Definition (Equilibrated flux reconstruction)

For each time-step interval In and for each vertex a ∈ Vn, let

σa,n
hτ := arg min

vh∈V a,n
hτ

∇·vh=ψa(f−∂tIuhτ )−∇ψa·∇uhτ

∫
In
‖vh + ψa∇uhτ‖2ωa dt .

Then set
σhτ :=

N∑
n=1

∑
a∈Vn

σa,n
hτ .

Comments
3 satisfies σhτ ∈ L2(0,T ; H(div,Ω)) with ∇·σhτ = f − ∂tIuhτ

7 a priori a local space-time problem, V a,n
hτ := Qqn (In; V a,n

h )

3 uncouples to qn elliptic problems posed in V a,n
h

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 27 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reconstruction Reliability Efficiency and robustness Num. exp.

Outline

1 Introduction

2 The reaction–diffusion equation
Equivalence between error and dual norm of the residual
Guaranteed upper bound
Local efficiency and robustness
Numerical experiments

3 The heat equation
Equivalence between error and dual norm of the residual
High-order discretization & Radau reconstruction
Guaranteed upper bound
Local space-time efficiency and robustness
Numerical experiments

4 Conclusions and future directions

A. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 27 / 34



Introduction Reaction–diffusion equation Heat equation Conclusions Error & residual Reconstruction Reliability Efficiency and robustness Num. exp.

Global efficiency ∼ missing Galerkin orthogonality

Efficiency
There holds∫

In
‖σhτ +∇Iuhτ‖2Ω dt ≤ C2

eff‖u − Iuhτ‖Y (In) ∀1 ≤ n ≤ N.

7 local-in-time but global-in-space only (as in Verfürth & Bergam–Bernardi–
Mghazli)

Reason
7 Iuhτ misses the Galerkin orthogonality:∫

In
(f , vhτ )− (∂tIuhτ , vhτ )− (∇Iuhτ ,∇vhτ )dt

3 the misfit is known: uhτ − Iuhτ
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Guaranteed upper bound

A decisive trick
Define the final norm as

‖u − uhτ‖2EY
:= ‖u − Iuhτ‖2Y + ‖uhτ − Iuhτ‖2X︸ ︷︷ ︸

known, computable

Theorem (Guaranteed upper bound)
Suppose no data oscillation (f and u0 piecewise polynomial). Then there holds

‖u − uhτ‖2EY
≤

N∑
n=1

∑
K∈T n

∫
In
‖σhτ +∇Iuhτ‖2K + ‖∇(uhτ − Iuhτ )‖2K dt .
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Local space-time efficiency and robustness
Local error contributions

|u − uhτ |2Ea,n
Y

=

∫
In
‖∂t (u − Iuhτ )‖2H−1(ωa) + ‖∇(u − Iuhτ )‖2ωa dt

+

∫
In
‖∇(uhτ − Iuhτ )‖2ωa dt

Theorem (Local space-time efficiency and robustness)

For each time-step interval In and for each element K ∈ T n, there holds, in the
absence of data oscillation,∫

In
‖σhτ +∇Iuhτ‖2K + ‖∇(uhτ − Iuhτ )‖2K dt ≤ C2

eff

∑
a∈VK

|u − uhτ |2Ea,n
Y
.

Comments
3 local in space and in time
3 Ceff only depends on shape regularity⇒ robustness w.r.t the final time T and

the polynomial degrees p and q
3 no restriction on coarsening between T n−1 and T nA. Ern, I. Smears, and M. Vohralík A posteriori error estimates for the reaction–diffusion and heat equations 30 / 34
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Richards equation ∂tS(u)−∇·[κ(S(u)) (∇u + g)] = f (results by K.
Mitra, three levels of uniform space-time mesh refinement)
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Richards equation, local space-time effectivity indices
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Conclusions and future directions

Conclusions (reaction-diffusion equation)
3 guaranteed upper bound
3 local efficiency and robustness with respect to reaction and diffusion

parameters
3 simple form (no submesh), local estimators minimization, any polynomial

degree
Conclusions (heat equation)

3 guaranteed upper bound
3 local space-time efficiency
3 robustness with respect to both spatial and temporal polynomial degree
3 arbitrarily large coarsening allowed

Future directions
nonlinear and coupled problems
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Fundamental results on a reference tetrahedron

Bounded right inverse of the divergence operator
polynomial volume data
Costabel & McIntosh (2010):�
�

�
�

Let K ∈ T and r ∈ Pp(K ). Then there exists ξh ∈RTNp(K ) s.t. ∇·ξh = r and
‖ξh‖K ≤ C‖r‖H−1(K ) = sup

v∈H1
0 (K ), ‖∇v‖K =1

(r , v)K .

Polynomial extensions in H(div)

polynomial boundary data
Demkowicz, Gopalakrishnan, Schöberl (2012):�

�

�

�
Let K ∈ T and r ∈ Pp(FK ) satisfying (r ,1)∂K = 0. Then there exists ξh ∈

RTNp(K ) s.t. ξh·nK = r on ∂K , ∇·ξh = 0 in K , and
‖ξh‖K ≤ C‖r‖H−1/2(∂K ) = sup

v∈H1(K ), ‖∇v‖K =1
(r , v)∂K .
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General result on a physical tetrahedron

Lemma (H(div) polynomial extension on a tetrahedron)

Let K ∈ T , FN
K ⊂ FK . Let r ∈ Pp(FN

K )× Pp(K ), satisfying∑
F∈FK

(rF ,1)F = (rK ,1)K if FN
K = FK . Then for C = C(κK ) > 0,

‖ξh,K‖K
MFEs

=

min
vh∈RTNp(K )

vh·nK =rF ∀F∈FN
K

∇·vh=rK

‖vh‖K ≤ C min
v∈H(div,K )

v·nK =rF ∀F∈FN
K

∇·v=rK

‖v‖K

= C‖ξK‖K

.

'

&

$

%

Context
−∆ζK = rK in K ,

−∇ζK ·nK = rF on all F ∈ FN
K ,

ζK = 0 on all F ∈ FK \ FN
K .

Set ξK := −∇ζK .
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Stable broken H(div) polynomial extension on a patch

Braess, Pillwein, & Schöberl (2009), 2D
Ern & V. (2016), 3D
Ern, Smears, & V. (2017), 2-3D, patches with subrefinement

a

T n

ωa

a

ωa

T̃ a,n
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High-order space-time discretization

CG in space & DG in time
p-degree continuous piecewise polynomials in space

V n
h :=

{
vh ∈ H1

0 (Ω), vh|K ∈ PpK (K ) ∀K ∈ T n}
q-degree discontinuous piecewise polynomials in time

Qqn (In; V ) :=
{

V -valued pols of degree at most qn over In
}

High-order discretization
Find uhτ |In ∈ Qqn (In; V n

h ) with uhτ (0) = Πhu0 such that∫
In

(∂tuhτ , vhτ ) + (∇uhτ ,∇vhτ ) dt −
(
Luhτ Mn−1, vhτ (t+

n−1)
)

=

∫
In

(f , vhτ ) dt ∀ vhτ ∈ Qqn (In; V n
h ) ∀1 ≤ n ≤ N.
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Remedy

Augmented norm
augment the norm: ‖v‖2EY

:= ‖Iv‖2Y + ‖v − Iv‖2X , v ∈ Y + Vhτ

Iu = u ⇒
‖u − uhτ‖2EY

= ‖u − Iuhτ‖2Y + ‖uhτ − Iuhτ‖2X︸ ︷︷ ︸
known, computable

we are adding to Y norm the time jumps in X norm (Schötzau–Wihler):

‖uhτ − Iuhτ‖2X(In) =

∫
In
‖∇(uhτ − Iuhτ )‖2 dt

= τn(qn+1)
(2qn+1) (2qn+3)‖∇Luhτ Mn−1‖2
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Equivalence between the Y and EY norms

Theorem (Global equivalence)
Suppose no source term oscillation or no coarsening. Then there holds

‖u − Iuhτ‖Y ≤ ‖u − uhτ‖EY ≤ 3‖u − Iuhτ‖Y

the two norms ‖·‖Y and ‖·‖EY still may differ locally
in general, an additional source term oscillation or coarsening term appears
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Handling mesh adaptivity

a

T n

ωa

T n−1\T n

T̃ a,n

→

a

T n

ωa

a

ωa

T̃ a,n

refinement & coarsening can also involve changing polynomial degrees
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