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@ overestimation factor goes to one with increasing effort
Small evaluation cost
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Laplace model problem

Model problem

“Au=f inQ,
u=20 on 09
@ Q C RY, d = 2,3 polygon/polyhedron
e fel?(Q)
Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)

-

&1/,7 o Faoninsion N erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 4 /68



| Laplace Nonlinear Laplace Eigenvalues Two-phase C Reliability Efficiency Applications & numerics Alg. error

Laplace model problem

Model problem
“Au=f inQ,
u=0 on 90Q
@ Q c RY d = 2,3 polygon/polyhedron
e fel?(Q)

Weak formulation
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveHI(Q)

Properties of the weak solution
@ u e Hl(Q) (primal variable constraint)

@ o := —Vu (constitutive relation)
@ V.o = f (equilibrium)
@ o € H(div, Q) (dual variable constraint) Lo erc
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Flux o := —KVu is continuous
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Approximate solution and flux

Approximate solution uy, is not Approximate flux —KVup, is not

necessarily continuous necessarily continuous
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Potential and flux reconstructions

—— exact solution — ~exactflux
— — approximate solution

-~ -approximate flux
— —_posiprocessed solution —

postprocessed flux

Potential reconstruction
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Guaranteed a posteriori error estimate

Theorem (A guaranteed a posteriori error estimate, prager and synge

(1947), Ladeveze (1975), Dari, Duran, Padra, & Vampa (1996), Ainsworth (2005), Kim (2007), Vohralik (2007), )

o Letu € H}(Q) be the weak solution;
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(Veop 1)k = (f,1)k forall K € Th,.
Then

h 2
_ 2 - KN .
IV (u—up)l® < (||VUh+thHK +—lf =V U'hHK)

KeTh constitutive relation

equilibrium
2
+ ) IV(un — sn)llx -
— ——
KeTh primal constraint
brezia = e

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 8/ 68



_ Reliability Efficiency Applications & numerics Alg. error
Global potential and flux reconstructions

Ideally
Sp = arg Vrhnelof]HV(uh — vp)||

o= ar min Vup+v
pimarg, | min o IVun+vil

v/ computable, discrete spaces V,, ¢ H}(Q), Vi, C H(div, Q),
Qn C L2(Q)

Py
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Global potential and flux reconstructions

Ideally
Sp :=arg min ||V(up — Vv,
h gvhthH (Un = va)l|

= ar min Vup+v
oh gvhevh,VVh:I'loth h+ V|

v/ computable, discrete spaces V,, C H}(Q2), Vi C H(div, Q),
Qn C L2(Q)

X too expensive, global minimization problems (the
hypercircle method . . .)

-
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Local potential reconstruction

Definition (Construction of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € Vy, solve the local conforming FE problem

5 = arg min [IV (st — Va)|l..-
VhGVf;l

tala) = L(\w 0

e N erC
’Zla/- ;
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Local potential reconstruction

Definition (Construction of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € Vy, solve the local conforming FE problem

s :=arg min [[V(vYaup — Vp)||ws-
VhGVf]l

Equivalent form
Find s € V2 such that

(VS%, vvh)wa = (v(wauh), VVh)wa Vv E VI? G o L tua) =0
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Local potential reconstruction

Definition (Construction of Sh, ~ Carstensen and Merdon (2013), EV (2015))
For each a € Vy, solve the local conforming FE problem

s :=arg min [[V(vYaup — Vp)||ws-
VhGVf]l

Equivalent form
Find s € V2 such that

(VSh, VVh)wa = (V(¥aln), VVh)w,
Key ideas
@ local minimizations
@ cut-off by hat basis functions 15
@ V@ C H](wa): homogeneous Dirichlet BC on dwa
°sp:=> s} )
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Potential reconstruction in 1D
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Potential reconstruction in 2D
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Potential reconstruction in 2D

Potential up Potential reconstruction s,
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Local flux reconstructions

Assumption A (Galerkin orthogonality wrt hat functions)

There holds ,
(VUh, v"vba)wa = (f7 Qpa)“’a Va e V/17m'

ey -
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Local flux reconstructions

Assumption A (Galerkin orthogonality wrt hat functions)

There holds .
(VUh, v¢a)wa = (f7 Q1[)a)wa Va e V/17nt'

Definition (Constr. of o p, pestuynder and Metivet (1999) & Braess and Schaberl (2008))
For each a € V, solve the local mixed FE problem

Po=ar min VaVUp + Valw.-
Tl [aVup + Val|..,
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Local flux reconstructions

Assumption A (Galerkin orthogonality wrt hat functions)

There holds .
(VUh, vwa)wa = (f7 Qﬁa)wa Va e V;7m'

Definition (Constr. of o p, pestuynder and Metivet (1999) & Braess and Schaberl (2008))
For each a € V}, solve the local mixed FE problem

opi=arg min |aVup + Val|w,-
vaVh, V~Vh:n02(wafiv¢a_vblh)

Key points
@ V& C H(div,wa): homogeneous Neumann BC on dwa

OUh::ZU?,

acVy
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction
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Equilibrated flux reconstruction

1 1
TR AT SNz
sl NN N A A ool "N\ N A ) F
04 — — ‘1\\ //' Vi - 04 ———— \ L! ——
02t X T - 02t =" TN\ |} £ AT
o =R K= s e ———
02 — /’,/ LS — 02f —~ A& Z 1\ O
oaA - A AN N~ 04 A, - / H —
-0.6 -0.6
l— A/ I\ - Os//}«//”\\\\\
VSRR 21 1IN O
1 05 0 05 1 2y 05 0 05 1
Flux —Vup Flux reconstruction o

_Guaranteed a posteriori error bounds and adaptivity 15/68



@ Introduction

e Laplace equation: potential & flux reconstructions
@ Guaranteed upper bound in a unified framework
@ Polynomial-degree-robust local efficiency
@ Applications & numerical results
@ Taking into account the algebraic error

O Nonlinear Laplace equation: adaptive stopping criteria
@ Adaptive inexact Newton method
@ Applications & numerical results

O Laplace eigenvalues and eigenvectors: guaranteed bounds
@ Applications & numerical results

O Two-phase flow in porous media: industrial application

O Conclusions and outlook




| Laplace Nonlinear Laplace Eigenvalues Two-phase C Reliability Efficiency Applications & numerics Alg. error

Polynomial-degree-robust efficiency

Assumption B (Piecewise polynomials, data, and meshes)
The approximation uy, and the datum i are piecewise

polynomial. The degrees of the MFE reconstructions o, and s,
are chosen correspondingly. The meshes 7T;, are shape-regular.

-
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Polynomial-degree-robust efficiency

Assumption B (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum i are piecewise
polynomial. The degrees of the MFE reconstructions o, and sy,
are chosen correspondingly. The meshes 7T;, are shape-regular.

Theorem (Polynomial-degree-robust efficiency eraess, pilwein, and schaber

(2009); Costabel and Mcintosh (2010); Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015, 2016))
Let u be the weak solution and let Assumptions A and B hold.
Then there exists constants Cg, Ceoni pr, Ceontppr > 0 0nly
depending on the shape-regularity parameter .+ such that
||1/}aVUh + U%Hwa < Csthont,PFHV(U - Uh)”waa
||V(1[}auh - Sz)Hwa < Csthont,bPFHV(U o Uh)”wa +jumps.

-

s fcntacrs ‘erc
M. Vohralik Guaranteed a posteriori error bounds and adaptivity 16 /68



| Laplace Nonlinear Laplace Eigenvalues Two-phase C Reliability Efficiency Applications & numerics Alg. error

Polynomial-degree-robust efficiency

Assumption B (Piecewise polynomials, data, and meshes)

The approximation uy, and the datum i are piecewise
polynomial. The degrees of the MFE reconstructions o, and sy,
are chosen correspondingly. The meshes 7T;, are shape-regular.

Theorem (Polynomial-degree-robust efficiency eraess, pilwein, and schaber

(2009); Costabel and Mcintosh (2010); Demkowicz, Gopalakrishnan, and Schéberl (2012), EV (2015, 2016))

Let u be the weak solution and let Assumptions A and B hold.
Then there exists constants Cg, Ceoni pr, Ceontppr > 0 0nly
depending on the shape-regularity parameter .+ such that
||1/}aVUh + U%Hwa < Csthont,PFHV(U - Uh)”waa
||V(71}auh - Sz)Hwa < Csthont,bPFHV(u - Uh)”wa —l—jum,DS-

Remarks
@ equivalence error—estimate
@ maximal overestimation factor guaranteed Gizia— s &
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Conforming finite elements
Find up € Vj such that

(VUh, VVh) = (f, Vh) YV € Vp.
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Conforming finite elements

Conforming finite elements
Find up € Vj such that

(VUh, VVh) = (f, Vh) YV € Vp.

o Vj:=Py(T5) N HL(Q), p > 1
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Conforming finite elements

Conforming finite elements
Find up € Vj such that

(VUh, VVh) = (f, Vh) YV € Vp.

@ Vi :=Py(Th) NH(Q), p>1
v/ Assumption A: take vi = 15
v/ Assumption B: technical, always satisfied

&Z;? ................. 7 \ Erc
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(Vu,,, VVh) = (f, Vh) YV € Vp.
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(Vu,,, VVh) = (f, Vh) YV € Vp.

@ Vi :=1p(Th), p>1, vy € Vj satisfy
(Ival; gn)e =0 Van € Pp_1(e), Ve € &y

Py

_Guaranteed a posteriori error bounds and adaptivity 18 /68
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Nonconforming finite elements

Nonconforming finite elements
Find up € Vj, such that

(VUh, VVh) = (f, Vh) YV € Vp.

@ Vi :=1p(Th), p>1, vy € Vj satisfy
(Ival;gn)e =0 VYgn € Pp_4(e), Ve € &

v Assumption A: take v, = ¥,
v/ no jumps in efficiency

&Z;? ................. 7 \ Erc
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ > {ahg [upl, [Val)e = (f. V) YVh € Vi

ecéy

&’1/7 S ‘erc
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ > {ahg [upl, [Val)e = (f. V) YVh € Vi

ecéy

o Vh = pp('Th), p > 1

-
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

Y (Vun Vvi)k— Y {{{Vun}ne, [vil)e+6({VVn} e, [unl)e}

KeTh ecéy
+ ) {ahg upl, [val)e = (f.vh) Vv € Vi

ecéy

© Vyi=Fp(7h), p> 1
v/ Assumption A: take v, = 15 for 6 = 0,

-
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Discontinuous Galerkin finite elements

Discontinuous Galerkin finite elements
Find u, € Vj, such that

> (Vun, Vvi)k = {{{Vun}-ne, [Val)e+0({ Vvh}-ne, [url)e}
KeTh ecéy
+ ) {ahg upl, [val)e = (f.vh) Vv € Vi
ecéy
v Assumption A: take v = 14 for 8 = 0, otherwise:
e estimates for the discrete gradient
Vath = Vup =0 lo([un])
ecéy
e jumps lifting operator [ : L2(€) — [Po(Te)]?
(te(Tunl). va) = ({vn} e, [upl)e YA € [Po(Te))?
e = modified Galerkin orthogonality
(Valn Viba)oy = (F.ta)ee V8 € Vighimm— Lo o

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 19/ 68



Model problem

—Au=f inQ:=(01)>
u=0 on 990
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Numerics: smooth case

Model problem

—Au=f inQ:=(0,1)3
u=0 on 9N

Exact solution

u(x, y) = sin(2rx) sin(2ry)

_Guaranteed a posteriori error bounds and adaptivity 20 /68
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Numerics: smooth case

Model problem

—Au=f inQ:=(0,1)3
u=0 on oQ

Exact solution
u(x,y) = sin(2nx) sin(2wy)

Discretization

@ symmetric interior penalty discontinuous Galerkin method:

up & Hy ()
@ unstructured triangular grids
@ uniform h and p refinement

-

‘erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 20 /68
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_ Reliability Efficiency Applications & numerics Alg. error
How large is the overall error? (model pb, known sol.)

i n(Up) _
n(up)  rel. error estimate Tvul [V (u—=up)

1.3 28 x10'% 1.1

>
=

ho

-

. A
d;z",z"?’a"‘"" AA
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_ Reliability Efficiency Applications & numerics Alg. error
How large is the overall error? (model pb, known sol.)

i n(Up) _ IR
h p n(up)  rel. error estimate Tvul ||V (u— up)|| rel. error TSl
ho 1 13 28 x107% 11 24%x107%

. A
d;z",z"?’a"‘"" AA
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_ Reliability Efficiency Applications & numerics Alg. error
How large is the overall error? (model pb, known sol.)

i n(Up) _ TV—up)[ | jeff — _n(un)
h p n(up)  rel. error estimate Tvul ||V (u — up)]| rel. error TSl = TSl—gl
ho 1 13 28 x107% 11 24 x10'% 117
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_ Reliability Efficiency Applications & numerics Alg. error
How large is the overall error? (model pb, known sol.)

i (Up) [VW=un)[ T jeff — (Up)
h p n(up)  rel. error estimate n"viuh,,u ||V (u — up)]| rel. error ”Wh”h "= ||v?u—hu,,)\|
ho 1 13 28 x107% 11 24 x10'% 117
~hy/2 |6.1x10" 1.4x10'% 5.6 x 10~! 1.3 x10'% 1.09
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How large is the overall error? (model pb, known sol.)

i (Up) [VW=un)[ T jeff — (Up)
h p n(up)  rel. error estimate n"viuh,,u ||V (u — up)]| rel. error ”Wh”h "= ||v?u—hu,,)\|
ho 1 13 28 x107% 11 24 x10'% 117
~hy/2 |6.1x10" 1.4x10'% 5.6 x 10~! 1.3 x10'% 1.09
~hy/4 | 3.1 x107! 7.0% 2.9x 101 6.6% 1.06
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How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate % IV (u — up)| rel. error ”V”(g;:”h)” et = ”v?ls‘ﬂh)u

Bo 1 13 28x10% 11 24%x10'% 117
~hy/2 |6.1x10" 1.4x10'% 5.6 x 10~! 1.3 x10'% 1.09
~ho/4 | 3.1 %107 7.0% 2.9 x 10" 6.6% 1.06
~hy/8 |1.5x 10~ 3.3% 1.4 % 10~ 3.1% 1.04

_Guaranteed a posteriori error bounds and adaptivity 21/68
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Reliability Efficiency Applications & numerics Alg. error

How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate I\WV%Z)\I IV(u— up)]| rel. error ”VH(;;:”“” et = W?S‘i“zh)“

hg 1 1.3 2.8 x10™% 1.1 2.4 x10™% 1.17
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 |3.1x10" 7.0% 2.9 x 10! 6.6% 1.06
~hy/8 |1.5x 10" 3.3% 1.4 x 107" 3.1% 1.04

hy 2[1.6x10"1 3.7% 1.5x 10T 3.5% 1.06
~hy/2 2| 4.2 x 1072 9.5x 107 "'% 4.1 x 1072 9.2x107"'% 1.04
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How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate I\WV%Z)\I IV(u— up)]| rel. error ”VH(;;:”“” et = W?S‘i“zh)“

ho 1 1.3 28 x10'% 1.1 2.4x10'% 117
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 |3.1x107" 7.0% 2.9 x 101 6.6% 1.06
~hy/8 |1.5x10"" 3.3% 1.4 x 101 3.1% 1.04

hy 2[1.6x107 3.7% 15%x 1071 3.5% 1.06
~hy/2 2| 4.2 x 1072 9.5x 107 "'% 4.1 x 1072 9.2 x107"'% 1.04

hg  3[1.4x107? 32x10 % 1.4 x 1072 31 x107 % 1.03
~hy/4 3|26 x10* 5.9 x 10~3% 2.6 x 104 5.9 x 107%% 1.01
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How large is the overall error? (model pb, known sol.)

h  p| n(up) rel. error estimate I\WV%Z)\I IV(u— up)]| rel. error ”VH(;;:”“” et = W?S‘i“zh)“
ho 1 1.3 28 x10'% 1.1 2.4x10'% 117
~hy/2 |6.1x10" 1.4 x 10'% 5.6 x 10" 1.3 x 10'% 1.09
~hy/4 |3.1x107" 7.0% 2.9 x 101 6.6% 1.06
~hy/8 |1.5x10"" 3.3% 1.4 x 107" 3.1% 1.04
hy 2[1.6x107 3.7% 15%x 1071 3.5% 1.06
~hy/2 2| 4.2 x 1072 9.5x 107 "'% 4.1 x 1072 9.2 x107"'% 1.04
hg  3[1.4x107? 32x10 % 1.4 %1072 31x1077% 1.03
~hy/4 3|26 x10* 5.9 x 1073% 2.6 x 104 5.9 x 107%% 1.01
hy 4[1.0x1073 23 x107%% 9.9 x 104 22 x1072% 1.02
~hy/8 4]|2.6x 1077 59 x1076% 2.6 x 10~7 5.8 x 1075% 1.01

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 21/ 68
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Numerics: smooth case with localized features

Model problem

~Au = f in Q= (-1,1)
u = 0 onodQ

_Guaranteed a posteriori error bounds and adaptivity 22 /68
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Numerics: smooth case with localized features

Model problem

~Au = f inQ:=(-1,1)?
u = 0 onoQ

Exact solution

u(x,y) = (x* = 1)(y? — 1) exp (=100(x* + y?))

&’1/7 et 5 erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 22 /68
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Numerics: smooth case with localized features

Model problem

~Au = f inQ:=(-1,1)?
u = 0 onoQ

Exact solution
u(x,y) = (x* —1)(y® — 1) exp (—100(x® + y?))

Discretization

@ conforming finite elements: u, € H'(Q)
@ unstructured nested triangular grids
@ /p-adaptive refinement

&’1/7 R ‘erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 22 /68
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P. Daniel, A. Ern, I. Smears, M. Vohralik, Computers & Mathematics with Applications (2018)

-

e et
A~




| Laplace Nonlinear Laplace Eigenvalues Two-phase C Reliability Efficiency Applications & numerics Alg. error

Where (in space) is the error localized?

Estimated error distribution Exact error distribution
1k (Un) IV (u— up)|lk

M. Vohralik
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Can we decrease the error efficiently?

A,
N

Mesh 7, and pol. degrees px

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 25/ 68
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Can we decrease the error efficiently?

A,
N

Mesh 7, and pol. degrees px

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 25/ 68



Model problem

AU = 0 in Q= (—1,1)2\[0,1]3,
u = up onoQ




_ Reliability Efficiency Applications & numerics Alg. error
Numerics: singular case

Model problem

AU = 0 in Q= (—1,1)2\[0,1]%,
u = up on N

Exact solution
u(r, 6) = r*?sin(2¢/3)

_Guaranteed a posteriori error bounds and adaptivity 26 /68
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Numerics: singular case

Model problem

AU = 0 in Q= (—1,1)2\[0,1]%,
Exact solution

u(r, ¢) = r?/®sin(2¢/3)
Discretization

@ conforming finite elements: u, € H'(Q)
@ unstructured nested triangular grids
@ hp-adaptive refinement

-
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Can we decrease the error efficiently?

~-%--uniform h, p=1
<mo h-adaptivity, p=1
—0— hp-adaptivity
—p—a priori best

[
e
o

i
]
S

0 5 10 15 20 25 30
DoFY?

Relative error as a function of
no. of unknowns
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Can we decrease the error efficiently?

10?
10t ]
100 Q) . E|
101 ."-.__ 3
10 ]
1077 £ | ..m h-adaptivity, p=1 : 3
—o— hp-adaptivity
[P—aprioribest |
10*
© 5 10 15 20 25 30
DoF*®

Mesh 7, and polynomial Relative error as a function of
degrees pk no. of unknowns

P. Daniel, A. Ern, |. Smears, M. Vohralik, Computers & Mathematics with Applications (2018)

it i

relative errors in energy norm [%)]
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@ Introduction

e Laplace equation: potential & flux reconstructions
@ Guaranteed upper bound in a unified framework
@ Polynomial-degree-robust local efficiency
@ Applications & numerical results
@ Taking into account the algebraic error

O Nonlinear Laplace equation: adaptive stopping criteria
@ Adaptive inexact Newton method
@ Applications & numerical results

O Laplace eigenvalues and eigenvectors: guaranteed bounds
@ Applications & numerical results

O Two-phase flow in porous media: industrial application

O Conclusions and outlook




Laplace problem
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)
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Setting

Laplace problem
Find u € H} () such that
(Vu,Vv) = (f,v)  VYveH(Q)
Conforming finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that
(VUh, VVh) = (f, Vh) Yvp € Vp

-

&1/7 A S ‘erc
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Setting

Laplace problem
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(Vun, Vvp) = (f,vp) Vv eV

Linear algebraic system
Find Uy, € RN such that

ApUp = Fp

&’Z? /, erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 28 /68
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Setting

Laplace problem
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(VUh, VVh) = (f, Vh) Yvp € Vy

Linear algebraic system
Find Uy, € RN such that

ApUp = Fp

Algebraic solver (iterative) ‘
On each iteration / > 1: approximate vector Uj, € RN such that

ApUL = Fy— Rl (R}, = Fh— ApU})

&’Zq 77 - erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 28 /68
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Setting

Laplace problem
Find u € H} () such that

(Vu,Vv) = (f,v)  VYveH(Q)

Conforming finite element approximation
Find up € Vi :=P,(Th) N HJ (), p > 1, such that

(VUh, VVh) = (f, Vh) Yvp € Vy

Linear algebraic system
Find Uy, € RN such that

ApUp = Fp

Algebraic solver (iterative) ‘
On each iteration / > 1: approximate vector Uj, € RN such that

ApUL = Fy— Rl (R}, = Fh— ApU})

= (VU;quvD/) = (fv ¢/) - (rfiww/) \V// - 17 &Zv ‘a’- hiarf:

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 28 /68
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Goals: find a posteriori estimates for any / > 1

Total error o S IV (U= Ul < iy

Algebraic error n'

alg

< 1V (un — up)ll < i

Discretization error /) < [|V(u— up)|| < 1/}

Further goals

@ estimate the distribution of the errors (local efficiency)
@ design reliable (local) stopping criteria

¥ e i erc
Zia—
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Goals: find a posteriori estimates for any / > 1

Total error <V (U= up)ll < iy
Algebraic error 7 LS V(U — up)ll < 7l

Discretization error /) < [|V(u— up)|| < 1/}

Further goals

@ estimate the distribution of the errors (local efficiency)
@ design reliable (local) stopping criteria

Tools
@ flux and potential reconstructions

@ local Neumann MFE & local Dirichlet FE problems

@ multilevel hierarchy (algebraic components) Lisa erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 29 /68
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Numerical illustration

Q=(0,1) x (0,1),
u(x,y) =x(x-1)y(y —1)e
Q=(-1,1)x (=1,1)\ [0,1] x [-1,0],
u(r,0) = r?/3sin(26/3)

Peak —100(x—0.5)2—100(y—117/1000)?

L-shape

_Guaranteed a posteriori error bounds and adaptivity 30 /68
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Numerical illustration

Q=(0,1) x(0,1),

Peak
u(x,y) = x(x — 1)y(y — 1)e00(x=05)"=100(y~117/1000)"
Q=(-1,1) x (=1,1)\ [0,1] x [-1,0],
L-shape o
u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements, p=1,...,5
@ unstructured triangular meshes
@ 4 uniform refinements

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 30 /68
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Numerical illustration

Q=(0,1) x(0,1),

Peak
u(x,y) = x(x — 1)y(y — 1)e00(x=05)"=100(y~117/1000)"
Q=(-1,1) x (=1,1)\ [0,1] x [-1,0],
L-shape o
u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements, p=1,...,5
@ unstructured triangular meshes
@ 4 uniform refinements
Multigrid
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel

&"1/,5}, o 4 erc
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Numerical illustration

Q=(0,1) x(0,1),

Peak
u(x,y) = x(x — 1)y(y — 1)e00(x=05)"=100(y~117/1000)"
Q=(-1,1) x (=1,1)\ [0,1] x [-1,0],
L-shape o
u(r,8) = r?/3sin(26/3)
Discretization

@ conforming finite elements, p=1,...,5
@ unstructured triangular meshes
@ 4 uniform refinements
Multigrid
@ geometric multigrid V-cycle
@ 5 pre-smoothing steps of Gauss—Seidel
PCG
@ incomplete Cholesky with drop-off tolerance 1e—4wge}%; b e

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 30/ 68



P (unknowns)

iter

1(9.31 x 10%)




p (unknowns) | iter alg. error  eff. UB eff. LB
19.31 x 109 1 ][6.09x10=3 1.13 1.02~T
2 [1.90x 1074 1.13 1.03'




p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB
1931 x10%)] 1][6.09x10°3 113 1.02-7[6.93x 102 1.61 1.21T
2 [1.90x10"% 113 1.03'|332x10"% 1.10 1.03"'




p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
1931 x 109 1[6.09x107% 113 1.0277[6.93x10°3 161 1.2177[3.32x10"° 284 —
2 [1.90x10"% 113 1.03'|332x10"% 1.10 1.03"' 1.10  1.03~'

-




_ Reliability Efficiency Applications & numerics Alg. error
Peak problem, multigrid

p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
1(9.31 x 10%)[ 1 [6.09x10=% 1.13 1.02~7[6.93x10~° 1.61 1.21-7[3.32x10~° 2.84 —
2 [1.90x10"% 113 1.03'|332x10"% 1.10 1.03"' 110  1.03~'
2(3.76 x 109 1 [749%x107% 113 1.0077[749x10°% 161 1.2377[1.11 x 10~ % 853 x 107 —
3811 x107°% 1.17 1.007'| 1.12x10~* 1.10 1.03~" 1.10  1.037'
3(8.48 x 10%)| 1 [494x1073 110 1.00- 7| 494 x10~3 140 1.44-T[287x10°% 1.68 x 10° —
5|779%x10~% 1.17 1.00~'| 287 x10~% 1.01 111~ 1.01 141~
4(1.51 x10°)| 1 [ 4.45x 1073 1.09 1.00- 7| 445x10~3 144 137 7[633x10°% 7.28 x 10° —
6|1.06x10° 111 1.00 '|6.33x10"8 1.02 115" 1.02  1.457"

J. Papez, U. Rude, M. Vohralik, B. Wohlmuth, HAL Preprint 01662944 (2017)

_Guaranteed a posteriori error bounds and adaptivity 31/68



P (unknowns)

iter

1(2.50 x 10%)




p (unknowns) | iter alg. error  eff. UB eff. LB
1(2.50 x 10%)] 4 [ 8.86 x 10=2 1.02 1.00~'
8 |382x10"% 1.01 1.00 '




p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB
1(2.50 x 10%)] 4 [ 8.86x 1072 1.02 1.00°'] 9.13x 10=2 1.26 4.33~'
8 [3.82x10"% 1.01 1.00 '|222x1072 122 112!




p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
1(2.50 x 10%)[ 4 [ 8.86 x 1072 1.02 1.00~ [ 9.13x 10~2 1.26 4.337'[222x10"2 3.35 —
8 [3.82x10"% 1.01 1.00 '|222x1072 122 112! 122 114277

-




_ Reliability Efficiency Applications & numerics Alg. error
L-shape problem, PCG

p (unknowns) | iter alg. error  eff. UB eff. LB tot. error  eff. UB eff. LB disc. error eff. UB eff. LB
1(250 x 10%)| 488 x10=2 1.02 1.00~'[9.13x10°2 1.26 4.33°'[222x10-2 3.35 —
8 |382x10"% 101 100 '|222x1072 122 112" 122 112~
2(1.01 x 10°)[ 4 [ 6.24x 10T 1.01 1.00-7[6.24x 10" 1.07 9.06~'[8.93x 10~° 2.61 x 107 —
12| 1.87x10"* 1.01 1.007'|893x10% 1.33 1.28°' 1.33 1.28~'
3(2.27 x 10°)| 7 1.02 1.00 1.00~" 1.02 1.05 100~ 7[529x 10-3% 6.29 x 107 —
28958 x10~% 1.00 1.007"| 529 x 10~° 1.46 1.41~" 1.46  1.417"
4(4.04 x 10°)| 7 1.17 1.01 1.00~" 1.17 1.08 7.56 1377 x10°3 1.30 x 10° —
28| 1.84 x 1074 1.01 1.00'| 377 x10°% 152 160 ' 152  1.60~"

J. Papez, U. Rude, M. Vohralik, B. Wohlmuth, HAL Preprint 01662944 (2017)
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L-shape problem, p = 3, total error, 28th PCG iteration

Total error on elements x107® Total error indicators %1078

35
.25

3
2

25
1.5 P

1.5
1

4
0.5

0.5

M. Vohralik
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L-shape problem, p = 3, alg. error, 28th PCG iteration

Algebraic error on elements 107 . - g
9 X Algebraic error indicators x107

10

-10
8

8
6

6
4

4
2 2

J. Papez, U. Rude, M. Vohralik, B. Wohlmuth, HAL Preprint 01662944 (2017)
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Domain decomposition method & mixed FEs

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 90
_ { 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise

=

&’1/7 R ‘erc
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Domain decomposition method & mixed FEs

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_{ 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise
Exact solution

=

u(x,y)=x(1-x)y(1-y)

&’Z? /, erc
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Domain decomposition method & mixed FEs

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_ { 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise
Exact solution
ulx,y) =x(1-x)y(1-y)

=

Setting
@ Schwarz domain decomposition
@ 9 subdomains
@ Robin transmission conditions
@ lowest-order mixed finite element discretization

&’Z? /, erc
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Domain decomposition method & mixed FEs

Model problem with tensor diffusion
—V-(KVu)=f in Q:=(0,1)
u=0 on 0Q
_{ 15—10sin(107x) sin(107wy) x,y € (0,1/2) or (1/2,1)
" | 15—10sin(27x)sin(27y) otherwise
Exact solution

=

u(x,y) =x(1 =x)y(1 —y)
Setting
@ Schwarz domain decomposition
@ 9 subdomains
@ Robin transmission conditions
@ lowest-order mixed finite element discretization
Error components and stopping criteria
@ distinction of discretization and algebraic (DD) error
@ stopping criterion 7hy < 0.1(1fi. + 7osc) Cizza—to &
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_ Reliability Efficiency Applications & numerics Alg. error
Error and estimate

5.
S10 -
o - error.
E —~—total. est
B
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) ]
'_|
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+ |
[%}
Y
o
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10 L L

2 10° ' ? 10°

10
Number of DD iterations

S. Ali Hassan, C. Japhet, M. Kern, M. Vohralik, Computational Methods in Applied Mathematics (2018)
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DD stopping criterion

[

—-—total. est
o =-disc. est
-v-DD. est.

—
o
T
L

10! 10°
Number of DD iterations

0

Components estimators

10°

S. Ali Hassan, C. Japhet, M. Kern, M. Vohralik, Computational Methods in Applied Mathematics (2018)
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Error and estimators distribution, 20th DD iteration

Total estimator
i

x 10
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CQ‘

@ Guaranteed upper bound in a unified framework
@ Polynomial-degree-robust local efficiency

@ Applications & numerical results

@ Taking into account the algebraic error

Nonlinear Laplace equation: adaptive stopping criteria
@ Adaptive inexact Newton method
@ Applications & numerical results

@ Applications & numerical results

o
o
°
o
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F

‘erc
U —
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F

Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
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-—r o e

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 40/ 68



| Laplace Nonlinear Laplace Eigenvalues Two-phase C Adaptive inexact Newton Applications & numerics

Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

‘erc
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

AU)=F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR
Q@ O SetUKO .= Uk-1andi.=1.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

Q@ O SetU°:=Ur"'andi:=1. | ‘
@ Do an algebraic solver step = U""' s.t. (R algebraic res.)

Ak_1 Uk,i _ Fk—1 . Rk’i.

‘erc
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) = F
Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q UK = matrix A* ' and vector F*': find U* s.t.
ARTUK ~ PR

Q@ O SetUK:=U"andi:=1. ‘
@ Do an algebraic solver step = U"' s.t. (R algebraic res.)
Ak_1 Uk,i _ Fk—1 _ Rk’i.

@ Convergence? OK = U¥ .= UK. KO= i :=i+1, back
fo 3.2.
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Inexact iterative linearization

System of nonlinear algebraic equations
Nonlinear operator A:RN — RN, vector F e RV: find U € RN s.t.

A(U) =F

Algorithm (Inexact iterative linearization)
@ Choose initial vector U°. Set k := 1.
Q@ UX' = matrix A" and vector F*': find U" s.t.
ARTUK ~ PR
Q@ O SetUY:=Uk"Tandi:=1. v .
@ Do an algebraic solver step = U"' s.t. (R algebraic res.)
Ak_1 Uk,i _ Fk—1 . Rk’i.

@ Convergence? OK = U¥ .= UK. KO= i :=i+1, back
fo 3.2.

© Convergence? OK = finish. KO = k := k + 1, back to 2.

erc

-—r o e
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_ Adaptive inexact Newton Applications & numerics
Context and questions

Approximate solution
@ approximate solution U*' does not solve A(UX') = F
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Context and questions

Approximate solution
@ approximate solution U*' does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh
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Context and questions

Approximate solution
@ approximate solution U*' does not solve A(UX') = F
Numerical method

@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh

Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f
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Context and questions

Approximate solution
@ approximate solution U does not solve A(UX') = F
Numerical method
@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh
Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopplng criteria eisenstat and Walker (1990's), Becker, Johnson, and Rannacher

(1995), Deuflhard (2004 book), Arioli (2000’3))
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?
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Context and questions

Approximate solution
@ approximate solution U does not solve A(UX') = F
Numerical method
@ underlying numerical method: the vector U/ |s assomated
with a (piecewise polynomial) approximation uh
Partial differential equation
@ underlying PDE, v its weak solution: A(u) = f

Question (Stopplng criteria eisenstat and Walker (1990's), Becker, Johnson, and Rannacher

(1995), Deuflhard (2004 book), Arioli (2000’3))
@ What is a good stopping criterion for the linear solver?
@ What is a good stopping criterion for the nonlinear solver?

Question ( Error veriirth (1994), Carstensen and Kiose (2003), Chaillou and Suri (2006), Kim (2007))

@ How big is the error ||u — u,’;‘/\\?_g on Newton step k and
algebraic solver step i, how is it distributed? erc
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O Laplace equation: potential & flux reconstructions
@ Guaranteed upper bound in a unified framework
@ Polynomial-degree-robust local efficiency
@ Applications & numerical results
@ Taking into account the algebraic error

e Nonlinear Laplace equation: adaptive stopping criteria
@ Adaptive inexact Newton method
@ Applications & numerical results

O Laplace eigenvalues and eigenvectors: guaranteed bounds
@ Applications & numerical results

O Two-phase flow in porous media: industrial application

O Conclusions and outlook




Quasi-linear elliptic problem

-V (u, Vu) = in Q,
= on 09
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Abstract assumptions

Quasi-linear elliptic problem

—-Vo(u,Vu)=f in Q,
u=2~0 on 0f2

Assumption A (Total flux reconstruction)

There exists aﬁ" € H9(div, Q) such that

V-ag’i =f.

‘erc
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Abstract assumptions

Quasi-linear elliptic problem

-V (u, Vu) f in Q,
=0 on 0f2

Assumption A (Total flux reconstruction)

There exists crﬁ" € H9(div, Q) such that

V'O’Z’i = f.

Assumption B (Discretization linearization, and alg. fluxes)

There exist fluxes ah dls7 ag{m, ah g € [L9(82 )19 such that

: ki K,
(I) Oh = Ohdis + Uh lm + Uh

alg’

(i) as the linear solver converges, ||cr h alg||q — 0;

(iii) as the nonlinear solver converges, ||o} h han — 0.

‘erc
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Estimate distinguishing error components

Theorem (Estimate distinguishing different error components)

Let
o u e V be the weak solution,

° uh € V(Tp) be arbitrary,
@ Assumptions A and B hold.
Then there holds (up to quadrature and data oscillation)

ki
jU(Uh ) = d]sc + ,/hn + ’/ 1]"'
N——
weak flux + potential nonconformity error

-
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_ Adaptive inexact Newton Applications & numerics
Estimators

@ discretization estimator

1/q

ki ._ o3 1—
ndis'c,K =2p ||0'(Uh,VU )+Uhd1§||q,K+ Zh q|||IU ]I”q,

ecéy

@ linearization estimator

ki ki
Mhin,K *= H‘Th,lin”q,K
@ algebraic estimator

ki . ki
nalg,K . Hah,algH%K

. ' 1/q
o =3 > (n%)°
KeTh

_Guaranteed a posteriori error bounds and adaptivity 44 /68
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Local stopping criteria and local efficiency

Local stopping criteria
@ for vug k» Vi k = 0.1, stop whenever:

Kk,i k,i
nalg,K =< Valg, K max{ndisc,K’ 77hn K} VK € ,Tf“

K,i K,i
M,k < MinKNgise VK€ Th
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Local stopping criteria and local efficiency

Local stopping criteria
@ for vug k» Vi k = 0.1, stop whenever:

Kk,i Kk,i
nalg,K < Yalg,K max{ndisc,K’ 77hn K} VK € ,Th’

7712({1’,;( < 71in,K77cl1(i’slc7K VK € Th
Comments
v/ same physical units (fluxes), naturally relative
v proper [L9(Q)]9 framework x k norms of algebraic vectors
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Local stopping criteria and local efficiency

Local stopping criteria
@ for vug k» Vi k = 0.1, stop whenever:

ki k,i k,i
Nalg,k <= Valg,K max{ndisc,K’nlin,K} VK € Th,

7712({1’,;( < 71in,K77cl1(i’slc7K VK € Th
Comments
v/ same physical units (fluxes), naturally relative
v proper [L9(Q)]9 framework x k norms of algebraic vectors

Theorem (Local efficiency under local stopping criteria )

Let the Assumptions C and D be satisfied. Then
k,i k,i k,i k,i
ndi’slc,K + n]iﬁl,K + Ualg,K < CJux, (up") VK € Th.

-
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Local stopping criteria and local efficiency

Local stopping criteria
o for yalg,K, Min,k ~ 0.1, stop whenever:

nalg K < Yalg,K max{ndlsc K> nhn K} VK € ,Th’

nlin,K < Min,K ndisc,K VK € Th
Comments
v/ same physical units (fluxes), naturally relative
v proper [L9(Q)]9 framework x k norms of algebraic vectors

Theorem (Local efficiency under local stopping criteria )

Let the Assumptions C and D be satisfied. Then
k,i k,i k,i k,i
ndi’slc,K + n]iﬁl,K + Ualg,K < CJux, (up") VK € Th.

v/ robustness with respect to the nonlinearity thanks to the
choice of 7, as error measure

&1/7 N — erc
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Local stopping criteria and local efficiency

Local stopping criteria
@ for vug k» Vi k = 0.1, stop whenever:

Kk,i Kk,i
nalg,K < Yalg,K max{ndisc,K’ nhn K} VK € ,Th’

7712({1’,;( < 71in,K77cl1(i’slc7K VK € Th
Comments
v/ same physical units (fluxes), naturally relative
v proper [L9(Q)]9 framework x k norms of algebraic vectors

Theorem (Local efficiency under local stopping criteria )

Let the Assumptions C and D be satisfied. Then
k,i k,i k,i k,i
ndi’slc,K + n]iﬁl,K + Ualg,K < CJux, (up") VK € Th.

v/ robustness with respect to the nonlinearity thanks to the
choice of 7, as error measure

v local efficiency since the weak flux error (dual residual
norm) can be localized ciaret, v. (2015); Blechta, Matek, v. (2016) /55755 L0 &
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Applications

Discretization methods

v conforming finite elements

v/ nonconforming finite elements
v discontinuous Galerkin

v various finite volumes

v/ mixed finite elements

-
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Applications
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v fixed point
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Applications

Discretization methods

v conforming finite elements

v/ nonconforming finite elements

v discontinuous Galerkin

v various finite volumes

v/ mixed finite elements
Linearizations

v fixed point

v Newton
Linear solvers

v independent of the linear solver
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Applications

Discretization methods

v conforming finite elements

v/ nonconforming finite elements
v discontinuous Galerkin

v various finite volumes

v/ mixed finite elements

Linearizations

v/ fixed point

v Newton
Linear solvers

v independent of the linear solver
... all Assumptions A to D verified

&’Z? /, erc
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Numerical experiment |

Model problem
@ p-Laplacian
V-(|VuP2vVu)=f inQ,
u=up onoQ2
@ weak solution (used to impose the Dirichlet BC)
P

() = =Bt (= P+~ 1) T 2t (3)

@ tested values p=1.5and 10
@ Crouzeix—Raviart nonconforming finite elements
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step

10° T T T 10° 10— T T T T ——
107 15 — 3 %%:ccc.:.:”q 1
[ NIPUDERSS S S e o A |
s 107 1 s f
% % 107 E g 107 Ay
S10° - 4 8 2 F
[[~e=erorwp
—aestimate
0" _ r 1 [[| = disc. est.
L= est.
alg. est.
107 | | | | | | 102 | | | e remest] | | | |
0 100 200 300 400 500 600 700 3 6 9 12 15 0 5 10 15 20 30 35
Algebraic iteration Algebraic iteration Algebraic iteration
Newton inexact Newton ad. inexact Newton
-
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Error and estimators as a function of Newton
iterations, p = 1.5, 6th level mesh

Dual error

107 R e e e N 10°
10 107 —
10° s 107 - 4 s N
10° S10° -4 @
167 e i oo
e estimate
Zadisc est,
—#—lin. est.
P R Y R R B N e O N N B N B 107 |
0 2 4 8 10 12 14 16 18 20 0 50 100 150 200 250 300 350 400 450 500 550 1 2 3
Newton iteration Newton iteration Newton iteration
Newton inexact Newton ad. inexact Newton
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Error distribution, p = 10

T
) 2% 7

N

£ xly =)
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s | | MM\(A
Estimated error distribution Exact error distribution
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Effectivity indices, p = 10
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A. Ern, M. Vohralik, SIAM Journal on Scientific Computing (2013)
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Effectivity indices, p = 1.5
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Problem
Find eigenvector & eigenvalue pair (v, \) such that

—Au=X\u in Q,
u=20 on 09Q.
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Laplace eigenvalue problem

Problem
Find eigenvector & eigenvalue pair (v, \) such that

—Au=\u in Q,
u=~0 on 09Q.

Weak formulation
Find (u;, \;)) € V x RT, / > 1, with ||u;|| = 1, such that

(Vu;i, Vv) = Xi(uj, v) Yv e V.

7 g A eTC
&z'ua,- mam
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Main results (conforming setting)

Assumption A (Conforming variational solution)
There holds

1 (U,'h, )\ih) € VxRt

© [lupnll =1

® [[Vunl® = Ain

M. Vohralik
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds
1 (U,'h, )\ih) € VxRt
® ||uipll =1
® [|Vuinl® = Ain (= AMn > A1)

M. Vohralik
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds

o (U,'h,)\,'h) eV x Rt

® ||uipll =1

® [|Vuinl® = Ain (= XMnh > \)
We bound

@ /-th eigenvalue error

Xin — Ai < 0i(Uin, Ain)?

&’1/7 S ‘erc
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds

o (Uihy)\ih) eV x Rt

© [|upll =1

(*] HVU,'hH2 = \in (:> AMp > >\1)
We bound

@ i-th eigenvalue error
Ain — Ai < 1i(Uih, Ain)?
© i-th eigenvector energy error

IV (Ui — uin)ll = 7:(Uin, Ain)
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Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds

o (Uihy)\ih) eV x Rt

© [|upll =1

(*] HVU,'hH2 = \in (:> AMp > >\1)
We bound

@ i-th eigenvalue error
Ain — Ai < 1i(Uih, Ain)?
© i-th eigenvector energy error

IV (Ui — uin) || < 7i(Uins Ain) < Cegril| V(Ui — Uin)]|

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 54 / 68



| Laplace Nonlinear Laplace Eigenvalues Two-phase C Applications & numerics

Main results (conforming setting)

Assumption A (Conforming variational solution)

There holds

o (Uihy)\ih) eV x Rt

® ||uipll =1

® [|Vuinl® = Ain (= Mhr = \)
We bound

@ i-th eigenvalue error
Ain — Ai < 1i(Uih, Ain)?
© i-th eigenvector energy error

IV (Ui — uin)|| = 1i(Uin, Ain) < Cerr,il| V(Ui — uin) ||

v Ce,j only depends on mesh shape regularity and on

1 —1
A A Ai
max{(2-1) " (1-2) )3 ,
v/ we give Computable upper bounds on Ce ; Gizia— L2
M. Vohralik Guaranteed a posteriori error bounds and adaptivity 54/68
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Numerical experiments

Unit square: smooth eigenvectors
@ Q=(0,1)?
@ )\ =272, \p = 572 known explicitly
@ uyi(x,y) = sin(mx) sin(mwy) known explicitly

-
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Numerical experiments

Unit square: smooth eigenvectors

e Q=(0,1)2

@ )\ =272, \p = 572 known explicitly

@ uyi(x,y) = sin(mx) sin(mwy) known explicitly
L-shape: singular eigenvectors

@ Q:=(-1,12\[0,1] x [-1,0]

@ )\ ~ 9.6397238440
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Numerical experiments

Unit square: smooth eigenvectors

e Q=(0,1)2

@ )\ =272, \p = 572 known explicitly

@ uyi(x,y) = sin(mx) sin(mwy) known explicitly
L-shape: singular eigenvectors

@ Q:=(-1,12\[0,1] x [-1,0]

@ )\ ~ 9.6397238440
Effectivity indices

@ recall ﬁ,z <Ap— A < 7],-2

2

o . Ain—Ai b n;
Neff ‘= =5 Neff "= 1 _
¢ T],'2 ¢ Aih = A

e recall |V(u; — up)| < mi

po .M
ff -—
U7e ‘ | v ( ul - U/h) | | &’qu, ‘erc
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Unit square, conforming finite elements, p = 1

0.001
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— 7]1
{\%h — A1

——

M
IV (u1 — win)ll

Structured meshes

E. Cances, G. Dusson, Y. Maday, B. Stamm, M. Vohralik, SIAM Journal on Numerical Analysis (2017)

10

i
{\%h - A1

—

—_—

1
IV (w1 — win)|l

0.001

0.01 0.1

h
Unstructured meshes




Unit square, conforming finite elements, p = 1

N h ndof A Mo Ma=1F M=% R B Exca L

160 0.0088 25,921 19.7392 19.7411 19.7390 19.7392 1.02 1.10 1.01E-05 1.05
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Unit square, conforming finite elements, p = 1

N h ndof A Mo Ma=1F M=% R B Exca L

160 0.0088 25,921 19.7392 19.7411 19.7390 19.7392 1.02 1.10 1.01E-05 1.05

Structured meshes

N h ndof A Ma Ma—1F M= R B Exca [

160 0.0126 30,666 19.7392 19.7403 19.7391 19.7393 1.06 1.10 1.01E-05 1.05

Unstructured meshes

-
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Unit square, conforming finite elements, p = 1

N h ndof A Aih )\1h—7712 )\1h—ﬁ12 /gj,eff /;‘\tjeff Ex el lE?eff

10 0.1414 121 19.7392 20.2284 19.5054 19.8667 1.35 1.48 1.84E-02 1.21
20 0.0707 441 19.7392 19.8611 19.7164 19.7486 1.08 1.19 1.63E-03 1.09
40 0.0354 1,681 19.7392 19.7696 19.7356 19.7401 1.03 1.12 2.28E-04 1.06
80 0.0177 6,561 19.7392 19.7468 19.7384 19.7393 1.02 1.10 4.56E-05 1.05
160 0.0088 25,921 19.7392 19.7411 19.7390 19.7392 1.02 1.10 1.01E-05 1.05

Structured meshes

N h ndof A Moo Mh—15 Mr— i R B Exea [l
10 0.1698 143 19.7392 20.0336 18.8265 - - 4.10 - 2.02
20 0.0776 523 19.7392 19.8139 19.6820 19.7682 1.63 1.77 4.37E-03 1.33
40 0.0413 1,975 19.7392 19.7573 19.7342 19.7416 1.15 1.28 3.75E-04 1.13
80 0.0230 7,704 19.7392 19.7436 19.7386 19.7395 1.07 1.14 4.56E-05 1.07
160 0.0126 30,666 19.7392 19.7403 19.7391 19.7393 1.06 1.10 1.01E-05 1.05

Unstructured meshes

7 penns et erc
i
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Unit square, nonconforming FEs & DG’s, p = 1

10 10
m + [[Ve(uin — 311)] (case C) m + [[Ve(uin — 314)|| (case C)
m + [[Ve(uin — 31p)]| (case B) 1 + |V (uin — 31n)| (case B)
Ve (ur —uin)ll | —— Ve (ur —uin)ll
1 1k
0.1 [ 0.1 F
0.01 1 1 001 bl ol
0.01 0.1 0.01 0.1
h h
Nonconforming finite elements Discontinuous Galerkin
&’11/;7, ‘erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 58 / 68



Unit square, nonconforming FEs & DG’s, p = 1

IVsinll®> 2 [IVsinl® ub
N A ndof A A sl T el Bre e

320 0.0044 307840 19.7392 19.7392  19.7390 19.7393 1.37e-05 1.83
Nonconforming finite elements

-
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Unit square, nonconforming FEs & DG’s, p = 1

N h ndof )\1 Aﬂ; HV51hH2 _ 7712 HVSMHQ E)\,rel

/ub .
lIstnll2 listnll2 ueff

320 0.0044 307840 19.7392 19.7392  19.7390 19.7393 1.37e-05 1.83
Nonconforming finite elements

2 2
N h ndof M Mih IVsinll® 12 [Vsiall Exra

Iub N
lIstnl2 lis1ll2 u,eff

160 0.0126 182070 19.7392 19.7400 19.7390 19.7401 5.35e-05 1.28
SIP discontinuous Galerkin

&’Z? /, erc
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Unit square, nonconforming FEs & DG’s, p = 1

Vsipll? 2 | Vsipll? b
N h ndof M Mih IVs1nll — IVs1nll Exra /E,eff

listnl2 listnl2

10 0.1414 320 19.7392 19.6850 18.8966 19.8262 4.80e-02 2.68
20 0.0707 1240 19.7392 19.7257 19.6495 19.7616 5.69e-03 2.11
40 0.0354 4880 19.7392 19.7358 19.7246 19.7448 1.02e-03 1.91
80 0.0177 19360 19.7392 19.7384 19.7361 19.7406 2.29e-04 1.85
160 0.0088 77120 19.7392 19.7390 19.7385 19.7396 5.53e-05 1.83
320 0.0044 307840 19.7392 19.7392 19.7390 19.7393 1.37e-05 1.83

Nonconforming finite elements

Vsipl? 2 Vsipl? b
N h ndof M Mih [Vsiall — [Vsiall Exr IE,eff

listnl2 lIstnl2

10 0.1698 732 19.7392 19.9432 17.8788 19.9501 1.10e-01 3.26
20 0.0776 2892 19.7392 19.7928 19.6264 19.7939 8.50e-03 1.91
40 0.0413 11364 19.7392 19.7526 19.7295 19.7529 1.18e-03 1.47
80 0.0230 45258 19.7392 19.7425 19.7381 19.7426 2.28e-04 1.31
160 0.0126 182070 19.7392 19.7400 19.7390 19.7401 5.35e-05 1.28

SIP discontinuous Galerkin

7 e N erc
Gizia—
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L-shape, DG’s, p = 1 and p = 2, adaptivity

1+ Va(U1ph—51p)|l " m+H|Va(u1pi—531h
——[Va(u1 —u1p)]]

r_\\vd(u1—u1h)||

1/2]

0.01 0.1 I(I)O IDIOO 10(‘)00 100‘000
h ndof
Uniform mesh refinement Adaptive mesh refinement

p = 1 full lines, p = 2 dashed lines
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Q Introduction

Q Laplace equation: potential & flux reconstructions
@ Guaranteed upper bound in a unified framework
@ Polynomial-degree-robust local efficiency
@ Applications & numerical results
@ Taking into account the algebraic error

O Nonlinear Laplace equation: adaptive stopping criteria
@ Adaptive inexact Newton method
@ Applications & numerical results

o Laplace eigenvalues and eigenvectors: guaranteed bounds
@ Applications & numerical results

e Two-phase flow in porous media: industrial application

o Conclusions and outlook
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Industrial problem

Two-phase immiscible incompressible flow

0t(#Sa) + VU, = Qa,s a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {o,w},
So + Sw = 17

Po — Pw = pc(sw)
+ boundary & initial conditions
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Industrial problem

Two-phase immiscible incompressible flow

0t(#Sa) + VU, = Qa,s a € {o,w},
—Aa(Sw)K(VPa + pagVZ) = Uq, a € {o,w},
So + Sw = 17

Po — Pw = Pe(Sw)
+ boundary & initial conditions
Mathematical issues
@ coupled system
@ unsteady, nonlinear

@ elliptic—degenerate parabolic type
@ dominant advection

&’Z? /, erc
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
ij,Pw(Sw,hT’pw,hT) E Tsp + " F i+ Tatg
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Theorem (Distinguishing the error components)

Let
@ 1 be the time step,
@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
ij,Pw(Sw,hT’pw,hT) E Tsp + " F i+ Tatg

Error components
nk,i.

@ 7 . spatial discretization
o nhk/: temporal discretization
nK,i. : :
@ ;"' linearization
nk,i.

@ 7,, : algebraic solver
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Distinguishing the error components

Theorem (Distinguishing the error components)

Let
@ 1 be the time step,

@ k be the linearization step,
@ | be the algebraic solver step,
with the approximations (!, pis!). Then

n nK,i nkK,i n,k,i n,kK,i n,k,i n,K,i
ij,pw(SW,hT’pW,hT)SnSp + M " T+ Mhin +77alg :
Error components Full adaptivity
o 3" spatial discretization @ only a necessary number of
- , N Il solver iteration
e 1™%/: temporal discretization a sc.> e te. a_'to S
nki L @ “online decisions”:
@ 7, : linearization . . -
y algebraic step / linearization
na R

@ 7,, : algebraic solver step / space mesh refinement
/ time step mod%@ltji,onu erc
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Estimators and stopping criteria

10 10
2 10° ]
10" *
o
FHESSE0000000000000000000000040404040404040 f
100 ¥ '] 10

adaptive stopping criterion

—=—total

-2
|”| adaptive stopping criterion 7
4| | —a—spatial

] classical stopping criterion
0 i 10 emporal

Estimators
=
S
Estimators

—=—total —4— linearization
—A—spatial 10°H algebraic
10°H +:Yempqvalv _
107 _2lgebraic | | | : 1 : 1 - ? 1 L | | I | I I | N
0O 20 40 60 80 100 120 140 160 180 200 220 1 2 3 4 6 7 8 9 10
GMRes iteration Iterative coupling iteration
Estimators in function of Estimators in function of
GMRes iterations iterative coupling iterations
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GMRes iterations

250

N
S
S

1

150t

Number of GMRes iterations
5
3
i

Cumulative number of GMRes iterations

i
i
'
'
'
'
'
'

@
=)
T

Per time and iterative Cumulated

coupling step
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Space/time/nonlinear solver/linear solver adaptivity

“oseze

Fully adaptive computation

-
et i erc
R
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Q Introduction

Q Laplace equation: potential & flux reconstructions
@ Guaranteed upper bound in a unified framework
@ Polynomial-degree-robust local efficiency
@ Applications & numerical results
@ Taking into account the algebraic error

Q Nonlinear Laplace equation: adaptive stopping criteria
@ Adaptive inexact Newton method
@ Applications & numerical results

0 Laplace eigenvalues and eigenvectors: guaranteed bounds
@ Applications & numerical results

o Two-phase flow in porous media: industrial application

@ Conclusions and outlook
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Conclusions and outlook

Conclusions

v/ guaranteed energy error estimates

v robustness (polynomial degree, nonlinearity,
reaction-dominance, final time)

local (space-time) efficiency
unified framework for all classical numerical schemes
discretization—linearization—algebraic resolution adaptivity

cover the set of basic model problems (also variational
inequalities, Stokes, changing coefficients, H~! source
terms...)

NN NS

¥ e i erc
&1/740,- : S
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Conclusions and outlook

Conclusions

v/ guaranteed energy error estimates

v robustness (polynomial degree, nonlinearity,
reaction-dominance, final time)

local (space-time) efficiency
unified framework for all classical numerical schemes
discretization—linearization—algebraic resolution adaptivity

cover the set of basic model problems (also variational
inequalities, Stokes, changing coefficients, H~! source
terms...)

NN NS

Ongoing work

@ guaranteed reduction factor for hp refinement strategies

@ convergence and optimality . .
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Proof |

o define s € H{(Q) by
(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
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Proof Tools Nonlinear Laplace Heat

Proof |

o define s € H{(Q) by
(Vs,Vv) =
@ develop (Pythagoras)
IV (u = up)|? =

@ projection definition of s:

V(s = un)]

(Vup, Vv)

Vv € HI(Q)
IV (u = 8)IP + IV (s — un)|I?

| = m'f(‘ V(v = un)|
0

distance of uj to H} ()
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@ projection definition of s:
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O

distance of up to HY ()

@ dual norm characterization, definition of s, definition of u:
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(Vs,Vv) = (Vup, Vv) Vv e HI(Q)
@ develop (Pythagoras)
IV (u—un)l? = IV (u = )1 + V(s — un)|®
@ projection definition of s:

V(s —unl = min V(v - up)|
veH] (Q)

€My

distance of uj to H} ()

@ dual norm characterization, definition of s, definition of u:

IV(u—s9)| = sup {(f,¢) = (Vun, Vo)}
pEH}(Q);: [Veol=1

dual norm of the residual erc
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Proof Tools Nonlinear Laplace Heat

Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_|[V(v — un)ll < [IV(un = sp)l
veH}(Q)

-
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_|[V(v — un)ll < [IV(un = sp)l
veH}(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, Vo) = (f = V-opn, ) = (Vup + p, V)
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

— (VUh = O'h,Vgo) = — Z (VUh +oh, VSO)K
KeTh

. ‘erc
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,9) = (Vun, Vo) = (f = V-opn,¢) — (Vup +op, V)
@ Cauchy-Schwarz inequalities
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Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,0) = (Vun, V) = (f = V-opn, ) = (Vup + op, Vi)

@ Cauchy-Schwarz inequalities, equilibration:
— (Vun+0n, Vo) < > [[Vup+ onllkl Vel
KeTh
(f - V'O'h, 90) = Z (f - V'O'h, "2 WDK)K
KeTh
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Proof Tools Nonlinear Laplace Heat

Proof Il

Proof (continuation).

@ nonconformity upper bound:

min_[|V(v — up)[| < [[V(up = sp)]|
veHl(Q)

@ adding and subtracting equilibrated flux, Green theorem:
(f,9) = (Vun, Vo) = (f = V-opn,¢) — (Vup +op, V)

@ Cauchy—Schwarz and Poincaré inequalities, equilibration:
— (Vun+0n, Vo) < > [[Vup+ onllkl Vel

KeTh
(f - V'O'h, 90) = Z (f - V'O'h, Y — WDK)K
K€Th h
<> N = Vol Vel
K€Th

(722, ’ hiarc
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Proof Tools Nonlinear Laplace Heat

Potentials (Demkowicz, Gopalakrishnan, Schéberl (2009), EV 2016)

Lemma (H' polynomial extension on a tetrahedron)

Let K € Tp, &) C Ek. Letr € Pp(ER) be continuous on EF.
Then for C only depending on the shape regularity of K,

min _[[Vvplk<C min ||V
VhEP(K) veH'!(K)
Vh=re on all ecER v=re on all eER

J/

||’||H1/2(6K)

-

&1/,,7 N — erc
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Potentials (Demkowicz, Gopalakrishnan, Schéberl (2009), EV 2016)

Lemma (H' polynomial extension on a tetrahedron)

Let K € Tp, &) C Ek. Letr € Pp(ER) be continuous on EF.
Then for C only depending on the shape regularity of K,

min _[[Vvplk<C min ||V
veH!

VhEPL(K)
Vh=re on all e€ER

(K)
v=re on all eER

J/

||’||,_,1/2(6K)
Context
—ACK =0 in K,
(k=re onallecé&g,
—Vikhk=0 onall e € & \ 5;12.
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Potentials (Demkowicz, Gopalakrishnan, Schéberl (2009), EV 2016)

Lemma (H' polynomial extension on a tetrahedron)

Let K € Tp, &) C Ek. Letr € Pp(ER) be continuous on EF.
Then for C only depending on the shape regularity of K,

FE:
IVChllk :Svmm [VVhllk =C emm IVVilk = Cl[Viklik

Vh=re ON a/l eeED v=re on all eeSD

||’||,_,1/2(6K)

Context
—Alk =0 in K,
(k=r. onaleecé&R,
—Vikng =0 onallec &\ ER.

&’1/7 R ‘erc
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Fluxes (Costabel, MclIntosh (2010), Demkowicz, Gopalakrishnan, Schéberl (2012), EV 2016)

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, £ C Ek. Letr € Pp(ER) x Pp(K), satisfying
Yecey(les1)e = (rk, 1)k if E§ = Ek. Then for C = C(kk) > 0,

[Valle = € _min lIvix

v,,eRTNp( veH(div
Vh-NK=re VeeSN V-nk=re Veeg,ﬁ
V-Vp=rg V-v=rg

&Z’7 Q ‘erc
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Fluxes (Costabel, MclIntosh (2010), Demkowicz, Gopalakrishnan, Schéberl (2012), EV 2016)

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, £ C Ek. Letr € Pp(ER) x Pp(K), satisfying
Yecey(les1)e = (rk, 1)k if E§ = Ek. Then for C = C(kk) > 0,

min ”VhHK =C min ||V||K
VLERTNp(K veH(div
Vh-NK=re VeeEN V-nk=re Veeg,ﬁ
V-Vp=rg V.v=rk
Context
—Alk = ri in K,
—Vik-Nk =Tl onall e c &,
(k=0 onall e c &\ ER.
Set £K = —VCK &1,/’7, : “iarc
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Fluxes (Costabel, MclIntosh (2010), Demkowicz, Gopalakrishnan, Schéberl (2012), EV 2016)

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, £ C Ek. Letr € Pp(ER) x Pp(K), satisfying
Yecey(les1)e = (rk, 1)k if E§ = Ek. Then for C = C(kk) > 0,

min ”VhHK =C mm ||V||K = Cll&kllx-
VLERTNp(K veH
Vp-Ng=re VeeEN V-ng= re Vee€
V-Vp=rg V-v=rg
Context
—Alk = ri in K,
—Vik-Nk =Tl onall e c &,
(k=0 onall e c &\ ER.
Set £K = —VCK &’1,/’7, ' ‘erc
M. Vohralik Guaranteed a posteriori error bounds and adaptuvnty "72N / c68



Proof Tools Nonlinear Laplace Heat

Fluxes (Costabel, MclIntosh (2010), Demkowicz, Gopalakrishnan, Schéberl (2012), EV 2016)

Lemma (H(div) polynomial extension on a tetrahedron)

Let K € Tp, £ C Ek. Letr € Pp(ER) x Pp(K), satisfying
Yecey(les1)e = (rk, 1)k if E§ = Ek. Then for C = C(kk) > 0,

MFEs

1€nkllk "= min ”VhHK =C mm ||V||K = Cll&kllx-
VLERTNp(K veH
Vp-Ng=re VeeEN V-ng= re Vee€
V-Vp=rg V-v=rg
Context
—Alk = ri in K,
—Vik-Nk =Tl onall e c &,
(k=0 onall e c &\ ER.
Set £K = —VCK &’1,/’7, ' ‘erc
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Proof Tools Nonlinear Laplace Heat

Model steady problem, discretization

Quasi-linear elliptic problem
-Vao(u,Vu)=f in Q,
u=20 on 00
° p>1,q:= 52, felIQ)
@ example: p-Laplacian with &(u, Vu) = |Vul|P~2Vu
e weak solution: u ¢ V .= W] ”(Q) such that

(a(u,Vu),Vv) = (f,v) VveV

&’1/7 R ‘erc
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Proof Tools Nonlinear Laplace Heat

Model steady problem, discretization

Quasi-linear elliptic problem

-Vao(u,Vu)=f in Q,
u=20 on 0%Q2

° p>1,q:= 52, felIQ)
@ example: p-Laplacian with &(u, Vu) = |Vul|P~2Vu

e weak solution: u ¢ V .= W] ”(Q) such that

(a(u,Vu),Vv) = (f,v) VveV

Numerical approximation

@ simplicial mesh 7, linearization step k, algebraic step /
° uZ"e V(Tp) :={v e LP(Q), vk € WP(K) VYKeTp} ¢ V

&’Z? /, erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 73 /68



Proof Tools Nonlinear Laplace Heat

Intrinsic error measure

Energy error in the Laplace case

IV(u—un)l?= sup  (V(u=un), V)?+ min |V(v—up)|?
PEHI(Q): Vel =1 veHy(Q)

~" i N
dual norm of the residual, weak flux error  distance of uj to H} ()
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Intrinsic error measure

Energy error in the Laplace case

IV(u—un)l?= sup  (V(u=un), V)?+ min |V(v—up)|?
PEHI(Q): Vel =1 veHy(Q)

~" i N
dual norm of the residual, weak flux error  distance of uj to H} ()

Intrinsic error measure

Tu(ul')y = sup  (a(u,Vu) — o (U Vul'), Vi)
e V; | Vpllp=1

dual norm of the residual

1/q
1— ki
DD | PR [
KeT, ecéx
distance‘orf upto V
&’1/7 S erc

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 74 / 68
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Intrinsic error measure

Energy error in the Laplace case

IV(u—un)l?= sup  (V(u=un), V)?+ min |V(v—up)|?
PEHI(Q): Vel =1 veHy(Q)

~" i N
dual norm of the residual, weak flux error  distance of uj to H} ()

Intrinsic error measure

Tu(ul')y = sup  (a(u,Vu) — o (U Vul'), Vi)
e V; | Vpllp=1

dual norm of the residual

1/q
1— k,i
+9 3 > e Ul —uy Mg e
KeT, ecék
distance‘orf upto V
/ there holds .7,(u;") = 0 if and only if u = v L i
Zic ;
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The heat equation
ou—Au=1f inQx(0,T),
u=0 ondQx(0,T),
u(0)=up iInQ




Proof Tools Nonlinear Laplace Heat

Model parabolic problem

The heat equation
ou—Au=f inQx(0,T),

u=0 ondQx(0,T),

u(0)=1up inQ
Spaces
X = L3(0, T; H}(Q)),

2 T 2
M = [ Ivvizat
Y = L2(0, T; HI(Q) N H'(0, T; H(Q)),

-
VI 12/0 10V IIZ- o) + 19V dt + [[v(T)|?
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Model parabolic problem

The heat equation
ou—Au=f inQx(0,T),
u=0 ondQx(0,T),

u(0)=1up inQ
Spaces
X = L3(0, T; H}(Q)),

-
M = [ Ivvizat
Y = L2(0, T; HI(Q) N H'(0, T; H(Q)),
T
VIS :=/0 101, (o) + IV VI dt + V(TP

Weak solution
Find u € Y with u(0) = up such that

T T
/ (Oru, v) + (Vu,Vv)dt = / (f,v)dt VveX.

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 75/ 68
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Error and residual in the unsteady case

Theorem (Parabolic inf-sup identity)

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Vep, VV) dt | + [[(0)]I%.

veX, [lvilx=1
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M. Vohralik Guaranteed a posteriori error bounds and adaptivity 76 / 68



Proof Tools Nonlinear Laplace Heat

Error and residual in the unsteady case

Theorem (Parabolic inf-sup identity)

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Vep, VV) dt | + [[(0)]I%.

veX, [lvilx=1

Residual of v, € Y
@ R(up,) € X', the misfit of up, in the weak formulation:

T
<R(Uh'r)u V) = / (fa V) - <81‘Uh—r, V> - (VUhT, VV) dt
0
@ dual norm of the residual

IR(up )| x == sup  (R(upr), V)
veX,|lvlx=1
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Error and residual in the unsteady case

Theorem (Parabolic inf-sup identity)

For every ¢ € Y, we have
T 2
lel¥ = [ sup /0 (Orp, V) + (Vep, VV) dt | + [[(0)]I%.

veX, [lvilx=1

Residual of v, € Y
@ R(up,) € X', the misfit of up, in the weak formulation:

T
<R(Uh'r)u V) = / (fa V) - <81‘Uh—r, V> - (VUhT, VV) dt
0
@ dual norm of the residual

IR(up )| x == sup  (R(upr), V)
veX,|lvlx=1

Y norm error is the dual X norm of the residual + IC error

lu— unr 1% = [IR(unr) % + lluo — unr(0)12

‘erc
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~ Proof Tools NonlinearLaplace Heat
A posteriori estimate

Guaranteed upper bound

N
Vo lu-— Uhr||§Y79x(o,T) < Zn:1 EKen” ni’%(uhr)z
v no undetermined constant: error control

7 A i
d;z",z"?’a"‘"" AA
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Proof Tools Nonlinear Laplace Heat

A posteriori estimate

Guaranteed upper bound
2 N n 2
Vo lu-— uhTH5Y7Q><(07T) < Zn:1 ZKeTh” nK(UhT)
v/ no undetermined constant: error control
Local space-time efficiency
v nf{(uhT) < Cesrllu — UhTHEy,neighbors of Kx(tn=1,tm)
v optimal space-time mesh refinement
v/ local in time and in space error lower bound

&’Z? /, erc
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A posteriori estimate

Guaranteed upper bound
2 N n 2
v olu— UhTHg:Y,QX(o,T) < Zn:1 ZKeTh” nK(UhT)
v/ no undetermined constant: error control
Local space-time efficiency
4 ?77<(Uhr) < Cesrl|u — UhTHEy,neighbors of Kx(tn=1,tm)
v optimal space-time mesh refinement
v/ local in time and in space error lower bound
Robustness

v Cer independent of data, domain €, final time T, meshes,
solution u, polynomial degrees of uy,, in space and in time

¥ e i erc
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Proof Tools Nonlinear Laplace Heat

A posteriori estimate

Guaranteed upper bound
N
v lu— uhT‘|§Y7Q><(07T) <2t ZKeTh” n%(UhT)Q
v/ no undetermined constant: error control
Local space-time efficiency
V' ni(Unr) < Cetllu — UhTHEy,neighbors of Kx(tn=1,tm)
v optimal space-time mesh refinement
v/ local in time and in space error lower bound
Robustness
v Cer independent of data, domain €, final time T, meshes,
solution u, polynomial degrees of uy,, in space and in time
Asymptotic exactness
N
4 Zn:1 ZKeTh” Uﬂ(uhr)z/”U - uhT‘|§y7Qx(0,T) \l 1
v/ overestimation factor goes to one with meshes size
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Proof Tools Nonlinear Laplace Heat

A posteriori estimate

Guaranteed upper bound
N
v olu— uhT‘|§Y7Q><(07T) < Zn:1 ZKeTh” W}Q(Uhr)z
v/ no undetermined constant: error control
Local space-time efficiency
v ng(Unr) < Cesellu — UhTHEy,neighbors of Kx (t=1,t)
v optimal space-time mesh refinement
v/ local in time and in space error lower bound
Robustness
v Cer independent of data, domain €, final time T, meshes,
solution u, polynomial degrees of uy,, in space and in time
Asymptotic exactness
N
v Zn:1 ZKeTh” Uﬂ(uhr)z/”U - uhTH§y7§2><(07T) \l 1
v/ overestimation factor goes to one with meshes size
Small evaluation cost
v/ estimators can be evaluated cheaply (locally) /- e

M. Vohralik Guaranteed a posteriori error bounds and adaptivity 77 / 68
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