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CNRS

National Centre for Scientific Research
@ fundamental research

@ Institutes of Chemistry, Ecology and Environment, Physics, Nuclear and
Particle Physics, Biological Sciences, Humanities and Social Sciences,
Computer Sciences, Engineering and Systems Sciences, Mathematical
Sciences, Earth Sciences and Astronomy

@ 25.500 permanent employees

research directors (directeurs de recherche, equivalent to full professor)
research scientists (chargés de recherche, equivalent to associate professor)
engineers, technicians

e administrative staff

@ 7.500 temporary workers (Ph.D. students, post-docs, engineers, interns)
@ researchers typically integrated into university laboratories (few own facilities)
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@ www.cnrs.fr Lonade erc
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Inria

National Institute for Research in Informatics and Automation
theoretical and applied research in informatics & applied mathematics
1.300 research scientists

1000 Ph.D. students, 500 post-docs

8 research centers in France, 1 in Chile

organization by project-teams:
e specific subject
e 2-10 permanent members
e often joint with universities
4 years lifespan, evaluation by a international committee, 3 cycles at most

www.inria.fr

-
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Public universities
@ more than 80 universities
@ no entrance examination
@ 3-years bachelor, 2-years master
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Higher education in France

Public universities

@ more than 80 universities

@ no entrance examination

@ 3-years bachelor, 2-years master
Grandes écoles

@ highly selective admission based on national ranking in competitive written
and oral exams

@ 2 years of dedicated preparatory classes for the exams

@ small number of students

@ typically a 3-year engineering cycle

@ often economy/management/law courses also for engineers
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Higher education in France

Public universities

@ more than 80 universities

@ no entrance examination

@ 3-years bachelor, 2-years master
Grandes écoles

@ highly selective admission based on national ranking in competitive written
and oral exams

@ 2 years of dedicated preparatory classes for the exams

@ small number of students

@ typically a 3-year engineering cycle

@ often economy/management/law courses also for engineers
Private universities

@ a few smaller institutions Lonade
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Ecole Nationale des Ponts et Chaussées

@ Grande école founded in 1747: build bridges & roads

@ highly selective admission based on national ranking in competitive written
and oral exams

@ 380 research scientists & professors
@ small number of students
@ famous professors: Navier, Coriolis, d’'Ocagne, Séjourné, . ..

@ famous students: Bienvenie, Freyssinet, Caquot, Saint-Venant, Becquerel,
Biot, Chauchy, Fresnel, Darcy

@ http://www.enpc.fr/en
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Project-team SERENA

Simulation for the Environment: Reliable and Efficient Numerical Algorithms

@ conception and analysis of models based on partial differential equations
(PDEs)

6 permanent members, 2 post-docs, 7 Ph.D. students, 1 research engineer
numerical approximation methods (algorithms) (finite element method)
algebraic solvers (domain decomposition, multigrid, Newton—Krylov)
implementation issues (correctness of programs)

reliability of the overall simulation

efficiency with respect to computational resources

current environmental problems

https://team.inria.fr/serena/
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Examples: numerical simulations of PDEs in SERENA
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Outline

“ Research and education in France, Inria, the SERENA research team
@ Introduction: numerical approximation of partial differential equations

e A posteriori error estimates, balancing of error components, and adaptivity
@ A posteriori error estimates
@ Mesh adaptivity
@ Polynomial-degree adaptivity
@ Balancing of error components (inexact linear and nonlinear solvers)

e Application to unsteady multi-phase multi-compositional Darcy flow

e Conclusions
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Partial differential equations (PDEs)

@ describe numerous physical phenomena

e fluid flow and transport in the underground, air, oceans, rivers (weather forecast,
modeling pollution, .. .)

-
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Partial differential equations (PDEs)
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e solid structure and its deformations (construction of buildings/cars/planes. . .)
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Partial differential equations (PDEs)

@ describe numerous physical phenomena

o fluid flow and transport in the underground, air, oceans, rivers (weather forecast,
modeling pollution, . ..)

e solid structure and its deformations (construction of buildings/cars/planes. . .)

e population dynamics, behavior of financial markets (demography, economy ...)

o ...

@ include (partial) derivatives of the solution

@ it is almost never possible to find analytical, exact solutions (not even
Einstein could solve PDEs with paper and pen, except in model cases .. .)
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Example: elastic string

Elastic string subject to force /: displacement u
|

Let Q be an interval, Q =]a, b[, a, b two real numbers, a < b. Let f :]a, b[— R be a
given function. Find u :]a, b|— R such that

u(a) = u(b) =0.
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Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution
@ example: elastic string

-
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Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution
@ example: elastic string
h , Q .

a&l b

-
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Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution

@ example: elastic string
h

Numerical approximation uy, u

-
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Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution
@ example: elastic string

a I u Up | /B

-'—
Numerical approximation uy and its convergence to u
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Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution
@ example: elastic string

a u uhe'IP’ (Th)

N

Numerical approximation uy and its convergence to u
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Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution
@ example: elastic string

a v |upep (Th)

N

Numerical approximation uy and its convergence to u

IV (u=un)ll = {3 |(u—unY[2}?
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Numerical approximations of PDEs

Numerical methods
@ mathematically-based algorithms evaluated by computers
@ deliver approximate solutions
@ conception: more effort = closer to the unknown solution
@ example: elastic string

(L), , , , Q
a u  |upeP(Th)
Numerical approximation uy and its convergence to u
b :
IV (u—un)ll={ 2 |(u—unY[2} AWUR=Fy
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@ How large is the overall error?

@ Where (model/space/time/lineariza-
tion/algebra) is it localized?

© Can we decrease it efficiently?
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3 crucial questions & suggested answers

@ How large is the overall error? Qo error
©@ Where (model/space/time/lineariza-

tion/algebra) is it localized?
© Can we decrease it efficiently?
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3 crucial questions & suggested answers

@ How large is the overall error? Qo error

© Where (model/space/time/lineariza- @ Identification of
tion/algebra) is it localized?

© Can we decrease it efficiently?
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3 crucial questions & suggested answers

@ How large is the overall error? Qo error
©@ Where (model/space/time/lineariza- © Identification of
tion/algebra) is it localized? o error components,
© Can we decrease it efficiently? (working where needed).

Y/ -
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CDG Terminal 2E collapse in 2004 (opened in 2003)
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CDG Terminal 2E collapse in 2004 (opened in 2003)

@ no earthquake, flooding, tsunaml heavy ram extreme temperature
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CDG Terminal 2E collapse in 2004 (opened in 2003)

@ no earthquake, roodmg tsunamr heavy rain, extreme temperature
@ deterministic, steady problem, PDE known, data known, implementation OK
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CDG Terminal 2E collapse in 2004 (opened in 2003)

@ no earthquake, roodmg teenaml heavy rain, extreme temperature
@ deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,

Contentslsts vailab et
Case Studies in Engineering Failure Analysis
fournal homepage: www.elsevier.comlocate/csefa

ility study and si ion of the ive collapse of @W\\,M
Roissy Charles de Gaulle Airpt
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CDG Terminal 2E collapse in 2004 (opened in 2003)

@ no earthquake, roodmg tsunaml heavy rain, extreme temperature
@ deterministic, steady problem, PDE known, data known, implementation OK
probably numerical simulations done with insufficient precision,
| believe without error certification

Contentslsts vailab et
Case Studies in Engineering Failure Analysis
fournal homepage: www.elsevier.comlocate/csefa

ility study and si ion of the ive collapse of @W\\,M
Roissy Charles de Gaulle Airport

Y. El Kamari’,  W. Raphael **, A. Chateauneuf" &Z’Z‘&/‘ @
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_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components

e A posteriori error estimates, balancing of error components, and adaptivity
@ A posteriori error estimates
@ Mesh adaptivity
@ Polynomial-degree adaptivity
@ Balancing of error components (inexact linear and nonlinear solvers)
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O Research and education in France, Inria, the SERENA research team
O Introduction: numerical approximation of partial differential equations

e A posteriori error estimates, balancing of error components, and adaptivity
@ A posteriori error estimates
@ Mesh adaptivity
@ Polynomial-degree adaptivity
@ Balancing of error components (inexact linear and nonlinear solvers)

O Application to unsteady multi-phase multi-compositional Darcy flow

O Conclusions




_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
A posteriori error estimates: control the error

Elastic string/membrane equation
—Au=f in Q,
u=0 on 0Q
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A posteriori error estimates: control the error

Elastic string/membrane equation

—Au=f in Q,
u=0 on 900
error upper bound (reliability)
IV(u—up)l[ < n(un)
N—— N——
unknown error computable estimator
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A posteriori error estimates: control the error

Elastic string/membrane equation

—Au=f in Q,
u=0 on 0Q
Guaranteed error upper bound (reliability)
IVu—up)ll = n(un)
N e’ N—
unknown error computable estimator
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A posteriori error estimates: control the error

Elastic string/membrane equation

—Au=f in Q,
u=0 on 0Q
Guaranteed error upper bound (reliability)
IVu—up)ll = n(un)
N e’ N—
unknown error computable estimator

Error lower bound (efficiency)

n(up) < Cerr|| V(U — up) ||

-
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Elastic string/membrane equation

—Au=f in Q,
u=0 on 0Q
Guaranteed error upper bound (reliability)
IVu—up)ll = n(un)
N e’ N—
unknown error computable estimator

Error lower bound (efficiency)
n(un) < Cer|[ V(U — un)||

@ C.f a generic constant independent of , u, up, h, p
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A posteriori error estimates: control the error

Elastic string/membrane equation

—Au=f in Q,
u=0 on 0Q
Guaranteed error upper bound (reliability)
IVu—up)ll = n(un)
N e’ N—
unknown error computable estimator

Error lower bound (efficiency)
n(un) < Cer|[ V(U — un)||

@ C.r a generic constant independent of ©, u, uy, h, p
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A posteriori error estimates: control the error

Elastic string/membrane equation
—Au=f in Q,
u=0 on 90Q

Guaranteed error upper bound (reliability)
IV(u—up)l <= nlun)
N e’ N—

unknown error computable estimator

Error lower bound (efficiency)
n(un) < Cer|[ V(U — un)||

@ C.r a generic constant independent of ©, u, uy, h, p

@ computable bound on C available, Cegr ~ 5

@ Prager and Synge (1947), Ladevéze (1975), Babuska & Rheinboldt (1987),
Verfirth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Braess, Pillwein, & Schéberl (2009), Ern & Vohralik (2015) VA
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h p n(Un)
ho 1 1.25




h  p|  n(us)  rel. error estimate X
ho 1 1.25 28%




_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
How large is the overall error? (model pb, known smooth solution)

h p n(Un)

rel. error estimate

n(Up)
[V usll

V(U — un)l

hy 1 1.25

28%

1.07
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_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
How large is the overall error? (model pb, known smooth solution)

i (up) TV w=upn)
h p n(un) rel. error estimate 772 | [|V(u — up)|| rel. error F=omort

hy 1 1.25 28% 1.07 24%
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_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
How large is the overall error? (model pb, known smooth solution)

i (up) TV u—up)T ff_ (up)
h p n(un) rel. error estimate l(’v‘fj;“ IV (u— up)| rel. error Héuhulf "= ||v?uL3’u,,)n
ho 1 1.25 28% 1.07 24% 1.17
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_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
How large is the overall error? (model pb, known smooth solution)

h  p|  n(un)  rel error estimate ;X | [|V(u — up)]| rel. error INEZGl [ o — i)
ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x 10" 14% 5.56 x 10" 13% 1.00
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_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
How large is the overall error? (model pb, known smooth solution)

h  p|  n(un)  rel error estimate ;X | [|V(u — up)]| rel. error INEZGl [ o — i)

ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x 107" 14% 5.56 x 10~ 13% 1.00
~hy/4 |3.10x10"" 7.0% 2.92 x 107" 6.6% 1.06
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_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
How large is the overall error? (model pb, known smooth solution)

h p n(un)  rel. error estimate K% | [|[V(u — up)]| rel. error Izt o — i)

h 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07 x 107" 14% 5.56 x 107" 13% 1.09
~hy/4 |3.10x10"" 7.0% 2.92 x 107" 6.6% 1.06
~hy/8 |1.45x107" 3.3% 1.39 x 107" 3.1% 1.04
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h p n(un)  rel. error estimate K% | [|[V(u — up)]| rel. error Izt o — i)

h 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x107" 14% 5.56 x 107" 13% 1.09
~hy/4 |3.10x10"" 7.0% 2.92 x 107" 6.6% 1.06
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How large is the overall error? (model pb, known smooth solution)

h p|  n(u) el error estimate 7 | ||V (u— up)| rel. error INEZBILT o — ali)

ho 1 1.25 28% 1.07 24% 117
~hy/2 |6.07x107" 14% 5.56 x 10" 13% 1.09
~hy/4 |3.10x10"" 7.0% 2.92 x 107" 6.6% 1.06
~hy/8 |1.45x107" 3.3% 1.39 x 107" 3.1% 1.04
~hy/2 2] 423 x 1072 9.5x 10 % 407 x102  92x10" "% 1.04
~hy/4 3] 262x10°* 5.9 x 10 °% 260 x10°*  59x10°% 1.01
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How large is the overall error? (model pb, known smooth solution)

h p|  n(u) el error estimate 7 | ||V (u— up)| rel. error INEZBILT o — ali)

ho 1 1.25 28% 1.07 24% 1.17
~hy/2 |6.07x107" 14% 5.56 x 10" 13% 1.09
~hy/4 |3.10x10"" 7.0% 2.92 x 107" 6.6% 1.06
~hy/8 |1.45x107" 3.3% 1.39 x 107" 3.1% 1.04
~hy/2 2] 423 x 1072 9.5x 10 % 407 x102  92x10" "% 1.04
~hy/4 3] 262x10°* 5.9 x 10 °% 260 x10°*  59x10°% 1.01
~hy/8 41260 x 1077 5.9 x 10 %% 258 x 107 58x10"%% 1.01

&'z p erc

M. Vohralik A posteriorni odhady chyb a adaptivita v numerickych aproximacich 14 /29
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O Introduction: numerical approximation of partial differential equations

e A posteriori error estimates, balancing of error components, and adaptivity
@ A posteriori error estimates
@ Mesh adaptivity
@ Polynomial-degree adaptivity
@ Balancing of error components (inexact linear and nonlinear solvers)

O Application to unsteady multi-phase multi-compositional Darcy flow

O Conclusions
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Adaptive mesh refinement (singular solution)

Al r

_J

115~

1.1
Estimated error Actual error Effectivity index

M. Vohralik, SIAM Journal on Numerical Analysis (2007)
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Singular solutions

Estimates

Mesh adaptivity Pol.-deg. adaptivity Balancing error components

H'->* singularity

M. Vohralik
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Estimated and actual error against the number of elements in
uniformly/adaptively refined meshes (singular solutions)

1 2

10 F T I e e T \f\\\\u 107 T T T \\\\‘\_\.\_ T \‘f\\\\\L
E —e— error uniform B F error uniform f
F —=— estimate uniform | L —=— estimate uniform ||
L -4 - error adapt. [ r -4 - error adapt. H
L -A - estimate adapt. r -4 - estimate adapt. |
3 ] s
& ] s
5 T o -
[) - [ B
& & ]
o T 7 ]
c T E .
F . ] i
L o ]
2 | | 0 | * |
10 L I L I ] L Ll 10 I L1l L Lol L Lol
10° 10° 10* 10° 10° 10° 10* 10°
Number of triangles Number of triangles
H'-5* singularity H'-'2 singularity
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_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
Adaptive mesh refinement

Adaptive mesh refinement
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

> nk(ue)® = 62> mc(w)?

KeM, KeTy
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Adaptive mesh refinement

Adaptive mesh refinement
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

D nk(ue)? = 02 nr(ue)?

KeM, KeTy
Convergence on a sequence of adaptively refined meshes
° IV(u—uw)|| —0

@ some mesh elements may not be refined at all: A0
@ Babuska & Miller (1987), Dérfler (1996)

M. Vohralik A posteriorni odhady chyb a adaptivita v numerickych aproximacich
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Adaptive mesh refinement

Adaptive mesh refinement
@ Dorfler marking: subset M, containing ¢-fraction of the estimates

D nk(ue)? = 02 nr(ue)?

KeM, KeTy
Convergence on a sequence of adaptively refined meshes
° IV(u—uw)|| —0

@ some mesh elements may not be refined at all: A0
@ Babuska & Miller (1987), Dérfler (1996)

Optimal error decay rate wrt degrees of freedom
° |V (u—up)| < [DoF|P/¢  (replaces hP)
@ same for smooth & singular solutions: kigrersorgerontypay-ot-forsm—sok
@ decays to zero as fast as on a best-possible sequence of meshes
@ Morin, Nochetto, Siebert (2000), Stevenson (2005, 2007), Cascédn, Kreuzer,
Nochetto, Siebert (2008), Canuto, Nochetto, Stevenson, Verani (20}7), . 4. ee
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O Research and education in France, Inria, the SERENA research team
O Introduction: numerical approximation of partial differential equations

e A posteriori error estimates, balancing of error components, and adaptivity
@ A posteriori error estimates
@ Mesh adaptivity
@ Polynomial-degree adaptivity
@ Balancing of error components (inexact linear and nonlinear solvers)

O Application to unsteady multi-phase multi-compositional Darcy flow

O Conclusions
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Where (in space) is the error localized? (known smooth solution)

Estimated error distribution 7 () Exact error distribution || V(v — up) |«

M. Vohralik A posteriorni odhady chyb a adaptivita v numerickych aproximacich  19/29



France | A posteriori error estimates & adaptivity [ndustrial application C Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components

Best-possible error decrease: /p adaptivity, (smooth solution)
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Mesh 7, and pol. degrees px
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Best-possible error decrease: /p adaptivity, (smooth solution)
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Mesh 7, and pol. degrees px Exact solution
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Mesh 7, and polynomial degrees px
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Best-possible error decrease: /1p adaptivity, (singular solution)

Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components

Zoom [—1073,1073]2

Mesh 7, and polynomial degrees px

M. Vohralik
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o

e A posteriori error estimates, balancing of error components, and adaptivity
@ A posteriori error estimates
@ Mesh adaptivity
@ Polynomial-degree adaptivity
@ Balancing of error components (inexact linear and nonlinear solvers)

© 0



_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
Balancing error components (nonlinear problem, inexact solvers)

Fully adaptive algorithm
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Balancing error components (nonlinear problem, inexact solvers)

Fully adaptive algorithm
o total error estimate on mesh 7, linearization step k, algebraic solver step /

K,i Kk, i ki k,i
HU —u H* < Mo disc + e lin + Mg alg
N—— ~—— ~— N~
total error discretization estimate  linearization estimate  algebraic estimate

-
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Balancing error components (nonlinear problem, inexact solvers)

Fully adaptive algorithm
@ total error estlmate on mesh 7., linearization step k, algebraic solver step /

K,i K,i
HU - U ’ < '/( d1\g + Mg lin + '/I.zllg
~—— ~—~ N~
total error discretization estimate  linearization estimate  algebraic estimate

@ balancing error componentS' work where needed

néf’a’lg YValg max{nz ise> e, K/ 1 stopping criterion linear solver,
né"l’m < llnndmc stopping criterion nonlinear solver,

Hng tise < ndm M, adaptive mesh refinement

-

Ceeia -t

‘erc

M. Vohralik A posteriorni odhady chyb a adaptivita v numerickych aproximacich 21 / 29



France | A posteriori error estimates & adaptivity [ndustrial application C Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components

Balancing error components (nonlinear problem, inexact solvers)

@ balancing error components: work where needed

Ki . ki : S rian [
Mo alg < Valg Mg Jin stopping criterion linear solver

@ link —inexact Newton method: Bank & Rose (1982), Hackbusch & Reusken
(1989), Deuflhard (1991), Eisenstat & Walker (1994)

M. Vohralik A posteriorni odhady chyb a adaptivita v numerickych aproximacich 21 /29



France | A posteriori error estimates & adaptivity [ndustrial application C Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components

Balancing error components (nonlinear problem, inexact solvers)

(adaptive inexact Newton method)

@ balancing error componentS' work where needed

néf’a’lg Yalg max{nz siser "I, K/ 1 stopping criterion linear solver,
W lm < »lm%mc stopping criterion nonlinear solver,

0774 tise < ndm M, adaptive mesh refinement

-

Y/ -
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Balancing error components (nonlinear problem, inexact solvers)

Fully adaptive algorithm (adaptive inexact Newton method)

@ total error estlmate on mesh 7., linearization step k, algebraic solver step /

k,i K,i
HU - U ’ < '/( d1\g + Mg lin + '/I.zllg
~—— ~— N~
total error discretization estimate  linearization estimate  algebraic estimate
@ balancing error componentS' work where needed
nZ’a’lg Valg max{nz ise> e, lm} stopping criterion linear solver,
né"l’m < ]mndlsc stopping criterion nonlinear solver,

Hng tise < ndm M, adaptive mesh refinement

Convergence, optimal error decay rate wrt DoFs
@ Gantner, Haberl, Praetorius, & Stiftner (2018), Heid & Wihler (2019)
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Balancing error components (nonlinear problem, inexact solvers)

Fully adaptive algorithm (adaptive inexact Newton method)

@ total error estlmate on mesh 7., linearization step k, algebraic solver step /

k,i K,i
HU - U ’ < '/( dl\(. + "¢ lin + '/I.zllg
~—— ~— N~
total error discretization estimate  linearization estimate  algebraic estimate
@ balancing error componentS' work where needed
nZ’a’lg Valg max{nz ise> e, lm} stopping criterion linear solver,
nf’l’m < ]mndlsc stopping criterion nonlinear solver,

0774 tise < ndm M, adaptive mesh refinement

Convergence, optimal error decay rate wrt DoFs

@ Gantner, Haberl, Praetorius, & Stiftner (2018), Heid & Wihler (2019)
Optimal error decay rate wrt overall computational cost

@ Haberl, Praetorius, Schimanko, & Vohralik (2021) Lonade
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_ Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components
Including algebraic error: A,U, # F,

x107 %1077
10

10

5 8

6 6

4 4

2 2
Estimated algebraic errors 7, « u, Exact algebraic errors ||V (u, — Ué)H K

J. Papez, U. Riide, M. Vohralik, B. Wohimuth, Computer Methods in Applied Mechanics and Engineering(2020)
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Including algebraic error: A,U,  F,

1073 107
35

25
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2
25
2 1.5
15

]
;

05
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Estimated total errors 7c(u}) Exact total errors |V (u — u))||«
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Nonlinear pb —V-o(Vu) = f: including linearization and algebraic
error: A, (U,") + F,, Ak-Tu, '+ Fi

Dual error

0 0
10 \ [ \ [ 10 ¢ \ \ \ \ \ \ 3
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-4 | 0/., ]
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Algebraic iteration Algebraic iteration
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Estimates Mesh adaptivity Pol.-deg. adaptivity Balancing error components

Nonlinear pb —V-o(Vu) = f: including linearization and algebraic
error: A, (U,") + F,, Ak-Tu, '+ Fi
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Dual error
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Newton iteration
M. Vohralik
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Nonlinear pb —V-o(Vu) = f: including linearization and algebraic

error: Ag(Uk”) £ Fy, AKTUS £ PR

SO, Yy

NP
N N 7

’()’“\ ﬂ\
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Estimated errors 1 (1)) Exact errors ||o(Vu) — (VU )|gx
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Convergence and optimal decay rate wrt DoFs/computational cost
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Convergence and optimal decay rate wrt DoFs/computational cost
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Convergence and optimal decay rate wrt DoFs/computational cost
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alg. solver iter last mesh| 550

classical ) .
relative error estimate |4.6%
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Convergence and optimal decay rate wrt DoFs/computational cost
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Q Research and education in France, Inria, the SERENA research team
Q Introduction: numerical approximation of partial differential equations

O A posteriori error estimates, balancing of error components, and adaptivity
@ A posteriori error estimates
@ Mesh adaptivity
@ Polynomial-degree adaptivity
@ Balancing of error components (inexact linear and nonlinear solvers)

e Application to unsteady multi-phase multi-compositional Darcy flow

Q Conclusions
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Realistic environmental problem

Incompressible two-phase flow in porous media
Find saturations s, and pressures p,, o € {g,w}, such that

B(4Sa) — V- < Kea(Sw)

. K(Vpa + pagVZ)) =0o, «a€{gw}

Sy +Sy=1,

Pz — Pw = Pe(Sw)
@ unsteady, nonlinear, and degenerate problem
@ coupled system of PDEs & algebraic constraints

lrezia
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Realistic environmental problem

Incompressible two-phase flow in porous media
Find saturations s, and pressures p,, o € {g,w}, such that

Kio
0t(¢Sa) — V- (%K(Vpa + ,oasz)> = Qa, a€{g,w},
Sg+Sy=1,
Pg — Pw = Pe(Sw)

@ unsteady, nonlinear, and degenerate problem
@ coupled system of PDEs & algebraic constraints

Carbon capture & geological storage
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Water saturation evolution

M. Vohralik A posteriorni odhady chyb a adaptivita v numerickych aproximacich
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A posteriori error estimate

M. Vohralik
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omputational Geosciences (2013)
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Space/time/nonlinear solver/linear solver adaptivity
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France |

A posteriori error estimates & adaptivity

Industrial application C

Space/time/nonlinear solver/linear solver adaptivity
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Black-oil multiphase problem (collaboration IFPEN)

Gas saturation
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Gas saturation

M. Vohralik
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Black-oil multiphase problem (collaboration IFPEN)

Gas saturation AMRError

1.209e-01 0.31 0.5  0.68 8.709e-0! 0.000e+00 0.25 0.5 0.
L L

B
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SO g
X 0l
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Gas saturation A posteriori error estimate

@ certify the error

@ localize it in space & time

© distinguish its components

©Q decrease it efficiently via adaptivity
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Q Research and education in France, Inria, the SERENA research team
Q Introduction: numerical approximation of partial differential equations

o A posteriori error estimates, balancing of error components, and adaptivity
@ A posteriori error estimates
@ Mesh adaptivity
@ Polynomial-degree adaptivity
@ Balancing of error components (inexact linear and nonlinear solvers)

0 Application to unsteady multi-phase multi-compositional Darcy flow

@ Conclusions
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Conclusions

Conclusions
@ a posteriori error control

o full adaptivity: linear solver, nonlinear solver, time step, space mesh,
polynomial degree

@ recovering mass balance in any situation

-
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Conclusions

Conclusions
@ a posteriori error control
o full adaptivity: linear solver, nonlinear solver, time step, space mesh,
polynomial degree
@ recovering mass balance in any situation

VOHRALIK M., A posteriori error estimates for lowest-order mixed finite element discretizations of
convection-diffusion-reaction equations, SIAM J. Numer. Anal. 45 (2007), 1570-1599.

ERN A., VOHRALIK M., Adaptive inexact Newton methods with a posteriori stopping criteria for nonlinear
diffusion PDEs, SIAM J. Sci. Comput. 35 (2013), A1761-A1791.

PaPEZ J., RUDE U., VOHRALIK M., WOHLMUTH B., Sharp algebraic and total a posteriori error bounds for h
and p finite elements via a multilevel approach. Recovering mass balance in any situation, Comput.
Methods Appl. Mech. Engrg. 371 (2020), 113243.

) & &

VOHRALIK M., YOUSEF S., A simple a posteriori estimate on general polytopal meshes with applications to
complex porous media flows, Comput. Methods Appl. Mech. Engrg. 331 (2018), 728-760.
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Conclusions

Conclusions
@ a posteriori error control
o full adaptivity: linear solver, nonlinear solver, time step, space mesh,
polynomial degree
@ recovering mass balance in any situation

VOHRALIK M., A posteriori error estimates for lowest-order mixed finite element discretizations of
convection-diffusion-reaction equations, SIAM J. Numer. Anal. 45 (2007), 1570-1599.

ERN A., VOHRALIK M., Adaptive inexact Newton methods with a posteriori stopping criteria for nonlinear
diffusion PDEs, SIAM J. Sci. Comput. 35 (2013), A1761-A1791.

PaPEZ J., RUDE U., VOHRALIK M., WOHLMUTH B., Sharp algebraic and total a posteriori error bounds for h
and p finite elements via a multilevel approach. Recovering mass balance in any situation, Comput.
Methods Appl. Mech. Engrg. 371 (2020), 113243.

) & &

VOHRALIK M., YOUSEF S., A simple a posteriori estimate on general polytopal meshes with applications to
complex porous media flows, Comput. Methods Appl. Mech. Engrg. 331 (2018), 728-760.

Thank you for your attention! Lovadi
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Error in a quantity of interest (goal functional) (certify error in
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Error in a quantity of interest (goal functional) (certify error in
practice): —V-(KVu) = f: outflow error | [, ..o KV(u — u;)-n|
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Error in a quantity of interest (goal functional) (certify error in

no of unknowns| 825 3300 13200
7rel. error est. |46% 34% 24%
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