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CNRS

National Centre for Scientific Research
fundamental research
Institutes of Chemistry, Ecology and Environment, Physics, Nuclear and
Particle Physics, Biological Sciences, Humanities and Social Sciences,
Computer Sciences, Engineering and Systems Sciences, Mathematical
Sciences, Earth Sciences and Astronomy
25.500 permanent employees

research directors (directeurs de recherche, equivalent to full professor)
research scientists (chargés de recherche, equivalent to associate professor)
engineers, technicians
administrative staff

7.500 temporary workers (Ph.D. students, post-docs, engineers, interns)
researchers typically integrated into university laboratories (few own facilities)
www.cnrs.fr
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Inria

National Institute for Research in Informatics and Automation
theoretical and applied research in informatics & applied mathematics
1.300 research scientists
1000 Ph.D. students, 500 post-docs
8 research centers in France, 1 in Chile
organization by project-teams:

specific subject
2–10 permanent members
often joint with universities
4 years lifespan, evaluation by a international committee, 3 cycles at most

www.inria.fr
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Higher education in France

Public universities
more than 80 universities
no entrance examination
3-years bachelor, 2-years master

Grandes écoles
highly selective admission based on national ranking in competitive written
and oral exams
2 years of dedicated preparatory classes for the exams
small number of students
typically a 3-year engineering cycle
often economy/management/law courses also for engineers

Private universities
a few smaller institutions
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Ecole Nationale des Ponts et Chaussées

Grande école founded in 1747: build bridges & roads
highly selective admission based on national ranking in competitive written
and oral exams
380 research scientists & professors
small number of students
famous professors: Navier, Coriolis, d’Ocagne, Séjourné, . . .
famous students: Bienvenüe, Freyssinet, Caquot, Saint-Venant, Becquerel,
Biot, Chauchy, Fresnel, Darcy
http://www.enpc.fr/en
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Project-team SERENA

Simulation for the Environment: Reliable and Efficient Numerical Algorithms
conception and analysis of models based on partial differential equations
(PDEs)
6 permanent members, 2 post-docs, 7 Ph.D. students, 1 research engineer
numerical approximation methods (algorithms) (finite element method)
algebraic solvers (domain decomposition, multigrid, Newton–Krylov)
implementation issues (correctness of programs)
reliability of the overall simulation
efficiency with respect to computational resources
current environmental problems
https://team.inria.fr/serena/
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Examples: numerical simulations of PDEs in SERENA

explosion in a steel shell
two-phase flow

hyperelasticity

contaminant transport
fracture flow
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Partial differential equations (PDEs)

describe numerous physical phenomena
fluid flow and transport in the underground, air, oceans, rivers (weather forecast,
modeling pollution, . . . )
solid structure and its deformations (construction of buildings/cars/planes. . . )
population dynamics, behavior of financial markets (demography, economy . . . )
. . .

include (partial) derivatives of the solution
it is almost never possible to find analytical, exact solutions

(not even
Einstein could solve PDEs with paper and pen, except in model cases . . . )
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Example: elastic string

a b
Ω

f↓
↓

↓ ↓ ↓ ↓
↓

u

Elastic string subject to force f :

displacement u

Let Ω be an interval, Ω =]a,b[, a,b two real numbers, a < b. Let f :]a,b[→ R be a
given function. Find u :]a,b[→ R such that

−(u′)′ = f ,
u(a) = u(b) = 0.
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Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

f↓
↓

↓ ↓ ↓ ↓
↓u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

Numerical approximations of PDEs

Numerical methods
mathematically-based algorithms evaluated by computers
deliver approximate solutions
conception: more effort⇒ closer to the unknown solution
example: elastic string

a b
Ω

u

h

uh

h

uh

h

uh

uh ∈ Pp(Th), p = 1

Numerical approximation uh and its convergence to u

Error
‖∇(u−uh)‖=

{∫ b
a |(u−uh)′|2

} 1
2

Need to solve
AhUh = Fh

M. Vohralík A posteriorní odhady chyb a adaptivita v numerických aproximacích 10 / 29



France I A posteriori error estimates & adaptivity Industrial application C

3 crucial questions

& suggested answers

Crucial questions
1 How large is the overall error?
2 Where (model/space/time/lineariza-

tion/algebra) is it localized?
3 Can we decrease it efficiently?

Suggested answers

1 A posteriori error estimates.
2 Identification of error components.
3 Balancing error components,

adaptivity (working where needed).
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CDG Terminal 2E collapse in 2004 (opened in 2003)

no earthquake, flooding, tsunami, heavy rain, extreme temperature
deterministic, steady problem, PDE known, data known, implementation OK

probably numerical simulations done with insufficient precision,
I believe without error certification

Reliability study and simulation of the progressive collapse of
Roissy Charles de Gaulle Airport

Y. El Kamari a, W. Raphael a,*, A. Chateauneuf b,c

a Ecole Supérieure d’Ingénieurs de Beyrouth (ESIB), Université Saint-Joseph, CST Mar Roukos, PO Box 11-514, Riad El Solh Beirut 1107 2050,

Lebanon
b Université Blaise Pascal, Institut Pascal, BP 10448, F-63000 Clermont Ferrand, France
c LGC/CUST – UBP, Campus des Cézeaux, 63174 Aubière, France

1. Introduction

Terminal 2E, with a daring design and wide open spaces, was Charles de Gaulle Airport’s newest addition. Terminal 2E had
been inaugurated in 2003 after some delays in construction. On the 23rd of May 2004, not long after its inauguration, a part
of Terminal 2E’s ceiling collapsed early in the day, leaving four casualties. Some questioned the construction methods as
being the primary cause, which were rushed as the project was a month behind schedule due to technical problems, and
some have also considered the possibility of improper design as the cause of the accident. In the following, a deterministic
analysis and a mechanical reliability assessment will be elaborated. We will show the importance of reliability assessment
and long term strains of materials, especially for public constructions where the human and economic repercussions are
heavy to bear. The purpose of our research is to study the problem using the available data in order to examine the real
reasons of the incident, to see if it were possible to predict the structure’s failure from the beginning and to simulate the
progressive collapse of the structure.

2. General overview of Roissy’s Terminal 2E [1]

We will first describe the terminal, its different construction phases, the incidents that occurred before the accident and
the collapse itself. Then we will present in a general way the principle of finite element modeling, recommendations for good
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A B S T R A C T

Paris Charles de Gaulle Airport also known as Roissy Airport is the world’s eighth-busiest

airport in passengers served. In May 2004, the news of collapse of a portion of Terminal 2E

leaving four casualties shook the world. Luckily, no boarding had been taking place in the

collapsed area which consisted of a boarding area and three footbridges. This part of the

terminal had an innovative design consisting of a vaulted concrete tube. We chose to

model a representative part of the terminal to observe the structure’s behavior. The

purpose of our research is to explain the structure’s collapse and to see if there were

deficiencies from the design phase. Also, our new fine-grained model using Ansys Software

makes it possible to explain the progressive collapse of the structure, which was the main

challenge of our study. Moreover, a sensitivity analysis was performed in order to study

the importance of each of the variables taken into account in the model.

� 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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b Université Blaise Pascal, Institut Pascal, BP 10448, F-63000 Clermont Ferrand, France
c LGC/CUST – UBP, Campus des Cézeaux, 63174 Aubière, France
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A posteriori error estimates: control the error
Elastic string/membrane equation

−∆u = f in Ω,
u = 0 on ∂Ω

Guaranteed error upper bound (reliability)

‖∇(u − uh)‖︸ ︷︷ ︸
unknown error

η(uh)︸ ︷︷ ︸
computable estimator

Error lower bound (efficiency)

η(uh) ≤ Ceff‖∇(u − uh)‖

Ceff a generic constant independent of Ω, u, uh, h, p
computable bound on Ceff available, Ceff ≈ 5
Prager and Synge (1947), Ladevèze (1975), Babuška & Rheinboldt (1987),
Verfürth (1989), Ainsworth & Oden (1993), Destuynder & Métivet (1999),
Braess, Pillwein, & Schöberl (2009), Ern & Vohralík (2015)
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How large is the overall error? (model pb, known smooth solution)

h p η(uh) rel. error estimate η(uh)
‖∇uh‖

‖∇(u − uh)‖ rel. error ‖∇(u−uh)‖
‖∇uh‖

Ieff = η(uh)
‖∇(u−uh)‖

h0 1 1.25 28% 1.07 24% 1.17
≈h0/2 6.07× 10−1 14% 5.56× 10−1 13% 1.09
≈h0/4 3.10× 10−1 7.0% 2.92× 10−1 6.6% 1.06
≈h0/8 1.45× 10−1 3.3% 1.39× 10−1 3.1% 1.04
≈h0/2 2 4.23× 10−2 9.5× 10−1% 4.07× 10−2 9.2× 10−1% 1.04
≈h0/4 3 2.62× 10−4 5.9× 10−3% 2.60× 10−4 5.9× 10−3% 1.01
≈h0/8 4 2.60× 10−7 5.9× 10−6% 2.58× 10−7 5.8× 10−6% 1.01

A. Ern, M. Vohralík, SIAM Journal on Numerical Analysis (2015)
V. Dolejší, A. Ern, M. Vohralík, SIAM Journal on Scientific Computing (2016)
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Adaptive mesh refinement (singular solution)

M. Vohralík, SIAM Journal on Numerical Analysis (2007)
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Singular solutions

H1.54 singularity H1.13 singularity
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Estimated and actual error against the number of elements in
uniformly/adaptively refined meshes (singular solutions)
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M. Vohralík, SIAM Journal on Numerical Analysis (2007)
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Adaptive mesh refinement
Adaptive mesh refinement

Dörfler marking: subsetM` containing θ-fraction of the estimates∑
K∈M`

ηK (u`)2 ≥ θ2
∑

K∈T`

ηK (u`)2

Convergence on a sequence of adaptively refined meshes
‖∇(u − u`)‖ → 0

some mesh elements may not be refined at all: h↘ 0
Babuška & Miller (1987), Dörfler (1996)

Optimal error decay rate wrt degrees of freedom
‖∇(u − u`)‖ . |DoF`|−p/d (replaces hp)

same for smooth & singular solutions: higher-order only pay-off for sm. sol.
decays to zero as fast as on a best-possible sequence of meshes
Morin, Nochetto, Siebert (2000), Stevenson (2005, 2007), Cascón, Kreuzer,
Nochetto, Siebert (2008), Canuto, Nochetto, Stevenson, Verani (2017)
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Where (in space) is the error localized? (known smooth solution)

Estimated error distribution ηK (uh) Exact error distribution ‖∇(u − uh)‖K
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (smooth solution)

P1

P2

P3

P4

P5

Mesh T` and pol. degrees pK
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (smooth solution)

P1

P2

P3

P4

P5

Mesh T` and pol. degrees pK Exact solution
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (singular solution)

Mesh T` and polynomial degrees pK
P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Best-possible error decrease: hp adaptivity, (singular solution)

Mesh T` and polynomial degrees pK
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P. Daniel, A. Ern, I. Smears, M. Vohralík, Computers & Mathematics with Applications (2018)
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Balancing error components (nonlinear problem, inexact solvers)
Fully adaptive algorithm (adaptive inexact Newton method)

total error estimate on mesh T`, linearization step k , algebraic solver step i
‖u − uk ,i

` ‖∗︸ ︷︷ ︸
total error

≤ ηk ,i
`,disc︸ ︷︷ ︸

discretization estimate

+ ηk ,i
`,lin︸︷︷︸

linearization estimate

+ ηk ,i
`,alg︸︷︷︸

algebraic estimate

balancing error components: work where needed

ηk ,i
`,alg ≤ γalg max

{
ηk ,i
`,disc, η

k ,i
`,lin

}
stopping criterion linear solver,

ηk ,i
`,lin ≤ γlinη

k ,i
disc stopping criterion nonlinear solver,

θηk ,i
`,disc ≤ η

k ,i
disc,M`

adaptive mesh refinement

link – inexact Newton method: Bank & Rose (1982), Hackbusch & Reusken
(1989), Deuflhard (1991), Eisenstat & Walker (1994)

Convergence, optimal error decay rate wrt DoFs
Gantner, Haberl, Praetorius, & Stiftner (2018), Heid & Wihler (2019)

Optimal error decay rate wrt overall computational cost
Haberl, Praetorius, Schimanko, & Vohralík (2021)
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Including algebraic error: A`Ui
` 6= F`

Estimated algebraic errors ηalg,K (ui
`) Exact algebraic errors ‖∇(u` − ui

`)‖K
J. Papež, U. Rüde, M. Vohralík, B. Wohlmuth, Computer Methods in Applied Mechanics and Engineering(2020)
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Nonlinear pb −∇·σ(∇u) = f : including linearization and algebraic
error: A`(Uk ,i

` ) 6= F`, Ak−1
` Uk ,i

` 6= Fk−1
`
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Convergence and optimal decay rate wrt DoFs/computational cost
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Outline

1 Research and education in France, Inria, the SERENA research team

2 Introduction: numerical approximation of partial differential equations

3 A posteriori error estimates, balancing of error components, and adaptivity
A posteriori error estimates
Mesh adaptivity
Polynomial-degree adaptivity
Balancing of error components (inexact linear and nonlinear solvers)

4 Application to unsteady multi-phase multi-compositional Darcy flow

5 Conclusions
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Realistic environmental problem
Incompressible two-phase flow in porous media
Find saturations sα and pressures pα, α ∈ {g,w}, such that

∂t (φsα)−∇·
(

kr,α(sw)

µα
K (∇pα + ραg∇z)

)
= qα, α ∈ {g,w},

sg + sw = 1,
pg − pw = pc(sw)

unsteady, nonlinear, and degenerate problem
coupled system of PDEs & algebraic constraints
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Water saturation evolution
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A posteriori error estimate

M. Vohralík, M.-F. Wheeler, Computational Geosciences (2013)
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Space/time/nonlinear solver/linear solver adaptivity
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Black-oil multiphase problem (collaboration IFPEN)

Gas saturation A posteriori error estimate
M. Vohralík, S. Yousef, Computer Methods in Applied Mechanics and Engineering (2018)

A posteriori estimates
1 certify the error
2 localize it in space & time
3 distinguish its components
4 decrease it efficiently via adaptivity
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Conclusions
Conclusions

a posteriori error control
full adaptivity: linear solver, nonlinear solver, time step, space mesh,
polynomial degree
recovering mass balance in any situation
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Error in a quantity of interest (goal functional) (certify error in
practice): −∇·(K∇u) = f : outflow error

∣∣ ∫
y=2200 K∇(u − u`)·n

∣∣
no of unknowns 825 3300 13200

rel. error est. 46% 34% 24%

Underground reservoir,
10th SPE test case

Layer permeability

2200m

1200m

G. Mallik, M. Vohralík, S. Yousef, Journal of Computational and Applied Mathematics (2019)
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