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Numerical approximation of a nonlinear, unsteady
PDE

Exact and approximate solution

@ let u be the weak solution of A(u) = f, A nonlinear,
unsteady, posed on Q x (0, T)

@ let uy, be its approximate numerical solution,
AhT(uhT) - th
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| Nonlinear diffusion Stefan problem Two-phase flow C
Numerical approximation of a nonlinear, unsteady
PDE

Exact and approximate solution
@ let u be the weak solution of A(u) = f, A nonlinear,
unsteady, posed on Q x (0, T)
@ let uy, be its approximate numerical solution,
Anr(Unr) = Tar
Solution algorithm

@ introduce a temporal mesh of (0, T) given by the time
steps t”,0<n< N
@ introduce a spatial mesh 7, of Q on each t”

@ on each ", solve a nonlinear algebraic problem
n ny _ fn
An(up) = 4
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Regularization, linearization, and algebraic solution

Regularization
@ regularize the nonlinear operator A} by A’,;”

M. Vohralik Adaptive regularization, linearization, and numerical solution



-1 Nonlinear diffusion Stefan problem  Two-phase flow C. -
Regularization, linearization, and algebraic solution

Regularization

@ regularize the nonlinear operator A7 by Ap*
@ choice of ¢?
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Regularization, linearization, and algebraic solution

Regularization

@ regularize the nonlinear operator A} by A’,;”
@ choice of ¢?

lterative linearization
o ATk — k=T ARk linear, linearization step k
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Regularization, linearization, and algebraic solution

Regularization
@ regularize the nonlinear operator A} by A’,;"
@ choice of ¢?
Iterative linearization
o ATk — k=T ARk linear, linearization step k
@ when do we stop?
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Regularization, linearization, and algebraic solution

Regularization
e regularize the nonlinear operator A7 by Ay
@ choice of ¢?
Iterative linearization
o ATk — k=T ARk linear, linearization step k
@ when do we stop?
lterative algebraic solution
@ iterative algebraic solver employed: step / approximation

n,e,k,i
h
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Regularization, linearization, and algebraic solution

Regularization
e regularize the nonlinear operator A7 by Ay
@ choice of ¢?
Iterative linearization
o ATk — k=T ARk linear, linearization step k
@ when do we stop?
lterative algebraic solution
@ iterative algebraic solver employed: step / approximation

n,e,k,i
h
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Regularization, linearization, and algebraic solution

Regularization

@ regularize the nonlinear operator A} by A’,;"'
@ choice of ¢?
Iterative linearization
o ATk — k=T ARk linear, linearization step k
@ when do we stop?

lterative algebraic solution

@ iterative algebraic solver employed: step / approximation
n,e,k,i
h

@ when do we stop?
Approximate solution
n,e,kK,i

@ the approximate solution u, that we have as an
outcome does not solve Aj(uy) = 1/

M. Vohralik Adaptive regularization, linearization, and numerical solution



| Nonlinear diffusion Stefan problem Two-phase flow C

Regularization, linearization, and algebraic solution

Regularization
@ regularize the nonlinear operator A by AP
@ choice of ¢?
Iterative linearization
o ATk — k=T ARk linear, linearization step k
@ when do we stop?
lterative algebraic solution
@ iterative algebraic solver employed: step / approximation

n,e,k,i
h

@ when do we stop?
Approximate solution
n,e,kK,i

@ the approximate solution u}, that we have as an
outcome does not solve Aj(uy) = 1/

e how big is the overall error U — v |0 7)?
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Aims and benefits of this work

Aims of this work

@ give a guaranteed, robust and tight upper bound on the
overall error ||u — uhT ||QX(O T)
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Aims and benefits of this work

Aims of this work

@ give a guaranteed, robust and tight upper bound on the
overall error ||u — uhT HQX(O T)

@ distinguish the different error components (algebraic,
linearization, regularization, spatial, temporal)
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Aims and benefits of this work

Aims of this work
@ give a guaranteed, robust and tight upper bound on the
overall error ||u — uhT HQX(O T)

@ distinguish the different error components (algebraic,
linearization, regularization, spatial, temporal)

@ stop the iterative solvers whenever algebraic/linearization
errors do not affect the overall error significantly
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Aims and benefits of this work

Aims of this work
@ give a guaranteed, robust and tight upper bound on the
overall error ||u — uhT HQX(O T)

@ distinguish the different error components (algebraic,
linearization, regularization, spatial, temporal)

@ stop the iterative solvers whenever algebraic/linearization
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Aims and benefits of this work

Aims of this work
@ give a guaranteed, robust and tight upper bound on the
overall error ||u — uhT HQX(O T)
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linearization, regularization, spatial, temporal)

@ stop the iterative solvers whenever algebraic/linearization
errors do not affect the overall error significantly

@ adjust the regularization parameter so that it does not to
affect the overall error significantly

@ equilibrate the space and time error components

Benefits
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Aims and benefits of this work

Aims of this work
@ give a guaranteed, robust and tight upper bound on the
overall error ||u — uhT HQX(O T)

@ distinguish the different error components (algebraic,
linearization, regularization, spatial, temporal)

@ stop the iterative solvers whenever algebraic/linearization
errors do not affect the overall error significantly

@ adjust the regularization parameter so that it does not to
affect the overall error significantly

@ equilibrate the space and time error components

Benefits
@ optimal computable overall error bound
@ improvement of approximation precision
@ important computational savings
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Previous results

Stopping criteria
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid solver
@ Maday and Patera (2000), linear functional errors
@ Arioli (2000’s), general algebraic solvers
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Previous results

Stopping criteria
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid solver
@ Maday and Patera (2000), linear functional errors
@ Arioli (2000’s), general algebraic solvers
Inexact Newton method

@ Eisenstat and Walker (1990’s)
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Previous results

Stopping criteria
@ engineering literature, since 1950’s
@ Becker, Johnson, and Rannacher (1995), multigrid solver
@ Maday and Patera (2000), linear functional errors
@ Arioli (2000’s), general algebraic solvers
Inexact Newton method
@ Eisenstat and Walker (1990’s)
@ Moret (1989)
Modeling error
@ Ladeveze (since 1980’s)
@ Braack and Ern (2000’s)
@ Babuska and Oden (2000’s)
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Previous results — a posteriori error estimates

Nonlinear steady problems

@ Ladeveze (since 1990’s), guaranteed upper bound

@ Han (1994), general framework

@ Verflrth (1994), residual estimates

@ Carstensen and Klose (2003), guaranteed estimates
@ Chaillou and Suri (2006, 2007), linearization errors

@ Kim (2007), guaranteed estimates, loc. cons. methods
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Previous results — a posteriori error estimates

Nonlinear steady problems

@ Ladeveze (since 1990’s), guaranteed upper bound

@ Han (1994), general framework

@ Verflrth (1994), residual estimates

@ Carstensen and Klose (2003), guaranteed estimates
@ Chaillou and Suri (2006, 2007), linearization errors

@ Kim (2007), guaranteed estimates, loc. cons. methods

Linear unsteady problems

@ Bieterman and Babuska (1982), introduction
@ Verfirth (2003), efficiency, robustness wrt the final time

Nonlinear unsteady problems

@ Verfirth (1998), framework for energy norm control
@ Nochetto, Schmidt, Verdi (2000), degenerate problems
@ Ohlberger (2001), non energy-norm estimates
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@ A guaranteed a posteriori error estimate
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Quasi-linear elliptic problem
—Vo(u,Vu)=f in Q,
u=20 on 0N
quasi-linear diffusion problem
o(v,6) =AV)¢  VY(v,£) eRxRY
Leray—Lions problem
o(v.§) =A(€)¢  VEEcR?
p>1,q:= 5, feliQ)

Example
p-Laplacian: Leray—Lions setting with A(¢) = |£[P—2I
Nonlinear operator A: — V/

(A(u), Vv v = (o(u,Vu),Vv)

Weak formulation

Find 4 h th
ind u € V such that A(U) = fin V'
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem

o(v,6) =A(£)¢  VEeR?
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Quasi-linear elliptic problem
—V.o(u,Vu)=f in Q,
u=20 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(u,Vu)=f in Q,
u=0 on 90N
@ quasi-linear diffusion problem
o(v,&) =A(v)E  Y(v,€) € R xRY
@ Leray—Lions problem
o(v.6) = A()¢  VEER?

° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
—V-o(u,Vu)=f in Q,
u=0 on 90N
@ quasi-linear diffusion problem
a(v.€) =A(V)E  V(v.§) eRx R
@ Leray—Lions problem
o(v.6) = A()¢  VEER?
° p>1,q:= 52, feLYQ)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
Nonlinear operator A: V .= W, P(Q) — V'
(A(u), vy v = (o(u,Vu),Vv)
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Quasi-linear elliptic problem

Quasi-linear elliptic problem
~Veo(u,Vu)=f  inQ,
u=20 on 90N

@ quasi-linear diffusion problem
o(v,&) =A(v)¢  V(v,£) eR xR
@ Leray—Lions problem
o(v,¢) =A€)¢  VEeR?
e p>1,q:= p%,feLq(Q)
Example
p-Laplacian: Leray—Lions setting with A(¢) = |£|P~21
Nonlinear operator A: V .= W, P(Q) — V'
(A(u), vy v = (o(u,Vu),Vv)
Weak formulation

Find u € V such that A(w) = fin V'
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Approximate solution and error measure

Approximate solution
o uy € V(Ty) ¢ V, ut' not necessarily in V
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Approximate solution and error measure

Approximate solution

° U,’;” e V(Th) ¢ V, u,’j’i not necessarily in V
@ V(Tp) :={velP(Q), vk c WPK) VKecTh}
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Approximate solution and error measure

Approximate solution

° U,/;’i e V(Th) ¢ V, u,’j’i not necessarily in V
o V(Th) = {v e LP(Q), vk € WI'P(K) VK € Th}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
weV; |[Velp=1 '

Tunc(Ug) =8 3> hg | [u— ugT11g e

KeTh ecék
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Approximate solution and error measure

Approximate solution

° U,/;’i e V(Th) ¢ V, u,’j’i not necessarily in V
o V(Th) = {v e LP(Q), vk € WI'P(K) VK € Th}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

Tunc(Ug) =8 3> hg | [u— ugT11g e

KeTh ecék

o weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)
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Approximate solution and error measure

Approximate solution

° U,/;’i e V(Th) ¢ V, u,’j’i not necessarily in V
o V(Th) = {v e LP(Q), vk € WI'P(K) VK € Th}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

Tunc(Ug) =8 3> hg | [u— ugT11g e

KeTh ecék

o weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)
@ there holds ju( Y =o0ifand only if u = uh
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Approximate solution and error measure

Approximate solution

° uﬁ’/ e V(Tn) ¢ V, u,';’i not necessarily in V

° V(Tp) :={velP(Q), vk c WPK) VKeTh}
Error measure

Ju(upy = sup  (o(u,Vu)—o (U Vur'), Vo) + Tunc(up')
peViIVellp=1 '/

Tuxe(Up") =1 > > he lllu—up'TGe
KeTh ecélk
@ weak difference of the fluxes (dual norm of the residual) +
nonconformity (computable jump term)
@ there holds ju( Y =o0ifand only if u = uh
@ physical relevance. strong difference of the fluxes +
nonconformity

Tu(Up) < TP R’y = o (v, Vu) — o (Ul VUl + Junc(up’)
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A posteriori error estimate

Assumption A (Total flux reconstruction)

There exists a flux reconstruction tﬁ”' € H9(div,Q) and an
algebraic remainder pl" € L9(Q) such that

vty = fh— oy,
with the data approximation fy s.t. (fy, 1)k = (f,1)x VK € Tp.
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A posteriori error estimate

Assumption A (Total flux reconstruction)

There exists a flux reconstruction tﬁ”' € H9(div,Q) and an
algebraic remainder pl*' € L9(Q) such that

VA =fh—pp
with the data approximation fy s.t. (fy, 1)k = (f,1)x VK € Tp.

v

Theorem (A posteriori error estimate)

Let
@ u c V be the weak solution,

° uﬁ" € V(Tn) be arbitrary,
@ Assumption A hold.
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A posteriori error estimate

Assumption A (Total flux reconstruction)

There exists a flux reconstruction tﬁ”' € H9(div,Q) and an
algebraic remainder pl*' € L9(Q) such that

VA =fh—pp
with the data approximation fy s.t. (fy, 1)k = (f,1)x VK € Tp.

v

Theorem (A posteriori error estimate)

Let
@ u c V be the weak solution,

° uﬁ" € V(Tn) be arbitrary,
@ Assumption A hold.
Then there holds

wie
Juluy") <7, .
where 7' is fully computable from u}"’, &', and pf".
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Distinguishing error components

Num. res.

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxes di” 11 a¥" e [L9(Q)]9 such that
N ki pkii | ok ki

(i) dpy” + 1, +a," =t |

(i) as the linear solver converges, Haﬁ”Hq — 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.
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Distinguishing error components

Assumption B (Discretization, linearization, and algebraic

errors)

There exist fluxes di” 11 a¥" e [L9(Q)]9 such that
N ki pkii | ok ki

(i) dpy” + 1, +a," =t |

(i) as the linear solver converges, Haﬁ”Hq — 0;

(iii) as the nonlinear solver converges, ||If,”

q— 0.

Comments

o dg”: discretization flux reconstruction
) IZ”: linearization error flux reconstruction
° aﬁ”: algebraic error flux reconstruction

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Estimate distinguishing different error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.
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Estimate distinguishing different error components

Theorem (Estimate distinguishing different error components)

Let
@ u c V be the weak solution,

o Ul € V(Ty) be arbitrary,
@ Assumptions A and B hold.
Then there holds

K,i ki ._ ki K, ki K, i K,i ki
ju(uh ) S n T ,/disc + Min + ’Iulg + Them + nquad + Tosc
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Estimators

@ discretization estimator

Ql=

1 _k, k,i 1— K.i
Mk =27 ey +dillgn +9 > he Ilup 11 e
ecéy
@ linearization estimator . y
Mink = n" [l g,k

algebraic estimator k.
i
naIgK Hah ||q7
algebraic remainder Est/mator
T'remK hQ”ph ||q7
quadrature estimator
k,i
nquddK ||0'(Uh 7vu )
data oscillation est/mator
nosc K- CP,PhKHf - fh”q,K

' ' 1/q
=920 h)°

KETh

5k
b llax

(4
3
|
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Stopping criteria

Global stopping criteria
@ stop whenever:
"7rke’rl;1 < Yrem max{nglslcv nllfnla nalg}
nalg < ate Max {nggic: ity
M < Vil
@ “Vrem, Valgs Viin ~ 0.1
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Stopping criteria

Global stopping criteria
@ stop whenever:

ki ki K, Kk,
Nrem < Yrem max{ndlsw nhn ) nal }
g
ki
,/ulg < Talg max{,/dlSL r/]m }’

ki _ ki
Min < Vingisc

@ Yeem; Valg, Viin ~= 0.1
Local stopping criteria
@ stop whenever:
nrem K < Trem K max{ndlsc Ko nllfan7 Talg, 'k} VKET
77a11g,K < Valg,K max{”di;c.K 771m K} VK € Th,
7/51;{K < ”manT/:fi:C,K VK € Tp

° Yrem,K > Valg,K > Nin,K =~ 0.1
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Assumption for efficiency

Assumption C (Approximation property)
For all K € Tp, there holds

—k,i ki ki Kk, i
HUh + dh q,K S nﬁ,‘IK + nosc,IK’

where

ki | —k,i ki
mae =3 3 Wl +Vayld e+ Y helllay nelllde
K'eXk ee@i}?

Q-

1—qy . ki
+ Z he qu[uh I]]Hg,e

eclk
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Global efficiency

Theorem (Global efficiency)

Let the mesh Ty, be shape-regular and let the global stopping
criteria hold.
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Global efficiency

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that J,(uf™") < k.
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Global efficiency

Problem Estimate Stop. crit. & eff. Applications Num. res.

Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

nkJ rg ju( ) + nquad + 770507

where < means up to a constant independent of o and q.
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Global efficiency
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Theorem (Global efficiency)

Let the mesh T, be shape- regular and let the global stopping
criteria hold. Recall that ju(uh ) < n®!. Then, under
Assumption C,

nkJ rg ju( ) + nquad + 770507

where < means up to a constant independent of o and q.

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norm as error measure
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Local efficiency

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold.
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Local efficiency

Problem Estimate Stop. crit. & eff. Applications Num. res.

Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,TK(uh ) + nquad,TK + nosc,‘IK

forall K € T.
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Local efficiency
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Theorem (Local efficiency)

Let the mesh Ty, be shape-regular and let the local stopping
criteria hold. Then, under Assumption C,

k,i K,i ki K,i
ndisc,K + nlin,K + nalg,K + nrem,K

up K,i K,i ki
SJ ju,TK(uh ) + nquad,TK + nosc,‘IK

forall K € T.

@ robustness and local efficiency for an upper bound on the
dual norm
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pZ”
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Akuk7i+1/ _ Fk o Rk7i+1/'
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Akuk,lél,/ _ Fk - Rk7i+[/,

@ Construct the function |’ from the algebraic residual
vector R/ (lifting into appropriate discrete space).
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have
AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Akuk,lél/ _ Fk - Rk,lﬁrr/‘
@ Construct the function |’ from the algebraic residual
vector R/ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, Iﬁ” on each algebraic step.
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
AkUk7i+I,/ _ Fk - Rk7i+[/,

@ Construct the function /' from the algebraic residual
vector R/ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, IZ” on each algebraic step. Then set

e = (dT 1) — (dE 1,
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Algebraic error flux reconstruction and algebraic
remainder

Construction of aﬁ”' and pg’i
@ On linearization step k and algebraic step i/, we have

AkUk’i — Fk - Rk’i.
@ Do v additional steps of the algebraic solver, yielding
Akuk,lél,/ _ Fk - Rk7i+[/,

@ Construct the function /' from the algebraic residual
vector R/ (lifting into appropriate discrete space).

@ Suppose we can obtain discretization and linearization flux
reconstructions dﬁ”, Iﬁ” on each algebraic step. Then set

@ Independent of the algebraic solver.
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Example: nonconforming finite elements for the
p-Laplacian

Discretization
Find u, € Vj, such that

(e(Vup),Vvp) = (fa,vh)  VVh € Vh
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Example: nonconforming finite elements for the
p-Laplacian

Discretization
Find u, € Vj, such that

(a(Vun), Vi) = (o, vn)  Vvh € V.
@ o(Vup) = |VUh|p_2VUh
@ V), the Crouzeix—Raviart space

o fp:= nof
@ leads to the system of nonlinear algebraic equations

A(U) = F

M. Vohralik Adaptive regularization, linearization, and numerical solution



Linearization
Find uf € Vi such that

(X UVUE), Vibe) = (fn,0e) Ve e &M

ud € Vj, yields the initial vector U°
fixed-point linearization
o (&) = [Vup P
Newton linearization
o) = |Vuy 1PPe + (p - 2)| VP
(VUi @ vul (¢ - vu)
leads to the system of
AKUK = FK
" M \ohrlik | Adaptive regularization, linearization, and numerical solution
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Linearization

Linearization
Find v} € V, such that

(" (VuR), Vipe) = (i, tbe) Ve € M,

e u? € V), yields the initial vector U°
@ fixed-point linearization
o' 1(&) = [Vup TIP3
@ Newton linearization
o (&) = [Vuy PR+ (p - 2)|Vup TPt
(VU o vuk—") (¢ - vul )
@ leads to the system of linear algebraic equations
AkUk Fk

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Algebraic solution

Algebraic solution
Find u’,j” € V}, such that

("1 (VUE"), Vibe) = (fa ) — RET Ve e &M

_ Adaptive regularization, linearization, and numerical solution
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Algebraic solution

Algebraic solution
Find u,’j” € V}, such that

("1 (VUE"), Vibe) = (fa ) — RET Ve e &M

@ algebraic residual vector A%/ = {R’g”}eeg;,m

@ discrete system
AkUk _ Fk o Rk,i

_ Adaptive regularization, linearization, and numerical solution
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Flux reconstructions

Definition (Construction of dﬁ")
For all K € T,
e = —o (VU i+ P (x x5

ecli
where RS/ .= (fn, ve) — (U(Vu,’;’i), Vibe) Ve € &M

‘k/

d!D |

(X — Xk)|Kss
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Flux reconstructions

Definition (Construction of dﬁ")
For all K € T,
I = —o (VU + (k-0 - 3

ecéy
where RS = (£, ve) — (U(VU,I;’i)7 Vipe)  Vee &M

‘k/

d!D |

(X — Xk)|Kss

- ) PYITY
Definition (Construction of (d’ + I}"))
For all K € T,

(41 e = T 03 P e,
eclk

o’

M. Vohralik Adaptive regularization, linearization, and numerical solution



| Nonlinear diffusion Stefan problem Two-phase flow C Problem Estimate Stop. crit. & eff. Applications Num. res.

Flux reconstructions

Definition (Construction of dﬁ")
For all K € T,

kii kii hlKk
dy'|k = —a(Vu ")k +—|x Xk)— >

‘k/
| d | . d]D |
where RE' .= (fy,e) — (0(VUS), Vi) Ve e &M

(X — Xk)|Kss

- ) PYITY
Definition (Construction of (d’ + I}"))
For all K € T,

(41 e = T 03 P e,
eclk

Definition (Construction of ")

Seta,' .= o(Vul'). Consequently, Ué(&;d,K =0forall K € Th.

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)

Assumptions A and B hold.
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Verification of the assumptions — upper bound

Lemma (Assumptions A and B)
Assumptions A and B hold.

Comments
@ [|al’]|q.k — 0 as the linear solver converges by definition.
@ |14,k — O as the nonlinear solver converges by the
construction of I’,‘,”.
@ Both (d}' + 1) and d' belong to RTNo(S) =
a’’ € RTNy(Sh) and tf" € RTN(Sp).

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.
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Verification of the assumptions — efficiency

Lemma (Assumption C)

Assumption C holds.

Comments

e d' close to o(Vu')
@ approximation properties of Raviart—-Thomas—Nédélec
spaces

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Summary

Discretization methods

@ nonconforming finite elements
@ discontinuous Galerkin

@ finite elements

@ various finite volumes

@ mixed finite elements
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Summary

Discretization methods

@ nonconforming finite elements
@ discontinuous Galerkin

@ finite elements

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton
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Summary

Discretization methods

@ nonconforming finite elements
@ discontinuous Galerkin

@ finite elements

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton

Linear solvers

@ independent of the linear solver
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Summary

Discretization methods

@ nonconforming finite elements
@ discontinuous Galerkin

@ finite elements

@ various finite volumes

@ mixed finite elements

Linearizations

@ fixed point
@ Newton

Linear solvers
@ independent of the linear solver

...all Assumptions A to C verified

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Numerical experiment |

Model problem
@ p-Laplacian

V-(|VulP2vVu)=f inQ,
Uu=uy onoQ

@ weak solution (used to impose the Dirichlet BC)

p

e =25 e+ )T o ()

@ tested values p=1.5and 10
@ nonconforming finite elements

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Analytical and approximate solutions

0.04 0.4
0.02 03
0 0.2
-0.02 0.1
-0.04 o
-0.06 01

Casep=15 Casep=10
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Error and estimators as a function of CG iterations,
p = 10, 6th level mesh, 6th Newton step.

Problem Estimate Stop. crit. & eff.

10° T T T 10° 3
10 4 b Mﬁq ]
510 1 s 5
5 5 40 H- i
3 3 10 S0y . 3
8 10° -4 8 s F ]
[[~—erorup ]
[| —=- estmate
207 _ —A—disc. est.
1| —#—lin. est.
alg. est.
l t.
2 | | | | | 2 | | | 2. rem. € | I I I
10 10 10
500 6 12 15 0 5 10 25 30 35

100

1
200 300 400
Algebraic iteration

Newton

600

inexact Newton
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9
Algebraic iteration

15
Algebraic iteration

ad. inexact Newton
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Error and estimators as a function of Newton
iterations, p = 10, 6th level mesh

Dual error
5

Dual error

—e—errorup
; Et

| | ol 111 T R | e Y B N |
Newton iteration Newton iteration Newton iteration
Newton inexact Newton ad. inexact Newton
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Error and estimators, p = 10

10 A e AR 10 L L B e AR 10 p—rr e
E —e—errorup ]
L £ ——dif. flux est. ]
107 - a1 w0l B F —+—nonc. est. (]
t ——lin.est.
——
el i . 10 alg. est.

Dual error

N

5,

T

1
Dual error
Dual error
T
R

il / |
10° - - 10
o
3 P
107 W | 10

IO RO R ol vl vl vl el el el
10 10 10

10 10 " 10° 10 10 1 10 10° 10" 10 "
Number of faces Number of faces

Newton inexact Newton ad. inexact Newton

0
Number of faces
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Newton and algebraic iterations, p = 10

E[—=—full
F|—e—inex
[[| —4—adapt. inex.

——full
—e—inex. H
—A—adapt. inex.|]

—a— full T
90 inex.
—&—adapt. inex.

Number of Newton iterations
g

Number of algebraic solver iterations
Total number of algebraic solver iterations

1 M| M 10t | |
o 10° 1 2 3 4 5 3
Refinement level

3 4 10'
Refinement level Newton iteration

Newton it. / refinement alg. it. / Newton step  alg. it. / refinement

M. Vohralik Adaptive regularization, linearization, and numerical solution



| Nonlinear diffusion Stefan problem Two-phase flow C

Problem Estimate

Newton and algebraic iterations, p =

Stop. crit. & eff.

1.5

Applications Num. res.

Number of Newton

E[——full T
inex
[[—A—adapt. inex.

Number of algebraic solver iterations

10—

——full
—e—inex. H
—A—adapt. inex.[]

E[——tul

3 4
Refinement level

it. / refinement

10 10
Newton iteration

alg. it. / Newton step

M. Vohralik

|
1 2 3 4 5
Refinement level

alg. it. / refinement

6
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Numerical experiment I

Model problem

@ p-Laplacian

V-(|VulP2vVu)=f inQ,
u=uy onoQ

@ weak solution (used to impose the Dirichlet BC)
u(r,0) = rs sin(6%)

@ p = 4, L-shape domain, singularity in the origin
(Carstensen and Klose (2003))
@ nonconforming finite elements

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Problem Estimate Stop. crit. & eff. Applications Num. res.

Error distribution on an adaptively refined mesh

R
‘A\ﬂ v

S
4)‘\ &

Estimated error distribution
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Estimated and actual errors and the effectivity index

Problem Estimate Stop. crit. & eff. Applications Num. res.

Dual error
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Energy error and overall performance

E T e
—e—energy error uniform |4 w
F - # -energy error adaptive|]

Energy error

Total number of algebraic solver iteration:

P Y T ERETIT R o
10! 10° 10° 10 10° 1 2 3 4 6 7 8 9 10 11 12 13
Number of faces Refinement level
Energy error Overall performance
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Outline

© The Stefan problem
@ Dual residual and energy norms
@ A posteriori error estimate and its efficiency
@ Numerical results
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The Stefan problem

The Stefan problem
ou—Ap(u)=f inQx (0, T),
u(-,0) = up in Q,
B(u)y=0 on 9Q x (0, T)

_ Adaptive regularization, linearization, and numerical solution
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The Stefan problem

The Stefan problem
ou—Ap(u)=f inQx (0, T),
u(-,0) = up in Q,
B(u)=0 on 9Q x (0, T)
Nomenclature

@ u enthalpy, S(u) temperature

® (: Lg-Lipschitz continuous, 5(s) = 0in (0, 1), strictly
increasing otherwise

@ phase change, degenerate parabolic problem

@ Uy € L?(Q), f e L?(0, T;L2(Q))

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Residual and its dual norm

Functional spaces
X =130, T H(Q), Z:=H'(0,T;H(Q))
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Residual and its dual norm

Functional spaces
X :=L[20,T;H}(Q), Z:=H'(0T,H'Q)
Weak formulation
ueZ  withg(u) e X
u(-,0) = u in Q
(O, ) (1) + (VB(U), Vo) () = (f.0)(t) Vo€ HY(Q) ae. te(0,T)
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Residual and its dual norm

Functional spaces
X :=L[20,T;H}(Q), Z:=H'(0T,H'Q)
Weak formulation
ueZ  withg(u) e X
u(-,0) = u in Q
(Oru, @) (1) + (VB(U), Vo) (1) = (f,)(1) Vo € Hy(Q) ae.te(0,T)
Residual for uy,, € Z such that g(up,) € X

;
(R(Un-), ) xr x :/O{<at(uuh/~)v @) +(VB(U) =V 5 (Un:), V) (1) dt,

peX
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Residual and its dual norm

Functional spaces
X :=L[20,T;H}(Q), Z:=H'(0T,H'Q)
Weak formulation
ueZ  withg(u) e X
u(-,0) = u in Q
(Oru, @) (1) + (VB(U), Vo) (1) = (f,)(1) Vo € Hy(Q) ae.te(0,T)
Residual for uy,, € Z such that g(up,) € X

;
(R(Un-), ) xr x Z/O{@r(uuh,»% @) +(VB(U) =V 5 (Un:), V) (1) dt,

pelX
Dual norm of the residual
IR(Un:)llx := sup  (R(Unr), »)x' x
peX, [lpllx=1
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Time-localization of the dual norm of the residual

Time interval /,
Xn =L2(In; H{(Q))
IR(Unr)llx, == sup {{0:(u — unr), )

w€Xn, llellx, =1 1n

+(VB(u) = VB(unr), V) (1) dt
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Time-localization of the dual norm of the residual

Time interval /,
Xn =L2(In; H{(Q))
[R(Un)lIx; = sup {{0:(u — unr), )
o€Xn, lellx,=1"1n
+ (VB(u) — VB(un:), V) }(t) dt

L2 in time...

IR(UR) % = > IR(une)li,

1<n<N

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Practice: regularization

Regularization with a parameter ¢

1,
05 |
B(u), 5<(u)
-1 -05 /17 05 1, 15 2
205 |
-1
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Practice: questions

Discretization
o ...

Question (Stopping and balancing criteria)

@ What is a good choice of the
e reqularization parameter ¢ ?
e time step?
@ space mesh?
@ What is a good stopping criterion for the
e nonlinear solver?
e linear solver?

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Practice: questions

Dual and energy norms  Estimate and efficiency Num. res.

Discretization
o ...

Question (Stopping and balancing criteria)

@ What is a good choice of the
e regularization parameter ¢ ?
e time step?
@ space mesh?
@ What is a good stopping criterion for the
e nonlinear solver?
e linear solver?

A\

Question (Error)

@ How big is the error |u|, — uZ;ij’H on time step n, space
mesh T, for the regularization parameter ¢, Newton step
k, and algebraic solver step i? How big are the individual
components? How is error distributed in time and space?

v
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A posteriori estimate and its efficiency

Theorem (Estimate and its efficiency)
There holds

R (Un-)l[xr + [lto — Unr(0)|4-1(e)

V.
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A posteriori estimate and its efficiency

Theorem (Estimate and its efficiency)

There holds
R (Un-)l[xr + [lto — Unr(0)|4-1(e)
N , 2
S [ X Rt e
n=1"In KeT?
=
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A posteriori estimate and its efficiency

Theorem (Estimate and its efficiency)
There holds

R (Un-)l[xr + [lto — Unr(0)|4-1(e)

1

N
= Z// > (UE,KJFUIQ,K)Z + me
n=1

nK€7;7n

SIR(Un )l xr + luo — Unr (0)|| -1(q)
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A posteriori estimate and its efficiency

Theorem (Estimate and its efficiency)
There holds

R (Un-)l[xr + [lto — Unr(0)|4-1(e)

1

N
S [ X ORuer i)y e
n=1

In KeT?
SIR(Un )l xr + luo — Unr (0)|| -1(q)
with
ek = Coxhi|f" — dtun — V-tp]lk,
E k(8) = [[VB(Un-(1)) + thllx,
e = [[uo = Upr(0)| y-1(q)-

M. Vohralik Adaptive regularization, linearization, and numerical solution



I Nonlinear diffusion Stefan problem Two-phase flow C Dual and energy norms  Estimate and efficiency Num. res.

Distinguishing the different error components

Theorem (An estimate distinguishing the error components)
For time n, linearization k, and regularization ¢, there holds

k k k
IR(Up e < BK + i+ e+ k.
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Distinguishing the different error components

Theorem (An estimate distinguishing the error components)
For time n, linearization k, and regularization ¢, there holds

n,e,k n,e,k n,e,k

K 7k k
”72’(1“127'6 )Hle nsge + 77t + nhn + nreg

@ o™k a scheme linearized flux (not H(div, Q)), Mk
reconstructed H(div, Q) flux, M™ interpolation

2
k
(G H2 =" 3 (me + o™+ Kk )
KeT)

(k)2 / S IVATBUE) (1) — TS ()] dt,
"KeT”

(R =17 3T VTS (U () - ek
KeT"

(k)2 =" 3T IVNTB(u) (") — VB ()%

KeT)

’2
K>
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Relation residual—-energy norm

Energy estimate (by the Gronwall lemma)
L
o llu = un %+ 18(u) = Bun)I?,

<5 (@eT 1) (IR0 ) %+ 1~ )OI, (0
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Relation residual-energy norm

Energy estimate (by the Gronwall lemma)
L
o llu = un %+ 18(u) = Bun)I?,

L
<2 (26" = 1) (IR(un) [+ 11(u = tn )OI +(qy )
Theorem (Temperature and enthalpy errors, tight Gronwall)
Let u,, ¢ Z be such that 5(up,) ¢ X be arbitrary. There holds

L L
guu—uhfui/+iu(u—um)(r)u? o)+ 118(0) = Bun )2,

i
+2 [ (1800) — slum)IB, + / 1900 - Bl o

L
< 21 (267 = 1)U~ ) (O)Fi-1(ay + IR (Unr) 3

T t
+2 | (R(uh»iﬁ / R(uh,—ﬂxs/e”ds) dt}.
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Linearization stopping criterion

Linearization stopping criterion

n,e,k n,e,k

€k €.k
nl,'17n€ S MNin (ngpe + Thm + nreg )

» 7 | | | | | 7 —e— Space error
10 % .\0—0—0—0—0—0—0—0—0 % _m Time error
10—2 L e | |—=—Regul. error

B 1 |—— Lin. error
1072}
104
102
1076 | g
1077 ]
£ L L L L L B

2 4 6 8 10
Number of Netwon iterations
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Regularization stopping criterion

Regularization stopping criterion

n: 7k n: 7k n767k
nreg < Yreg (77sp6 + Mm )
T T T T T [ Space eror
107" £ -+ |-=— Time error
F 1 | —e— Regul. error
" .
1072} E
107°} E
107 E
10_55\”””\ Lol i 4
10! 102 103 10*
1
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Equilibrating time and space errors

Equilibrating time and space errors

k ,n.k k
'lennspn < 776 < %ux?f &

o o —e— Space error
—=— Time error
1070,8 L u
10-1 | b
10712 - |
[ [

10* 10°
Total number of space-time unknowns
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Error and estimate (dual norm)

Dual and energy norms Estimate and efficiency Num. res.

Error/estimates

100

10~1

—e— Err. adapt.
- o- Est. adapt.
Err. unif.
Est. unif.

-

104

10°

108

107

Total number of space-time unknowns
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Effectivity indices (dual norm)

UL LR LR T T T TITT] +Eff- ind- adapt.
4l | |-=— Eff. ind. unif.
x
[}
©
£
> 3 .
E
5
2
L
2| ,
Ll Lol Lol Lol I

104 10° 108 107
Total number of space-time unknowns
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Error and estimate (energy norm)

Dual and energy norms Estimate and efficiency Num. res.

Error/estimates

100

—
9

.‘ - - ] |eEm adapt.
IR - o- Est. adapt.
- \:‘\\\\ | |-=— Err. unif.
H """*::—-\ - 1|-=- Est. unif.
i e Ttw
Covinl Lol Lol Lol il
104 10° 108 107

Total number of space-time unknowns
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Effectivity indices (energy norm)

\\HH\ T \\HH\ T \\HH\ T \\HH\ +Eff- ind- adapt.
12l = Eff. ind. unif.
x
(0]
©
£
=2 10| y
=
©
K]
L
8, |
Ll Lol Lol Lol I

104 10° 108 107
Total number of space-time unknowns
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Computational efficiency

1072
T T T T T
61 e Fixed threshold 108 |
—— “in = 0.01
© —— Yin = 01
£ 4l |
£
=
()
S
oo 2 1
O L | | | | | \7

|
0O 100 200 300 400 500 600
Cumulated Newton iterations

Figure: Number of cumulated Newton iterations vs. error estimate
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: the function
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Two-phase flow

The model
0tSa + V-Uy = Gu(Sa), a € {n,w},
U, = _Kna(sa)vpou a € {n,w},
Sn + Sw = 1,
Pn — Pw = 7(Sn)

@ two immiscible, incompressible fluids
@ Py, Pw: Unknown nonwetting and wetting phase pressures
@ s,, Sy unknown nonwetting and wetting phase saturations
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Two-phase flow

The model

0tSa + VU, = gu(Sa), a € {n,w},
U, = —Kna(84)VPa, a € {n,w},
Sn+Syw=1,
Pn — Pw = 7(Sn)

two immiscible, incompressible fluids

Pa, Py’ Unknown nonwetting and wetting phase pressures
Sn, Swi unknown nonwetting and wetting phase saturations
7(-): the nonlinear capillary pressure function

ma(+)s nw(+): the nonlinear phase mobilities functions

K permeability tensor, gu(-), gw(-) sources

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Notation and transformations

Notation and transformations
@ s:=§,
(*}

()= g 1’75521 —g MO =ml1-9)(s)

@ Kirchhoff transform s
o(s) = / Ma)~'(a)da

@ global pressure 0

P = P( ) /ﬂ(S)
= 87 h) = Ph—
P P 0 7711(

@ M(s) :=nw(1 —8) + m(s)
@ qi(s) == au(s) +agw(1 —8)

nw(1—7"(a))

@) T (@) 2
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Notation and transformations

Notation and transformations
@ s:=§,
(*}

o 7(S) o _
f(s) := NOEENCEE A(8) = nw(1 = s)f(s)
@ Kirchhoff transform s

o(s) = /O Ma)~'(a)da

nw(1—7"(a))
7 1(a) +m(1 —7(a))

@ global pressure ()
P:=P(s,p,) = n—/
(S.Pn) =P o

® M(s) :=nw(1—5)+m(s)

@ qi(s) :== gu(s) + qw(1 — )

o f, A\ o, P, M, g, only needed for the theoretical analysis,
not in the scheme

da
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Notation and transformations

Notation and transformations

@ s:=5,
° (s)
(S
f(s) = . A(S) i =nw(1 —98)f(s
(8) = i &= m( =9
@ Kirchhoff transform

S
o(s) = / Ma)~'(a)da
global pressure 0

P P( ) /K(S)
= P(s,pn) := pn—
P P 0 7711(

M(s) := nw(1 — ) + m(s)

qi(s) == au(s) + gw(1 — s)

f, A, o, P, M, g, only needed for the theoretical analysis,
not in the scheme

s0: initial condition

3, P: Dirichlet boundary conditions

nw(1—7"(a))

@) T (@) 2
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Weak formulation

Functional space for the weak solution
£ :={(s,P)| s € C([0, TI: (), drs € L((0, T); H (),
() — ¢(8) € L2((0, T); Hy(R)), P—P € L3((0,T); H3 ()}
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Weak formulation

Functional space for the weak solution
£ :={(s,P)| s € C([0, TI: (), drs € L((0, T); H (),
() — ¢(8) € L2((0, T); Hy(R)), P—P € L3((0,T); H3 ()}

Definition (Weak solution)

A weak solution is a pair (s, P) ¢ £ such that s(-,0) = s° and
for all ¢ € L2((0, T); H (),

)
/0 (D1 (-, 0); (- 0)) -1y 46 + / | KOn(s)VP + Vi(5)) Vo axds

— [ an(s)u axas,
Qr

/ KM(s)VP-dexdé?:/ q:(8)y dxdo.
Qr Qr
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A posteriori error estimate

Functional space for the approximate solution
& ={(s.P) | s € V,, pw affine-in-time subspace of C([0, T]; L*(%2)),
p(8) — ¢(8) € L2((0, T): H3 (Q)), P —P € L*((0, T); H5 () }
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A posteriori error estimate

Functional space for the approximate solution
& ={(s.P) | s € V,, pw affine-in-time subspace of C([0, T]; L*(%2)),
p(8) — ¢(8) € L2((0, T): H3 (Q)), P —P € L*((0, T); H5 () }

Theorem (A posteriori error estimate)
Let (s, P) be the weak solution.
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A posteriori error estimate

Functional space for the approximate solution
& ={(s.P) | s € V,, pw affine-in-time subspace of C([0, T]; L*(%2)),
p(8) — ¢(8) € L2((0, T): H3 (Q)), P —P € L*((0, T); H5 () }

Theorem (A posteriori error estimate)
Let (s, P) be the weak solution. Let (s, . Py, ) € £ be arbitrary.
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A posteriori error estimate

Functional space for the approximate solution
& ={(s.P) | s € V,, pw affine-in-time subspace of C([0, T]; L*(%2)),
p(8) — ¢(8) € L2((0, T): H3 (Q)), P —P € L*((0, T); H5 () }

Theorem (A posteriori error estimate)

Let (s, P) be the weak solution. Let (s, . Py, ) € £ be arbitrary.
Then there exists C > 0 such that

||ShT*SHi2(o,T;H—1(Q))+||PhT*P||§2(o,T;H3(Q))+||80(3hr)*90(3)”%2(or)
<Clsne (- 0)~ By 1 g
+ C(‘HRQ(Shﬁ PhT)|H2 —+ H’R{)(ShTa Ph‘r)mz)
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Distinguishing different error components

Theorem (Distinguishing different error components)
Consider

@ f(ime step n

@ linearization step k

@ iterative algebraic solver step i
& approximations (s!, P

V.
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Distinguishing different error components

Theorem (Distinguishing different error components)
Consider

@ f(ime step n

@ linearization step k

@ Jterative a/gebraic solver step i

& approximations (s', PX'). Let there exist equilibrated fluxes

reconstructions u’ ’,‘7’ for each phase o € n, w.

V.
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Distinguishing different error components

Theorem (Distinguishing different error components)

Consider
@ f(ime step n
@ linearization step k
@ Jterative a/gebraic solver step i

& approximations (s', PX'). Let there exist equilibrated fluxes

reconstructions u” ’,‘7’ for each phase a € n,w. Split them as

nK,i . nk/ n,k n,kK,i
uly i =do 1 al a € {n, w).

V.
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Distinguishing different error components

Theorem (Distinguishing different error components)

Consider
@ f(ime step n
@ linearization step k
@ Jterative a/gebraic solver step i

& approximations (s', PX'). Let there exist equilibrated fluxes

reconstructions u” ’;’ for each phase a € n,w. Split them as

nK,i . nk/ n,k n,K,i
uly i =do 1 al a € {n, w).

(IRA(spkd | PRKIY 12 1 || R (sk! | PRk ||12)2

n,k,i n,k,i n,K,i n,kK,i
<77577+77tm +771m +77a1g :

Then

V.
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Distinguishing different error components

Theorem (Distinguishing different error components)
Consider

@ f(ime step n

@ linearization step k

@ Jterative a/gebraic solver step i

& approximations (s', PX'). Let there exist equilibrated fluxes

n,k,i

reconstructions u, oh for each phase a € n,w. Split them as

nk/.i nk/ n,k n,K,i
ury =dll I alt o e {n,w}

(IRA(spkd | PRKIY 12 1 || R (sk! | PRk ||12)2

n,k,i n,k,i n,K,i n,kK,i
<77577+77tm +771m +77a1g :

Then

nk,i nk,i n,k,i

Moreover, if 11", myy ', @nd ;" do not dominate, then

n,k,i n,k,i n,K,i n,kK,i
nsp + m 7711 + nalg

K, K, K, K,i 1
< C(IRA(sHE", PRI + IRT (s, PRENIP)z2.
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Estimators

@ spatial estimators
Ty =195 = K((sp VPR + V(i) (1), -

2.12(D)
oo =N = KMSEEVPEE ()4 o

@ temporal estimators
T o(8) =K (0S5 VPR + V(SN (= ) gy

K K, ki
Mo p() = KM(sp )V PRIt ) -3

LZ(D)
@ linearization estimators

nk,j . nk/
77hnn D - H n,h ‘ -3 L2(D
nk,i nk/
nlmtD || H -3 L2(D
@ algebraic estimators
nk,i . n,k,i
nalgnD H n,h H -3 L2(D
nki . nk/
nalg’t,D ” H —-35 LZ(D

M. Vohralik Adaptive regularization, linearization, and numerical solution



Q Introduction
O Nonlinear diffusion
@ Quasi-linear elliptic problems
A guaranteed a posteriori error estimate
Stopping criteria and efficiency
Applications
@ Numerical results
Q The Stefan problem
@ Dual residual and energy norms
@ A posteriori error estimate and its efficiency
@ Numerical results
e Two-phase immiscible incompressible flow
@ Weak solution
@ A posteriori error estimate and its efficiency
@ Applications and numerical results
o Conclusions and future directions

® 66 ¢



| Nonlinear diffusion Stefan problem Two-phase flow C Weak solution Estimate and efficiency Appl. & num. res.

Cell-centered finite volume scheme

Cell-centered finite volume scheme
Forall1 < n < N, look for s ,.p , such that

n n—1

S K—S K —
¢W7T7nW7|K| + Z FW,eKK/(S\?v,hvpvnv,h) =0,
eKKIGSIi?t
7 — s _
_(b > ’Tn - ‘K’ + Z Fn,eKK/(sgwhvp\?v,h) = 07
eKK/eé'};“
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Cell-centered finite volume scheme

Cell-centered finite volume scheme
Forall1 < n < N, look for s ,.p , such that

I’)

I K -—
p———— Pk s, K|+ Z W, €k k! w,hvpvnv,h) =0,
eKKlegmt
s" e SnK1
_(b = n = ‘K‘—*— Z FneKK/( wh?pwh) 0
eKK/eé';;“

where the fluxes are given by
Tew (S k) + 1w (S k) Pl — Py

Fw,eKK/(SgV7hal_337h) = — 5 > ‘K’ ‘XK — XK/| |eKK/’7
_ (g k) + Ten (S5 k1)
F“veKK/(S\?V,h7ng,h) == = D) = ’K|
Py + (S5 k) — (B + (S k)
X lexk|-
|XK — XK/’
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Linearization and algebraic solution

Linearization step « and algebraic step /
Couple s}, " such that

nk,i _ on—1

S
w,K w,K Kk—1 nk,i =nkiy n,k,i
¢ n Z FweKK, wh’pwh) _R\\K7
eKK/eé';?‘
Sn,k,i g1
w,K w,K k nk/ nKkiy n,k,i
—¢ n ’K|+ Z FeKK/( h’pwh)__RnK’
eKK/Ef,‘;?l
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Linearization and algebraic solution

Linearization step « and algebraic step /

Couple s}, " such that

nk,i n—1

S — S
w,K w,K k—1 nk/ =nk,iy n,k,i
¢ N Z FW eKK’ wh 7'Owh ) _R\\ K
eKK/eé';?‘
nk,i _ g 1
w,K w,K k nk/ nKkiy n,k,i
_(Z) n ’K|+ Z FeKK/( h’pwh)__Rl1K7
eKK/EE;?l
where the linearized fluxes are given by
k—1 nKk,i =nk,iy . nk—1 —=nk—1
FaeKK/( Whvah) FaeKK/(Swh ' Mwh )
aeKK/ nk—1 —=nk—1 nKk,i n,k—1
+ Z SW,h 'y Mw,h ).(SW,M - SW,M )
Me{K, K’} w,M
aFa,eKK/ Sn,kf1 =n,k—1 =n.K,i =n,k—1
Z al—) M ( w,h ' Fw.h )'(pw,M _pw,M )
Me{K K} =%

M. Vohralik Adaptive regularization, linearization, and numerical solution



| Nonlinear diffusion Stefan problem Two-phase flow C

Weak solution Estimate and efficiency Appl. & num. res.

Fluxes reconstructions and pressure postprocessing

Fluxes reconstructions

k
(d[n» hl Nk, 1)eKK’ =

k, k,i
((d” ' I(’Z h’)-nK, e :
nk/ .

(1/7

M. Vohralik

nk/ n,k,i
FaeKK’( w,h ’pwh)

k—1 nk/ n,k,i
FaeKK/( w,h 7pwh)

nk/ v nk/ v n nk/
=d 0 — (1)
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Fluxes reconstructions and pressure postprocessing

Fluxes reconstructions

k k k
(dzn» hl Nk, 1)eKK’ ::Fa eKK’( \rzlvh”p\’:/ hl)
K, K,i k—1 K k
((dn / I(rz h/)'nK7 1)9;(;(/ . Fa eKK/( thl’p\r)\'/ hl)
nk/: dnk/ v Ink/ v (dn Ink/)

(‘h

Phase pressures postprocessing

@ Piecewise constant p” ki postprocessed to piecewise
n,k,i.

quadratic p,’},":
—ew(Sui KV (0] 1) = A0 |

ki k
ol (ki) = P

771-[1( nk,)KV(pg//;I“() — dn,k,i|

Py (k) = () + Bk
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Water saturation/estimators evolution
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Estimators and stopping criteria

Estimators
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temporal —
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T 1 1 1 1
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GMRes relative residual/Newton iterations

GMRes relative residual

10
M '7 '0""'" ? AN % ’
10° !fﬂ. «4’\&\.0 -" m "‘
| ) Iy‘, Y ‘1
lt“‘i. sb
10° h
107]0 N
10—]2 -
10 | | L L L ! !
o o5 1 15 2 25 3 35 4
Time/Newton step x10°

GMRes relative residual
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GMRes iterations
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Number of GMRes iterations

—=— classical
- @ -adaptive
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Time/Newton step o

Per time and Newton step
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Vertex-centered finite volumes

Implicit pressure equation on step k

((nrw( nk 1)+nrn(snk 1))KvahnD
Fen (ST ”k  DKVA(sy ) N0, 1) ypipe =0 VD € DT
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Vertex-centered finite volumes

Implicit pressure equation on step k

((nrw( nk 1)+nrn(snk 1))Kvp“hno
F1en(ST ”k  DKVA(sy ) N0, 1) ypipe =0 VD € DT

Explicit saturation equation on step k
n

K k—1 1 int,
Swp = #1D] (ew(syy )Kprh N, 1) spon +Sup YD EDy !
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Linearization and algebraic solution

Iterative coupling step < and algebraic step /

((nrw( nk 1)+77rn( nk 1))Kvp\f\7/;11n
+nen(S) ”" K KVE(s ”f, N0, 1) ypaq = —AlL YD DR

M. Vohralik Adaptive regularization, linearization, and numerical solution



| Nonlinear diffusion Stefan problem Two-phase flow C Weak solution Estimate and efficiency Appl. & num. res.

Linearization and algebraic solution

Iterative coupling step < and algebraic step /

((nrw( ﬂk 1)+77rn( nk 1))Kvp\f\7/;11n
+nen(S) ”" K KVE(s ”f, N0, 1) ypaq = —AlL YD DR

n
ki k—1 K, 1
Swp = (7 ( \rx]/h )KVpn "np, 1)30\39 + SQ/,D

D]

M. Vohralik Adaptive regularization, linearization, and numerical solution



| Nonlinear diffusion Stefan problem Two-phase flow C Weak solution Estimate and efficiency Appl. & num. res.

Fluxes reconstructions

Total fluxes

(dnk/nD71) — ((nrw(snk/)+nrn(snk/ )KVp”k’
+nen(Sy VKVA(sTE ) np, 1),
(@ + 17 g, e = — ((new(Sh ") + mea(sly 1)) KVPLR

+nrn(sw’,f )KVﬁ(s\’;”,‘,’ )-nD,1)e,

a(‘]:«i::dnkh‘ru Ink1+u (dnk/ Ink/)
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Fluxes reconstructions

Total fluxes

(d7F np.1)e = — ((nea(STE) + nea(SET) KVPTR 0
+nrn(s”k')KV7r( Vi np, 1),
(@ + 175 np, Ve = — (new(STh ) +men(sly ))KVRTE p

+nrn(sw’,f )KVﬁ(s\’];’,‘,’ )-nD,1)e,

af.hk,i - dnk1+u Ink/+u (dnk/ Ink/)
Wetting fluxes
(@7 np, Ve = — (new(sPH KPR Np, 1) .
(25175 1)e = — (e (ST VRIS np, 1),
ki
a, =0
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Estimators and stopping criteria

Estimators

—=—total

—A— spatial
temporal —

—4—linearization|

algebraic .

0

1 1 1 1 1 1 1
20 40 60 80 100 120 140 160 180 200 220
GMRes iteration

Estimators in function of
GMRes iterations

M. Vohralik

Estimators

10
10° | -
10° B
10°H -
——total
—A— spatial
4

10 'H temporal
——

-6 algebraic

o r 1 1 1 1 1 1 1 N

4 5 6 7
Iterative coupling iteration

Estimators in function of
iterative coupling iterations

Adaptive regularization, linearization, and numerical solution



| Nonlinear diffusion Stefan problem Two-phase flow C Weak solution Estimate and efficiency Appl. & num. res.

GMRes relative residual/iterative coupling iterations

GMRes relative residual

Number of iterative coupling iterations
5
T
I

| | | | | | |
2 2.05 21 215 2.2 [ 05 1 15 2 25 3 35 4
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GMRes relative residual Iterative coupling iterations

M. Vohralik Adaptive regularization, linearization, and numerical solution



| Nonlinear diffusion Stefan problem Two-phase flow C

GMRes iterations
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Number of GMRes iterations
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Conclusions

Complete adaptivity

@ only a necessary number of algebraic solver iterations
on each linearization step

@ only a necessary number of linearization iterations

@ optimal choice of the regularization parameter

@ space-time mesh adaptivity

@ “smart online decisions”: algebraic step / linearization
step / regularization / time step refinement / space mesh
refinement

@ important computational savings

@ guaranteed and robust upper bound via a posteriori error
estimates

M. Vohralik Adaptive regularization, linearization, and numerical solution
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Conclusions
Complete adaptivity

@ only a necessary number of algebraic solver iterations
on each linearization step

@ only a necessary number of linearization iterations

@ optimal choice of the regularization parameter

@ space-time mesh adaptivity

@ “smart online decisions”: algebraic step / linearization
step / regularization / time step refinement / space mesh
refinement

@ important computational savings

@ guaranteed and robust upper bound via a posteriori error

estimates

Future directions

other coupled nonlinear systems
convergence and optimality
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Thank you for your attention!

M. Vohralik Adaptive regularization, linearization, and numerical solution



	Introduction
	Nonlinear diffusion
	Quasi-linear elliptic problems
	A guaranteed a posteriori error estimate
	Stopping criteria and efficiency
	Applications
	Numerical results

	The Stefan problem
	Dual residual and energy norms
	A posteriori error estimate and its efficiency
	Numerical results

	Two-phase immiscible incompressible flow
	Weak solution
	A posteriori error estimate and its efficiency
	Applications and numerical results

	Conclusions and future directions

