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Let Ω ⊂ Rd , d = 2, 3, be a polygonal (polyhedral) domain (open, bounded, and connected
set) and Th its simplicial mesh.
Question 1. (Guaranteed a posteriori error estimate for the Laplace equation) (5 points)
The Poisson problem for the Laplace equation reads: for f ∈ L2 (Ω), find u such that
−∆u = f
u=0

in Ω,
on ∂Ω.

(1a)
(1b)

1) Recall the variational formulation of (1a)–(1b).
2) Let u be the weak (variational) solution of (1a)–(1b). Let uh ∈ H 1 (Th ) be arbitrary.
State and prove rigorously an a posteriori error estimate of the form
X
X
2
k∇(u − uh )k2 ≤
(ηDF,K + ηR,K )2 +
ηNC,K
.
(2)
K∈Th

K∈Th

Specify in particular all the quantities ηDF,K , ηR,K , and ηNC,K .
Question 2. (Application to the vertex-centered finite volume method) (2.5 points)
1) Define the vertex-centered finite volume method for the problem (1a)–(1b).
2) Show in details how to apply the estimate (2) to this method (define all the quantities
and give formulas how to compute them).
Question 3. (Efficiency of element residuals) (3.5 points)
Let uh , f ∈ Pm (Th ) and let Th be shape-regular. Let u be the weak solution of (1a)–(1b).
Let finally K ∈ Th . Prove that there exists a constant C, only depending on the space
dimension d, on the shape-regularity of the mesh Th , and on the polynomial degree m, such
that
hK kf + ∆uh kK ≤ Ck∇(u − uh )kK .
Question 4. (Optimal a posteriori error estimate) (2.5 points)
1) Recall the five optimal properties of an a posteriori error estimate.
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2) Show whether and how these properties are satisfied in the previous questions for the
Laplace equation (1a)–(1b) and the vertex-centered finite volume method.
This is a conceptual question, no proofs are to be given here.
Question 5. (Properties of the weak solution of the Stokes equation) (3 points)
Consider the Stokes problem: for f ∈ [L2 (Ω)]d , find u and p such that
−∆u + ∇p = f
∇·u = 0
u=0

in Ω,
in Ω,
on ∂Ω.

(3a)
(3b)
(3c)

1) Recall the variational formulation of (3a)–(3c).
2) From the variational formulation, define the stress by σ := ∇u−pI. To which functional
spaces u and σ belong? Give a rigorous proof.
Question 6. (Nonlinear Laplace equation and linearization error) (3.5 points)
Let a(x) := xp−2 for some real number p ∈ (1, +∞) and let
∀ξ ∈ Rd .

σ(ξ) = a(|ξ|)ξ
Define q by the relation
f ∈ Lq (Ω), find u such that

1
p

+

1
q

= 1 and consider the nonlinear Laplace equation: for

−∇·σ(∇u) = f
u=0

in Ω,
on ∂Ω.

(4a)
(4b)

1) Recall the variational formulation of (4a)–(4b).
2) Let u be the weak solution of (4a)–(4b), let uh ∈ W01,p (Ω) be arbitrary, and set
Ju (uh ) =

sup

(σ(∇u) − σ(∇uh ), ∇ϕ).

ϕ∈W01,p (Ω); k∇ϕkp =1

Derive an a posteriori error estimate of the form
Ju (uh ) ≤

(

X

K∈Th

(ηK )q

)1/q

.

Specify in particular ηK .
3) Consider an approximation of the nonlinear function σ by a linear (affine) one σL .
Within ηK , distinguish the error in linearization of σ by σL (linearization error) and the
discretization error.
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