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Goal

Establish residual a posteriori error estimates for
SUPG-discretizations of non-stationary convection-diffusion
problems which yield upper and lower bounds for the energy
norm of the error that are uniform with respect to all possible
relative sizes of convection to diffusion.
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» Energy norm

1
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» Dual norm

¥,v
veHO Q N\{0} ol

» Error norm
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Meshes and Spaces

» T = {(tn—1,tn) : 1 < n < Nz} partition of [0,7].
> T =1tnp —th_1.

> 7., 0 < n < Nz, affine equivalent, admissible, shape regular
partitions of 2.

» Transition condition: There is a common refinement T of
Tn and Tp—1 such that hi < chg for all K € 7, and all
K' €7, with K' C K.

» V, C H}(Q) finite element space corresponding to 7T,.
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Discrete Problem

Find u7 € X;, 0 <n < Nz, such that u% = ToUQ
and, forn=1,...,Nz and all v1;, € X,

n—1

U%L U, -1
/ T—"an +a(0Vuy, + (1 - 0)Vur " or,)
Q n

Z/van

with
a(u,v) = d(Vu, Vo) + (a- Vu,v) + r(u,v),
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Discrete Problem

Find u7 € X;, 0 <n < Nz, such that u% = ToUQ
and, forn=1,...,Nz and all v1;, € X,

w, — g .

————v7, +a(0VuT, + (1 - 0)Vur 1,1)7;)

Q Tn
“T v '
_In " /n-1 —1
+ Y 5K/ Tk L0y, + (1 60 Vo,

n

KeTn
/fvn—l— Z 5K/ fa- Vo,
KeTn
with

a(u,v) = d(Vu, Vv) + (a- Vu,v) + r(u,v),
Lv = —div(dVu) +a-Vu+ru
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» Error and residual are equivalent.

v

The residual splits into a spatial and a temporal residual.

» The norm of the sum of these is equivalent to the sum of
their norms.

» Derive a reliable, efficient and robust error indicator for the
spatial residual.
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Basic Steps

» Error and residual are equivalent.
» The residual splits into a spatial and a temporal residual.

» The norm of the sum of these is equivalent to the sum of
their norms.

» Derive a reliable, efficient and robust error indicator for the
spatial residual.

» Derive a reliable, efficient and robust error indicator for the
temporal residual.
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» w7 continuous piece-wise affine, equals u’f}n at ty,.

» Residual:

(R(uz),v) = (f,v) — (Owuz,v) — (dVuz, Vov)
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Equivalence of Error and Residual

» w7 continuous piece-wise affine, equals u’f}n at ty,.

» Residual:

<R(U’I)7v> = (fa ’l)) - (8tuI7U) - (dVUI, VU)
— (a- Vug,v) — (rug,v)
» Lower bound:
IR(uz) | L2t i1 () < V20 = uzl x (00, 1)
» Upper bound:
1
2

lu—uzllx o) < {4luo—motol*+ 61 R(uz) 22 0 1,11y
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Proof of the Equivalence

» Relation of residual and error:
(R(uz),v) = (Ore,v) — (a- Ve,v) — (dVe, Vv) — (re,v)

» Lower bound: Definition of primal and dual norm plus
Cauchy-Schwarz inequality.
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Proof of the Equivalence

» Relation of residual and error:
(R(uz),v) = (Ore,v) — (a- Ve,v) — (dVe, Vv) — (re,v)

» Lower bound: Definition of primal and dual norm plus
Cauchy-Schwarz inequality.

» Upper bound: Parabolic energy estimate with v = e as
test-function.
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Decomposition of the Residual
» Temporal residual:

(Rr(uz),v) = (dV(uf, —uz), Vo) + (a- V(ur, —uz),v)
+ (r(uf, —ug),v)
» Spatial residual:

(Ru(uz),v) = (f,v) — (Qpuz,v) — (dVur, , Vv)
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Decomposition of the Residual

» Temporal residual:

(Rr(uz),v) = (dV(uf, —uz), Vo) + (a- V(ur, —uz),v)
+ (r(uf, —ug),v)
» Spatial residual:
(Bp(uz),v) = (f,v) = (Owuz,v) — (dVug, , Vv)
—(a-Vur,,v) — (rug,,v)
» Splitting: R(uz) = R (uz) + Rp(uz)
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Decomposition of the Residual
» Temporal residual:
(Rr(uz),v) = (dV(uf, —uz), Vo) + (a- V(ur, —uz),v)
+ (r(uf, —ug),v)
» Spatial residual:
(Rp(uz),v) = (f,v) = (Qruz,v) — (dVuy, , Vv)
—(a-Vur,,v) — (rug,,v)

» Splitting: R(uz) = R, (uz) + Rp(uz)
» Estimate for L2(tn_1, tn; H‘l(Q))—norms:

1 1

3{||1“’LT(UI)||2 + |1Rn(uz)|}? < | Rr(uz) + Ry(uz)|

< [|Rr(uz)|| + |1 Rn(uz) ||
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Motivation of the Lower Bound

_ b—t.
w = —a

» Strengthened Cauchy-Schwarz inequality for v = ¢ and

b 1
/a vw = éc(b— a)

V3
= 5 vl 1wl ey
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Motivation of the Lower Bound

» Strengthened Cauchy-Schwarz inequality for v = ¢ and

_ b—t.
w = —a

b 1 V3
/ VW = éc(b —a) = 7||U||(a,b)||w||(a,b)

» Hence:

o+ wly = (1= 22) (Il + ol )
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Proof of the Lower Bound

» Rp(ug) is piece-wise constant
» R:(ug) is piece-wise affine: R;(uz) = 2="p" with
(0" ) = (A9 (uh, — ). V) + (a-
+ (r(uf, —ul?

wy, —uy 11
—ur " ),v).

);v)
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Proof of the Lower Bound

» Rp(ug) is piece-wise constant.

» R.(ug) is piece-wise affine: R;(uz) =

(p",v) = (dV (v, —ug ), Vo) + (a- V(g —up ) 0)

+(r (uTn —u?- 11) V).
» Choose v,w € H}(Q) such that

ol = N Rr(uz)llls,  (Bu(uz),v) = [|Ra(u)ll,
lwlll = Mllo" [l (", w) = [lo" I2.
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Proof of the Lower Bound

» Rp(ug) is piece-wise constant.

» R.(ug) is piece-wise affine: R;(uz) =
(1) = @V, — L), Vo) + (- Vu, — i) 0)
+(r (uf,;1 —u? 11) V).
» Choose v,w € H}(Q) such that

ol = lIRBa(uz)lle,  (Ri(uz),v) = [|Rn(uz)]lZ,
llwlll = {ll™ lll+, (" w) = [l I3-
» Insert 3(t bn— 1) v+ t” tn=ty; as test-function in
representatlon of R(uz)
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_1 2
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KeTn
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» Ry and Rpg are the usual element and interface residuals.
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» Spatial error indicator 77 :
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Estimation of the Spatial Residual

v

Spatial error indicator 77 :

1

_1 2

wh = {3 aklBxlk + Y < hasliRall}} .
KeTn Bets,

v

Ry and Rp are the usual element and interface residuals.

v

Standard arguments for stationary problems yield:

I Ba(uz)lll« < 'nf,,
17, < ctlllBn(uz) |l

v

cTcT only depend on the polynomial degrees and on the
shape parameters of the partitions 7.

14/ 20



Non-Stationary Convection-Diffusion Problems
|—A Posteriori Error Analysis

Estimation of the Temporal Residual



Non-Stationary Convection-Diffusion Problems
LA Posteriori Error Analysis

» Recall R (

uz) = = tp with
= (dV(ug, —u

Estimation of the Temporal Residual

(p",v)

1), Vo)
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Estimation of the Temporal Residual
» Recall R (uz) = 2= tp with

(p",v) = (dV(uT, —ur. 11) V) + (a- V(up, —ur. 11) v)
+ (r(uy, —ur. 11) v).

» Upper bound:

"l < {llefy, —wy M+ [lla - V(g —ug )}
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Estimation of the Temporal Residual
» Recall R (uz) = 2= tp with

(0", v) = @V, —uf ), Vo) + (- V(uf, —uf '), 0)
+ (r(uy, —ur. 11) v).
» Upper bound:
"l < Ly, = w1+ - 9, =)}

» Follows from definition of p™ and ||-||«.
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Estimation of the Temporal Residual
» Recall R (uz) = 2= tp with

(0", v) = @V, —uf ), Vo) + (- V(uf, —uf '), 0)
+ (r(uy, —ur. 11) v).
» Upper bound:
"l < Ly, = w1+ - 9, =)}

» Follows from definition of p™ and ||-||«.

» Lower bound:

1
Sk, =l + llla- Vg, = wr )} < "l
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Proof of the Lower Bound

> Set w" =up — et

Tn—1

and choose v € H}(Q) with
o]l = llla - V||l and (a- Vw",v) = [la- Vw"||?
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Proof of the Lower Bound
> Set w" = up — ui}:l and choose v € H}(Q) with
llolll = llla- V|l and (a- Vu",v) = |- V||

» Insert %w” + %v in the definition of p™:

1 1
<pn, §wn + §U>

1 1 1
= 5(de”, Vuw") 4+ E(rw”, w™) + i(a - Vw", w")

=3l P =0

1 1 1
+ i(de”, Vv) + i(rw”,v) + i(a- Vuw™, v)

>—5llwmllla-vw || =3 la-Vwn|2
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» Assume that ||al|c < c.d.

» Friedrichs’ inequality implies

(a- V(uf, = !)v) < Jlalloo]| V(uf, — 1)||||v||
< llalloo |V (uf, — w7 lleal Vol

17/ 20



Non-Stationary Convection-Diffusion Problems

LA Posteriori Error Analysis

Estimation of the Convective Derivative I

» Assume that ||al|c < c.d.

» Friedrichs’ inequality implies

(a- V(uf, = !)v) < Jlalloo]| V(uf, — 1)||||v||
< lalloolIV (wfy, — i lleall Vol

» Hence [|a- V(uf —ur " DYl < cecqllluy, — u?‘l Il and

lla- V(u, =)l s equivalent to [Juf, —uf, |
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Estimation of the Convective Derivative 11
» Assume that ||al|« > d.

» Consider the auxiliary problem
d(Vuy , Vo) +r(vr,0) = (a-V(ur, —u

7;171)790)

(%)

n—1
with variational and discrete solutions ® and &7 .
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Estimation of the Convective Derivative I1

» Assume that ||al|« > d.
» Consider the auxiliary problem

d(Voy, , V) +r(vf,,¢) = (@ V(g —ur’).@)  (¥)
with variational and discrete solutions ® and &7 .
> Then ||| = [la- V(uf, —uf ).,
7.1l < llla- V(ur, — u%jl )|||« and therefore

-1

1 _
sUlenll +11e — eI} < lla-V(ug, —ug L)l
< @7+ [l12 = 7]l
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Estimation of the Convective Derivative 11
Assume that ||a||o > d.

Consider the auxiliary problem
d(Vol, Vo) +r(vf,,0) = (a- V(uf, —up).¢) (%)
with variational and discrete solutions ® and &7 .
Then [|@f] = lla -V (ur, — urn Il
DT Il < |||a-V(u7-n — UT 1)|||* and therefore

v

v

v

1
sUlenll +11e — eI} < lla-V(ug, —ug L)l
< @7+ [l12 = 7]l

Transition condition implies that |||® — @7 ||| is equivalent
to every robust, e.g. residual, error indicator n2 for (x).

v
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Estimation of the Convective Derivative I1

» Assume that ||al|« > d.
Consider the auxiliary problem

d(Voy, , V) +r(vf,,¢) = (@ V(g —ur’).@)  (¥)
with variational and discrete solutions ® and &7 .
Then [[ @[] = [la - V(uf, — w7 )l
7.1l < llla- V(ur, — u%jl )|||« and therefore

-1

v

v

1 _
sUlenll +11e — eI} < lla-V(ug, —ug L)l
< @7+ [l12 = 7]l

Transition condition implies that |||® — @7 ||| is equivalent
to every robust, e.g. residual, error indicator n2 for (x).
Hence [a- V(u} — u%j_ll)m* is equivalent to ||, ||| + n2.

v

v
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A Posteriori Error Estimate

» Define the space-time error estimator by:

1 2
p =t (nh) + e,
——

-

2.1
n—1 12 n 2
a2+ () ]
spatial temporal
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A Posteriori Error Estimate

» Define the space-time error estimator by:

N

no__ % n 2 n _ ,n—1/2 n 2
it = | (g ) e, =g I+ (0
——

4

TV
spatial temporal

» Then

N|=

Nz
* 2
lellxqy < ¢ {lluo — mouoll® + 3 (7))
n=1

n" < cellellx by tn)-
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A Posteriori Error Estimate

» Define the space-time error estimator by:

N

4

-

no__ % n 2 n _ ,n—1/2 n 2
n" =i (07, ) +llwr, —ur 17+ (07
——
spatial temporal

» Then

N|=

Nz
* 2
lellxqy < ¢ {lluo — mouoll® + 3 (7))

n=1

n" < cellellx by tn)-

» c.c* only depends on the polynomial degrees and the shape
parameters of the partitions 7.
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